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MTRACT  (MiniawiPOwofl 

1  Critical  to  the  success  of  the  Air  Force  Office  of  Scientific 
Research  (AFOSR)  mission  is  the  ability  of  AFOSR  to  draw  upon 
the  research  community  in  the  United  States  to  respond  to  its 
needs.  In  recent  years,  however,  the  number  of  U.  S.  citizens 
seeking  advanced  degrees  in  the  areas  of  Air  Force  research 
interests  has  been  decreasing.  This  refers  specifically  to 
the  number  of  U.  S.  citizens  obtaining  Ph.O.  degrees  in  areas 
of  mathematics,  science,  and  engineering  that  are  of  interest 
to  the  Air  Force.  This  situation  points  toward  the  potential 
problem  of  a  future  shortage  of  qualified  researchers  in  areas 
critical  to  the  nation's  security  interest. 

To  address  this  problem,  the  United  States  Air  Force 
Laboratory  Graduate  Fellowship  Program  (USAF/LGFP)  was 
established.  The  program  annually  provides  three-year 
fellowships  for  at  least  25  Ph.O.  students  in  research  areas 
of  interest  to  the  Air  Force.  "[TTSSS 

This  report  includes  information  on  the  following  topics: 
Volatile  Organic  Materials  in  soil  and  Their  Removal, 

Se ismolog ica I  Studies  of  Earth  Structure,  Cerebral 
Configurations  of  Parents  and  Siblings  of  Language  Diordered 
Roys,  Thermo  Inelasticity,  Theorems  of  Linear*  Systems, 
Feedback  Stabtization  in  Deformable  Tokomak  Plasmas 
Magnet  isphere  Ionosphere  Coupling  Measurements,  and  Analysis 
oF  Autonomic  Activity  During  Motion  Sickness.^ 


Vacuum  extraction  of 
VCXs  from  contaminated 
soils  is  an  effective 
weapon  against  ground- 
water  contamination. 
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When  soils  are  con¬ 
taminated  with 
volatile  organic 
chemicals  (VOCs), 
the  potential  for 
ground-water  contamination  per¬ 
sists.  Even  after  discharges  have 
been  stopped,  the  unsaturated 
zone  above  an  aquifer  retains  a 
portion  or  all  of  a  chemical  dis¬ 
charge.  Soil  contaminants  are 
flushed  to  ground  water  with  infil¬ 
trating  rain  and  diffuse  through 
the  air-hlled  pores.  Soil  vapor  ex¬ 
traction  is  a  cost-effective  tech¬ 
nique  for  VOC  removal,  and  its  use 
is  becoming  widespread. 

A  recent  study  for  EPA  of  a  rep¬ 
resentative  sampling  of  installa¬ 
tions  offers  some  useful  informa¬ 
tion.  Basically,  the  method  in¬ 
volves  removing  air  that  contains 
volatile  chemicals  from  unsatu- 
rated  soil.  Fresh  air  is  injected  or 
flows  into  the  subsurface  at  loca¬ 
tions  around  a  spill  site,  and  the 
vapor-laden  air  is  withdrawn  un¬ 
der  vacuum  from  recovery  vents. 

The  method,  also  known  as  sub¬ 
surface  venting,  vacuum  extrac¬ 
tion,  in  situ  soil  air-stripping  and 
soil  venting,  has  several  advan¬ 
tages.  It  is  a  relatively  simple  con¬ 
cept  and  can  be  used  in  conjunc¬ 
tion  with  other  soil  decontamina¬ 
tion  procedures— biological 
degradation,  washing,  on-site  or 


off-site  treatment  or  disposal.  Air 
extraction  processes  cause  minimal 
disturbance  of  contaminated  soil 
and  they  use  standard  equipment. 
There  is  demonstrated  experience 
at  pilot  and  field  scale  up  to  sev¬ 
eral  years  duration,  and  the  pro¬ 
cess  can  be  used  to  treat  larger  vol¬ 
umes  of  soil  than  can  be  practi¬ 
cally  excavated.  There  is  also  the 
potential  for  product  recovery. 

SYSTEM  VARIABLES _ 

According  to  our  findings  for  the 
EPA  study,  the  design  and  opera¬ 
tion  of  a  vapor  extraction  system 
depends  on  several  factors. 

•  Contamination  volume.  The  ex¬ 
tent  to  which  the  contaminants 
are  dispersed  in  the  soil,  both  ver¬ 
tically  and  horizontally,  is  impor¬ 
tant  in  deciding  if  vapor  extraction 
is  cost-effective.  Soil  excavation 
and  treatment  is  probably  less 
costly  when  only  a  few  hundred 
cubic  yards  of  near-surface  soils  are 
contaminated. 

•  Ground-water  depth.  Soil  vapor 
extraction  systems  have  been  used 
in  shallow  as  well  as  deep  unsatu¬ 
rated  zones.  However,  where 
ground  water  is  more  than  40  ft 
deep  and  contamination  extends  to 
the  water  table,  a  soil  vapor  ex¬ 
traction  system  may  be  the  only 
way  to  remove  VCXs  from  the  un¬ 
saturated  zone.  In  some  cases, 
ground- water  depth  can  be  low¬ 
ered  to  increase  the  volume  of  the 


unsaturated  zone. 

•  Soil  heterogeneity.  Heterogenei¬ 
ties  influence  air  movement  aswell 
as  the  location  of  chemicals,  mak¬ 
ing  it  more  difficult  to  position  ex¬ 
traction  and  inlet  vents.  There  are 
significant  differences  in  the  air 
conductivity  of  the  various  soil  ho¬ 
rizons.  A  horizontally-stratified  soil 
may  be  favorable  for  vapor  extrac¬ 
tion.  The  relatively  impervious 
strata  will  limit  the  rate  of  vertical 
inflow  from  the  ground  surface  and 
make  the  vacuum  more  effective 
horizontally  from  the  extraction 
point.  Some  soil  layering  can  make 
it  easier  to  extract  VOCs  where 
horizontal  air  channeling  occurs 
through  sand  layers  with  subse¬ 
quent  diffusion  from  less  permea¬ 
ble  layers. 

•  Contaminant  location  and  area 
development.  If  the  contamination 
extends  across  property  lines,  be¬ 
neath  a  building  or  beneath  an  ex¬ 
tensive  utility  trench  network,  va¬ 
por  extraction  should  be  consid¬ 
ered  Instead  a  more  intrusive 
decontaminating  technique.  This  is 
especially  so  in  a  highly  developed 
area. 

•  Site  soil  characteristics.  Air  con¬ 
ductivity  controls  the  rate  at  which 
air  can  be  drawn  from  soil  by  an 
applied  vacuum.  The  soil  moisture 
content  or  degree  of  saturation  is 
also  important  because  it  is  easier 
to  draw  air  through  drier  soils.  At 
one  site  in  the  Southwest  where 
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the  soil  was  relatively  dry  (2-5% 
moisture  content),  it  took  only  7 
months  to  remove  over  6  tons  of 
dichloropropenc  using  moderate 
air-flow  rates  of  between  85  and 
250  cu  ft  per  min.  Some  designers 
think  soil  vapor  extraction  systems 
should  be  used  only  in  highly 
permeable  soils.  However,  these 
systems  have  been  installed  in  soils 
with  a  wide  range  of  permeabili¬ 
ties.  Even  clayey  or  silty  soils  can 
be  effectively  ventilated  by  the 
usual  levels  of  vacuum  developed 
in  a  soil  vapor  extraction  system. 
The  success  of  the  soil  vapor  ex¬ 
traction  in  these  soils  depends  on 
the  presence  of  more  conductive 
strata,  as  would  be  expected  in  al¬ 
luvial  settings  or  with  relatively 
low  moisture  contents. 

•  Chemical  properties.  In  con¬ 
junction  with  site  conditions  and 
soil  properties,  chemical  properties 
determine  the  feasibility  of  a  soil 
vapor  extraction  system.  The  sys¬ 
tem  most  effectively  removes  com¬ 
pounds  that  exhibit  significant  vol¬ 
atility  at  ambient  subsurface  tem¬ 
peratures.  Common  screening  tools 
are  the  air-water  partitioning  coef¬ 
ficient  and  vapor  pressure.  Com¬ 
pounds  with  values  of  Henry’s  Law- 
constants  greater  than  0.01  or  va¬ 
por  pressures  over  1  in.  of  mercury 
are  removable  by  vapor  extraction. 
Trichloroethylene,  1 , 1 , 1-trichlo- 
roethane,  methylene  chloride,  car¬ 
bon  tetrachloride,  dichloroethy- 
lene,  tetrachloroethylene,  1,3-dich- 
loropropene  and  gasoline 
constituents  (benzene,  toluene, 
ethvl  benzene  and  xylene)  have  all 
been  successfully  removed  by  va¬ 
por  extraction.  Compounds  less 
easily  removed  include  trichloro¬ 


benzene,  acetone  and  heavier  pe¬ 
troleum  fuels. 

•  Operating  variables.  Higher  air¬ 
flow  rates  tend  to  increase  vapor 
removal  because  the  zone  of  influ¬ 
ence  is  increased  and  air  is  forced 
through  more  of  the  air-filled 
pores.  More  vents  allow  better 
control  of  air  flow  but  also  in¬ 
crease  construction  and  operation 
costs.  The  water  infiltration  rate 
can  be  controlled  by  placing  an 
impermeable  cap  over  the  site.  In¬ 
termittent  extraction  from  differ¬ 
ent  vents  allows  time  for  chemicals 
to  diffuse  from  immobile  water  and 
air  zones,  resulting  in  the  removal 
of  higher  concentrations. 

•  Response  variables.  System  per¬ 
formance  parameters  include  air 
pressure  gradients,  VOC  concen¬ 
trations  and  power  usage.  Vapor 
removal  rate  is  affected  by  the 
chemical's  volatility,  its  sorptive 
capacity  into  soil,  the  air-flow  rate, 
the  distribution  of  air  flow,  the 
initial  distribution  of  the  chemical, 
soil  stratification  or  aggregation 
and  the  soil  moisture  content. 

DESIGNING  THE  SYSTEM 

A  typical  system  consists  of  (1) 
extraction  vents.  (2)  air  inlets  or 
injection  vents  (optional),  (3)  air 
headers,  (4)  vacuum  pumps  or  air 
blowers,  (5)  flow  meters  and  con¬ 
trollers,  (6)  vacuum  gauges,  (7) 
sampling  ports,  (8)  air-water  sepa¬ 
rator  (optional).  (9)  vapor  treat¬ 
ment  (optional)  and  (10)  an  im¬ 
permeable  cap  (optional).  Design¬ 
ing  both  pilot  and  field  scale 
systems  involves  sizing  and  locat¬ 
ing  these  components. 

Vent  design  and  placement.  Ex¬ 
traction  vents  are  typically  de¬ 


signed  to  penetrate  fully  the  unsat¬ 
urated  soil  zone  or  the  geologic 
stratum  to  be  cleaned.  An  extrac¬ 
tion  vent  IS  usually  constructed  of 
slotted  plastic  pipe  placed  in  a 
permeable  packing,  and  can  be 
either  vertical  or  horizontal.  Verti¬ 
cal  alignment  is  typical  for  deeper 
contamination  zones  and  results  in 
radial,  subsurface  air-flow  pat¬ 
terns.  If  the  depth  of  the  contami¬ 
nated  soil  or  the  depth  to  the 
ground-water  table  is  less  than  15 
ft,  it  may  be  more  practical  to  dig 
trenches  across  the  area  of  con¬ 
tamination  and  install  perforated 
piping  horizontally.  It  is  important 
to  look  at  the  depth  of  the  vents 
relative  to  the  water  table  eleva¬ 
tion.  Not  only  does  the  water  table 
elevation  vary  seasonally— maybe 
even  daily— but  clay  lenses  can 
lead  to  perched  water. 


DESIGN  AND 
OPERATION  ARE 
FLEXIBLE  AND 


EFFECTIVE. 


In  addition,  reduced  air  pres¬ 
sures  resulting  from  the  applied 
vacuum  at  an  extraction  vent  leads 
to  mounding  of  the  water  table. 
Larger  hole  borings  for  the  vents 
promote  water  vapor  condensation 
within  the  bore  packing. 

The  first  few  feet  of  augured  col¬ 
umns  for  vertical  vents  or  trenches 
for  horizontal  vents  are  usually 
grouted  to  prevent  the  direct  in¬ 
flow  of  air.  Usually,  several  vents 
are  installed.  In  stratified  systems. 


■  TABLE  1 

■  CONDITIONS  AT  TYPICAL  VAPOR  EXTRACTION  SITES 

; 

Site  1 

Site  2 

Site  3 

Sites 

1 - 

Soil  typo 

sandfsilVgravel 

sand 

clayey  sand 

sand 

Depth  to  ground  water  (ft) 

240 

40-50 

48-53 

>30 

Contaminated  voluine  leu  yd) 

>4.000 

>400,000 

unknown 

>33,000 

1  Extraction  vent  diameter  (in.) 

2(PVC) 

(galvanized  steel) 

4(PVC) 

2(PVC) 

Screen  depth  (ft) 

15-25 

unknown 

10-15 

6-25 

1  Number  of  vents 

79 

>20 

6 

7 

Vent  soacing  (ft) 

variable 

unknown 

14-50 

40-90 

Fresh-air  source 

Inlet  vents 

inlet  vents 

surface 

surface 

Blowers 

3 

8 

ont  vacuum  pump 

1 

Total  flow  (cu  It/min) 

86-250 

unknown 

unknown 

210 

Cap 

none 

clay  and  concrete 

existing  pavement 

nona 

Vapor  treatment 

nono 

combustion 

nont 

none 

Contaminants 

dichloropropene 

acetone,  ketone, 
toluene,  xylene 

gasoline 

organic  aolventa 

Initial  mass  (lb) 

50,000-90.000 

unknown 

unknown 

unknoam 

Amount  extracted  (lb) 

90,000 

>78,000 

22,000 

240 

Duration  of  operation  (months) 

7 

>5 

7 

unknown 
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mote  than  one  vent  can  be  in¬ 
stalled  at  the  same  location,  each 
venting  a  given  stratum.  Extrac¬ 
tion  vents  can  be  installed  incre¬ 
mentally  starting  with  areas  of 
highest  contamination.  This  al¬ 
lows  the  system  to  be  brought  on¬ 
line  as  soon  as  possible. 

Spacing  is  usually  based  on  an 
estimate  of  the  radius  of  influence 
of  an  individual  extraction  vent. 


Vent  spacing  typically  ranges  from 
15  to  100  ft.  Screening  depth 
probably  has  an  effect  only  at  low 
air-flow  rates.  At  such  flow  rates, 
higher  recovery  rates  result  when 
the  screen  is  placed  near  the  water 
table  rather  than  screening  the  full 
depth  of  the  vadose  zone.  Vents 
should  be  constructed  with  solid 
pipe  between  the  top  of  the  screen 
and  the  soil  surface  to  prevent  the 
short  circuiting  of  air  and  to  ex¬ 
tract  deep  contamination. 

Air  inlets.  In  the  simplest  soil 
vapor  extraction  systems,  air  flows 
to  an  extraction  vent  from  the 
ground  surface.  To  enhance  air 
flow  through  zones  of  maximum 
contamination,  air  inlet  or  injec¬ 
tion  vents  can  be  part  of  the  in¬ 
stallation.  Air  vents  are  passive, 
and  usually  only  a  fraction  of  ex¬ 
tracted  air  comes  from  air  inlets. 
This  indicates  that  air  drawn  from 
the  surface  is  the  predominant 
source  of  clean  air.  Injection  vents 
force  air  into  the  ground  and  must 
be  installed  at  the  edge  of  a  site  so 
as  not  to  force  contamination  away 
from  the  extraction  vents.  They 
are  also  placed  between  adjacent 
extraction  points  to  ensure  pres¬ 


sure  gradients  m  the  direction  of 
the  extraction  vents.  Tvpicallv,  in¬ 
jection  and  inlet  vents  are  similar 
in  construction  to  extraction  vents. 
Extraction  vents  can  be  designed 
to  be  used  as  air  inlets. 

Piping  and  blower  systems.  Pip¬ 
ing  materials  and  headers  are  usu¬ 
ally  made  of  plastic  or  steel.  How¬ 
ever,  headers  should  be  con¬ 
structed  of  steel  for  durability. 


especially  in  colder  climates.  Both 
pipes  and  headers  are  usually  bur¬ 
ied  or  wrapped  with  heat  tape  and 
insulated  in  northern  climates  to 
prevent  condensate  freezing.  Head¬ 
ers  can  be  configured  in  a  grid,  but 
manifold  construction  appears  to 
be  more  common.  A  control  valve 
is  usually  installed  at  each  vent 
head  and  at  other  critical  loca¬ 
tions,  such  as  lateral-header  con¬ 
nections,  to  provide  operational 
flexibility.  Typically,  ball  or  but¬ 
terfly  valves  ate  used  because  they 
provide  better  flow  control. 

The  vacuum  for  extracting  soil 
air  is  developed  by  an  ordinary 
positive  displacement  industrial 
blower,  a  rotary  blower,  vacuum  or 
aspirator  pump,  or  a  turbine.  Most 
commonly  used  blowers  have  rat¬ 
ings  ranging  from  100  to  6,000  cu 
ft  per  min  at  vacuums  up  to  30  in. 
of  mercury  gauge.  Electric  drive 
motor  ratings  are  usually  10  hp  or 
less.  The  pressure  from  the  outlet 
side  of  the  pumps  or  blowers  is 
usually  used  to  push  the  exit  gas 
through  a  treatment  system  and 
can  be  used  to  force  air  back  into 
the  ground  if  injection  vents  are 
used.  It  is  more  common,  however. 


to  use  a  separate  blower  for  injec¬ 
tion.  Vapor  treatment  efficiency 
can  be  improved  by  installing  the 
blower  between  the  moisture  sepa¬ 
rator  and  the  vapor  treatment  sys¬ 
tem  to  take  advantage  of  the  heat 
generated  by  the  blower. 

A  flow  meter  should  be  installed 
to  monitor  the  volume  of  ex¬ 
tracted  air.  This  measurement  is 
used  in  conjunction  with  gas  anal¬ 
ysis  to  determine  the  total  mass  of 
contaminants  extracted  from  the 
soil.  Flow  measurements  from  in¬ 
dividual  vents  are  useful  for  opti¬ 
mizing  extraction  system  opera¬ 
tion.  A  flow  meter  consisting  of  an 
orifice  plate  and  manometer,  to¬ 
gether  with  the  appropriate  rating 
curve,  will  yield  the  system  dis¬ 
charge  air  flow  rate. 

Impermeable  caps.  Capping  the 
entire  site  with  plastic  sheeting, 
clay,  concrete  or  asphalt  enhances 
horizontal  movement  toward  the 
extraction  vent.  A  cap  controls  the 
air-flow  pathway  so  that  clean  air  is 
more  likely  to  come  from  air  vents 
or  injection  vents.  Without  a  cap, 
air  enters  the  soil  from  the  surface 
nearest  the  vent.  Impermeable  caps 
extend  the  radius  of  influence 
around  the  extraction  vent. 

The  use  of  a  ground  surface 
cover  will  also  prevent  or  minimize 
infiltration,  which,  in  turn,  re¬ 
duces  moisture  content  and  fur¬ 
ther  chemical  migration.  With  lit¬ 
tle  or  no  infiltration,  water  is  less 
likely  to  be  extracted  from  the  sys¬ 
tem.  In  very  dry  climates,  a  reduc¬ 
tion  of  moisture  content  to  where 
panial  drying  of  the  soil  occurs  re¬ 
duces  system  efficiency  due  to  in¬ 
creased  adsorption  capacity  of  the 
dry  soil. 

Air-water  separator.  If  water  is 
pulled  from  the  extraction  vents, 
an  air-water  separator  is  required 
to  protect  the  blowers  or  pumps 
and  to  increase  the  efficiency  of 
vapor  treatment  systems.  The  con¬ 
densate  may  need  treatment  as  a 
hazardous  waste  depending  on  the 
types  and  concentrations  of  con¬ 
taminants.  The  need  for  a  separa¬ 
tor  can  be  eliminated  by  covering 
the  treatment  area  with  an  im¬ 
permeable  cap.  In  some  cases,  gas¬ 
oline  can  be  recovered  by  using  a 
gasoline-water  separator  combined 
with  a  vapor  extraction/pumping 
system. 

Vapor  treatment.  Air  emission 
problems  should  not  be  created 
while  remediating  soil  contamina- 
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tion.  However,  vapor  treatment 
may  not  be  required  for  systems 
that  produce  easily  degradable 
chemicals  at  low  emission  rates. 
There  are  several  treatment  sys¬ 
tems  available  that  limit  or  control 
air  emissions.  These  include  liq¬ 
uid/ vapor  condensers,  incinera¬ 
tors,  catalytic  conveners  and  gran¬ 
ular  activated  carbon  (GAC). 

If  air-emissions  control  or  vapor 
treatment  is  required  for  an  instal¬ 
lation,  a  vapor-phase  activated  car¬ 
bon  adsorber  system  will  probably 
be  the  most  practical  system,  de¬ 
pending  on  chemical  emission  rates 
and  VOC  levels,  although  catalytic 
oxidation  units  have  produced  fa¬ 
vorable  results.  Gas-phase  GAC 
may  require  heating  the  extracted 
air.  Heating  controls  the  relative 
humidity,  which,  in  turn,  opti¬ 
mizes  the  carbon  usage  rate.  As 
the  fraction  of  water  vapor  in¬ 
creases,  the  capacity  for  the  target 
chemical  decreases  and  the  carbon 
replacement  rate  increases.  The 
spent  carbon  may  be  considered  a 
hazardous  waste  due  to  the  type  of 
contaminants.  Incineration  can  be 
self-sustained  combustion  if  the  va¬ 
por  contains  high  concentrations 
of  hydrocarbons  or  combustible 
volatile  chemicals.  Usually  there  is 
a  lag  time  to  achieve  a  high  con¬ 
centration  of  combustibles.  Con- 
centra-,  ions  of  volatiles  in  the  air 
stream  might  be  increased  by  in¬ 
termittent  blower  operation  or  by 
intermittently  operating  different 
extraction  vents.  Some  systems 
have  auxiliary  fuels  to  maintain  a 
desired  exhaust  temperature. 

There  may  be  other  uses  for  ex¬ 
traction  system  off-gas.  On  one 
project,  where  the  initial  extrac¬ 
tion  rate  of  volatiles  was  over  2,000 
lb  per  day,  the  extracted  gas  was 
piped  to  the  combustion  air  intake 
zone  of  a  nearby  industrial  boiler 
in  continuous  operation. 

Monitoring  systems.  Various 
monitoring  devices  such  as  sam¬ 
pling  ports,  vacuum  gauges  and 
pilot  tubes  are  required  for  esti¬ 
mating  vapor  discharges.  Pressure 
gauges  are  used  to  monitor  the 
pressure  losses  in  the  overall  sys¬ 
tem  and  to  optimize  air  flow.  Va¬ 
por  and  pressure  monitoring 
probes  can  be  placed  in  the  soil 
surrounding  the  extraaion  system 
to  measure  vapor  concentrations 
and  the  radius  of  influence.  Moni¬ 
toring  wells  are  usually  necessary 
to  assess  final  site  cleanup. 


Sampling  ports  are  usually  in¬ 
stalled  at  each  vent  head,  at  the 
blower  and  after  gas  treatment. 
The  basic  measurements  required 
to  assess  system  performance  are 
the  system  air-flow  rate  and  the 
concentration  of  volatile  organic 
chemicals  in  the  extracted  flow. 
The  system  VOC  concentration 
data  is  checked  using  a  gas  chro¬ 
matograph  with  a  detector  appro¬ 
priate  for  the  compounds  expected 
in  the  exhaust  gas. 

At  most  sites,  the  initial  VOC  re¬ 
covery  rates  are  relatively  high  and 
then  decrease  asymptotically  to 
zero  with  time.  Vapor  extraction  is 
more  effective  at  sites  where  the 
more  volatile  chemicals  are  still 
present— when  the  spill  is  rela¬ 
tively  recent.  Several  studies  show 
that  intermittent  venting  from  in¬ 
dividual  vents  is  probably  more  ef¬ 
ficient  in  terms  of  mass  of  VOC  ex¬ 
tracted  per  unit  of  energy  ex¬ 
pended.  This  is  especially  true 
when  extracting  from  soils  where 
mass  transfer  is  limited  by  the  rate 
at  which  chemicals  diffuse  out  of 
immobile  air  zones  and  impermea¬ 
ble  layers.  Optimal  system  opera¬ 
tion  may  involve  taking  individual 
vents  in  and  out  of  service  to  al¬ 
low  time  for  liquid  and  gas  diffu¬ 
sion  and  to  change  air-flow  pat¬ 
terns  in  the  region  being  vented. 

The  design  and  operation  of  soil 
vapor  extraction  systems  can  be 
quite  flexible,  allowing  for  changes 
during  the  course  of  operation  in 
vent  placement,  blower  sire  aiiJ  air 
flows  from  individual  vents.  If  the 
system  is  not  operating  effectively, 
changes  in  vent  placement  or  cap¬ 
ping  the  surface  may  improve  it. 
At  one  site,  the  blowers  were 
housed  in  modules  with  quick  dis¬ 
connect  attachments,  allowing  for 
portability. 

A  major  problem  with  soil  vapor 
extraction  systems  is  determining 
when  the  site  is  clean  enough  to 
cease  operation.  Mass  balances  us¬ 
ing  initial  and  final  soil  borings 
have  not  been  particularly  success¬ 
ful  in  predicting  amounts  of  chem¬ 
ical  actually  removed.  Soil  vapor 
measurements  in  conjunction  with 
soil  boring  and  ground-water  mon¬ 
itoring  can  better  determine  the 
remaining  chemicals.  Some  design¬ 
ers  suggest  intermittent  operation 
near  the  end  of  cleanup.  If  vapor 
concentration  shows  no  significant 
increase  on  restart,  one  can  as¬ 
sume  the  site  is  decontaminated. 


OTHER  APPLICATIONS _ 

Soil  air  extraction  is  used  in 
conjunction  with  ground-water 
pumping  and  treatment  as  a  low- 
cost  alternative  for  the  cleanup  of 
petroleum  and  solvent  spills.  Large 
quantities  of  organic  chemicals  can 
be  retained  in  the  vadose  zone  by 
capillary  forces,  dissolution  in  soil 
water,  volatilization  and  sorption. 
If  this  product  can  be  removed  be¬ 
fore  it  reaches  the  ground  water 
then  the  problem  is  mitigated. 
Some  studies  show  that  vapor  ex¬ 
traction  is  effective  in  removing 
organic  chemical  vapor,  sorbed 
chemical  and  free  product  at  the 
water  table.  This  suggests  that  the 
soil  should  be  decontaminated  by 
vapor  extraction  before  ground¬ 
water  cleanup  can  be  completed. 


FOR  DEVELOPED 


AREAS,  SOE.  VAPOR 
SYSTEMS  ARE  LESS 
lINfTRUSIVE  THAN 
OTHER  METHODS. 

Researchers  have  also  observed 
that  inducing  subsurface  air-flow 
enhances  microbial  degradation  of 
organic  compounds.  Ideally,  then, 
vapor  extraction  could  remove  the 
lighter  molecular  weight,  more  vol¬ 
atile  compounds  while  creating 
aerobic  conditions  to  promote  the 
degradation  of  the  heavier,  less 
volatile  chemicals. 

Soil  vapor  extraction  is  effective 
for  removing  volatile  chemicals 
over  a  wide  range  of  conditions. 
The  design  and  operation  of  these 
systems  is  flexible  enough  to  allow 
for  rapid  changes  in  operation,  op¬ 
timizing  chemical  removal.  ^ 
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Modeling  the  Movement  of  Volatile  Organic  Chemicals  in  Columns 
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Mechanisma  affecting  (Kc  fate  of  nondegradabic  vt^atite  organic  chcmicala  in  soiU  include  (1) 
adveetion  in  air  and  waur.  (2)  diapenkM  in  air  and  water.  (3)  air-water  maaa  transfer  and  equilibruim. 
(4)  diffusion  in  tmntobilc  water.  (S)  mau  transfer  between  n^ile  and  immobile  water,  and  (6)  sorption. 
A  deterministic  model  was  doreloped  to  account  for  these  processes  in  laboratoiy  columns  of 
unsaturated  soil.  The  general  form  of  the  model  was  solved  numerically.  The  numerical  solution  was 
veriAcd  with  analytic  solutions  for  simplifted  conditions.  Column  experiments  were  conducted  to 
validate  the  model  and  to  determine  the  relative  importance  of  each  mechanism  in  two  soil  types.  The 
movement  of  irichloreethenc  was  measured  in  a  column  packed  with  a  uniform  sand  and  one  packed 
%vith  uniformly  sized  aggregates  that  were  made  from  clay.  Parameter  values  for  the  model  predictions 
were  independently  determined  from  direct  measurements  and  literature  correlations.  Bromide  tracer 
studic.s  were  performed  to  determine  parameter  values  that  could  not  be  measured  directly  or  were  not 
estimated  accurately  by  literature  correlations.  For  the  sand  column  the  amount  of  immobile  water, 
(he  rate  of  liquid  diffusion,  and  the  liquid  dispersion  eoclAcieni  were  measured  in  a  tracer  study.  A 
batch  rate  study  was  used  to  measure  the  rate  of  iniraaggregaie  diffusion  in  the  day  aggregates.  The 
l^uid  dispersion  coefficient  for  the  column  containing  aggregates  was  measured  in  a  tracer  study. 
These  parameter  values  were  used  in  the  model  to  predict  the  breakthrough  and  elution  of 
trichlorocthcne  in  the  two  columns.  To  describe  the  column  data,  however,  Henry's  constant  was 
increased  from  a  litetature  value  of  0.4  to  0.7.  and  the  predicted  gas  dispersion  coefficient  was  reduced 
by  a  factor  of  10. 


Introouction 

Subsurface  contaminant  transport  and  attcnualton  is  gov¬ 
erned  by  a  number  of  spretding,  retardation,  and  transfor¬ 
mation  mechanisms  such  as  adveetion.  dispersion,  diffusion, 
and  iflterfacial  mass  transfer;  adsorption  and  votatiNzaiion; 
and  biological  and  chemical  reactions.  These  mechanisms 
and  (heir  impacts  on  chemical  (ate  are  discussed  in  detail  by 
MacKayetal.  (I9831andNi>frenero/.  (1986).  Asachemteal 
travels  through  soil  with  fluid  flow,  the  shape  of  its  concen- 
traiion  profile  is  affected  by  dispersing  or  spreading  mecha¬ 
nisms,  the  profile’s  position  is  slowed  by  retardation  mech¬ 
anisms.  and  (he  concentration  may  also  decrease  due  to 
bioloficai  and  chemical  transformations. 

Previous  work  on  modeling  unsaturated  transport  has 
focused  in  three  areas:  (1)  vapor  transport  in  the  upper  soil 
layer  for  predicting  pesticide  movement  (ffoff/on  et  of., 
IW;  Mayer  et  aL,  1974)  and  for  assessing  the  behavior  of 
organic  chemicals  [fury  et  at .  1980,  1983),  (2)  tracer  and 
nonvolatile  chemical  transport  for  simulating  the  one- 
dimensional  movement  of  salts  and  heavy  metals  (vort  Gen- 
uchien  and  iVierenga,  1976;  Jury,  19^),  and  (3)  three- 
dimensionai  subsurface  movement  of  liquids  and  vapors  for 
estimating  the  travel  time  of  organic  solvenu  and  petroleum 
products  to  groundwater  [Abriota  and  Finder,  1983o;  Und- 
Strom  and  Fiver,  1986;  Corapcioglu  and  Bathe,  1987).  Al¬ 
though  (he  three-dimensional  models  are  conceptually  closer 
to  fletd  conditions,  these  models  have  not  considered  all  of 
the  mechanisms.  Moreover,  the  three-dimensionai  models 
have  not  been  validated  experimentally.  To  determine  a 
model’s  predictive  capability  it  ii  important  to  do  so  [Abrioia 
and  Weber,  1986). 
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Mechanisms  of  nonequitibrium  (Afiefrm  et  aL ,  1986;  Brus- 
seau  and  Rao,  1989),  specifically  those  associated  with 
physical  reactions,  have  typically  been  ignored  in  the  deri¬ 
vation  of  three-dimensional  transport  models.  Models  that 
describe  the  one-dimensional  movement  of  vapors  or  aque¬ 
ous  solutes  have  studied  some  nonequilibrium  effects.  For 
example,  DeSmedt  et  at.  (1986)  used  a  model  developed  by 
van  Cenuchten  and  Wierenga  (1976)  to  study  the  impact  of 
diffusion  in  immobile  water  on  tracer  breakthrough  curves  in 
columns  of  unsaturated  sand.  They  propose  that  the  impor¬ 
tance  of  diffusion  in  immobile  water  increases  with  decreas¬ 
ing  water  content.  The  three-dimensional  model  derivations 
Ignore  this  mechanism  by  assuming  that  all  of  (he  water  is 
mobile. 

There  continues  to  be  a  need  for  a  better  understanding  of 
subsurface  fate  processes  [Nielsen  et  aL,  \9Bb\  Abrioia  and 
Weber,  1986),  including  ihose  associated  with  physical  non- 
equilibrium.  To  dale,  many  studies  aimed  at  gaining  a  better 
understanding  of  chemical  fate  processes  in  (he  vadose  zone 
have  been  segmented  and  disciplinary  [Nieben  et  aL ,  1986). 
Especially  lacking  are  iniegraied  mo^ling-experimental  ap¬ 
proaches  {Abnolo  and  Weber,  1986);  approaches  that  not 
only  formulate  hypotheses  of  fate  mechanisms  but  test  the 
hypotheses  experimentally  as  well  as  numerically. 

This  paper  presents  a  one-dimensional  model  that  de¬ 
scribes  the  movement  of  dilute  solutions  of  nondegradable 
volatile  organic  chemicals  (VOCs)  in  unsaturated  soil.  Ver¬ 
ification  of  the  model’s  numerical  solution  and  experimental 
results  for  determining  the  validity  of  the  model  as  a  tool  for 
understanding  subsurface  transport  are  also  presented.  Ver¬ 
ification  of  ihe  numerical  solution  is  obtained  by  ccmiparing 
numerical  calculations  to  analytic  solutions  for  simplified 
conditions.  Experimental  results  are  used  to  validate  the 
model  and,  in  conjunction  with  numerical  calculations,  to 
improve  the  level  of  understanding  of  several  important 
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Gieskk  rr  au:  Movcmcht  or  Okcanic  Cuemicalj  in  Unsatukateo  Soil 


Fig.  1.  Cuncepiu«l  picture  of  uflMiurated  toil  column  u«ed  fur  model  development. 


mechanisms  of  subsurface  transport.  This  paper  shows  that 
(he  model  can  be  used  to  examine  the  contributions  of 
advcction.  dispersion,  mass  transfer  resistance,  diffusion  in 
immobile  water,  sorption,  and  volatilization  on  the  spreading 
and  retardation  of  VOC  breakthrough  curves  in  columns 
packed  with  homogeneous  soil  materials. 

Moocl  Devclopmunt 

(Tigure  nis  a  conceptual  picture  of  a  soil  column  that  is 
used  !flf  rne  model  development  that  follows.  The  mecha¬ 
nisms  being  considered  are  (I)  air  and  water  advection,  (2) 
liquid  and  gas  dispenioti  in  (he  direction  of  flow.  (3)  liquid 
diffusion  in  pores  filled  with  immobile  water.  (4)  mass  transfer 
resisunoe  at  the  air-water  and  the  mobile-immobile  water 
interfaces,  (5)  partitioning  between  the  air-water  i^ase,  and  (6) 
sorption  to  soil  organic  matter  from  aqueous  solution. 

Descriptions  of  unsaturated  water  flow  are  complicated  by 
hysteresis  and  the  variation  of  soil  properties  with  location. 
In  addition,  dynamic  environmental  conditions  such  as  at¬ 
mospheric  pressure,  ambient  temperature,  and  rainfall 
events  alter  the  flow  of  water.  Air  flow  also  affects  liquid 
permeability.  Since  one  of  ihe  primary  objectives  of  this 
study  is  to  compare  the  relative  impact  of  liquid  idvection  to 
dispersion,  difKision,  and  mass  transfer  resisunce,  it  is 
advantageous  to  assume  constant  pressure,  temperature, 
and  wetting  conditions  and  assume  chat  soil  properties  and 
moisture  profiles  sre  uniform.  Wiennga  (1977)  showed  that 
when  analyzing  breakthrough  curves  of  noninteracting  sol¬ 
utes  on  the  basis  of  cumulative  drainage,  transient  and 
steady  flow  calculations  give  similar  results. 

Air  flow  in  unsaturated  soil  is  usually  small  in  comparison 
to  water  flow,  but  it  is  becoming  common  practice  to  induce 
air  flow  for  removing  VQCs  from  soil  19890). 

Steady,  one-dimensional  air  flow  in  the  same  direction 
(cocurrent)  as  water  flow  was  included  m  this  model  devel¬ 
opment  so  that  the  model  could  be  used  to  determine  when 
mass  transfer  resistance  at  the  air-waier  interface  is  an 
important  mechanism  in  unsaturated  soil.  The  rnodet  devel¬ 
opment  assumes  that  the  air  is  saturated  with  water  so  that 
moisture  content  remains  constant. 


Liquid  dispersion  in  the  direction  of  flow  is  much  greater 
in  unsaiurated  soil  than  in  saturated  soil  [DeSmedi  tt  aLt 
1986).  Liquid  dispersion  is  assumed  constant  and  is  de¬ 
scribed  using  a  Fickian  approach  because  of  the  assumption 
of  steady  water  flow  and  uniform  moisture  content 
(IKerrn^a.  1977).  Decau.se  of  these  simplifying  conditions, 
gas  dispersion  is  described  in  the  same  manner  as  liquid 
dispersion. 

Diffusion  in  immobile  water  has  been  shown  to  be  impor¬ 
tant  in  saturated  soil  systems  [Chttenden  tt  aL,  1986; 
Hutzltr  er  a/. ,  1986;  Roberts  tt  al. ,  1987).  The  significance  of 
intraaggregaie  diffusion  in  unsaturated  soil  is  thought  to  be 
greater  than  in  saturated  systems  (wan  Ctnuehitn  and 
IHercn^o,  1977;  von  Ceniic/ifen  ttoi^  1977;  DtSmadt  tt  aL , 
1986).  Diffusion  in  immobile  water  zones  is  described  here  as 
Fickian  diffusion  in  saturated  micropores  contained  within 
uniformly  sized,  spherical  aggregates  (Rao  er  al,  1982). 

Mass  transfer  resistance  at  the  air-water  interface  could  be 
an  important  mechanism  in  fate  modeling  of  volatile  pollut¬ 
ants  in  unsaturated  soil.  Others  have  ignored  its  impact  in 
subsurface  transport  by  assuming  rapid  air-water  equilib¬ 
rium  {Abnola  and  Pindcr,  I985b;  Undstrom  and  Fiver .  1986; 
[£ortttKioK.iu[and (gflefirj  1987).  Air-water  mass  transfer  is 
Included  in  the  model  to  lest  the  impact  it  has  on  chemical 
movement.  Although  mass  transfer  resistance  at  ihe  mobile- 
immobile  water  interface  (film  transfer)  has  been  found  by 
others  to  be  unimportant  in  saturated  soils  {Oittendan  tt  aL , 
1986;  Hutziertt  ai,  1986;  Roberts  ttal,  1K7]>  is  included 
here  to  study  its-imponance  in  unsatunted  systems. 

Reiardaiion(d^he  rate  of  movement  of  a  chemical  profile 
relative  to  rate  of  water  or  air  movement  is  a  function  of  the 
solute  phase  distribution  at  equilibrium.  The  model  develop¬ 
ment  assumes  VQC  solutions  are  dilute.  Hence  air-water 
equilibrium  can  be  described  by  Henry's  law.  Freundlich 
adsorption  equilibrium  [Freundlich.,  1922}  is  used  to  describe 
chemical  equilibrium  between  water  and  soil  organic  matter. 
Adsorption  of  vapors  onto  soil  was  assumed  to  be  unimpor¬ 
tant  [Ray  and  Crtjfin,  1987)  because  sot!  surfaces  are  usually 
covered  by  water. 
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Derivation  of  Dimensioned  Equations 

The  model  was  developed  lo  describe  ihe  movemeni  of  a 
single  VOC  in  laboratory  columns  of  unsaiuraied  soil  where 
the  mechanisms  described  above  are  operative.  The  soil 
system  is  divided  into  the  three  zones  shown  in  Figure  1: 
mobile  or  immobile  air,  mobile  water,  and  aggregates  com¬ 
posed  of  immobile  water  and  solid  soil  parUclea.  Mass 
balances  on  these  zones  result  m  three  partial  differential 
equations  in  terms  of  dimensioned  variables  and  parameters. 

The  air  and  mobile  water,  as  depicted  in  Figure  I.  are 
assumed  to  be  continuous  phases.  The  smallest  pores,  such 
as  those  contained  in  aggregates,  contain  water  that  is 
immobile.  If  the  water  content  exceeds  the  soil's  held 
capacity,  water  will  how  through  larger  pores  while  the 
largest  pore  spaces  still  contain  air.  Since  there  is  no 
theoretical  method  for  determining  the  fraction  of  interphase 
contact  between  air  and  immobile  water  and  between  air  and 
mobile  water,  the  rate  of  air-water  mass  transfer  is  assumed 
to  be  lumped  into  a  single  transfer  rate  between  air  and 
mobile  water.  Therefore  it  is  assumed  that  chemical  phase 
transfer  occurs  between  the  air  and  mobile  water  and  the 
mobile  and  immobile  water.  It  is  also  assumed  that  (he  water 
in  contact  with  soil  surfaces,  where  sorption  can  occur,  is 
immobile. 

A  mass  balance  on  the  air  zone  results  in  (he  following 
equation: 

ac.(Z.  T)  a*c.(Z,  d  dCjz.  T) 
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Equation  (1)  describes  the  change  in  VOC  vapor  concentre' 
tion^,(Z,  f))  with  respect  to  time.  The  terms  on  the  right 
sidetepresent  gas  dispersion  or  diffusion,  gas  advection.  and 
air-Water  mass  transfer. 

A  mass  balance  on  the  mobile  water  zone  results  in  a 
similar  expression  for  the  change  in  VOC  conceniratton  in 
mobile  water  (C»(Z,  T)): 

dC»(Z.  T)  a‘C„(2.  D  dCfc(2.  T)  Kt,a 
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equilibrium  with  the  sorbed-phase  concentration  on  the 
adjacent  soil  surface.  The  change  in  the  total  intraaggregate 
concentration  Z.  T))  with  respect  to  time  is  equal  to 
the  rate  at  which  chemical  diffuses  through  the  internal 
pores: 


ay(R.  z.  T)  1 


ar 


D^eSJi^  ac//?.  z.  D 


P,(i  -e) 


aR 


(3) 


Like  |2).  (3)  assumes  that  changes  in  axial  water  concentra¬ 
tion  are  small  across  an  aggregate  diameter.  The  variable 
Y{R,  Z,  T)  is  the  total  chemical  concentration  per  unit  mass 
of  soil  at  a  specific  radial  position  within  an  aggregate: 


VIR.  2.  T)« 


eS, 


P,(l  -  e) 


C^(R,Z,T)*Q{R.Z.T)  (4) 


The  equilibrium  between  the  aqueous  and  sorbed  phases 
within  the  micropores  is  described  with  the  FreundUch 
(1922)  isotherm  equation; 


Q(R.  Z.T)-  KCi,tR,  Z.  D'' 


(5) 


(I) 


where  Q{R,  Z.  T)  is  the  mass  of  chemical  sorbed  per  unit 
mass  of  soil. 

The  initial  condition  for  solving  the  above  equations  can 
be  any  specified  concentration  profile  within  the  column. 
Typically,  for  soil  columns  the  initial  concentrations  are 
zero: 

c^{0  s  z  s  L.  r  -  0)  •  Ch(0  s  z  s  L.  r  -  0) 

*  no  5  s  0  S  2  S  L.  T  -  0)  -  0  (6) 

Boundary  conditions  for  (1)  and  (2)  are  derived  from  the 
fact  that  soil  columns  are  closed  reactors  [Levenspiel^  1962). 
It  will  be  shown  later  that  analytical  solutions  of  the  model 
exist  for  simplified  conditions;  however,  for  the  general  case 
shown  a  numerical  solution  method  is  necessary.  In  an 
attempt  to  force  (he  numerical  method  to  conserve  chemical 
mass,  overall  mass  balances  on  the  mobile  water  and  air 
phases  are  used  for  two  boundary  conditions.  The  difference 
between  the  mass  of  VOC  entering  and  leaving  the  column 
by  advection  in  air  must  equal  the  mass  accumulating  in  the 
air  minus  the  mass  transferred  to  the  air  from  the  water: 


«(c^(r)  -  c.(z  -  L,  T)]  -  4  r  C,(Z. 

9T  Jq 


T)9Z 


(2) 


The  terms  on  the  right  side  of  (2)  represent  liquid  dispersion, 
liquid  advection.  mau  transfer  between  air  and  mobile 
water,  and  film  transfer.  The  mathematical  representation  of 
mass  transfer  between  the  mobile  and  immobile  water  in  (2) 
assumes  that  an  aggregate  whose  center  is  at  axial  position  Z 
absorbs  chemical  at  a  rate  proportional  to  the  deficit  between 
(he  immobile  water  concentration  at  the  aggregate  surface 
{Cp{R  «  Rg,  Z.  Tj^nd  the  mobile  water  concentration.  This 
representation  of^m  transfer  is  appropriate  when  the  axial 
water  concentration  gradient  (^C«,/dZ)  is  small  across  an 
aggregate  diameter. 

Figure  1  shows  that  soil  aggregates  are  represented  by 
uniformly  porous  spheres  (Rao  et  al. ,  1982)  within  which  the 
aqueous  chemical  concentraiion  in  the  micropores  is  ai 


-f 


K^a 

eO  -5) 


CU2.  r)| 

C*(Z.  T) - 


(2) 


C,*(T)  is  the  lime-varying  influent  concentration  in  the  air. 

The  difference  m  chemical  mass  entering  and  leaving  the 
column  m  wjier  must  equal  the  accumulation  in  the  water 
and  in  the  aggregates  plus  the  mass  transferred  to  the  air 
from  the  water: 


v(C^(r)  -  Ch(Z  « 


j: 


C,(Z.  T)  * 


3p,(l  -  t)  /■». 


r(J 


l-t)  f... 

- 5  Vt/>.  Z.  DR'  rfR 

■  Jo 


»Z 
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TABLE  1.  Definiiiont  of  Dimensionless  Croup* 


Croup 

Definition 

Equation 

Ar 

Mass  Transfer  Croups 

rale  of  advcction  in  air 

u 

rate  of  advectiM  m  mobile  water 

-Og. 

V 

rate  of  diffusion  in  immobile  water 

rate  of  advection  in  mobile  water 

'■rJ 

rate  of  advection  in  mobile  water 

vL 

rate  of  axial  dispersion  in  mobile  water 

Bg 

Pe, 

rate  of  advection  in  mobile  waicr 

vL 

rate  of  axial  dispersion  in  air 

EJ>g. 

Fe 

total  advecth^  fiux  in  air  and  in  water 

1  *Ar 

Pt;'  *Pe;' 

St, 

rate  of  transport  across  mobile -immobile  water  interface 

4,(1  -  «(l -S,)lt 

rate  of  advection  m  mobile  water 

u*(5  - 

St, 

rate  of  transport  acroia  air-mobiie  water  interface 

KifiL 

rate  of  advection  in  mobile  water 

3vs(5  -  S.) 

°s. 

Chemieet  Dtstnhuhon  Croups 

mats  of  chemical  in  immobile  water 

s, 

mass  of  chemicai  in  mobile  water 

IS  -  S.) 

Og, 

masa  of  ehemteal  adsorbed  to  soil 

maia  of  chemicat  in  mobile  water 

tlS-S.) 

Og. 

masa  of  chcmicJi  in  air 

(1  -S)H 

mass  of  chtmtcai  m  mobile  waicr 

IS  -  S.) 

Os 

mass  of  chcmicat  in  air.  in  immobile  water,  and  on  soil 

Dg,  *  Dg,  *  Dg. 

fi. 

masa  of  chemical  in  mobile  water 
velocity  of  chemical  front 

\*Dg 

veiociry  of^tcr 

(1  *Ar)(l  *Dg,) 

l/n 

isothcmi  inicnsity 

ft- 

Jo  «(5-5,) 


Co(2.  T)  - 


C^Z.  T)! 

"  J 


(9) 


Cf^(T)  IS  (he  lime  varying  inAueni  concentration  in  water. 

Exit  boundary  conditions  for  (1)  and  (2)  are  obtained  by 
solving  (he  following  equations  for  (he  given  initial  condi* 
(tons: 


The  other  boundary  condition  for  (3)  is  derived  by  per¬ 
forming  a  mass  balance  on  an  aggregate.  A  change  in  mass  of 
chemical  in  an  aggregate  is  equal  to  (he  mass  transferred  to 
(he  aggregate  from  the  mobile  water: 


VtAf.  Z.  r)R^d/t 


-  e) 


^'C,(Z^L,  T)  dCAZ^L,  r-O) 

- — - - -0  - - 


- -0 

iZ  »T 

»z 

(9) 

rC,{Z^L.  T) 

- -  »  0 

»ZiT 

ac,(Z-L.  r  =  0) 

»z 

(10) 

One  boundary  condition  for  (3)  resuHs  from  symmetry; 
that  is,  no  concentration  gradient  exists  at  the  center  of  an 
aggregate: 


-  0.  Z.  D 
dR 


W 


Symmetry  is  based  on  the  assumptions  of  spherical  aggre¬ 
gates  and  (hat  axial  changes  in  chemical  concentration  are 
small  across  an  aggregate  diameter. 


[I  -eil  -5,)lCt,(Z,  Z,  D]  (12) 

Equation  (12)  is  consistent  with  (he  assumption  used  to 
represent  film  transfer  in  (2).  Like  (7)  and  (8),  (12)  attempts 
lo  conserve  mass  during  the  numerical  solution  of  (he  model 
equations. 


Conyersion  to  Dimensiontess  Form 

To  reduce  the  complexity  of  the  equations,  so  that  model 
solutions  could  be  based  on  and  characterized  by  fewer 
parameters,  the  dimensioned  equations  derived  abo^  were 
converted  to  a  dimensionless  form.  Soil  column  model 
predictions  in  terms  of  relative  (dimensionless)  concentra¬ 
tion  as  a  function  of  dimensionless  tirr^  (ihfpuyhput)  can  be 
characterized  by  the  groups  defined  in^aNeL^ese  groups 
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represent  mass  transfer  mechanisms  and  chemical  disinbu* 
tions  at  equilibrium.  Because  water  is  ihe  most  common 
transport  medium  in  soil,  the  mass  transfer  groups  arc  based 
on  the  rate  of  mass  transport  by  water  advection,  and  the 
chemical  distribution  groups  are  based  on  chemical  mass  in 
mobile  water.  The  magnitudes  of  the  five  mass  transfer 
groups  (air  Peclet  (Pe,.),  mobile  water  Peclet  (Pch)*  imm<rt>ile 
water  diffusion  modulus  (Ed^),  mobile*immobile  water  Stan> 
ton  (5/a),  air>waier  Stanton  (5/^))  represent  (he  degree  of 
spreading  exhibited  by  a  breakthrough  curve  [Roberts  et  ai , 
1987).  A  large  value  of  any  of  these  groups  indicates  a  small 
contribution  from  the  corresponding  mechanism  toward  the 
observed  spreading.  For  example,  a  large  value  of  Pe^ 
means  that  transport  by  liquid  dispersion  is  slow  in  compar¬ 
ison  to  that  by  water  advection  and  therefore  not  important. 
An  increase  in  the  air-water  advective  fiux  ratio  (Ar)  has  the 
same  effect  as  increasing  Pe^  and  Pe,.  and  decreasing  5/^, 
5r..  and  £dp.  The  chemical  distribution  groups  (immobile 
water  {Dg^),  sorbed  (Pg«),  vapor  (Dg,))  and  (he  isotherm 
intensity  (l/n)  impact  spreading  because  they  determine  the 
amount  of  chemical  in  a  given  phase.  Only  Xr,  Dg^,  Dg^,  and 
t/n  affect  the  magnitude  of  the  retardation  coefRcient  {R^).  If 
l/n  is  not  equal  to  1.  then  R^  is  also  dependent  on  concen¬ 
tration. 

Throughput  (/)  is  defined  by  assuming  that  a  soil  column  is 
initially  free  of  chemical  and  that  the  influent  concentrations 
are  constant  and  in  equilibrium  (0^,(7)  -  C*,.  C.,(r)  = 
HC^).  Throughput  is  equal  to  the  ratio  of  chemical  mass  fed 
lo  the  mass  contained  in  the  column  at  equilibrium  with 
Dimensionless  concentrations  are  derived  by  dividing  a 
particular  phase  concentration  by  its  concentration  in  equi¬ 
librium  with  Axial  position  (Z)  is  normalized  by  ihe 
column  length  (L)  and  radial  position  (R)  by  the  aggregate 
radius  (R^). 

The  dimensionless  forms  of  the  air  mass  balance  (equation 
(U)  and  its  boundary  conditions  (equations  (7)  and  (9))  arc 

ac.U.  I)  [1  *  Ds\  1  4’c,.U,  0 

it  Dff,{l  *  Ar]  Pe^  dp 
9c.(j.  0 

-  Ar  — - - 35/Jc,U.  /)  -  c,U,  ())  (13) 

dZ 

OfiJI  *Ar]  d  ri 

eJO  -  C.U  “  1 .  0  »  — — —  f-  I  0  to 

Aril  +  Qs  to  J, 


Ci^t)  -  csli  -  1,  0  ■ 


ri  +  Ar]  d 
[I  +  Dg]  to 


'J. 


(c,(i,  r)  -  c,.(z. /))  az  (14) 


a'c,(z-l./)  to:,(4-l,»-0) 

- -0  - -0  1*5) 

dz  dt  dz 

In  dimensionless  form  the  mobile  water  mass  balance 
(equation  (2))  and  its  boundary  conditions  (equations  (8)  and 
(10))  become 

to»(i, /)  (l*Pg]r  I  a'c»(i, »)  toitd,  () 
to  (1  +Ar]  [Pet  di^  dt 

*  35/Jc,(4,  I)  -  c„{z.  0]  +  35(4c,(»-  «  I.  ». »)  -  c,(z.  r))] 


•  [c/,(z.  r)  +  3{Os,  +  Dg,]  j  y(r,  z,  t)r‘  dr]  dz 

*  f'3SUc»(z.0-e„(z,  f)j3i  (17) 

Jo  yS, 

a’c,(r«l./)  to:,(2»l.»»0) 

- -0  - -0  (18) 

dz  di  dz  ' 

The  dimensionless  form  of  the  iniraaggregate  mass  bal¬ 
ance  (equation  (3))  is 


dy{r,  i,  r)  £dp{ 


^S]  1  ^  r  j  z,  /)' 

+  DggJil  +  Ar]  dr  1^  ar 


The  dimensionless  total  intraaggregate  concentration  must 
satisfy 

DgpC,]r.  z,i)*Dg,  Cfir,  z,  t) 

y(r.z.i)~-t^ - hr,  -  (“> 

PS,  +  PSi 

Equation  (20)  was  obtained  by  substituting  (S)  into  (4)  and 
dividing  the  result  b>  the  total  intraaggregate  concentration 
in  equilibrium  with  C^. 

The  dimensionless  form  of  Ihe  boundary  conditions  (equa¬ 
tions  (U)  and  (12))  for  the  intraaggregaie  mass  balance  are 

deJr  a  0,  z,  f) 


5/4ca(2,  #)  -Cp(r  »  1.  r,  /)) 


(Os,  +  Os, II  *Ar]dfl  . 

■  U*Og] - <“) 

The  dimensionless  initial  condition  for  solving  (13),  {16), 
and  (19)  is 

c,.(0  S  r  S  1.  /  »  0)  •-Ch(0Sz  S  1,  r  «  0) 

“^(O  Sr  S  1,  0  Sz  s  I,  f  ■  0)  •  0  (23) 

Converting  the  model  into  a  dimensionless  form  reduces 
the  number  of  parameters  that  characterize  a  solution  from 
17  (a.  Dp,  £„,  £„  H,  K,  kf,  K^,  L,  l/n,  J.  5„  u.  v,  e,  p,) 
to  10  {Ar,  Dg^,  Dg,,  Dg„,  Ed^,  l/n,  Pe^,  5r*,  5/,).  It  is 
also  easier  to  characterize  a  solution  in  terms  of  these 
groups.  Five  groups  {Edp,  Pe^,  Pe^,  5*.  )  affect  only  the 

shape  of  a  breakthrough  curve.  Nine  dr.,  rsioned  parame¬ 
ters  {H,  K,  L,  l/n,  5.  u,  i'.  c,  p,)  impact  both  shape  and 
position;  the  other  eight  affect  only  the  shape. 


Model  Solutions 

The  general  form  of  the  model  given  by  (13)-(23)  is  solved 
numerically.  Exact  solutions  can  be  obtained,  however,  when 
l/n  IS  equal  to  I  and  certain  mass  transfer  mechanisms  are 
unimportant  and  when  simpler  boundary  conditions  than  those 
given  by  (14),  (IS),  (17),  and  (18)  are  used.  Several  analytic 
solutions  are  given  below  in  increasing  order  of  complexiiy, 
and  the  numerical  solution  is  presented  after  them. 
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In  the  results  and  discussion  section,  model  verification 
and  validation  are  reported.  The  numerical  solution  method 
is  verified  by  compar.ng  its  calculations  to  the  analytic 
solutions  for  a  scries  of  special  cases.  Validation  of  the 
model  is  achieved  by  comparing  model  predictions  to  exper* 
imental  results. 

Local  etjuiiibrium  solutions.  When  the  mechanisms  af» 
fecting  the  rates  to  chemical  equilibrium  between  phases  are 
fast  in  comparison  to  chemical  movement  In  the  direction  of 
air  and  water  flow,  then  a  condition  of  local  equilibrium  is 
said  to  exist  {Bntsseau  anti  Roo.  1989).  It  was  assumed  in  the 
model  development  that  three  mechanisms  affect  the  lime  to 
equilibrium  between  the  air,  water,  and  soil  phases:  air- 
water  mass  transfer,  mobile-immobile  water  mass  transfer, 
and  inlraaggregate  diffusion.  Therefore  when  the  magnitudes 
of  5r„,  5/^,,  and  Edf,  arc  large  in  comparison  to  Pe*  or  Pc„ 
the  model  will  simulate  local  equilibrium.  Chemical  concen¬ 
trations  in  the  air  and  on  the  soil  can  be  determined  from  the 
water  concentration  when  local  equilibrium  exists  by  the 
following  equilibrium  relationships: 

C.(Z.  TVH  »  CftfZ.  T)  =  Cp(0  S  P  S  R..  Z,  D 

0(0  s  R  s  R..  z,  n  =  KCtiz,  r)'" 

Throughout  the  remainder  of  this  paper,  when  local  equilib¬ 
rium  is  assumed  then  it  is  also  assumed  that  (24)  is  satisfied 
and  that  1/n  is  equal  to  1. 

A  mass  balance  across  alt  phases  in  a  column  where  local 
equilibrium  exists  results  in  the  following  expression  in 
terms  of  dimensionless  water  concentration: 

f)  1  r)  I  /)  ac^(a.  r) 

ar  Pe  Bt  Pe  dP  Bz 

The  three  mass  balances  in  the  general  model  reduce  to  one 
(equation  (23))  because  Cy(Z,  T).  C^(P,  Z,  T).  and  Q{P.  Z. 
T)  are  determined  from  (24).  The  three  mass  transfer  groups 
that  are  important  are  combined  into  one  Peclet  number 
(Pe): 


Pe  represents  the  ratio  of  mass  transport  by  air  and  water 
advectlon  to  mass  transport  by  dispersion  in  both  fluids. 

Equation  (23)  is  the  classical  convection-dispersion  equa¬ 
tion  most  commonly  used  in  subsurface  transport  modeling 
[van  Cenuchten  and  Jury,  1987).  The  assumption  of  local 
equilibrium  is  used  here  to  verify  the  numerical  representa¬ 
tion  of  gas  and  liquid  dispersion  'n  'he  general  model. 

Various  soluiions  of  (25)  can  be  'Obtained  by  changing  the 
boundary  condiiions.  1he  conduions  that  are  used  for  the 
general  model  assume  that  (he  column  acts  as  a  closed 
reactor  {Leuensptel,  1962]  and  are  used  to  simplify  the 
numerical  solution.  Closed  reactor  boundary  conditions  for 
(23)  that  enable  an  analytic  solution  to  be  obtained  are  those 
proposed  by  Oo/ickwcrij  (1933): 


Equation  (27)  assumes  that  the  influent  chemical  concentra¬ 
tion  is  constant  (C(„{/)  »  1).  The  initial  condition  is  (23). 

For  Pe  less  ihjn  2  a  soil  column  acts  as  a  completely 
mixed  reactor  [Levensptel,  1962],  and  the  solution  of  (23) 
approaches 

closes  (29) 

A  breakthrough  curve  described  by  (29)  represents  the 
m.*iximum  observed  spreading  caused  by  dispersion. 

For  Pe  greater  than  40  the  following  asymptotic  solution  is 
valid  [Hashnnoto  et  at. ,  I  ”64): 


1  dC(,{i^0\t) 


I'.O-  - - 

Pe  Jj 

-1,1) 

- «  0 

^7 

(28) 

1  Pe‘'11-r) 


/  P'’ +  4f  -  1)  \-PeU-i)^' 

+  - 1  - \ —  exp  -  (30) 

^Pe\  (/  -  1)’  L 

In  general,  the  solution  of  (23)  constrained  by  condiiions 
(27)  and  (28)  is  [Hashimoto  et  ai,  1964) 


♦  20(R«  O’'^  exp  OPtfi)  i’  trie 


-  S(Pe  />'  exp  (3Pe  2)  i'  erfc 


>e''’(2  4./) 

■  2/''’ 

Pe'’(2+0' 


Donckwerfs  (1953)  solved  (25)  for  open  boundary  condi¬ 
tions  which  correspond  to  a  column  of  infinite  length: 

r)  -  1  (32) 

r)  -  0  (33) 

The  solution  of  (25)  for  these  boundary  conditions  is  (Donck- 
>*erTs.  1953) 

I  rPe‘‘(l-o' 

c,u»  1.0 --erfc  ^ —  (34) 

Plug  /low  solution  In  structured  or  aggregated  soils 
where  the  air  or  water  is  flowing  fast,  the  spreading  that  is 
caused  by  axial  dispersion  in  air  and  water  could  be  negligi¬ 
ble  compared  to  the  spreading  caused  by  other  mechanisms. 
Plug  flow  is  assumed  here  so  that  the  numerical  approxima¬ 
tion  of  infraaggregate  diffusion  and  Aim  transfer  could  be 
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tested  against  an  analytic  solution  in  the  same  manner  as 
dispersion  is  verified  with  the  local  equilibrium  solutions. 

Fosen  11952)  derived  an  analytic  solution  for  single-phase 
plug  flow  through  a  packed  bed.  The  general  model  reduces 
to  the  equations  solved  by  Rosen  il9$2)  if  \ln  is  equal  to  I, 
(he  air-water  mass  transfer  rate  is  fast  (large  5r,.).  and  axial 
dispersion  is  slow  in  comparison  to  advection  (large  Pe).  For 
this  condition,  (13)  and  (16)  combine  to  give 


dc*(a.  t) 

Tt 


[I+D^)  dCfe(a,  r) 
[1  +  PffJ 

3Sf6 


(35) 


The  boundary  condition  for  (35)  is 


ch(z  •  0,  r  >  0)  «  I 


(36) 


Equations  (l9)-(22)  are  used  to  represent  film  transfer  and 
intraaggregate  diffusion.  The  initial  condition  is  (23). 

The  exact  solution  of  (35)  is  an  integral,  however,  Rosen 
[1954]  developed  the  following  asymptotic  solution: 

Ch{z  =1.0 


1  ,  fd-fXi+Offl 

=  -  erfc  t - 

2  l2tDffpi-Dg,] 

Equation  (37)  is  valid  for  [Rosen,  1954) 


\  *^Ar  1  +/4r 

15£dp  35/6 


(37) 


£dp/(l  +/4r)g  13.33  (38) 

I^itmencaf  solution.  The  general  form  of  the  model  (equa¬ 
tions  (13>-(23))  is  solved  numerically  by  converting  the  partial 
differential  equations  (POEs)  to  a  system  of  ordinary  differen¬ 
tial  equations  (ODEs).  Orthogonal  collocation  (<XI),  a  method 
of  weighted  residuals,  lends  itself  well  to  converting  similar 
types  of  PDEs  to  systems  of  ODEs  [Ragha\-an  and  Ruthven, 
1983;  Cnttenden  et  al. .  1986).  The  resulting  set  of  ODEs  can 
then  be  solved  by  a  number  of  standard  techniques. 

Raghavan  and  Ruthven  (1983)  used  OC  to  solve  equations 
similar  to  those  comprising  the  general  model  except  that  an 
inlet  condition  similar  to  (27)  was  used  in  their  formulation.  The 
inlet  boundary  condition  they  imposed  required  an  iterative 
solution  method  which  involved  guessing  the  inlet  concentra¬ 
tion.  The  boundary  conditions  employed  here  (equations  ( 14). 
(17).  and  (22))  av  'id  the  iterative  step.  More  important  is  the 
fact  that  using  (14).  (17).  and  (22)  will  help  conserve  chemical 
mass  dunng  the  process  of  numerically  solving  the  model. 

Weighted  residual  methods  allow  separation  of  (he  time  and 
spatial  dependency  of  a  PDE  by  approximating  the  exact 
solution  with  a  senes  of  products  of  time-varying  coefficienis 
and  spatial  basis  or  trial  functions.  The  collocation  method 
requires  that  the  residual  between  the  numerical  approximation 
of  the  POE  and  its  exact  value  be  orthogonal  to  the  Dirac  delta 
function  at  specified  collocation  points.  This  results  in  the 
residuals  being  zero  at  the  collocation  points  [Finiaysen,  1980). 

Orthogonal  collocation  uses  orthogonal  polynomials  as 
basis  functions  and  specifies  (hat  the  collocation  points  be 
located  at  (he  basis  function  roots.  The  polynomials  are 
constructed  orthogonal  to  each  other  with  respect  to  a 
weight  function.  The  weight  functions  used  in  the  construc¬ 
tion  of  the  polynomials  for  the  different  equations  were 
chosen  to  make  the  numerical  solution  stable. 

Application  of  OC  to  the  air  and  mobile  water  mass 


balances  and  their  boundary  conditions  (equations  (13HI8)) 
yields  U  ODEs.  where  J  is  the  number  of  axial  collocation 
points.  Additional  ODEs  IJ  x  /.  where  /  is  the  number  of 
radial  collocation  points)  are  produced  by  the  application  of 
OC  to  the  intraaggregate  mass  balance  and  its  boundary 
conditions  (equations  (19),  (21),  and  (22)).  Figure  2  fs  a 
schematic  of  (he  OC  descretization  of  the  solution  domain 
and  shows  the  coupling  of  the  ODEs.  This  system  of  ODEs 
IS  solved  using  an  algorithm  called  GEAR  which  can  be 
found  in  the  International  Mathematics  and  Scientific  Li¬ 
brary  (IMSL).  The  application  of  OC  is  shown  below  in  the 
order  in  which  GEAR  receives  the  derivatives. 

The  application  of  OC  to  (19)  results  in 


d)iij,t)  £dp(l+D5) 


dt 


[Dgp*Dg,ll  ■►ArJ 


t  (39) 


Figure  2  shows  that  (39)  is  evaluated  at  /  -  1  radial 
collocation  points  at  each  axial  collocation  point  {j  «  1  to/). 

is  a  member  of  an  OC  coefficient  matrix  for  spherical 
geometry  that  is  used  to  approximate  the  Laplacian  of  c^(r. 
2.  I).  This  matrix  is  constructed  from  a  set  of  symmetric 
Jacobi  polynomials  that  represent  the  radial  dependence  of 
Cp{r,  z.  /).  The  radial  orthogonal  polynomials  are  constructed 
with  only  even  powers  of  r  up  to  degree  2/  using  a  wei^t 
function  of  I  -  r*  over  the  interval  of  r  from  0  to  1.  The 
internal  radial  collocation  locations  shown  in  Figure  2  are  the 
positive  roots  of  the  2(1  -  1)  degree  polynomial  and  lie 
between  0  and  1.  Decause  the  matrix  is  symmetrical,  (21)  is 
satisfied  by  the  application  of  OC  to  (19)  [Finloyson,  1980). 

Applying  OC  to  (22)  and  solving  for  the  change  in  the  total 
intraaggregHte  concentration  at  r  equal  to  1  leads  to  the 
following  condition  at  the  aggregate  surface: 

dyft.i.  t)  _  _i_  11  ♦  DslSii, 

dt  ’  [oe,~oe,ii*Ar) 


r-  1 


I 


'  dr 


(40) 


Equation  (40)  is  evaluated  at  all  axial  collocation  locations. 
IV'  is  a  member  of  a  coefficient  vector  that  is  used  m  the 
quadrature  approximation  of  the  radial  integrals.  1)7 
nonzero  because  a  weight  factor  of  1  --  is  used  for  the 
construction  of  the  radial  basis  functions  [Fin/ayson,  1980). 

The  application  of  OC  to  the  air  and  mobile  water  mass 
balances  (equaiions  (13)  and  (16))  gives  the  following  equa¬ 
tions: 


dcAJ.O  (l  +  Pg) 


f  ' 

--ArA' 

Pe, 

I*"-' 

'c,.(w,  /) 


-  35r.[c„(y,  r)  -c^(/, 


^  f)i| 


4c)4j.  0  [I  *  Osl 

df  (I  +■  Ar] 


BU 

Pe, 


'c»(m.  i) 


0  -  1)1  *  3Sf,(et(y 


(41) 


f))| 


(42) 
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Entranea  r  ^0 


(«7) 

Fi|.  2.  Coupling  of  the  ordinary  difTcrential  e(|uationa  (equation  numbert  indicated  in  parentheses)  resulting  from 
ihe  orthogonal  collocation  application  to  the  dimenstonicss  model  equations.  The  locations  of  the  axial  collocation 
points  are  the  roots  o(J  -  2  degree  polynomial,  and  the  locations  of  the  radial  collocation  points  are  the  positive  roots 
of  the  2(/  -  1)  degree  polynomial. 


Equations  (41)  and  (42)  are  evaluated  at  the  7  **  2  internal 
axial  codocation  locations  shown  m  Figure  20  «  2(0/ f). 

ind  are  members  of  OC  coefficient  matrices  for 
planar  geometry  that  are  used  to  approximate  the  first  and 
second  spatial  derivatives,  respectively,  of  Ca(a*  f)  and  c,  (;. 
r).  These  matrices  are  obtained  from  a  set  of  asymmetric 
Jacobi  polynomials  that  represent  the  axial  dependence  of 
C0(;,  r)  and  c«(a.  r).  The  axtal  orthogonal  polynomials  are 
consrructed  up  to  degree/  1  using  a  weight  factor  of .;()  - 
z)  over  the  interval  0  to  1 .  The  locations  of  the  internal  axial 
collocation  points  shown  in  Figure  2  are  the  roots  of  the  /  - 
2  degree  orthogonal  polynomial.  The  boundary  conditions 
for  (13)  and  (16)  are  located  at ;  equal  to  1  and  /. 

Entrance  conditions  are  obtained  by  using  OC  to  convert 
(14).  (IS).  (17).  and  (18)  to  ODEs  and  solving  for  the 
derrvalfvcs  at  J  equal  to  1: 


dt 


Af{\*Dg] 
Og.[\  ^Ar] 


dCfcd.O 

(it 


•■’/I 

1  -I 

U^Og] 

[\*Ar] 


j 

l4fc«)  -  e»(/.  0)  -  2  r)  -  c,(m,  0] 

<f,  •  1 


/-I 

I 

mm2 


a}^ 
*  . 


dc^(m,  f) 


dt 


-3[0g,*0g,]  I  <  2  » 

m  m  \  ^  ■  1 


(44) 


is  a  member  of  a  coefficient  vector  ihai  is  used  in  ihe 
quadrature  approximation  of  the  axial  integrals.  IF[  and  Wj 
are  nonzero  because  a  weight  factor  of  r(I  -  z)  is  used  in  the 
generation  of  the  axial  basis  functions  [Fintayson^  1980).  The 
exit  0  »  /)  conditions  are  then 


/  ^1 

[c,(0  -  c,(y.  n)  +  2 

It  •  I 


Ar 


J  - 1 

\  mm2 


'  hj  <“  I 


wi-w. 


dc,U,  1) 

y-  1 
_  V 

dc^m,  i) 

(*S) 

dt 

m  m  1 

Aj.,  d. 

dCfr(/,  t) 

y- 1 

A}^  dct(m, ») 

dt 

-  2 
m  m  \ 

A/.y  d/ 

(46) 

(43) 
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TABLE  3.  Expcnmcnul  Conditions  for  Column  Runs  With  Bromide  (Br')  and  Trichlorocthene 
(TCE)  in  OttRWR  Sand  (OS)  and  Veriitie  (VE) 


Column 

Length. 

cm 

Soil 

Chemical 

Influent 

Coucentration. 

Water 

Flow 

Rate, 

cm',-' 

Degree  of 
Saturation 

Pulse 

Time, 

hours 

total 

TTme, 

hours 

29.9 

OS 

Br“ 

45  600 

0.075 

0.33 

2.65 

6.47 

29  9 

OS 

TCE 

650 

0.076 

0.33 

11.00 

23.50 

20.1 

VE 

Br* 

97  600 

0.084 

0.64 

9.68 

18.86 

20.1 

VE 

TCE 

1  160 

0.084 

064 

12.18 

22.36 

Cross-scctionai  area  of  columns  ti  91.6  cm^.  iherc  i<  no  air  flow,  and  tempcraiure  is  22*C. 


r  i 


Evaluations  of  made  afier  solving  (20)  for 

Cp(r,  2,  t)  at  each  of  the  radial  collocation  points: 


yi(,  j.  t) 


ggrrCnt'W.  0  PgfgpO.).  f)*'" 

Dgp  +  Dgt 


(47) 


For  1/n  not  equal  to  I,  values  of  are  determined  with 

a  root  finding  subroutine  called  ZDRENT,  which  also  is  an 
IMSL  algorithm. 

Initially  (r  b  Q)^  (47)  is  ignored,  and  (23)  is  used  for 
concentration  values  at  all  of  the  collocation  points: 


c,.().  I  -  0)  -  c^(;.  r  -  0)  0)  -  0  (48) 

Equation  (48)  is  used  m  (39)-(46)  to  calculate  the  initial 
derivatives;  the  derivatives  are  sent  to  GEAR,  and  GEAR 
returns  values  of y(i.;,  /),  c^{j,  /}.  and  c,,(y,  r);  (47)  t$  solved 
for  Cp(i,;,  /);  and  the  algorithm  is  repeated  until  the  desired 
throughput  is  reached. 


Maturials  and  Mut><oos 

Laboratory  columns  and  experimental  procedures  were 
designed  to  measure  the  breakthrough  and  elution  of  trichio* 
roethene  (TCE)  and  hrnmide  (Br*l  from  a  cohesionle.ss  soil 
and  a  structured  soil.  (Table  fliisis  the  column  conditions  for 
each  experiment.  Details  of  the  column  design  and  experi¬ 
mental  procedures  are  reported  elsewhere  {Krause,  1987; 
Hauler  et  el.,  19896]. 


TABLE  3-  Propcrtdi^  of  Water.  TrKhlorocihenc.  and  Bromide 
at  2i*C  Used  for  Parameter  Estimation 


Value 

Water 

Viscosiry,  w,  (g  cm'*  »*') 

000955* 

Ocnaity,  p|  tgem'^) 

0.988*  , 

Trichkirocthcnc,  TCE  (CjHOj) 

Molecular  weight.  (g  mol*') 

131  3** 

Molar  volume.  (cm^mol"') 

98.1* 

Boiling  poini.  Tt,  (K) 

360* 

Henry's  constant,  H  (dimensuMtIesal 

0.4' 

Bromide,  Br~  (made  from  KBr) 

Valence,  n.,  n« 

1 

Limiting  ionic  conductance  in  water  at  25*C 

Ankm,  A.  (A  V  g-cquiv  cm'^1 

78.J' 

Cation,  A*  (A  V  I'equiv  cm'") 

•(From  Weast.  1981]. 

^{UBas,  1913). 

‘{Ashworth  et  al.,  1988). 

et  aL.  1977];  temperature  correction  (actor,  0.00299r, 
Ml" 


Trichlorocthene  was  chosen  because  it  is  a  common 
groundwater  contaminant  of  intermediate  volatility.  Satu¬ 
rated  and  unsaturated  column  runs  were  performed  with  a 
bromide  tracer  to  characterize  the  columns  and  for  esiimai- 
mg  certain  parameters.  Bromide  was  chosen  as  the  (racer 
because  ti  is  nonadsorbing  and  nonvolatile,  and  ii  can  be 
measured  in  low  concentrations.  Chemical  properties  of  Br  * 
and  TCE  corresponding  to  the  conditions  of  the  column 
experiments  are  given  in  (fable  3?S 

Ottawa  sand  (Ottawa,  Illinois)  was  chosen  to  simulate 
cohesioniess  soils,  and  SCR  Veri-lite  (Mapleton  Develop¬ 
ment,  tncorporated«..Mia^a,  Ohio)  was  chosen  to  simulate 
aggregated  soils,  ^ablej^ummarizes  the  chafacteiisiics  of 
each  material  as  packed  in  the  columns.  Ottawa  sand  is  a 
uniform,  silica  sand  containing  little  or  no  organic  material 
and  thus  does  not  adsorb  most  organic  compounds  from 
aqueous  solution.  A  saturated  TCE  column  run  in  the  sand 
showed  no  adsorption  of  TCE  [Hunter  et  al. ,  19896).  SCR 
Vcri-lite  (Verilite)  is  j  lightweight,  fired  clay  used  mostly  in 
industry  as  an  insulator  for  steel  and  iron  ladles.  The 
particles  are  porous  and  more  angular  than  Ottawa  sand. 
Verilite  was  chosen  because  of  its  availability  and  low  cost. 
An  aqueous  isotherm  experiment  with  Verilite  showed  no 
adsorption  of  TCE  [Krause.  1987). 

Hydrodynamic  measurements  were  made  with  both 


TABLE  4  rropcrhc«  of  Porous  Media 


Ottawa 

Sand 

Verilite 

Properties  Measured  Directly 

Bulk  density.  Pa ,  g  cm  *  * 

1.78* 

0.45* 

Total  porosity,  a 

0.33* 

0.70* 

Microporosity.  r. 

0*.  0.043' 

0.50* 

Particle  radius*,  cm 

0.035' 

0.035* 

Hydraulic  cunduciiivity,  A,,  cm 
s*' 

0.2*7 

0.22/ 

Derived  Parameter  values 

Solid  density.  P|.  gem' 

2.65 

1.51 

Farticte  density,  p,.  g  cm'^ 

2.65 

0.75 

Macroporosity,  s», 

0.33 

0.40 

Immobile  saiuration.  S, 

0.  0.10 

0.42 

*Mciifwrcd  fravimeirically  [Black  et  al..  1965). 

^Assumed. 

^  Viittc  fit  to  tracer  study  and  dose  to  field  capKity  Tneasttrcmenl. 
^Aggrcgratc  radius  [R,)  was  assumed  to  be  equal  to  the  panicle 
radius. 

'Half  of  geometric  mean  particle  size  contained  in  U.S.  standard 
2(L30  sieves  (0.(W5"0.055  cm). 

^Determined  from  slope  of  specific  discharge  (v^)  versus  beadlou 
per  unit  length  of  column. 
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Fi,.  3.  («)  Soil  wttcr  suction  m  0<t«wa  sand  and  in  Veriiitc  as  a  function  of  the  degree  of  saturation  measured  for 
wetting  conditions,  {b)  Relative  hydraulic  conductivity  at  25*C  m  Ottawa  sand  and  in  Verilite  as  a  function  of  mobile 
saturation.  5,  of  Ottawa  sand  was  taken  as  the  field  capacity;  S,  of  Verilite  was  measured  gravimetncaify. 


packed  col(muiE.JQ2e  saturated  conductivities  are  given 
in  Table  4.<^i^ufe  3dJhows  the  relationship  between  suction 
and  degree  of  saturation  for  both  media.  Figure  36  shows  the 
relationship  between  unsaturated  hydraulic  conductiviiy 
(/^(S))  relative  to  K,  and  the  mobile  saturation  (5  *  5.)  for 
both  media.  The  value  of  S,  used  for  calculating  the  mobile 
saturation  in  the  sand  was  determined  from  a  tracer  study 
while  Sf  for  the  Verilite  was  measured  gravimetrically.  The 
particle  sizes  of  the  sand  and  of  the  Verilite  used  in  this  work 
were  equal,  and  the  interparticle  (macro)  porosity  (e^)  of  the 
materials  when  packed  in  the  columns  were  nearly  the  same. 
Therefore  the  saturated  conductrvities  of  the  sand  and  Veri* 
lite  columns  were  almost  the  same.  Figure  36  shows  that  the 
hydrodynamic  properties  of  the  two  materials  under  unsat' 
urated  flow  conditions  are  also  similar.  Since  both  media 
have  similar  Row  properties,  then  axial  dispersion  in  both 
columns  should  also  be  similar.  Therefore  gas  and  liquid 
dispersion  coefRcients  measured  in  one  column  could  be 
used  to  predict  axial  dispersion  in  the  other. 

Prior  to  performing  the  unsaturaicd  experiments,  saiu* 
rated  column  experiments  were  performed  with  Br '  in  both 
columns.  The  rc.sullR  were  predicted  using  independently 
derived  dispersion  coefficients  so  it  wes  assumed  that  appa- 
ratuS'induced  dispersion  was  negligible  \Hufzter  et  at., 
19896). 

The  experiments  were  performed  in  such  a  manner  that 
the  simplifying  assumptions  made  in  the  model  development 
were  sitisfled.  For  example,  the  model  derivation  assumed 
steady  state  flow  and  uniform  moisture  content;  therefore 
influent  water  was  supplied  to  the  tops  of  the  columns  at 
steady  rates,  and  the  suction  inside  the  ctflumn  was  moni* 
lored  along  the  depth  and  adjusted  by  applying  a  suction  ai 
ihe  bottom  of  the  column  to  achieve  a  uniform  degree  of 
saturation  [Krause,  1987;  Hunter  et  ai,  19896).  The  col¬ 
umns  were  packed  so  that  no  siraiiflcaiion  was  visible.  In 
addition,  ambient  temperature  was  held  constant. 

Parametcr  Estimation 

Parameter  values  for  transport  models  can  be  obtained 
from  direct  measurement,  literature  correlations,  laboratory 


experiments,  and  by  fitting  model  solutions  to  concentration 
data  that  are  obtained  from  a  soil  column.  For  a  mathemat¬ 
ical  model  to  be  predictive,  however,  the  parameters  must 
be  determined  independently  of  the  system  being  modeled 
and  not  by  fitting  simulations  to  data.  Accordingly,  the 
model  parameters  should  be  based  on  physical  properties  of 
the  soil  and  chemical  being  studied.  Tables  2, 3,  and  4  list  the 
measured  parameter  values  and  the  basic  chemical  and  soil 
properties  that  were  used  in  this  study.  The  remaining  model 
parameters  that  were  required  by  the  model  were  deter¬ 
mined  from  these  values  with  tbe  correlations  given  below 
and  from  tracer  studies<1^ble^is  a  list  of  Ihe  parameter 
values  used  for  the  rnodenKpijr 

Cas  Oisptrsion 

For  low  gas  velocities  (ii),  gas  dispersion  in  soil  will  be 
primarily  due  to  gas  diffusion  through  tortuous  air-fliled 
pores.  Thus  a  (ree  air  diffusion  coefficieni  (0^)  can  be 
corrected  for  the  tortuosity  of  the  air-filled  pores  (%)  to 
obtain  the  gas  dispersion  coefficient  (E,  *  A 

tortuosity  correction  can  be  used  when  u  is  less  than  about 
(1  -  r(I  -  5))Dc(2/?,£(I  [^^iyauchi  and  Kikuchi, 

1975).  In  this  work  the  Wilke-Lee  modification  [WUka  and 
Lee,  1955)  of  the  Hirschfelder-Bird-Spotz  method  for  calcu¬ 
lating  diffusiviiies  of  nonpolar  organics  is  used  to  calculate 
Dq  in  air: 

(4.336  -  (0.0345  +  ’(0.0345  +  m;')'’ 

/*, (0.1181^’'  ♦  o.37i)y(o.i025r,r,-"’) 

(49) 

The  value  of  the  collision  function  for  diffusion 
(/(0.1025T,T,r®’))  was  obiained  from  a  polynomial  fit  to  a 
graph  found  >5p’rrey6o/  [J980|. 

Many  correlations  exist  for  determining  the  tortuosity  of 
the  air-filled  pores  [see  Roy  and  Cnffin,  1987).  A  relationship 
adapted  from  Mittingron  |1959)  was  used  in  this  work: 

T, -S))-’”  (50) 


I 
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TABLE  S.  Paramcicr  v«iucs  for  Modei  Caici^iona  in  Figurea  5-S 


Br'/OS 

Chemical/Soil 

TCE/OS  Bf  "/VE 

TCEA'E 

Estimation  Method* 

Independently  Determined  yetues 

s, 

0* 

0.I0‘ 

0.42 

0.42 

measured  gravimefrically 

s 

0  33 

0.34 

0.64 

0.64 

measured  ^svimetriesUy 

0.0075 

O.QIQ 

0.0060 

0.0060 

calculsied  from  deflnitioa 

0.0075 

0.0074 

0.0020 

0.0020 

cakulaied  from  definition 

'If 

NA 

0.4 

NA 

0.4 

Ashworth  et  al.  (1988) 

NA 

0  0056 

0.0030 

0WI8 

equation  (54) 

NA 

6.4(10-*) 

NA 

6.6(10“) 

equation  (53) 

2.0(10-») 

9.4  (10-‘) 

2.0(10-') 

9.4  (10-*) 

equation  (32)  for  Br~;  (SI)  for  TCE 

NA 

NA 

90 

90 

measured  in  batch  experiment 

NA 

NA 

2.2(10-’) 

I  0(10-’) 

0,  T,-' 

NA 

0.088 

NA 

0.088 

equation  (49) 

NA 

3.7 

NA 

4  1* 

equation  (50) 

NA 

0.024 

NA 

0.021 

Dc 

£,  cm*  f 

1.1  (10-’) 

5  0(t0-‘) 

equailoh  (55) 

1.7(10-*) 

1.4(10-*) 

equalioa  (ST) 

3  7  (10-') 

0,1 0‘ 

0.060* 

0  0207 

equation  (56) 

yelues  Residttng  From  Model  Celibraiton 

s, 

0  10 

NC 

NC 

NC 

fit 

0.011 

NC 

NC 

NC 

calculated  from  definition 

H 

NC 

0.7 

NC 

0.7 

hi 

0  0056 

NC 

NC 

NC 

equaliOft  (56) 

A  R  -*  i*‘ 

1  6(10-*) 

8.0  (10-’) 

NC 

NC 

hi  Br  - .  divided  value  for  Br  “  by  2 

cm’.-' 

NC 

<0.0024 

NC 

<0.0028 

adjusted  to  make  unimportant 

£,.  cm*  s'* 

0  lO 

NC 

0  020 

NC 

hi 

NA,  noi  Jppiicabk;  NC,  no  change.  Th«  nouiion  6-4  (I0"‘)  means  6.4  x  lO 
^Unless  otherwise  noted. 

^Assumed. 

‘Used  value  fit  lu  Rr~  >n  OS  experiment, 
was  subsitiuicd  for 

*  Multiplied  Ef  6t  for  Br  ~  in  OS  by  ratio  of  vve  lo  vos- 
^Used  value  6t  from  Or '  in  VE  experiment. 


The  atr*filled  porosity  lerni  in  (50)  is  raised  to  the  -7/3  power 
instead  of  -  10/3,  as  reported  by  Mt/Imfifon  (19S9},  because 
Millington  included  the  area  available  (or  gas  diffusion  m  the 
determination  of  (he  effective  diffusion  coefficient,  while  m 
this  work  it  is  separated  from  Oecause  Millington  (1959) 
studied  diffusion  through  cohesionless  sods,  mobile  porosity 
(£„,)  is  substituted  for  total  porosity  m  in  (50)  for 
estimating  in  the  Verilite. 

OiffikSion  in  Ports  Containing  fmmobiU  ^attr 

The  description  of  liquid  diffusion  in  imraaggregate  pores 
must  account  for  the  tortuous  paths  that  molecules  travel 
around  soil  particles  that  form  an  aggregate  {Dp  * 

Many  correlations  exist  for  estimating  liquid  diffusion  coef¬ 
ficients  (Di).  For  TCE  the  Hayduk-Laudie  correlation  given 
by  Sheryvood  et  al.  [1975)  was  used: 

D,  -  6.96(IO-Vr"V;'’'*’  (51) 

ForBr"'  the  Nemst-Haskcll  equation  [Beider of.,  I977)was 
used  to  calculate  O,: 

I/'t  ♦  4-  !/n  _ 

152) 

Internal  pore  loriuosiry  ( r^)  is  a  function  of  the  pore  shape 
and  (he  amount  of  immobile  water.  The  immobile  degree  of 
saturation  in  the  sand  (5,  0.10)  and  the  specific  intraag- 

gregate  diffusion  rate  *  I.6(I0'*)^*‘)  was  deter¬ 


mined  from  an  unsaturaied  bromide  column  run  because 
these  parameters  could  not  be  measured  directly.  The  values 
fit  to  the  unsaturaied  bromide  data  were  used  to  predict  the 
movement  of  TCE  m  the  sand.  The  amount  of  immobile 
water  inside  the  Venlite  particles  (5.  »  0.42)  was  measured 
gravimetrically.  and  the  tortuosity  of  the  internal  pores  ■ 
90)  wus  measured  in  a  batch  study  \ffuuler  and  Citrke, 
1988).  The  batch  experiment  was  similar  to  those  performed 
by  Rao  ct  al.  { 1982).  The  of  90  used  in  this  work  is  large 
compared  to  values  between  2  and  10  used  by  most  research¬ 
ers  (f?of7errj  ei  al.,  1987),  howevet,  when  the  Venlite  was 
viewed  under  electron  scanning  microscopy  (Air  Force 
Engineering  and  Services  Center,  Tyndall  Air  Force  Base. 
Florida)  it  was  observed  that  the  particle  surface  was  imper¬ 
vious  except  at  a  relatively  few  number  of  locations.  Elec¬ 
tron  microscopic  photographs  of  the  internal  pores  showed 
that  many  were  not  connected.  For  these  reasons  the  mea¬ 
sured  Tp  IS  reasonable.  In  addition,  a  saturated  Br'  column 
run  in  Venlite  could  be  predicted  using  the  value  of 
measured  in  the  batch  experiment  [Huultret  al.^  1989b). 

Atr-Water  Moss  Transfer 

The  air-waier  mass  transfer  coefficient  {Kl)  and  the  spe¬ 
cific  air-waier  mterfacial  area  (e)  have  not  been  studied  in 
unsaturaied  soils.  Many  correlationa  do  exist,  however,  for 
these  parameters  in  the  anaf>'sis  of  packed-tower  operation 
such  as  air  stripping  and  the  performance  of  tricUe  bed 
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dofflintnt  {d<shcd  curve)  and  axiat  diipenkm  dominant  (doited  cuive)  condition*. 


/ 


V  1  '  / 

‘  / 


reactors.  Turtk  and  Lange  {1981]  developed  a  correlation  for 
K^a  in  low-velocity  trickle  bed  reactors: 


-012 

Ml 

Ml 

Ml  j 

PiO, 

(53) 

Equation  (53)  is  valid  for  values  of  between  0.028  and 
O.lScm,  c(S  5.) between 0  05  and 0.3. and /7e between 0.1 
and  5  The  experiments  reported  in  this  work  satisfy  ail  but 
(he  l^eynofds  number  requirements.  For  the  experiments 
reported  herein  Re  was  less  than  0.007. 

Sfobile  fmmobtte  Water  Mass  Traitsfer 

Mass  transfer  rates  across  the  mobile-immobile  water 
interface  were  found  to  be  fast  in  saturated  soil  systems 
{Crttienden  et  ai ,  1986;  Hutzler  et  al .  1986;  Roberts  et  ai. . 
I987|  and  are  expected  to  be  fast  m  unsaturated  systems,  ft 
w  as  included  in  this  modeling  effort  to  test  this  hypothesis.  A 
correlation  by  Wilson  and  CeankopUs  (1966)  for  saturated 
systems  was  adapted  to  estimate  kf. 

kf~  1.09i<2R.i..(J  -  S,VO,)'“  (54) 

Equation  (54)  is  valid  for  values  of  Re  between  0.0016  and  55 
and  s\S  -  5J  between  0.35  and  0.75. 

Liquid  Dispersion 

Liquid  dispersion  has  been  studied  in  soils  more  often  than 
any  mass  transport  mechanism  other  than  advection,  at  least 
in  saturated  media.  However,  there  is  still  a  lack  of  accurate 
correlations  for  predictinf  liquid  dispersion  coefRcienis  (£«) 
in  unsaturated  media.  Yule  and  Gardner  (1978)  At  the  fol¬ 
lowing  relationship  for  E,  in  unsaturated  sand  ccMumns: 

C,  -  5.33(IO*’t  ♦0.21««,  (55) 


Equation  (SS)  was  At  to  data  obtained  for  average  pore 
velocities  (fp)  between  I.7(10~*)  and  0.0043  cm  s'*  and 
degrees  of  saturation  between  0.34  and  d.Td. 

DeSmedt  and  iYierenga  (1984)  propose  the  following 
relationship  for  observed  dispersion  in  unsaturated  columns 
of  glass  beads; 


Table  6.  Dimensionless  Croup  Value*  Resulting  From 
Paramcier  Values  Listed  in  Table  S 


ChcmtcalSoil 

Br-/OS 

TCE'OS 

Bt-/VE 

TCEA'E 

Iniiependenitv  Determined  Values 

0 

0  42 

1.9 

19 

^S' 

NA 

1  1 

NA 

0.66 

1 

1  S 

1 

1.2 

£4, 

NA 

9  0(10"*) 

1.1 

0.52 

Su 

NA 

260 

1100 

660 

5r. 

NA 

0  66 

NA 

4  8 

ft. 

NA 

12 

NA 

8.7 

61' 

3.1 

««• 

6.0 

re 

:.4 

p*. 

3.6 

Values  Resulting  From  Model  Cabbrahon 

D*. 

n  44' 

NC 

NC 

NC 

Os. 

NC 

1  9' 

NC 

1.2' 

«« 

NC 

2  3' 

NC 

(.*' 

1.9(I0"’)* 

NC 

NC 

NC 

Si, 

39004 

NC 

NC 

NC 

re. 

NC 

>67' 

NC 

>50* 

Pc. 

3.2' 

NC 

6.0' 

NC 

Mr  ■  0.  Dg,  •  0.  and  1M  •  I  for  all  cakulaiion*. 
.VA.  noi  applicable:  NC.  no  change. 

'Determined  using  C,  from  (56). 

“Determined  using  E,  from  lS7). 

'Fit. 

^Calculated  from  6i  parameters. 

'Increased  to  decrease  impact 
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Fig.  3.  Comparison  of  local  equilibrium  model  prediciioA  based  on  parameter  values  obtained  from  the  literature 
(dashed  curve)  and  numcricai  model  calibratiofl  of  5,.  D«A/^.and  £,  (soltd  curve)  to  experimentally  measured  aqueous 
concentrations  of  bromide  in  effluent  from  unsaturaied  Ottawa  sand  column  (dots). 


1.18(10-’) +  0.021u,»  1900^’ 
‘  1.88  +  3630  u. 


Values  of  Ef  given  by  (36)  include  contributions  from  axial 
dispersion  and  diffusion  in  immobile  water.  DtSm^dt  and 
Werenga  (19S4]  developed  (36)  by  assuming  that  the  contri* 
buiion  of  axial  dispersion  is  given  by 


f,  -  1.4(10-’)  ♦O.OJIi.  (57) 


DeSmedt  and  t^farenga  (1984)  used  a  6rs(*order  exchange 
model  to  describe  the  transfer  of  solute  between  mobile  and 
immobile  water,  while  in  this  work  (he  rate  of  transfer 
through  immobile  water  by  diffusion  is  also  considered. 


Results  ano  Discussion 

A  complete  model  Study  consists  of  verification  and  vali* 
daiion  steps.  Verification  of  the  numcricai  solution  was 
performed  by  comparing  model  calculations  to  the  analytical 
solutions  presented  above  for  simplified  conditions.  Unsat¬ 
urated  miscible  displacement  expenmenis  were  performed 
in  order  to  validate  the  model  and  to  determine  us  ability  to 
describe  chemical  transport  m  cohesionless  soils,  such  as 
sands,  and  in  structured  or  aggregated  sods. 

Modtl  yenficauon  of  rfi<  A/unicnedf  Sofunon 

The  general  model  niimencatly  approximates  advection. 
axial  dispersion,  diffusion  in  immobile  water,  film  transfer, 
and  air-water  mass  transfer.  To  verify  the  numcricai  method, 
model  cakulaitons  were  compared  to  analytical  solutions 
that  account  for  one  or  more  of  these  mechanisms.  The 
numerical  approximaiton  of  advection  and  axial  dispersion 
was  compared  to  the  local  equilibrium  solutions.  The  numer¬ 
ical  approximation  of  advection,  air-waicr  mass  transfer, 
film  transfer,  and  diffusion  m  pores  containing  immobile 
water  was  compared  to  the  plug  flow  solution. 


Model  input  parameters  for  the  verification  step  were 
chosen  to  satisfy  assumptions  that  were  made  to  obtain  a 
particular  analytical  solution.  To  simulate  local  equilibrium, 
large  values  of  Edp,  and  were  input  to  the  numerical 
solution.  To  simulate  plug  flow,  large  values  of  and  Pe^ 
w^e  input  instead. 

C^ure  Compares  the  breakthrough  curves  that  were 
calcuFatea  with  the  numerical  model  to  analytical  solutions 
for  different  values  of  the  dimensionless  groups.  These 
breakthrough  curves  are  plots  of  (he  column  effluent  wstcr 
concentration  relative  to  the  influent  versus  the  number  of 
pore  volumes  of  water  fed.  For  the  calculations  shown  in 
Figure  4  it  was  assumed  that  Mn  was  equal  to  1  and  influent 
concentrations  were  constant.  Numerical  solutions,  shown 
as  solid  curves,  usings  (axial)  equal  to  10  and  J  (radial)  equal 
to  3  collocation  points  agree  with  the  analytic  solutions 
(equations  (29),  (30),  (31).  and  (3?)),  shown  as  symbols,  for 
the  dimensionless  group  values  listed  on  Figure  4.  Ten  axial 
and  3  radial  collocation  points  were  also  used  for  the  model 
validation  c:dcula(ions. 

Additional  simulations  were  performed  with  the  model  to 
observ'c  the  impact  of  Edp,  Pe,  5r»,  and  5f,,  on  the  numerical 
solution.  Dispersion  calculations  by  the  model  are  accurate 
for  values  of  Pe  from  0. 1  to  40  and  greater;  however,  values 
of  Tc  greater  than  1000  cause  significant  numerical  error.  For 
low  values  of  Pe  the  observed  spreading  causes  the  break¬ 
through  curve  to  become  asymmetric,  and  the  model  can 
simulate  this.  As  the  value  of  Ed^  or  Sr^  or  Sr,  decrease 
below  1,  the  early  portion  of  the  breakthrough  curve  sharp¬ 
ens  and  (he  latter  part  tails. 

By  examining  the  shapes  of  the  breakthrough  curves 
depicted  in  Figure  4  jt  is  seen  that  the  mass  transfer 
mechanisms  can  have  similar  impacts  on  chemical  transport. 
A  relationship  for  equivalent  spreading  between  axial  dis¬ 
persion,  diffusion  in  immobile  water,  and  film  transfer  can  be 
des'cioped  by  equating  the  arguments  of  (34)  and  (37). 
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Fig.  6.  Compjnsofl  of  num«f>cai  model  prcdiciior  based  oa  parameter  values  obtained  from  ibe  literature  and  S,, 
and  £,  the  8r  *  in  Ottawa  aand  expcitmcni  (doited  curve),  calibration  of  H  (dashed  curve),  and  caltbniioh 
or  H  and  £»  (soIm  curve)  to  experimentally  measured  aqueous  coneenirations  of  TCE  in  effluent  from  unsaturated 
Ottawa  sand  column  (dots). 


Equations  (30).  (31),  and  (34)  five  comparable  results  for 
large  Pe.  If  only  (he  central  portion  of  the  breakthrough 
curve  is  considered  (i.e..  t  *s  near  1),  the  following  relation¬ 
ship  can  be  derived: 

ISE4.(1  *  Dg)^  35MI  ♦  Pgl* 

"  (1  ♦  ArlDg,  *  Dg,]^  ■  (1  *  ArlDg,  *  Dg,)^ 

Equation  (58)  is  similar  to  the  equrvaicnl  spreading  relation¬ 
ship  for  saturated  flow  developed  by  C/irrende«i  cr  at.  (1986). 
When>4r  is  equal  to  0,  (hen  (58)  is  also  equivakm  to  35r.  ll 
*  Dg\^Ds^^.  The  model  was  used  to  calculate  the  doited 
and  dashed  curves  shown  in  Figure  4  lo  simulate  conditions 
where  axial  dispersion  and  diffusion  m  immobile  water  have 
equrvatent  impteti  on  a  breakthrough  curve.  These  curves 
were  calculated  for  dimensionless  group  valves  that  were 
obtained  according  to  (58).  Identical  results  were  obtained 
with  the  numerical  model  for  him  transfer  predominant  and 
for  air-water  mass  transfer  predominant  spreading.  These 
conditions  corresponded  to  a  value  of  5/^  equal  to  M.7  {Ed, 
>  100,  Pe  ■  f 000,  St,.  -  KM)  and  a  value  of  St^  equal  to  0. 16 
{Edp  -  100,  Fe  -  1000. 5f*  ■  100),  respectively.  U  is  evident 
that  It  IS  not  always  possible  to  distinguish  between  the 
impacts  of  different  mechanisms  by  fitting  model  solutions  to 
data  (Foberrs  er  al ,  1987;  Drusstau  and  Rao,  198^).  Equa¬ 
tion  (58)  can  be  used  to  compare  the  relative  contributions  of 
axial  dispersion,  intraaggregate  diffusion,  and  film  transfer 
on  (he  observed  spreading  of  a  chemical  front  and  to 
determine  which  mechanisms  are  importam  for  different 
condilions. 

Model  t^atidation 

Column  experiments  were  performed  to  show  that  the 
model  described  above  is  able  to  predict  the  breakthrough 
and  elution  of  volaiilc  organic  chemicals  from  unsaturated 
soil  columns  under  controlled  conditiotis.  The  experimental 


procedure  was  designed  to  show  that  the  model  is  versatile 
enough  to  simulate  chemical  movement  in  different  types  of 
porous  media  as  well  as  under  different  flow  and  moisture 
condilions.  Table  4  summanxes  the  column  conditions  for 
each  run.  Tables  2-^  list  jtarameters  values  used  for  the 
model  calculations.^fable  6  ^  a  list  of  the  magnitudes  of  the 
corresponding  dimensionless  groups.  Model  predictions 
were  obtained  with  the  parameter  and  group  values  in  the 
upper  portion  of  Tables  5  and  6.  These  values  were  indepen¬ 
dently  determined.  Values  used  in  model  simulations  and  6u 
were  taken  from  the  lower  portion  of  Tables  5  and  6. 

The  model  developed  herein  was  intended  for  describing 
one -dimensional  movement  of  VOCs  in  unsaturated  columns 
of  soil.  The  numerical  solution  of  the  general  model  is  used 
to  Simulate  movement  of  TCE  with  unsaturated  water  flow. 
The  general  model  was  altered  [Hauler  et  a/..  19896)  to 
Ignore  vapor  movement  for  simulating  the  Br'  column 
experiments. 

Column  experiments  turh  0/fatya  sand.  Bromide  and 
TCE  experiments  were  run  on  a  column  packed  with  unsat¬ 
urated  Ottawa  sand.  A  45. 6  mg  Dr'  solution  was  fed  to 

the  top  of  the  column  at  a  rate  of  0.07S  cm  ^  s  ~ '  (v^  «  0.0075 
cm  s~')  for  2.65  hours.  Clean  water  was  then  applied  at  the 
same  rate  to  eluie  the  bromide^om  the  column.  The  degree 
of  saturation  was  0. 33 .figure  Compares  the  data  to  model 
calculations.  Because  the  sand  particles  are  solid  and  uni¬ 
formly  sized.  It  was  first  assumed  that  the  amount  of 
immobile  water  was  negligible,  such  as  in  the  saturated  runs. 
Accordingly.  (31)  was  used  to  calculate  the  dashed  curve 
shown  m  Figure  S  (Pe  •  61 )  by  using  an  £,  of  3.7(10*^)  cm^ 
which  vvas  estimated  with  (56).  This  value  was  larger 
than  that  which  was  estimated  by  (55). 

The  breakthrough  data  is  shifted  to  the  left  of  the  disper¬ 
sion  equation  prediction,  and  this  is  attributed  to  the  pres¬ 
ence  of  immobile  water.  This  shift  could  not  be  simulated 
with  (31).  Five  parameter  values  were  not  known  with 
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F<|-  7.  Comparison  of  numcricat  model  prcdleikm  based  on  parameter  values  obtained  from  the  literature  and  a 
batch  rate  study  (dotted  curve).  predlctiOA  based  oa£.  At  from  tbe  Br*  in  Ottawa  sand  experiment  (dashed  curve),  and 
calibration  of  (solid  curve)  to  experimentally  measured  aqueous  conccniraiions  of  bromide  in  effluent  from 
unsaturaied  Vcniiie  column  (dots). 


certainty  (5,,  Dp,  R^,  kf.  Ef).  The  numerical  model  simu* 
taied  the  data  by  adjusting  only  three  dimensionless  groups 
(D^p,  Edf,,  Ptit).  Either  £dp  or  Stp,  could  have  been  reduced 
so  that  the  breakthrough  curve  would  shift  to  the  left.  Since 
film  transfer  was  unimportant  in  saturated  soils  {Huuler  et 
al.,  1986;  Roberts  ttai  .  1987).  Ed,,  was  At.  When  either  £dp. 
St^,  or  Sty  is  small,  (he  early  portion  of  the  breakthrough 
curve  wilt  be  sharp  and  appear  sooner  than  R^S  pore 
volumes.  For  this  Br*  run  (R^  »  I).  the  early  portion  of  the 
breakthrough  will  be  located  approximately  at  50  ^  D^p) 
pore  volumes.  Henee  Dg^p  was  increased  to  simulate  the  first 
sharp  increase  in  Br '  concentration.  Reducing  £dp  did  not 
result  in  enough  spreading  to  simulate  (he  data,  therefore 
Pe^  had  to  be  reduced  too.  A  value  of  0.44  for  Ogp,  0  0019 
for  £dp.  and  3.2  for  Pc*  best  describe  the  data.  These  grouo 
values  correspond  to  an  5,  of  0. 10.  DpR^^  equal  to  1.6(10'^) 
s  * ' .  and  an  £,  of  0. 10  cm*  s ' ' .  The  fit  value  of  S,  is  close  to 
ihe  degree  of  saturation  of  the  Ottawa  sand  column  after  it 
has  drained  freely  by  gravity  but  is  about  twice  as  much  as 
(hat  observed  by  DeSmedt  and  lyierenga  (1984)  in  unsatu- 
rated  columns  of  glass  beads.  Intraaggregate  diffusion  was  fit 
as  (he  ratio  DpR^^  to  keep  (he  unceriamcy  in  one  term.  The 
low  value  of  Edp  is  possibly  due  to  channeling  inside  the 
column  or  an  increased  moisture  content  at  the  bottom  of  the 
column.  The  £,  fit  to  this  data  is  larger  than  that  observed 
m  other  unsaturated  studies  (Vu/e  and  Gardner,  1978; 
DtSmedt  and  Wiertnga,  1984).  The  large  amount  of  disper* 
Sion  could  also  be  due  to  channeling  or  an  increase  in 
moisture  content  at  the  bottom  of  the  column.  A  rapid  rate  of 
film  transfer  was  indicated  by  the  large  value  of  5r*  (3900). 

A  TCE  solution  of  650  ug  L''  was  then  fed  to  the  sand 
column  at  a  degree  of  saturation  of  0.34  over  a  period  of  U. 
bwrs  at  a  rate  of  0.076  cm'  s''  fi'p  -  0.0074  cm  s~')^igu'^ 
^^hows  a  comparison  of  the  TCE  data  to  calculations  of  the 
general  model.  Even  after  using  the  results  of  the  unsaiura* 
ted  Br '  run,  there  are  sitll  two  parameters  (H,  £,.),  which 


arc  needed  for  predicting  the  TCE  results,  that  have  uncer¬ 
tain  values.  For  the  calculations  shown  the  E,  and  5,  fit  in 
the  unsaturaied  Br'  experiment  were  used.  The  ratio  of 
OpR~^  was  reduced  by  a  factor  of  two  because  (52)  predicis 
that  Br*  diffuses  approximately  twice  as  fast  as  TCE  (equa¬ 
tion  (51)).  The  model  prediction  is  shown  as  a  dotted  curve, 
and  the  corresponding  magnitudes  of  the  dimensionless 
groups  are  listed  in  Table  6.  The  breakthrough  curve  is 
shifted  to  the  right  of  the  prediction,  indicating  that  the 
description  of  TCE  equilibrium  in  the  sand  was  incorrect. 
This  could  be  due  to  either  H  for  TCE  being  higher  than 
predicted  or  sorption  of  TCE  vapors  onto  the  drier  particle 
or  column  surfaces.  TCE  did  not  adsorb  to  the  sand  or  the 
column  in  saturated  experiments.  Sorption  capacity  {K) 
could  be  adjusted  in  an  attempt  to  account  for  vapor  adsorp¬ 
tion.  but  because  Ed^  was  small,  the  model  calculations 
would  exhibit  more  asymmetry  as  K  is  increased.  Adjusting 
//.  however,  produced  a  curve  that  simulated  the  data.  A 
slightly  belter  fit  of  the  data  was  obtained  by  reducing  the  gas 
dispersion  coefficient  {£^)  by  a  factor  of  10  {Pe,  -  67),  that 
IS.  making  gas  dispersion  unimportant.  It  was  concluded 
from  a  comparison  of  (he  magnitudes  of  the  dimensionless 
groups  that  the  rates  of  volatilization  and  film  transfer  had 
iKile  impact  on  the  observed  spreading. 

A  slower  water  flow  (5  =  0.30,  Vp  «  0.00028  cm  s  *  * )  TCE 
experiment  in  the  Ottawa  sand  column  used  here  is  reported 
by  Hmzierei  al.  (1989b).  Because  gas  diffusion  was  predom¬ 
inant  for  the  slow  flow  conditions,  their  experimental  results 
could  be  Simulated  with  (29).  However,  //was  increased  to 
1.0  to  fit  the  data. 

Column  Expenmenis  with  yenlite.  Most  natural  soils  are 
not  as  uniform  as  Ottawa  sand.  Instead,  they  exhibit  some 
structure  and  a  pore  size  distribution.  To  simulate  a  struc¬ 
tured  or  aggregated  system,  uniformly  sized  Veriiite  was 
used  as  a  packing  material.  The  particle  size,  hydraulic 
conductivity,  and  macroporosity  of  Veriiite  and  Ottawa  sand 
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Fif.  8.  Comparison  of  numcricai  model  prediction  baaed  on  parameter  valuet  obtained  from  the  liicraiure,  a  batch 
rate  study,  and  C,  At  from  the  Br.  m  Veriliie  espcnmeni  (dotted  curve),  prediction  based  on  H  At  from  (he  TCE  in 
Oiiavba  sand  experiment  (dashed  curve),  and  prediction  based  on  H  and  £,.  At  from  the  TCE  in  Ottawa  sand  experiment 
(solid  curve)  to  expenmentafiy  measured  apueous  conccAirat«ons  of  TCE  in  effluent  from  unsaiuraied  Veriliie  column 
(dots). 


are  similar.  Verilite  particles  contain  a  microporosity  or 
internal  porosity  inside  which  the  flow  of  water  is  negligible 
in  comparison  to  the  flow  around  the  particles. 

Tlte  Vertlite  column  was  drained  to  a  degree  of  saturation 
of  0.64.  which  gave  about  the  same  air*fii(ed  porotity  as  the 
Oiiawa  sand  column.  A  97.6  mg  L*’  Br  ‘  solution  was  then 
applied  to  the  top  of  the  column  at  a  rate  ofj?.08d  cm^  s  *  ’  {xi/t 
a»  0.0020  cm  s  ” ' )  for  9.68  hours<rrKU^T shows  the  effluent 
data  and  three  model  calculations.  Because  S,  and  Dp  were 
measured  independently,  only  tne  magnitude  of  E,  was 
uncertain  for  this  experiment.  The  dotted  curve  is  a  predic¬ 
tion  using  the  Dp  measured  in  the  batch  expehmeni  and  Ef 
predicted  by  (57)  (Pe,,  »  860).  The  dashed  curve  wus 
obtained  by  multiplying  the  value  of  £,  fit  to  the  unsaturated 
run  of  Br'  in  the  sand  by  (he  ratio  of  the  interstitial  water 
velocity  in  (he  Verilite  lo  that  in  the  sand  »  2  0). 
Because  this  prediction  is  close,  it  adds  ^fidence  to  the  At 
for  (he  unsa(ura(cd  sand  run.  The  solid  curve  was 
obtained  by  adjusting  Eg  to  fit  the  data  (Pe*  *  6.0). 

After  eluimg  the  Br  ~  from  the  unsaiuraied  Verilite  a  1160 
ug  L~'  solution  of  TCE  was  fed  at  the  same  rate  > 
0.0020  cm  s'M  for  12.18  hours.  The  breakthrough  and 
elution  of  TCEJCiom  the  unsaiuraied  Verilite  column  is 
displayed  m  figure  8oAs  was  the  case  for  estimating  the 
parameters  for  the  TCE  run  in  (he  sand.  H  and  £,  were  not 
known  with  certainty  for  (his  experiment.  A  mo^l  predic* 
don  using  the  £,  fit  for  the  unsaiuraied  Br*  run  in  Verilite 
{Pep  •  6.0)  and  an  H  of  0.7  (Dff,  *■  1 .2;  •  1 .4),  which  wa» 
used  to  described  the  TCE  movement  through  the  unsatura- 
led  sand,  is  shown  in  Tigure  8  as  a  dashed  curve.  A  slightly 
better  fit  of  the  data  was  obtained  by  reducing  (he  estimated 
gas  dispersion  coefficient  by  a  factor  of  10  (Pc,.  *  50),  as  w  as 
done  in  the  description  of  TCE  diffusion  through  the  sand. 
The  air-fillcd  porosity  of  the  Verilite  was  e<|ual  to  0.25. 
which  was  a  tittle  larger  than  that  of  the  sand  (0.21).  Gas 


dilTusion  was  not  an  important  transport  mechanism  in  the 
V'erilite  (Pe^  »  50)  in  comparison  to  liquid  dispersion  (Pc^  * 
2.0)  and  iniraaggregate  diffusion  (Edp  *  0.52).  Again,  film 
transfer  *  660)  and  the  air-water  mass  transfer  resis¬ 
tances  (Sty  »  4.8)  were  unimportant.  The  dotted  curve  was 
calculated  using  a  literature  value  of  H  of  0.4  {Dg^  »  0  68; 
/?<  »  l  .l).  It  is  not  known  at  this  time  whether  TCE  vapors 
arc  sorbing  to  the  column  or  soil  materials  or  whether 
Henry’s  constant  is,  indeed,  higher  in  unsaturated  soils. 

Conclusions 

The  development  of  a  niaihematical  model  that  simulates 
chemical  fate  in  soil  requires  a  fundamental  understanding  of 
transport  and  attenuation  processes.  The  current  level  of 
understanding  of  the  processes  affecting  nondegradable 
chemical  movement  in  unsaturated  soil  is  enhanced  with  a 
combination  of  theoretical  model  development  and  a  series 
of  laboratory  column  experiments.  A  one -dimensional  model 
accounting  for  air  jnd  water  dispersion  in  the  direction  of 
flow  and  diffusion  in  immobile  water  is  capable  of  simulating 
the  movement  of  aqueous  solutions  of  irichloroethene  in 
laboratory  columns  packed  with  homogeneous  soils.  Labo¬ 
ratory  results  and  numerical  calculations  indicate  the  follow¬ 
ing  about  the  mechanisms  affecting  the  transport  of  nonde¬ 
gradable  VOCs  in  homogeneous,  unsaturated  soils:  (1)  both 
liquid  dispersion  and  diffusion  in  immobile  water  are  impor¬ 
tant.  (2)  vapor  diffusion  is  not  an  important  transport  mech¬ 
anism  for  irichloroethene  in  sands  or  structured  soils  when 
the  average  pore  water  velocities  are  greater  than  about  0.07 
and  0.02  cm  s  ~  ^  respectively,  but  is  important  in  sand  for 
less  than  about  0.0003  cm  s*',  and  (3)  the  rates  of  mass 
transfer  across  the  air-waicr  and  the  mobile-immc^ile  water 
interfaces  are  fast.  In  addition,  it  was  also  found  for  unsat- 
uralcd  conditions  that  Henry's  partitioning  for  trichloro* 
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ethene  was  almost  twice  as  large  as  reported  in  the  literature, 
or  there  was  adsorption  of  vapon  onto  the  packing  or 
column  materials.  If  vapor  sorption  does  occur  in  unsatura^ 
ted  soil,  then  a  model  would  have  lo  include  air'Snil  pant' 
tioning.  The  rate  of  internal  diffusion  and  the  amount  of 
immobile  water  in  the  sand  could  not  be  independently 
determined.  A  batch  rate  study  was  successful  at  measuring 
the  intraaggregate  diffusion  rate  >n  Veriliie.  These  results 
indicate  a  need  for  more  studies  of  liquid  dispersion  with 
unsaturated  flow  and  diffusion  through  immobile  water  filted 
pores.  In  addition,  measurements  of  chemical  partitioning 
between  phases  in  an  unsaturated  soil  system  are  needed. 
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Notation 

specific  interfacial  area  between  the  air  and 
water 

adveciive  flux  ratio,  ratio  of  chemical  mass 
transport  rate  by  advection  in  air  to  that  by 
adveclion  in  water,  equal  to 
(dimensionless). 

I,  j  member  of  the  OC  coefhcieni  matrix 
that  is  used  for  approximating  the  first  axial 
derivative  of  r)  and  Cp(z.  /) 
(dimensionless). 

i,j  member  of  (he  OC  coefficient  matrix 
(hat  is  used  for  approximating  the  taplacian 
of  Cp(r.  2,  t)  (dimensionless). 

I,  /  member  of  the  OC  coefficient  matrix 
that  is  used  for  approximating  the  second 
axial  derivative  of  i)  and  c^(i,  r) 
(dimensionless). 

mobile  water  phase  chemical  concentration 
as  a  function  of  axial  position  and  time  (M 
L-’). 

C*(r.  iKdi,'  (dimensionless). 

influent  chemical  concentration  in  water  as 

a  function  of  time  (M 

(dimensionless). 

normalizing  water  concentration,  equal  to 
average  influent  concentration  measured 
during  breakthrough  (M  L*'). 
immobile  water  phase  chemical 
concentration  as  a  function  of  radial 
position,  axial  position,  and  lime  (M  L*’). 
Cp{r^  z,  (dimensionless), 
air-phase  chemical  concentration  as  a 
function  of  axial  position  and  time  (M  L*'). 
(dirrrensiontess). 

influent  chemical  concentration  in  air  as  a 
function  of  time  (M  L’'). 

C„(r)(//C6„)"'  (dimensionless), 
total  solute  distribution  parameter,  ratio  of 
chemical  mass  contained  in  immobile  water, 
on  soil,  and  in  air  to  that  in  mobile  water  at 
equilibrium  with  equal  to  Og,  +  Dg^ 

*  (dimensionless). 
gas  diffusion  coefficient  (L^  T’*). 
immobile  water  solute  distribution 
parameter,  ratio  of  chemical  mass  contained 
in  immobile  water  to  that  m  mobile  water  at 
equilibrium  wiih  equal  to  S,{S  -  5,)’’ 
(dimensionless). 


Oi 
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E, 

f(  ) 


s 

H 
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K 

K{S) 
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L 

«. 

l/n 

Pe- 

Pzs 
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Q{R.  Z.  T) 


Oc 

Ql 
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adsorbed  solute  distribution  parameter, 
ratio  of  chemical  mass  adsorbed  onto  soil 
particle  surfaces  to  that  contained  in  mobile 
water  at  equilibrium  wah  C^,  equal  to  p,(t 
"  (dimensionless). 

vapor  solute  distribution  parameter,  ratio  of 
chemical  mass  contained  in  air-fiUed  pores 
to  that  in  mobile  water  at  equilibrium  C^. 
equal  to  (I  -  5)H(S  -  S,)"* 
(dimensionless). 

liquid  diffusion  coefficient  (L^  T'*). 
intraaggregate  liquid  diffusion  coefficient 

(L’T-'). 

intraaggregate  diffusion  modulus,  ratio  of 
chemical  mass  transfer  rate  by  diffusion  in 
immobile  water  to  that  by  advection  in 
mobile  water,  equal  to  LD^Dg^ivRi)'^ 
(dimensionless). 

axial  dispersion  or  diffusion  coefficient  in 
airIL'T-'). 

combined  axial  dispersion  and  diffusion 
coefficient  in  mobile  water  (L^  T"‘). 
collision  function  for  diffusion  as  a  function 
of  temperature  and  energy  of  molecular 
attraction  (dimensionless), 
gravitational  acceleration  (L  T*^). 

Henry's  air-water  partitioning  coefficient 
(dimensionless). 

number  of  radial  collocation  points, 
number  of  axial  collocation  points, 
soil  sorption  capacity  ((L’/MI'^^M  M"*). 
unsaiurated  hydraulic  conductivity  as  a 
function  of  degree  of  saturation  (L  T’’). 
film  transfer  coefficient  (L  T**). 
overall  mass  transfer  coefficient  between 
the  air  and  the  mobile  water  (L  T**). 
saturated  hydraulic  conductivity  (L  T*'). 
column  length  (L). 
molecular  weight  (M  mol"‘). 
valence  of  cation  (dimensionless), 
valence  of  anion  (dimensionless), 
adsorption  intensity  (dimensionless). 

(I  +  Pc,r*)"’  (dimensionless). 

Pecict  number  of  mobile  water,  ratio  of 
chemical  mass  transfer  rate  by  advection  in 
mobile  water  to  that  by  dispersion  in  mobile 
water,  equal  lo  (dimensionless). 

Peciei  number  for  air,  ratio  of  chemical 
mass  transfer  rate  by  advection  in  mobile 
water  lo  that  by  diffusion  m  air,  equal  to 
vL{C^,Dg,.]~*  (dimensionless), 
atmospheric  pressure  (M  L"*  T"^). 
adsorbed-phase  chemical  concentration  as  a 
function  of  radial  position,  axial  position, 
and  lime  (M.'M). 

volumetric  air  flow  rate  (L^  T“'). 
volumetric  water  flow  rate  (L*  T"*). 

RRg'  (dimensionless), 
radial  coordinate  (L). 
radius  of  aggregated  particle  (L). 
retardation  coefficient,  equal  to  (I  ♦ 

^  Pff/i)(l  '•I'’))"'  (dimensionless), 
liquid  Reynolds  number  based  on  approach 
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velocity,  equal  to  2/7«piVe(5  -  5,)Mr' 
(dimensionless).  ^ 

degree  of  saturation,  relative  volume  of  the 
pores  Ailed  with  water  (dimensionless), 
immobile  degree  of  saturation,  relative 
volume  of  the  pores  Ailed  with  irnmt^ife 
water  (dimensionless). 

Stanton  number  for  Aim  transfer,  ratio  of 
chemical  mass  transfer  rate  by  Aim  transfer 
to  the  transport  rate  by  advectton  in  mobile 
water,  equal  io*^l  -  e(l  -  5,))Z.|ve(5  - 
(dimensionless). 

Stanton  number  for  volatilization,  ratio  of 
chemical  mass  transfer  rate  across  air-water 
interface  to  the  transport  rate  by  advection 
m  mobile  water,  equal  to  /CiaH3ve(S  - 
(dimensionless). 

throughput,  ratio  of  chemical  mass  fed  to  a 
column  to  the  mass  of  chemical  in  the 
column  at  equilibrium  with  the  inAucnt, 
proportional  to  time  by  (t  4-  /4r)v((l  * 
Pg)Lp‘  (dimensionless), 
time  (T), 

temperature  (*K). 
boiling  point  (*K). 

interstitial  air  velocity,  equal  to  * 

5)1*'  (LT'*). 

interstitial  water  velocity,  equal  to  0i.Mc(5 

molar  volume  (L^  mol*'), 
average  pore  water  velocity,  equal  to 

C?l(>Ic5)-'  (LT*'). 

tth  component  of  the  weight  vector  used  in 
(he  quadrature  approximation  of  (he  radial 
integrals  (dimensionless). 

(th  component  of  the  weight  vector  used  in 
(he  quadrature  approximation  of  (he  axial 
\mtgia\s  (dimensionless), 
total  intraaggregaie  concentration  per  mass 
of  soil  as  a  function  of  radial  position,  axial 
position,  and  lime,  equal  to  c5,C^(/?.  Z, 

*  0(R,  Z.  D  (M/M). 

nr. *xcjT}-' 

(dimensionless). 

Z/L  {dimensionless), 
axial  position. 

total  porosity,  void  fraction  of  column 
(dimensionless). 

rr^roporosity,  void  fraction  containing 
immobile  water,  equal  to  c5.(l  e(l  - 
5,))~'  (dimensionless), 
macroporosity,  void  fraction  containing  air 
and  mobile  water,  equal  to  («  -  e^Kl  “ 
e«)*'  (dimensionless), 
ionic  conductance  of  cation  in  water  (A  V 
g-equiv  L*). 

ionic  conductance  of  anion  in  water  (A  V 

g-equfv  L*). 

water  viscosity  (M  L*'  T*'). 
particle  density,  equal  to  p,(l  -  a«)  (M 

L-»). 

bulk  density  (M  L*^). 
water  density  (M  L*'). 


p,  soil  particle  density,  equal  to  p^(l  •  a)*' 

(ML-'). 

Tg  tortuosity  of  the  air-Alled  pores 
(dimensionless). 

Fp  tortuosity  of  the  micropores 
(dimensionless). 
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State  of  Technology  Review: 
Soil  Vapor  Extraction  Systems 


Neil  J.  Hutzler,  Blane  E.  Murphy,  artd  John  S.  Gierke 


Extracting  vapor  from  soil  Is  a 
cost-effective  technique  for  the 
removal  of  volatile  organic  chemicals 
(VOCs)  from  contaminated  soils. 
Among  the  advantages  of  the  soil 
vapor  extraction  process  are  that  It 
minimally  disturbs  the  contaminated 
soil,  It  can  be  constructed  from 
standard  equipment,  It  has  been 
demonstrated  at  pilot-  and  field- 
scale,  it  can  be  used  to  treat  larger 
volumes  of  soli  than  can  be 
practically  excavated,  and  It  has 
potential  for  product  recovery. 

Unfortunately,  there  are  few 
guidelines  for  the  optimal  design, 
installation,  and  operation  of  soil 
vapor  extraction  systems.  A  large 
number  of  pilot-  and  full-scale  soli 
vapor  extraction  systems  have  been 
constructed  and  studied  under  a 
wide  range  of  conditions.  The  major 
objectives  of  the  Report  summarized 
here  are  to  critically  review  avallebie 
documents  that  describe  current 
practices  and  to  summarize  this 
Information  as  concisely  as  possible. 
A  typical  vapor  extraction  system  Is 
briefly  described,  the  experience  with 
existing  extraction  systems  has  been 
reviewed,  and  Information  about  each 
system  Is  briefly  summarized. 

Soil  vapor  extraction  can  be 
effectively  used  for  removing  a  wide 
range  of  volatile  chemicals  over  a 
wide  range  of  conditions.  The  design 
and  operation  of  this  system  are 
flexible  enough  to  allow  for  rapid 
changes  In  operation,  thus  optimizing 
the  removal  of  chemicals.  Although  a 
number  of  variables  Intuitively  affect 
the  rate  of  chemical  extraction,  no 
extensive  study  to  correlate  variables 


to  extraction  rates  has  been 
identified. 

This  Project  Summary  was 
developed  by  EPA's  Risk  Reduction 
Engineering  Laboratory,  Cincinnati, 
OH,  to  announce  key  findings  of  the 
research  project  that  is  fully 
documented  in  a  separate  report  of 
the  same  title  (see  Project  Report 
ordering  information  at  the  back). 

Introduction 

Soils  may  become  contaminated  in  a 
number  of  ways  with  such  volatile  organic 
chemicals  as  industrial  solvents  and 
gasoline  components.  The  sources  of 
contamination  at  or  near  the  earth's 
surface  include  intentional  disposal, 
leaking  underground  storage  tanks,  and 
accidental  spills.  Contamination  of 
groundwater  from  these  sources  can 
continue  even  after  discharge  has 
stopped  because  the  'unsaturated  zone 
above  a  groundwater  aquifer  can  retain  a 
portion  or  all  of  the  contaminant 
discharge.  As  rain  infiltrates,  chemicals 
elute  from  the  contaminated  soil  and 
migrate  toward  groundwater. 

Alternatives  for  decontaminating 
unsaturated  soil  include  excavation  with 
on-site  or  off-site  treatment  or  disposal, 
biological  degradation,  and  soil  flushing. 
Soil  vapor  extraction  is  also  an  accepted, 
cost-effective  technique  to  remove 
volatile  organic  chemicals  from 
contaminated  soils.  Among  the 
advantages  of  the  soil  vapor  extraction 
process  are  that  it  minimally  disturbs  the 
contaminated  soil.  It  can  be  constructed 
from  standard  equipment,  it  has  been 
demonstrated  at  pilot-  and  field-scale,  it 
can  be  used  to  treat  larger  volumes  of 
soil  than  are  practical  for  excavation,  and 


It  has  a  potential  for  product  recovery. 
With  vapor  extraction,  spills  can  be 
cleaned  up  before  the  chemicals  reach 
the  groundwater  table.  Soil  vapor 
extraction  technology  is  often  used  with 
other  cl&n  up  technologies  to  provide 
complete  restoration  of  contaminated 
sites 

Unfortunately,  there  are  few  guidelines 
for  the  optimal  design,  installation,  and 
operation  of  soil  vapor  extraction  system. 
Theoretically  based  design  equations 
defining  the  limits  of  this  technology  are 
especially  lacking.  Because  of  this,  the 
design  of  these  systems  is  mostly 
empirical.  Alternative  designs  can  only  be 
compared  by  the  actual  construction, 
operation,  and  monitoring  of  each  design 

A  large  number  of  pilot-  and  full-scale 
soil  vapor  extraction  systems  have  been 
constructed  and  studied  under  a  wide 
range  of  conditions.  The  information 
gathered  from  these  experiences  can  be 
used  to  deduce  the  effectiveness  of  this 
technology.  One  of  the  major  objectives 
of  the  Report  is  to  review  available 
reports  describing  current  practices 
critically  and  to  summarize  this 
information  as  concisely  as  possible.  A 
brief  description  of  a  typical  vapor 
extraction  system  is  presented  The 
experience  with  existing  extraction 
systems  has  been  reviewed,  and 
information  about  each  system  is  briefly 
summarized  in  a  standard  form.  The 
information  is  further  summarized  in 
several  tables,  which  form  the  bases  for  a 
discussion  of  the  design,  installation,  and 
operation  of  these  systems.  Because  soil 
vapor  extraction  is  a  relatively  new  soil 
remediation  techrwiogy,  this  Technology 
Review  document  will  evolve  as  more 
information  becomes  available 


Process  Description 

A  soil  vapor  extraction,  forced  air 
venting,  or  in  situ  air  stripping  system 
(Figure  1)  revolves  around  the  extraction 
of  air  containing  volatile  chemicals  from 
unsaturated  soil.  Fresh  air  is  injected  or 
flows  into  the  subsurface  at  locations 
around  a  spill  Site,  and  the  vapor-laden 
air  is  withdrawn  under  vacuum  from 
recovery  or  extraction  wells. 


System  Components 

Extraction  wells  are  typically  designed 
to  fully  penetrate  the  unsaturated  zone  to 
the  capillary  fringe  Extraction  wells 
usually  consist  of  slotted  elastic  pipe 
placed  in  permeable  packing 


System  Operations 

During  remediation,  the  blower  is 
turned  on  and  the  air  flow  through  the  soil 
comes  to  an  equilibrium.  The  flows  that 
are  finally  established  are  a  function  of 
the  equipment,  the  flow  control  devices, 
the  geometry  of  well  layout,  the  site 
characteristics,  and  me  air  permeability 
of  the  soil.  At  the  end  of  operation,  the 
final  distribution  of  VOCs  in  the  soil  can 
be  measured  to  ensure  decontamination 
of  the  site.  Wells  may  be  aligned 
vertically  or  horizontally.  Vertical 
alignment  is  typical  for  deeper 
contamination  zones  and  for  residue  in 
radial  flow  patterns  if  the  depth  of  the 
contaminated  soil  or  the  depth  to  the 
groundwater  table  ts  less  than  1 0  to  1 5  ft. 

It  may  be  more  practical  to  dig  a  trench 
across  the  area  of  contamination  and 
install  horizontal  perforated  piping  in  the 
trench  bottom  rather  than  to  install 
vertical  extraction  welts.  Usually  several 
wells  are  installed  at  a  site. 

System  Variables 

A  number  of  variables  characterize  the 
successful  design  and  operation  of  a 
vapor  extraction  system:  site  conditions, 
soil  properties,  control  variables, 
response  variables  and  chemical 
properties.  The  specific  variables 
belonging  to  these  groups  include; 

Site  Conditions:  distribution  of  VOCs. 
depth  to  groundwater,  infiltration  rate, 
location  of  heterogeneities, 
temperature,  atmospheric  pressure. 
Soil  Properties:  permeability,  porosity, 
organic  carbon  content,  soil  struc¬ 
ture,  soil  moisture  characteristics, 
particle  size  distnbution. 

Control  Variables.'  air  withdrawal  rate,  well 
configuration,  extraction  well  spacing, 
vent  well  spacing,  ground  surface 
covering,  inlet  air  VOC  concentration 
and  moisture  content,  pumping 
duration. 

Response  Variables:  pressure  gradients, 
final  distribution  of  VOCs.  final 
moisture  content,  extracted  air 
concentration,  extracted  air 
temperature,  extracted  air  moisture, 
power  usage 

Chemical  Properties:  Henry's  constant, 
solubility,  adsorption  equilibrium, 
diffusivity  (air  and  water),  density, 
viscosity. 

Well  Design  and  Placement 

Well  spacing  is  usually  based  on 
some  estimate  of  the  radius  of  influence 
of  an  individual  extraction  well.  In  the 


studies  reviewed,  well  spacing  has 
ranged  from  fS  to  fOO  ft.  Well  spacing 
should  be  decreased  as  soil  bulk  density 
increases  or  the  porosity  of  the  soil 
decreases.  One  of  the  major  differences 
noted  between  systems  was  the  soil 
boring  diameter.  Larger  borings  are 
preferred  to  minimize  extracting  liquid 
water  from  the  soil 

In  the  simplest  soil  vapor  extraction 
systems,  air  flows  to  an  extraction  well 
from  the  ground  surface.  To  enhance  air 
flow  through  zones  of  maximum 
contamination,  it  may  be  desirable  to 
include  air  inlet  wells  in  the  installation. 
These  injection  wells  or  air  vents,  whose 
function  is  to  control  the  flow  of  air  into  a 
contaminated  zone,  may  be  located  at 
numerous  places  around  the  site 
Typically,  injection  wells  and  air  vents  are 
constructed  similarly  to  extraction  wells. 
In  some  installations,  extraction  wells 
have  been  designed  so  they  can  also  be 
used  as  air  inlets.  Usually,  only  a  fraction 
of  extracted  air  comes  from  air  inlets 
This  indicates  that  air  drawn  from  the 
surface  is  the  predominant  source  of 
clean  air 

One  study  investigated  the  effects  of 
air-flow  rate  and  the  configuration  of  the 
inlet  and  extraction  wells  on  gasoline 
recovery  from  an  artificial  aquifer.  It  was 
determined  that  screening  geometry  only 
had  an  effect  at  the  low  air-flow  rates.  At 
low  flow  rates,  higher  recovery  rates 
resulted  when  the  screen  was  placed 
near  the  water  table  rather  than  when  the 
well  was  screened  the  full  depth  of  the 
aquifer. 

Woodward-Clyde  made  a  simila. 
assessment  at  the  Time  Oil  Company 
site.  Their  engineers  suggested  that  wells 
should  be  constructed  with  approximately 
20  ft  of  blank  casings  between  the  top  of 
the  screen  and  the  soil  surface  to  prevent 
the  short  circuiting  of  air  and  to  aid  in  the 
extraction  of  deep  contamination.  At  most 
sites,  the  initial  VOC  recovery  rates  were 
relatively  high  then  decreased 
asymptotically  to  zero  with  time.  Several 
studies  have  indicated  that  intermittent 
venting  from  individual  wells  is  probably 
more  efficient  in  terms  of  mass  of  VOC 
extracted  per  unit  of  energy  expended. 
This  is  especially  true  when  extracting 
from  soils  where  mass  transfer  is  limited 
by  diffusion  out  of  immobile  water 
Optimal  operation  of  a  soil  vapor 
extraction  system  may  involve  taking 
individual  wells  in  and  out  of  service  to 
allow  time  for  liquid  diffusion  and  to 
change  air  flow  patterns  in  the  region 
being  vented.  Little  work  has  been  done 
to  study  this. 
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figure  1  Soil  vapor  extraction  system 


One  of  tf'e  maior  ptobiems  m  the 
coration  of  a  soil  vapor  extraction 
(Stem  IS  oetermininq  vrnen  the  site  is 
,.,ificiently  clean  to  cease  operation. 

The  design  and  operation  of  soil  vapor 
/xtraction  systems  can  be  quite  flexible: 
"anges  can  be  made  during  the  course 
r  operation  rvith  regard  to  well 
lacement.  cr  clower  size,  or  air  flows 
'Om  individual  wells  If  the  system  is  not 
perating  effectively,  changes  m  the  well 
lacement  cr  capping  the  surface  may 
"■prove  It 

Conclusions 

Based  on  tne  current  stale  of  the 
•ochnology  cf  soil  vapor  extraction 
; /stems,  the  ‘oilowmg  conclusions  can 
je  made 

1  Soil  vacor  extraction  can  be 
effectively  used  for  removing  a  wide 
range  of  volatile  chemicals  m  a  wide 
range  of  conditions 

2  The  design  and  operation  of  these 
systems  s  flexible  enough  to  allow 
for  rapid  changes  m  operation,  thus, 
cptimizing  the  removal  of  chemicals 

3  intermittent  blower  operation  is 
probably  more  efficient  in  terms  of 


removing  the  most  chemical  with  the 
least  energy. 

4  Volatile  chemicals  can  be  extracted 
from  clays  and  silts  but  at  a 
slowerrate  Intermittent  operation  is 
cer-tainly  more  efficient  under  these 
conditions. 

5  Air  iniection  has  the  advantage  of 
controlling  air  movement,  but 
miection  systems  need  to  be 
carefully  designed. 

6  Extraction  wells  are  usually  screened 
from  a  depth  of  from  5  to  10  ft  below 
the  surface  to  the  groundwater  table 
For  thick  zones  of  unsaturated  soil, 
maximum  screen  lengths  of  20  to  30 
ft  are  specified 

7  Air  water  separators  are  simple  to 
construct  and  should  probably  be 
installed  m  every  system. 

8  Installation  of  a  cap  over  the  area  to 
be  vented  reduces  the  chance  of 
extracting  water  and  extends  the 
path  that  air  follows  from  the  ground 
surface,  thereby  increasing  the 
volume  of  soil  treated. 

9  Incremental  installation  of  wells, 
although  probably  more  expensive. 


allows  lor  a  greater  degree  of 
freedom  in  design.  Modular 
construction  where  the  most  con¬ 
taminated  zones  are  vented  first  is 
preferable 

10.  Use  of  soil  vapor  probes  in 
conjunction  with  soil  borings  to 
assess  final  clean  up  is  less 
expensive  than  use  of  soil  borings 
alone  Usually  a  complete  matenals 
balance  on  a  given  site  is  impossible 
because  most  sites  have  an  unknown 
amount  of  VOC  m  the  soil  and  in  the 
groundwater 

1 1  Soil  vapor  extraction  systems  are 
usually  only  part  of  a  site 
remediation  system. 

12  Although  a  number  of  variables 
intuitively  affect  the  rate  of  chemical 
extraction,  no  extensive  study  to 
correlate  variables  to  extraction  rates 
has  been  identified. 
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ABSTRACT 


The  approach  used  here  to  develop  models  for  predicting  subsurface 
chemical  transport  and  vapor  extraction  performance  is  to:  (1)  develop  a 
conceptual  picture,  (2)  derive  and  solve  equations  that  describe  the 
conceptual  picture,  (3)  simplify  the  governing  equations  to  examine  the 
impacts  of  different  transport  mechanisms  and  obtain  analytic  solutions, 
(4)  verify  the  numerical  solution  of  the  model  against  analytic 
solutions,  and  (5)  validate  the  model  against  experimental  results. 
0ne-dimensiona1  model  calculations  and  the  results  of  laboratory 
experiments  were  used  to  study  chemical  transport  in  unsaturated  soil 
columns.  From  the  results  of  these  column  studies,  it  was  shown  that: 
(1)  liquid  dispersion  and  immobile  water  diffusion  affect  transport  when 
water  is  flowing;  (2)  if  only  air  is  flowing,  diffusion  in  immobile 
water  does  not  affect  transport  in  uniform  sands;  (3)  vapor  diffusion  is 
important  when  the  pore  water  velocity  is  less  than  0.001  cm  s'^  and 
when  the  air  is  mobile;  (4)  rates  of  mass  transfer  between  phases  are 
fast;  and  (5)  sorption  of  vapors  is  important  in  dry  soils  and 
adsorption  equilibrium  may  be  nonlinear  for  low  relative  humidities. 
Model  sensitivity  calculations  showed  that  intraaggregate  diffusion 
could  be  simulated  as  first-order,  air-water  mass  transfer.  Vapor 
extraction  system  models  were  derived  for  two  system  configurations 
(radial  flow  and  planar  flow).  For  a  wide  range  of  air  flow  rates,  both 
configurations  remove  chemical  at  the  same  rate;  however,  a  planar 
system  can  be  operated  at  about  one-half  of  the  power  consumption.  For 
a  given  soil  and  system  configuration,  a  range  of  air  flow  rates  exist 
where  the  volume  of  air  extracted  per  unit  of  chemical  removed  is  a 
minimum.  At  low  air  flow  rates,  more  air  is  required  because  of  mixing 
due  to  gas  diffusion,  and  at  the  high  flow  rates,  removal  is  limited  by 
the  rate  of  phase  mass  transfer.  This  range  is  narrower  for  a  radial 
configuration  and  for  aggregated  soils  at  high  moisture  contents. 

Models  that  assume  complete  mixing  overestimate  the  time  for  cleanup 
unless  the  air  velocity  is  low.  Ignoring  the  rate  to  equilibrium 
between  phases  can  lead  to  an  underestimate  of  the  cleanup  time  for  high 
air  flow  rates. 
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SECTION  1 .  INTRODUCTION 


Large  areas  of  soil  have  become  contaminated  with  volatile  organic 
chemicals  such  as  industrial  solvents  and  gasoline  components.  The 
sources  of  contamination  at  or  near  the  earth's  surface  include 
intentional  disposal,  leaking  underground  storage  tanks,  and  accidental 
spills.  Contamination  of  ground  water  from  these  sources  contin^ies  even 
after  discharge  is  stopped  because  the  vadose  or  unsaturated  zone 
retains  a  portion  or  all  of  a  contaminant  discharge  due  to  capillary 
attraction,  dissolution,  volatilization,  and  sorption.  As  rain 
infiltrates,  chemicals  elute  from  the  vadose  zone  and  migrate  towards 
ground  water. 

There  are  a  number  of  alternatives  for  decontaminating  the 
unsaturated  zone  including  excavation  with  onsite  or  offsite  treatment 
and/or  disposal,  biological  degradation,  and  soil  washing.  Use  of  vapor 
extraction  is  also  becoming  an  accepted,  cost-effective  technique  for 
the  removal  of  volatile  organic  chemicals  from  contaminated  soils  (cf. 
Hutzler  et  al.  [1989a]).  Among  the  advantages  of  the  soil  air 
extraction  process  are  minimal  disturbance  of  the  contaminated  soil,  use 
of  standard  components,  experience  with  process  at  field-  and  pilot- 
scale,  treatment  of  larger  volumes  than  are  practical  for  excavation, 
and  a  potential  for  product  recovery.  With  vapor  extraction,  it  is 
possible  to  clean  up  spills  before  the  chemicals  reach  the  ground  water 
table. 

Johnson  et  a1 .  [1990a]  have  reported  some  important  practical 
considerations  for  the  design  and  installation  of  vapor  extraction 
systems.  Unfortunately  there  are  few  guidelines  for  optimal  design, 
installation,  and  operation  [Bennedsen,  1987;  Wilson  et  a1.,  1987]. 
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Theoretical ly-based  design  equations  which  define  the  limits  of  this 
technology  are  especially  lacking.  Because  of  this,  the  design  of  these 
systems  is  mostly  empirical.  Different  designs  are  compared  by 
construction,  operation,  and  monitoring  of  each  alternative.  For 
example,  comparison  of  removal  rates  using  different  pumping  strategies 
and  vent  placement  geometries  requires  that  such  alternatives  be 
implemented  and  studied  either  in  the  field  or  by  pilot-  or  laboratory- 
scale  experiments.  Such  analyses  are  generally  expensive  in  terms  of 
time  and  resources.  Predictive  transport  models  that  account  for  the 
chemical  fate  mechanisms  important  in  unsaturated  soil  would  enhance  the 
design  and  operation  of  vapor  extraction  systems. 

Subsurface  transport  models  are  needed  for  understanding  basic 
phenomena  affecting  the  movement  of  contaminants,  for  predicting 
chemical  fate,  and  for  designing  soil  treatment  systems.  The  design  of 
vapor  removal  systems  and  effective  ground  water  protection  devices  can 
be  enhanced  by  using  mechanistic  models  that  accurately  predict  chemical 
fate  in  the  unsaturated  zone.  The  development  of  models  for  engineering 
applications  requires  a  fundamental  understanding  of  transport  and 
reaction  mechanisms  that  affect  the  movement  and  persistence  of  organic 
compounds  in  soil. 

Subsurface  contaminant  transport  and  attenuation  is  governed  by  a 
number  of  spreading,  retardation,  and  transformation  mechanisms  such  as: 
advection,  dispersion,  diffusion,  and  interfacial  mass  transfer; 
adsorption  and  volatilization;  and  biological  and  chemical  reactions. 
These  mechanisms  and  their  Impacts  on  chemical  fate  are  discussed  in 
detail  by  NacKay  et  a1.  [1985]  and  Nielsen  et  a1.  [1986].  In  general, 
as  a  chemical  travels  through  soil  with  fluid  flow,  the  shape  of  Its 
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concentration  profile  is  affected  by  dispersing  or  spreading  mechanisms, 
the  profile's  position  is  slowed  by  retardation  mechanisms,  and  the  mass 
may  decrease  due  to  biological  and  chemical  transformations. 

The  remainder  of  this  section  briefly  describes  the  vapor 
extraction  process  and  previous  modeling  efforts  that  have  focused  on 
chemical  movement  in  unsaturated  soils  and  on  describing  vapor 
extraction  performance.  The  next  section  states  the  objectives  and 
scope  of  this  work  and  is  followed  by  a  step*by-step  description  of  the 
approach  used  here  to  develop  subsurface  fate  models.  The  models  and 
results  are  described  in  detail  in  Section  4.  This  section  begins  with 
descriptions  of  the  important  mechanisms  that  are  considered  and  the 
approach  used  to  model  each  process  and  includes  details  and 
justification  of  the  assumptions  used  in  deriving  the  models. 

Section  4  is  divided  into  two  main  sections,  one  describes  the 
column  (one-dimensional)  model  derivations  and  validation  experiments, 
and  the  other,  the  two-dimensional  model  (those  describing  the  vapor 
extraction  process)  derivations  and  numerical  results.  The  one¬ 
dimensional  model  section  includes  a  set  of  models  for  describing 
transport  of  volatile  chemicals  with  water  flow  and  either  with  or 
without  air  flow  and  a  set  for  air  transport  and  no  water  flow.  The 
subsections  that  describe  the  equation  derivations,  solution, 
simplification,  verification,  and  validation  for  the  column  models  are 
complete  and  contain  the  most  detail  about  the  importance  of  fate 
mechanisms  and  transport.  The  two-dimensional  model  sections  are 
subdivided  into  descriptions  of  models  for  a  single  vertical  vent  system 
and  a  model  for  one  cell  of  a  trench  system.  Equation  derivations, 
solution,  simplification,  and  verification  are  performed  for  the  models 
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describing  both  configurations,  and  the  numerical  results  sections  for 
these  two  sets  of  models  report  some  considerations  as  to  which 
mechanisms  are  most  important  and  the  optimal  vent  configuration  (trench 
or  vertical)  and  range  of  air  the  extraction  rates  that  should  be  used. 
1.1  PROCESS  DESCRIPTION 

A  vapor  extraction,  forced  air  venting,  or  in-situ  air  stripping 
system,  such  as  the  one  shown  in  Figure  1.1,  involves  extracting  air 
from  unsaturated  soil.  Fresh  air  is  injected  or  flows  into  the 
subsurface  at  locations  around  a  spill  site,  and  the  vapor-laden  air  is 
withdrawn  under  vacuum  from  recovery  or  extraction  vents. 


Figure  1.1.  Vapor  extraction  system  schematic  [Hutzler  et  a/.,  1989a]. 
1.1.1  System  Components 


A  composite  vapor  extraction  system  Is  shown  in  Figure  1.1,  and  it 
is  comprised  of:  (1)  extraction  vents,  (2)  air  inlet  or  injection  vents 
(optional),  (3)  piping  or  air  headers,  (4)  vacuum  pumps  or  air  blowers, 
(5)  flow  meters  and  controllers,  (6)  vacuum  gages,  (7)  sampling  ports. 
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(8)  air-water  separator  (optional),  (9)  vapor  treatment  (optional),  and 
(10)  a  cap  (optional).  Details  regarding  the  specifications  of  these 
components  are  summarized  in  a  report  by  Hutzler  et  a1.  [1989a]. 

From  the  list  of  components  given  above,  only  details  about  the 
vent  configuration,  the  blower  rate,  and  the  installation  of  a  cap  are 
important  for  developing  a  system  model.  Extraction  vents  are  typically 
designed  to  fully  penetrate  the  unsaturated  zone  to  the  capillary 
fringe.  If  the  ground  water  is  at  a  shallow  depth  (10-15  ft)  or  if  the 
contamination  is  confined  to  a  depth  of  less  than  15  ft,  then  the 
extraction  vents  may  be  placed  horizontally  in  trenches  [Hutzler  et  a1 . , 
1989a].  Extraction  vents  are  slotted  pipe  which  are  placed  in  a 
permeable  packing.  The  surface  of  an  augered  column  for  vertical  vents 
or  a  trench  for  horizontal  vents  is  usually  grouted  to  prevent  short 
circuiting  of  air  from  the  surface.  It  may  be  desirable  to  also  install 
air  inlet  or  injection  vents  to  enhance  air  flow  through  zones  of 
maximum  contamination.  They  are  constructed  in  the  same  way  as 
extraction  vents.  Inlet  vents  are  passive  and  allow  air  to  be  drawn 
into  the  ground  at  a  particular  location.  Injection  vents  force  air 
into  the  ground  and  are  used  in  closed -loop  systems.  The  function  of 
inlet  and  injection  vents  is  to  enhance  air  movement  in  strategic 
locations  and  promote  horizontal  air  flow.  Pumps  or  blowers  reduce  gas 
pressure  in  the  extraction  vents  to  induce  air  flow  towards  the 
extraction  vents.  The  pressure  from  the  outlet  side  of  the  pumps  or 
blowers  can  be  used  to  push  the  exit  gas  through  a  treatment  system, 
such  as  activated  carbon  or  incineration,  and  back  into  the  ground  if 
injection  vents  are  used.  An  impermeable  cap  may  be  used  to  cover  the 
treatment  site  to  minimize  infiltration  and  prevent  short  circuiting  of 
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1.1.2  System  Operation 

During  operation,  the  blower  Is  turned  on,  and  the  air  flow  comes 
to  steady-state.  The  steady-state  flow  rate  is  a  function  of  the 
equipment,  the  flow  control  devices,  the  geometry  of  the  vent  layout, 
the  site  characteristics,  and  the  alr-permeabll Ity  of  the  soil.  Exhaust 
air  Is  sampled  on  a  routine  basis  and  used  along  with  flow  measurements 
to  determine  the  rate  of  chemical  extraction.  Typically,  the  mass 
removal  rate  Is  high  at  first,  and  subsequently  decreases  [Dynamac 
Corp.,  1986].  At  the  end  of  operation,  the  final  distribution  of 
contaminants  should  be  measured  to  ensure  decontamination  of  the  site. 

1.1.3  System  Variables 

A  number  of  variables  characterize  the  successful  design  and 
operation  of  a  vapor  extraction  system.  They  may  be  classified  as  site 
conditions,  soil  properties,  chemical  characteristics,  control 
variables,  and  response  variables  [Anastos  et  a1.,  1985;  Dynamac  Corp., 
1986].  Table  1.1  Is  a  list  of  specific  variables  that  belong  to  these 
groups. 

Site  conditions,  soil  properties,  and  chemical  properties  are 
Important  for  determining  the  feasibility  of  a  vapor  extraction  system 
[Hutzler  et  a/.,  1989a]  as  well  as  predicting  the  subsurface  fate  of 
contaminants.  A  predictive  model  could  be  used  In  aiding  the 
feasibility  determination  and  In  designing  the  control  variables, 
especially  the  vent  geometry  and  extraction  rate.  The  response 
variables  should  be  used  to  compare  different  designs  and  manage  the 
system  operation.  For  example,  a  model  could  be  used  to  predict  power 
usage  for  different  designs  or  off-gas  vapor  concentrations  for  various 


air  extraction  rates. 


Table  1.1.  Important  Variables  for  Assessing  the  Performance  of 
Vapor  Extraction  [Hutzler  et  a1.,  1989a]. 


Site  Conditions 

Contaminant  distribution 
Depth  to  ground  water 
Infiltration  rate 
Location  of  heterogeneities 
Temperature 
Atmospheric  pressure 

Soil  Properties 

Permeability  (air  and  water) 
Porosity 

Organic  carbon  content 
Soil  structure 

Soil  moisture  characteristics 
Particle  size  distribution 

Chemical  Properties 
Henry's  constant 
Solubility 

Adsorption  equilibrium 
Oiffusivity  (air  and  water) 
Density 
Viscosity 


Control  Variables 

Air  withdrawal  rate 
Vent  configuration 
Extraction  vent  spacing 
Vent  spacing 
Ground  surface  covering 
Pumping  duration 
Inlet  air  concentration 
and  moisture  content 

Response  Variables 

Pressure  gradients 
Contaminant  distribution 
Moisture  profile 
Extracted  air  concentration 
Extracted  air  moisture 
Extracted  air  temperature 
Power  usage 


1.2  PREVIOUS  MODELING  WORK 

Research  efforts  towards  developing  a  better  understanding  of 
chemical  fate  processes  in  the  vadose  zone  have  been  to  date  segmented 
and  disciplinary  [Nielsen  et  a/.,  1986].  Most  models  that  describe 
unsaturated  chemical  transport  use  Fickian-based  convection-diffusion 
expressions  [van  Genuchten  and  Jury,  1987].  Few  mechanistic  models 
include  air  flow  so  they  can  not  be  used  to  simulate  vapor  extraction, 
and  models  that  include  air  flow,  usually  ignore  other  mass  transfer 
mechanisms. 

1.2.1  Unsaturated  Transport  Models 

Previous  work  on  modeling  chemical  transport  in  unsaturated  soils 
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has  focused  in  three  areas:  (1)  vapor  transport  in  the  upper  soil  layer 
for  predicting  pesticide  movement  [Rolston  et  a1.,  1969;  Mayer  et  a1., 
1974]  and  for  assessing  the  behavior  of  organic  chemicals  [Jury  et  al., 
1980  and  1983;  Falta  et  al.,  1989];  (2)  tracer  and  nonvolatile  chemical 
transport  for  simulating  the  one-dimensional  movement  of  salts  and  heavy 
metals  [van  Genuchten  and  Wierenga,  1976;  Jury,  1982];  and  (3)  multi¬ 
dimensional  subsurface  movement  of  liquids  and  vapors  for  estimating  the 
travel  time  of  organic  solvents  and  petroleum  products  to  ground  water 
[Abriola  and  Pinder,  1985a;  Lindstrom  and  Piver,  1986;  Corapcioglu  and 
Baehr,  1987;  Sleep  and  Sykes,  1989;  Mendoza  and  Frind,  1990].  Although 
the  multi -dimensional  models  are  conceptually  closer  to  field 
conditions,  these  models  have  ignored  phase  mass  transfer  mechanisms. 
Moreover,  the  three-dimensional  models  have  not  been  validated  against 
experimental  data,  and  validation  tests  are  important  for  determining 
the  predictive  capabilities  of  a  model  [Abriola  and  Weber,  1986]. 

Mechanisms  of  nonequilibrium  [Nielsen  et  al.,  1986;  Brusseau  and 
Rao,  1989],  specifically  those  associated  with  phase-transfer  reactions, 
have  typically  been  ignored  in  the  derivation  of  three-dimensional 
transport  models.  Models  that  describe  the  one-dimensional  movement  of 
vapors  or  aqueous  solutes  have  studied  some  nonequilibrium  effects.  For 
example,  OeSmedt  et  al.  [1986]  used  a  model  developed  by  van  Genuchten 
and  Wierenga  [1976]  to  study  the  impact  of  diffusion  in  immobile  water 
on  tracer  breakthrough  curves  in  columns  of  unsaturated  sand.  They 
propose  that  the  relative  importance  of  diffusion  in  immobile  water 
increases  with  decreasing  water  content. 

Abriola  and  Pinder  [1985a]  developed  equations  to  describe  the 
three-dimensional  movement  of  organics  In  air,  water,  and  pure-liquid 


8 


phases.  They  did  not  include  advective  air  transport  nor  did  they 
attempt  to  account  for  the  rate  of  mass  transfer  between  phases.  They 
solved  their  equations  for  a  one-dimensional  flow  problem  which  included 
axial  dispersion  in  both  fluid  phases  and  instantaneous  equilibrium 
between  phases  [Abriola  and  Pinder,  198Sb].  Model  calculations  by 
Abriola  and  Pinder  [1985b]  concentrate  primarily  on  convergence  and 
numerical  sensitivity  with  respect  to  time  step  and  mesh  refinement. 

Lindstrom  and  Piver  [1986]  considered  heat  transport  in  their 
formulations  describing  the  movement  of  moisture  and  dissolved  organic 
contaminants.  They  did  not  consider  advective  vapor  movement  or  phase 
transfer  processes. 

Corapcioglu  and  Baehr  [1987]  derive  mathematical  equations  for  the 
three-dimensional,  subsurface  movement  of  petroleum  product  as  vapors, 
aqueous  solutes,  and  pure  liquid.  Like  the  models  of  Abriola  and  Pinder 
[1985a]  and  Lindstrom  and  Piver[1986],  Coracioglu  and  Baehr  [1987]  did 
not  consider  air  flow.  Abriola  and  Pinder  [1985a]  derived  their 
equations  based  on  two  contaminants,  nonreactive  and  reactive 
components;  Corapcioglu  and  Baehr  [1987]  accounted  for  many  components, 
specifically,  those  which  comprise  petroleum.  Furthermore,  Corapcioglu 
and  Baehr  [1987]  account  for  sorption  and  biological  reactions  where 
Abriola  and  Pinder  [1985a]  ignore  these  reactions.  Abriola  and  Pinder 
[1985a]  include  soil  compressibility  while  Corapcioglu  and  Baehr  [1987] 
do  not.  The  Importance  of  this  difference  In  vadose  zone  modeling  is 
probably  negligible.  Baehr  and  Corapcioglu  [1987]  solved  the  equations 
of  Corapcioglu  and  Baehr  [1987]  for  a  vertical,  one-dimensional 
contamination  scheme  of  hydrocarbon  constituents.  Their  solution  Is 
restricted  to  homogeneous  soils  where  the  moisture  content  Is  uniform. 
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They  discovered  that  model  simulations  were  most  sensitive  to  vapor 
diffusion.  Neither  Abriola  and  Pinder  [1985b]  nor  Baehr  and  Corapcioglu 
[1987]  test  their  model  simulations  against  experimental  data. 

The  model  by  Sleep  and  Sykes  [1989]  was  used  to  examine  density- 
driven  gas  flow  due  to  organic  chemical  volatilization  In  conjunction 
with  the  movement  of  organic  and  aqueous  phases.  Unlike  other  multi¬ 
phase  models,  they  account  for  volatilization  and  dissolution  rates  In 
their  descriptions  of  chemical  movement.  A  similar  model  was  developed 
by  Mendoza  and  Frind  [1990],  but  It  did  not  consider  liquid  movement  or 
an  Interphase  mass  transfer  step.  Mendoza  and  Frind  [1990]  were  able  to 
fit  model  calculations  to  measured  trichloroethene  concentrations  up  to 
a  distance  of  1  m  from  an  immobile  source.  In  their  experiments, 
density-driven  gas  flow  was  only  Important  to  consider  at  the  locations 
furthest  from  the  contamination  source.  Falta  et  al .  [1989]  developed  a 
model  similar  to  Mendoza  and  Frind  [1990]  and  arrived  at  similar 
conclusions.  These  density-driven  flow  models  do  not  consider 
pressure- induced  flow,  such  as  would  result  from  a  vapor  extraction 
system.  Externally  Induced  vacuums  may  negate  the  affects  of  density 
variations. 

In  addition  to  the  above  mentioned  research  efforts,  similar  work 
has  been  performed  In  chemical  engineering  analysis  of  trickle-bed 
reactors  [Hofmann,  1983;  Crine  and  L'Homme,  1983].  The  mathematical 
description  of  a  trickle-bed  reactor  is  analogous  to  chemical  transport 
through  columns  of  unsaturated  soil.  Trickle-bed  reactors  operate  under 
conditions  much  different  than  soil  columns.  Gas  and  liquid  flows  are 
higher  in  trickle-bed  reactors,  and  packing  materials  are  usually 
synthetic  and  of  more  uniform  size  and  shape.  Reactions  which  take 
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place  In  a  trickle-bed  reactor  are  often  catalytic  and  occur  between 
pure  vapors  and  pure  liquids.  For  these  reasons  the  mechanisms  of 
interest  in  trickle-bed  reactors  may  not  be  important  in  soil.  For 
example,  gas-liquid  mass  transfer  is  an  important  consideration  in  a 
trickle-bed  reactor  while  gas  and  liquid  dispersion  are  of  more 
importance  in  soil. 

There  continues  to  be  a  need  for  a  better  understanding  of 
subsurface  fate  processes  [Nielsen  et  a7.,  1986;  Abriola  and  Weber, 
1986],  including  those  associated  with  physical  nonequilibrium  [Brusseau 
and  Rao,  1989].  Especially  lacking  are  integrated  modeling-experimental 
approaches  [Abriola  and  Weber,  1986];  approaches  that  not  only  formulate 
hypotheses  of  fate  mechanisms  but  test  the  hypotheses  experimentally  as 
well  as  numerically. 

1.2.2  Vapor  Extraction  System  Models 

The  mathematical  models  that  have  been  developed  to  date  have 
focused  on  the  description  of  air  velocity  and  chemical  phase- 
equilibrium  [Wilson  et  a?.,  1987;  Hochmuth  et  a7.,  1988;  Wilson  et  a7., 
1988;  Baehr  et  a7.,  1989;  Roy  and  Griffin,  1989;  Johnson  et  a7.,  1990b]. 
Vapor  diffusion  is  only  considered  in  a  few  instances:  diffusion  from 
layers  of  low  permeability  [Hochmuth  et  a7.,  1988]  and  diffusion  from  a 
layer  of  floating  product  [Wilson  et  a7.,  1987;  Johnson  et  a7.,  1990b]. 
Only  one  study  has  included  diffusion  in  the  direction  of  flow  [Wilson 
et  al . ,  1987]  while  others  have  considered  diffusion  as  a  predominant 
mechanism  by  assuming  complete  mixing  [Hochmuth  et  al.,  1988;  Roy  and 
Griffin,  1989;  Johnson  et  al.,  1990b].  In  the  draft  conceptual  plan  for 
the  in  situ  air- stripping  of  volatile  contaminants  at  the  Seymour 
Recycling  Corporation  Hazardous  Waste  Site  [CH2M'Hill,  1987],  a 
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numerical,  two-dimensional,  multilayered  gas  flow  model  called  GASMAIN 
was  used  to  compute  air  flows,  and  a  complete  mixing  model  coupled  with 
local  equilibrium  (retardation)  calculations  was  used  to  estimate 
removals.  They  also  calculated  mass  removals  using  the  one-dimensional 
convection-dispersion  equation  [van  Genuchten  and  Jury,  1987],  even 
though  the  system  they  were  trying  to  model  is  two-dimensional.  For  the 
air  flows  they  selected,  the  complete  mixing  model  and  the  convection- 
dispersion  model  gave  similar  results. 

Wilson  et  al .  [1987]  developed  a  model  to  describe  the  removal  of 
gasoline  from  a  pilot-scale  vapor  extraction  system  study  by  Wootan  and 
Voynick  [1984].  Simplifying  assumptions  of  ideal  gases,  isothermal 
processes,  isotropic  soils,  nondegradabl e  constituents  represented  as  a 
lumped-single  component,  one -dimensional  darcian  flow  of  vapors,  and  no 
liquid  flow  in  the  unsaturated  zone  were  imposed.  They  also  assumed 
that  a  pure  organic  phase  existed  only  at  the  capillary  fringe. 
Relationships  are  reported  for  determining  the  importance  of  gas 
diffusion  and  gas  density  stratification.  Model  calculations  were 
successfully  compared  to  an  analytical  solution  for  constant  velocity. 
Model  sensitivities  were  performed  on  gas  velocity,  exit  pressure, 
compound  molecular  weight,  temperature,  porosity,  and  outlet  boundary 
condition.  Their  model  calculations  appeared  to  simulate  experimental 
pilot  data  of  Wootan  and  Voynick  [1984]. 

Hochmuth  et  al .  [1988]  developed  a  model  for  simulating  removals 
of  solvent  vapors  from  a  site  in  Santa  Clara  County,  California.  They 
modeled  the  site  as  a  cylinder  consisting  of  intermittent  layers  of 
permeable  and  impermeable  soil  materials.  They  considered  diffusion  of 
chemical  from  the  impermeable  lenses  into  completely  mixed  permeable 
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zones.  Calibrations  of  initial  concentrations  and  retardation 
coefficients  provided  good  fits  of  observed  extraction  results. 

Roy  and  Griffin  [1989]  derived  a  method  for  estimating  the  time 
for  removing  dissolved  volatile  organics.  Because  their  formulations 
assume  complete  mixing,  their  method  may  overestimate  the  cleanup  time. 

Wilson  et  a1.  [1988]  developed  a  laboratory  vapor  extraction 
column  mode!  that  accounted  for  the  compressibility  of  air.  They  also 
derived  a  single-vent  extraction  model  for  estimating  field-scale 
performance.  The  field  scale  model  assumes  vapor  withdrawal  at  a  single 
point.  In  their  models  they  ignore  diffusional  transport,  mass  transfer 
resistances,  and  sorption,  nor  did  they  attempt  to  even  validate  their 
column  models. 

Baehr  et  aJ.  [1989]  developed  a  multicomponent,  local  equilibrium 
model  for  describing  gasoline  extraction  in  laboratory  columns.  They 
concluded  that  mass  transfer  resistances  and  diffusional  transport  were 
negligible  in  comparison  to  advective  vapor  movement.  They  used  flow 
rates  that  were  much  higher  (15  -  30  times)  than  the  normal  operating 
rates  of  a  vapor  extraction,  sc.  it  may  not  be  surprising  that  diffusion 
effects  were  not  observed.  In  addition,  it  did  not  appear  that  they 
attempted  to  simulate  the  latter  part  of  the  experiments  where  air-water 
mass  transfer  resistances  may  become  more  important  [McClellan  and 
Gillham,  1990].  They  concluded  that  Henry's  partitioning  and  soil 
sorption  were  unimportant  considerations.  Again,  this  is  probably  due 
to  the  fact  that  they  modeled  only  the  part  of  the  extraction  where  the 
volatilization  of  gasoline  from  the  organic- liquid  phase  was  important. 

Johnson  et  a7.  [1990b]  developed  screening  models  for  estimating 
the  extraction  of  volatile  mixtures  from  soils.  One  model  can  be  used 
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to  predict  the  pressure-floM  field  around  an  extraction  vent  In  either  a 
homogeneous  or  a  layered  system.  A  separate  model  Is  used  to  calculate 
the  equilibrium  concentrations  of  the  volatile  mixture  components  by 
assuming  complete  mixing  In  each  layer. 

To  date,  there  has  been  no  Integrated  modeling-experimental 
studies  that  have  examined  the  Impacts  of  vapor  diffusion  In  the 
direction  of  flow,  air-water  mass  transfer  resistance,  and  diffusion 
from  Immobile  zones.  Models  that  have  attempted  to  describe  vapor 
extraction  performance  have  Ignored  vertical  transport  with  water 
Infiltration.  Most  laboratory  experiments  have  focused  on  hydrocarbon 
mixtures  where  multicomponent  Interactions  can  not  be  distinguished  from 
other  effects.  The  models  and  laboratory  studies  reported  here  will 
examine  the  Impacts  of  air-water  mass  transfer,  vapor  diffusion,  liquid 
diffusion,  and  air  and  water  advectlon  and  dispersion  on  the  transport 
and  removal  of  volatile  organic  chemicals  from  unsaturated  soil.  Model 
calculations  will  be  used  to  examine  the  Impact  of  air  flow  rate  and 
vent  configuration  on  the  removal  efficiency  of  vapor  extraction. 

1.2.3  Summary  of  Previous  Modeling  Work 

The  previous  modeling  work  described  above  Is  summarized  In  Table 
1.2  In  terms  of  the  mechanisms  considered  In  the  model  developments. 

Only  the  models  that  have  actually  been  solved  are  Included  In  this 
chronological  summary.  For  example,  even  though  Abriola  and  Finder 
[1985a]  and  Corapcioglu  and  Baehr  [1987]  derived  equations  for  three 
dimensional  transport,  they  did  not  solve  these  general  conditions. 
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Included  as  the  last  roM  of  Table  1.2  is  a  summary  of  the 
mechanisms  that  are  included  in  the  model  developments  reported  in  this 
work.  The  distinguishing  features  of  this  study  are  the  inclusion  of 
two  nonequilibrium  mechanisms  in  the  models,  specifically  air-water  mass 
transfer  and  intraaggregate  diffusion,  and  the  modeling  of  simultaneous 
movement  of  chemicals  with  air  and  water  flow.  In  addition,  model 
calculations  are  compared  to  laboratory  experiments  to  determine  the 
validity  of  the  models. 
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SECTION  2.  OBJECTIVES  AND  SCOPE 
The  results  of  this  study  are  complementary  to  the  goals  of  a 
project  where  the  focus  is  the  assessment  of  vapor  extraction  system 
performance  [Hutzler  et  a/.,  1989a].  This  research  has  focused  on 
laboratory-  and  pilot-scale  model  development. 

The  primary  objectives  of  this  research  are  (1)  to  demonstrate  a 
rational  modeling  approach  for  describing  subsurface  chemical  transport 
and  the  removal  of  volatile  organic  chemicals  from  unsaturated  soil  and 
(2)  to  enhance  the  current  level  of  understanding  of  subsurface  chemical 
transport.  The  first  objective  is  met  by  developing  and  testing  a 
modeling  approach.  The  approach  reported  in  this  work  is  used  to  derive 
and  test  models  that  describe  the  movement  of  volatile  organic  chemicals 
with  air  or  water  flow  in  laboratory  columns  of  unsaturated  soil. 

Models  are  then  developed  to  account  for  the  movement  of  chemicals  with 
water  flow  and  removal  with  air  flow  to  simulate  the  vapor  extraction 
process.  A  logical  set  of  experiments  is  combined  with  numerical 
calculations  to  enhance  the  current  level  of  understanding  of  subsurface 
transport  and  give  guidance  to  the  design  of  extraction  rates  for  simple 
vapor  extraction  configurations.  The  modeling  approach  is  given  in 
Section  3. 

A  series  of  subobjectives  are  defined  to  satisfy  the  two  primary 
objectives  of  this  research: 

(a)  Develop  a  set  of  models  to  describe  the  movement  of 
aqueous  and  gaseous  concentrations  of  volatile  chemicals  in 
laboratory  columns  of  unsaturated  soil. 

(b)  Design  a  set  of  column  experiments  to  test  the  water- 
phase  and  air-phase  transport  aspects  of  the  column  models. 

These  experiments  are  performed  in  an  order  that  allows  the 
impacts  of  different  mechanisms  to  be  observed  separately 
and  in  combination.  Two  different  porous  materials  are  used 
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to  compare  chemical  movement  in  cohesionless  soils  to 
movement  In  aggregated  or  structured  soils. 

(c)  Based  on  the  column  models,  derive  and  solve  equations 
that  describe  the  removal  of  volatile  chemicals  from  soil  by 
vapor  extraction  with  either  a  trench  or  vertical  vent 
system. 

(d)  The  vapor  extraction  system  models  are  used  to  examine 
the  effect  of  air  withdrawal  rate  on  removal  performance. 

In  addition,  the  numerical  calculations  are  used  to  give 
guidance  for  design  and  operation,  and  provide  Insight  Into 
the  Important  removal  mechanisms. 

(e)  Determine  the  applicability  of  using  methods  for 
developing  column  models  to  derive  models  that  describe 
larger-scale  systems.  Examine  the  feasibility  of  this  step 
In  terms  of  equation  derivations,  simplifications,  and 
solution  methods. 


This  research  focuses  on  studying  simple,  laboratory  column 
systems  and  single-extraction  vent  configurations.  The  results  are  used 
to  obtain  a  better  understanding  of  the  Importance  of  physical  transport 
(advectlon,  dispersion,  diffusion),  phase  transfer  (liquid  diffusion, 
volatlllzatlon/dlssolutlon),  and  equilibrium  (air-water,  water-soil, 
air-soil)  mechanisms  and  to  provide  a  set  of  mathematical  tools  for 
Interpreting  laboratory  and  pilot-scale  vapor  extraction  system  results. 

The  complexity  of  the  model  developments  Is  different  for  the 
various  systems.  Figure  2.1  shows  the  systems  that  are  studied  by  model 
simulations  herein.  The  one-dimensional,  column  models  are  used  to 
examine  the  relative  Impacts  of  various  mechanisms  on  the  transport  of 
volatile  organic  chemicals  In  unsaturated  soils  with  air  and  water  flow. 
Experimental  results  are  used  to  validate  the  column  models  and  observe 
the  Impacts  of  liquid  dispersion,  vapor  diffusion,  diffusion  In  Immobile 
water,  sorption,  phase  mass  transfer,  and  Henry's  partitioning  In 
uniform  and  structured  soils.  The  axially  symmetric  and  two-dimensional 
models  are  used  for  numerical  examination  of  the  Importance  of 
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advectlon,  dispersion,  diffusion,  volatilization,  air-water  (Henry's) 
partitioning,  and  sorption. 


water  oir 


soil 

colunrJ 


n 

<a)  one-dinensional,  Sin- 
ultoneous  air  and  water 
flow,  colunn  nodel. 


<c)  radial  vapor  extraction 
configurotion. 


Figure  2.1.  Schematics  of  the  soi 
models  are  developed  in 


air 


soil 

colunri 


(b)  one-dinensional 
vapor  extraction 
colunn  nodel. 


(d)  trench  (planor)  vapor 
extraction  configuration. 

system  configurations  for  which 
this  research. 


A  set  of  models  is  developed  for  each  system  studied.  Each  model 
within  a  set  differs  by  the  number  of  mechanisms  that  are  included.  The 
one-dimensional,  column  models  include  more  mechanisms  than  the  two- 
dimensional  models  because  of  the  additional  numerical  complexity 
involved  with  solving  the  coupled  equations  for  two-dimensional 
transport. 
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SECTION  3.  MODELING  APPROACH 

This  section  describes  an  approach  for  constructing  subsurface 
fate  models.  The  approach  is  summarized  in  Table  3.1.  The  model 
development  begins  with  construction  of  a  conceptual  picture  of  the 
system.  Mathematical  equations  are  derived  to  describe  chemical 
transport.  Dimensioned  variables  are  normalized  to  obtain  dimensionless 
equations.  The  system  dimensionless  of  equations  is  then  solved 
analytically  when  possible  and  numerically  when  not.  When  a  numerical 
solution  is  necessary,  the  dimensionless  equations  are  simplified  to 
obtain  analytic  solutions  for  verification  of  the  numerical  code  and  for 
performing  numerical  sensitivity  of  the  simplifying  assumptions.  The 
models  are  used  to  determine  model  parameter  sensitivity,  the  results  of 
which,  in  turn,  are  used  to  modify  the  conceptual  picture,  if  necessary, 
and  design  experiments.  Data  from  laboratory-  and  pilot-scale 
experiments  are  compared  to  model  output  for  validation  of  the  models. 
The  validation  results  can  then  be  used  to  modify  the  conceptual  picture 
as  required  to  best  simulate  the  vapor  extraction  process. 


Table  3.1.  Approach  Used  for  Constructing  Subsurface  Fate  Models. 

1.  Construct  a  conceptual  picture  of  the  system. 

2.  Derive  equations  to  describe  the  conceptual  picture. 

3.  Convert  equations  to  a  dimensionless  form. 

4.  Solve  dimensionless  equations. 

5.  Simplify  equations  and  solve. 

6.  Verify  the  numerical  solution  by  comparing  to 
solutions  of  simplified  conditions. 

7.  Model  Sensitivity:  Use  the  general  model  and 

its  simplifications  to  determine  which  mechanisms, 
parameters,  and  simplifying  assumptions  are  most 
important. 

8.  Validate  the  model  and  model  sensitivity  by 
comparing  model  predictions  to  experimental 
results. 


The  approach  given  in  Table  3.1  is  an  integrated  model 


20 


I 


development-experimental  study  procedure  that  can  enhance  the  current 
level  of  understanding  of  some  of  the  subsurface  chemical  transport 
processes.  It  is  similar  to  a  generic  approach  detailed  by  Hern  et  a1 . 
[1986].  The  modeling  approach  used  here  has  been  successfully  applied 
to  laboratory  studies  of  organic  chemical  transport  in  saturated  soil 
columns  [Crittenden  et  a/.,  1986;  Hutzler  et  al.,  1986].  Their  studies 
encompass  model  development,  parameter  sensitivity,  and  laboratory 
validation  experiments.  The  column  model  developments  reported  here  are 
complete  in  that  all  of  the  steps  listed  in  Table  3.1  are  performed. 

The  two-dimensional  model  developments  address,  at  least  in  part,  steps 
1-7.  Even  though  the  two-dimensional  vapor  extraction  models  developed 
here  are  not  validated,  they  are  useful  for  design  and  operation 
guidance  and  will  be  especially  helpful  for  understanding  removal 
processes.  These  vapor  extraction  model  calculations  should  not  be  used 
in  lieu  of  field-  or  pilot-scale  experience. 

3.1  CONCEPTUAL  PICTURE 

The  first  step  in  the  development  of  a  mathematical  model  is  the 
conceptualizing  of  a  system  as  a  geometrically  simpler  picture  of  the 
interaction  of  transport  and  fate  processes.  There  are  numerous 
processes  which  could  affect  the  fate  of  pollutants  in  unsaturated  soil 
[cf.  Oonigian  and  Rao,  1986].  Table  1.1  showed  that  there  are  many 
potential  variables  to  be  included  in  a  field-scale  vapor  extraction 
model.  It  is  sometimes  frustrating  and  inefficient  to  attempt  to 
develop  and  validate  a  model  that  could  describe  the  removal  of  all 
contaminants  under  a  wide  variety  of  conditions.  The  models  developed 
in  this  research  are  constructed  in  a  stepwise  procedure.  That  is,  the 
conceptual  pictures  begin  simple,  such  as  shown  In  Figure  2.1. a.  The 
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next  level  of  model  sophistication  is  then  based  on  the  development  of 
simpler  models  which  have  been  satisfactorily  solved  and  tested.  By 
adding  new  complexities  one  at  a  time,  their  impact  is  observed 
separately.  Moreover,  Increased  confidence  in  the  model  assumptions  and 
verification  of  the  numerical  solution  is  gained  by  comparing  numerical 
calculations  to  other  models. 

3.2  DERIVATION  OF  THE  DIMENSIONED  EQUATIONS 

A  set  of  mathematical  equations  describing  flow  conditions  and 
solute  transport  is  developed  from  the  conceptual  picture.  Mathematical 
equations  are  derived  from  physical  and  chemical  principles,  and  the 
governing  equations  are  solved  with  appropriate  initial  and  boundary 
conditions. 

3.3  NORMALIZATION  OF  THE  DIMENSIONED  VARIABLES 

The  governing  equations  are  transformed  into  a  dimensionless  form 
by  normalizing  the  dependent  and  independent  variables.  Two  advantages 
result:  (1)  the  equations  are  of  a  simpler  form  and  the  solutions  are 
more  general,  and  (2)  the  solutions  can  be  characterized  by  the  values 
of  parameter  groupings  which  are  dimensionless  and  fewer  in  number  than 
the  total  number  of  parameters.  The  normalization  is  a  process  by  which 
linear  substitutions  of  the  normalizing  coefficients  and  the 
dimensionless  variables  are  made  for  the  corresponding  dimensioned 
quantities. 

3.4  SOLUTION  OF  THE  DIMENSIONLESS  EQUATIONS 

Typicclly,  subsurface  transport  models  are  too  complicated  to  be 
solved  analytically,  so  numerical  solution  methods  are  employed.  The 
numerical  method  employed  In  this  work  is  a  finite  element  technique, 
belonging  to  the  family  of  weighted  residual  methods,  called  orthogonal 
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collocation  [Finlayson,  1980].  Orthogonal  collocation  has  been  used 
often  in  the  solution  of  column  models  [Raghavan  and  Ruthven,  1983; 
Crittenden  et  a?.,  1986]  and  has  only  recently  been  applied  to  two- 
dimensional  systems  [Im,  1988].  This  method  is  chosen  here  because  of 
prior  success  at  solving  column  equations  and  so  its  attributes  can  be 
evaluated  for  field  scale  equation  applications.  More  details  of  the 
application  of  orthogonal  collocation  are  given  in  the  sections  where  it 
is  applied  to  the  equations.  A  brief  mathematical  justification  for  its 
use  and  an  application  example  is  given  in  Appendix  B  of  a  thesis  by 
Gierke  [1986].  After  solving  the  general  form  of  the  different  system 
models,  the  dimensionless  equations  are  subsequently  simplified  by 
making  assumptions  about  the  importance  of  various  mechanisms  so  that 
analytic  solutions  can  then  be  used  to  verify  the  numerical  solution 
method. 

3.5  SIMPLIFICATION  OF  THE  GOVERNING  DIMENSIONLESS  EQUATIONS 

The  general  form  of  the  dimensionless  equations  that  describe  a 
specific  system  is  simplified  by  making  assumptions  about  the  impacts  of 
different  mechanisms.  All  of  the  analytic  solutions  assume  linear 
sorption  equilibrium.  Three  simplifying  assumptions  are  used  in  this 
work  to  obtain  analytic  solutions;  (1)  local  equilibrium  (cf.  Brusseau 
and  Rao  [1989]),  (2)  perfect  or  complete  mixing,  and  (3)  plug  flow.  The 
local  equilibrium  assumption  is  applied  by  assuming  that  volatilization 
and  intraaggregate  diffusion  rates  are  fast  in  comparison  to  mass 
transport  by  advection  and  dispersion.  Perfect  mixing  is  employed  in 
conjunction  with  he  local  equilibrium  assumption,  and  it  implies  that 
dispersion  and  diffusion  are  fast  enough  to  consider  the  contents  of  the 
system  as  completely  mixed.  Plug  flow  can  be  assumed  either  with 
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regards  to  water  flow  or  air  flow  by  ignoring  liquid  dispersion  or  gas 
diffusion,  respectively.  The  local  equilibrium  assumption  reduces  the 
number  of  partial  differential  equations  that  describes  a  system,  and 
given  simplified  boundary  and  initial  conditions,  it  can  lead  to 
analytic  solutions.  Likewise,  the  assumption  of  complete  mixing  leads 
to  a  single  mass  balance  and  analytic  solution  for  each  system.  The 
plug  flow  assumption  allows  an  analytic  solution  for  the  column  models. 
Different  levels  of  complexity  of  the  numerical  solution  codes  result 
from  the  implementation  of  various  combinations  of  these  assumptions. 

3.6  VERIFICATION  OF  THE  NUMERICAL  SOLUTION 

Verification  of  a  numerical  solution  is  attained  by  comparing  its 
calculations  of  a  simplified  condition  to  an  analytic  solution  matching 
this  condition.  For  example,  by  including  fast  rates  of  mass  transfer 
the  numerical  approximation  of  advection  (some  call  this  "convection") 
and  dispersion  can  be  compared  to  analytic  solutions  of  the  convection- 
dispersion  equation.  Similarly,  the  numerical  approximation  of 
interfacial  mass  transfer  or  intraaggregate  diffusion  can  be  compared  to 
a  plug  flow  solution  by  inputting  low  values  of  the  dispersion 
coefficients.  All  of  the  mechanisms  included  in  the  one-dimensional 
models  were  tested  with  at  least  one  analytic  solution.  The  two- 
dimensional  numerical  models  could  be  compared  to  the  perfect  mixing 
solution  or  the  convection-dispersion  solution  in  one-dimension  by 
ignoring  either  air  or  water  flow. 

The  complexity  of  analytical  solutions  varies.  A  perfect  mixing 
model  with  linear  equilibrium  relationships  can  be  computed  on  a  hand¬ 
held  calculator.  A  one-dimensional,  advection-dispersion  model  for 
finite  boundary  conditions  involves  the  computation  of  an  infinite 


24 


series  [Hashimoto  et  a?.,  1964].  Analytical  solutions  exist  for  some 
more  complex  models,  but  numerical  solutions  are  sometimes  faster 
[Crittenden  et  a/.,  1986].  Analytic  solutions  are  most  useful  for 
verifying  the  numerical  solution  of  a  more  complex  model. 

3.7  VALIDATION  OF  THE  MODEL 

The  validity  of  a  model  is  determined  by  comparing  calculations 
with  independently  determined  parameters  to  experimental  data.  The 
validation  step  is  divided  into  three  sections:  (1)  experimental  design, 
(2)  parameter  estimation,  and  (3)  model  predictions  and  fits  of  the 
experimental  results.  The  experimental  design  involved  constructing  an 
apparatus,  selecting  porous  media  and  chemicals,  and  determining  the 
system  conditions  such  as  flow  rates  and  degrees  of  saturation. 
Independently  determined  model  parameters  come  from  basic  soil  and 
chemical  properties,  direct  measurements,  literature  correlations,  and 
independent  experiments  such  as  batch  rate  studies.  Model  predictions 
are  calculations  using  independently  determined  parameters.  System 
specific  characteristics  or  a  lack  of  literature  correlations  for  some 
parameters,  such  as  dispersion  coefficients,  requires  some  fitting  of 
model  solutions  to  data.  When  model  fits  are  performed  then  it  is 
necessary  to  perform  more  experiments  to  validate  the  fit  parameters. 
Column  studies  are  performed  to  validate  the  column  models. 

Experimental  validation  of  the  two-dimensional  models  is  beyond  the 
scope  of  this  research. 
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SECTION  4.  MODEL  DEVELOPMENTS  AND  RESULTS 


The  model  development  approach  described  in  Section  3  is  applied 
to  the  one-  and  two-dimensional  systems  shown  in  Figure  2.1.  For  the 
one-dimensional  systems,  equations  are  derived  where  flow  proceeds 
axially,  such  as  depicted  in  Figures  2.1. a  and  2.1.b  (laboratory 
columns).  The  column  models  consider  transport  in  either  uniform  or 
aggregated-poruus  materials.  The  two-dimensional  systems  assume 
horizontal  air  flow  and  vertical  water  flow.  One  set  of  two-dimensional 
models  is  derived  for  the  cylinder  of  soil  depicted  in  Figure  2.1.C 
where  air  is  withdrawn  uniformly  along  the  axial  center  of  the  system 
(axially- symmetric,  radially-converging  flow),  the  other  for  the  block 
shown  in  Figure  2.1.d. 

A  complete  model  development  approach,  such  as  described  in 
Section  3,  consists  of  conceptualizing  the  geometry  of  the  system  and 
the  interaction  of  important  process  mechanisms,  equation  derivations, 
variable  normalization,  solution,  simplification  of  the  equations, 
solution  verification,  model  sensitivity,  and  validation.  This  approach 
is  performed  in  entirety  for  the  column  models.  The  two-dimensional 
models  are  not  validated  experimentally.  The  two-dimensional  models 
consider  fewer  mechanisms  than  the  column  models  due,  in  part,  to 
computational  convenience.  Nevertheless,  the  two-dimensional  model 
sensitivity  results  indicate  important  considerations  for  design  of  air 
flow  rates  and  vent  configuration,  for  further  vapor  extraction  model 
developments,  and  for  laboratory-  and  pi lot -scale  validation 
experiments. 

The  model  developments  reported  here  focus  on  describing  chemical 
transport,  and  less  attention  is  given  to  descriptions  of  air  and  water 
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flow.  Subsurface  heterogeneities,  such  as  layering,  are  not  included  in 
these  model  studies.  In  addition,  chemical  and  biological  reactions 
that  alter  the  form  of  a  contaminant  are  ignored.  Only  dilute  solutions 
are  considered  so  that  density  effects  could  be  ignored.  Controlled 
experiments  by  McClellan  and  Gillham  [1990]  indicate  that  the  removal  of 
the  organic  phase  of  trichloroethene  is  advection  dominant  and  that  mass 
transfer  limitations  become  important  in  the  latter  stages  of  cleanup 
where  the  dissolved  component  is  being  removed.  The  paragraphs  that 
follow  contain  brief  descriptions  of  the  mechanisms  that  influence  the 
migration  of  dilute  solutions  of  nondegradable  volatile  organic 
chemicals  in  homogeneous,  unsaturated  soil  systems  and  how  the  models 
consider  these  mechanisms. 

Natural  air  flow  in  unsaturated  soil  is  usually  slower  than  water 
flow,  but  it  is  becoming  common  practice  to  induce  higher  air  flows  for 
removing  volatile  contaminants  from  soil  [Bennedsen,  1987;  Hutzler  et 
al . ,  1989a].  Because  pressure  drops  associated  with  vapor  extraction 
are  small,  air  is  treated  as  an  incompressible  fluid  [Massmann,  1989; 
Croise  et  ah,  1989].  Massmann  [1989]  determined  under  what  conditions 
it  was  appropriate  to  use  ground-water  flow  models  to  predict  air- 
pressure  flow  fields  that  result  from  the  operation  of  a  vapor  removal 
system.  Coupling  air  flow  calculations  with  chemical  transport  and  fate 
was  beyond  the  scope  of  his  study.  Massmann  [1989]  determined  that  it 
was  valid  to  assume  incompressible  flow  of  air  for  total  pressure  drops 
of  less  than  50%.  This  conclusion  is  supported  with  numerical  studies 
by  Croise  et  ah  [1989]. 

Because  gas  diffusion  is  faster  than  liquid  diffusion  and  gases 
are  less  viscous  than  liquids,  changes  in  vapor  concentrations  can 
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develop  pressure  gradients  that  Induce  gas  flow.  Falta  et  a1.  [1989], 
Sleep  and  Sykes  [1989],  and  Mendoza  and  Frind  [1990]  modeled  the 
movement  of  gases  due  to  density  differences  resulting  from  the 
evaporation  of  volatile  contaminants.  Their  formulations  showed  that 
the  impact  of  density-driven  gas  flow  Is  greatest  In  high  permeability 
soils  {i.e.  permeabilities  greater  than  0.1  darcles  --  a  sand  and  gravel 
mix  has  a  permeability  between  1  and  100  darcles  [Massmann,  1989])  for 
contaminants  having  air-saturated  densities  greater  than  150%  that  of 
from  dry  air  (e.g.  air  saturated  with  carbon  tetrachloride).  Toluene 
vapor,  which  is  only  10%  heavier  than  dry  air,  shows  no  density  affects 
unless  the  permeability  Is  greater  than  30  darcys.  Their  calculations 
are  also  based  on  situations  where  there  Is  no  external  pressure- Induced 
flow  such  as  would  occur  with  vapor  extraction. 

In  the  vapor  extraction  model  derivations,  air  flow  Is  assumed  to 
occur  horizontally  either  at  a  uniform  rate  (trench  system)  or 
converging  radially  to  a  vertical  axis  (vertical  vent).  The  model 
developments  also  assume  that  the  air  Is  saturated  with  water  so  that 
moisture  content  remains  constant. 

Descriptions  of  unsaturated  water  flow  are  complicated  by 
hysteresis  and  the  variation  of  soil  properties  with  location.  In 
addition,  dynamic  environmental  conditions  such  as  atmospheric  pressure, 
ambient  temperature,  and  rainfall  events  alter  the  flow  of  water.  Air 
flow  also  affects  liquid  permeability.  Since  one  of  the  primary 
objectives  of  this  study  Is  to  compare  the  relative  Impacts  of 
mechanisms.  It  Is  advantageous  to  assume  constant  pressure,  temperature, 
and  wetting  conditions  and  assume  that  soil  properties  and  moisture 
profiles  are  uniform.  Moreover,  water  and  air  flow  are  assumed  to  be 
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steady.  Uierenga  [1977]  showed  that  when  analyzing  breakthrough  curves 
of  noninteracting  solutes  on  the  basis  of  cumulative  drainage,  transient 
and  steady  flow  calculations  give  similar  results. 

Dispersion  in  porous  media  is  attributed  to  the  combination  of  two 
effects:  molecular  diffusion  and  fluid  mixing.  In  water- saturated 
systems,  both  effects  may  contribute  to  the  total  dispersion  flux.  Gas 
diffusion  is  about  10,000  times  faster  than  liquid  diffusion  and,  thus, 
molecular  diffusion  is  more  important  than  the  fluid  mixing  component  in 
air  at  low  flow  (for  volatile  organic  chemicals  in  air,  low  flow  is 
defined  as  air  velocities  less  than  about  3  cm  s"^).  The  terms  gas 
dispersion  and  gas  diffusion  will  be  used  synonymously  throughout  this 
report,  and  gas  dispersion  will  be  considered  to  be  independent  of  gas 
flow  rate  in  the  radially-converging  extraction  models. 

Fickian-based  diffusion  is  the  most  common  mathematical 
description  of  liquid  dispersion  [van  Genuchten  and  Jury,  1987].  This 
description  is  where  the  dispersive  flux  is  the  product  of  a 
concentration-independent  dispersion  coefficient  and  the  concentration 
gradient.  Liquid  dispersion  is  a  function  of  the  moisture  content  and 
water  velocity,  and  its  impact  in  unsaturated  soil  is  much  greater  than 
in  saturated  [DeSmedt  et  a/.,  1986]. 

A  common  approach  for  describing  gas  diffusion  is  to  use  Pick's 
first  law  [Falta  ef  a/.,  1989;  Thortenson  and  Pollock,  1989;  Wilson  et 
a1.,  1988].  In  unsaturated  soil,  gas  dispersion  is  a  function  of  the 
air-filled  void  tortuosity,  which  varies  with  the  moisture  content 
[Millington,  1959].  Thortenson  and  Pollock  [1989]  imply  that  subsurface 
gas  diffusion  may  deviate  from  Pick's  law.  They  describe  calculations 
that  include  the  effects  of  wall  collisions  and  viscous  and  viscous-slip 
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flow  for  multicomponent  mixtures.  The  processes  they  consider  are 
important  when  describing  gas  transport  in  soils  where  a  pure  gas  is 
mixing  with  a  mixture  or  another  pure  gas.  When  the  mole  fraction  of 
the  diffusing  gas  is  less  than  about  20X,  mixing  is  primarily  due  to 
molecular  diffusion,  which  can  be  described  by  Pick's  law.  This 
modeling  effort  assumes  that  concentrations  are  dilute. 

Diffusion  in  immobile  water  has  been  shown  to  be  important  in 
saturated  soil  systems  [Nkedi-Kizzi  et  1982;  Crittenden  et  a/., 
1986;  Hutzler  et  a/.,  1986;  Roberts  et  a1 . ,  1987].  The  significance  of 
intraaggregate  diffusion  in  unsaturated  soil  is  thought  to  be  greater 
than  in  saturated  systems  [van  Genuchten  and  Uierenga,  1977;  van 
Genuchten  et  al.,  1977;  DeSmedt  et  a1.,  1986].  Diffusion  in  immobile 
water  zones  is  described  here  as  Fickian  diffusion  in  saturated 
micropores  contained  within  uniformly- si zed,  spherical  aggregates  [Rao 
et  a1.,  1982]. 

Mass  transfer  resistances  exist  at  the  boundaries  of  phases  such 
as  the  air-water  and  water-soil  interfaces  and  at  the  boundary  of  fluid 
layers  traveling  at  different  rates.  Mass  transfer  resistance  at  the 
air-water  interface  could  be  an  important  mechanism  in  fate  modeling  of 
volatile  pollutants  in  unsaturated  soil  [Sleep  and  Sykes,  1989].  Others 
have  ignored  its  impact  in  subsurface  transport  by  assuming  rapid  air- 
water  equilibrium  [Abriola  and  Finder,  1985b;  Lindstrom  and  Fiver,  1986; 
Corapcioglu  and  Baehr,  1987;  Mendoza  and  Frind,  1990].  Mass  transfer 
resistance  at  the  mobile- immobile  water  interface  (film  transfer)  has 
been  found  by  others  to  be  unimportant  in  saturated  soils  [Crittenden  et 
a7.,  1986;  Hutzler  et  a/.,  1986;  Roberts  et  a1.,  1987].  Others  have 
just  simply  dispensed  with  it  [Abriola  and  Finder,  1985b;  Lindstrom  and 
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Piver,  1986;  Corapcioglu  and  Baehr,  1987;  Sleep  and  Sykes,  1989]  or 
combined  it  with  intraaggregate  diffusion  [van  Genuchten  and  Wierenga, 
1977].  Nicoud  and  Schweih  [1989]  claim  that  it  may  be  the  predominant 
mechanism  if  the  description  of  mobile-immobile  mass  transfer  is 
performed  correctly  by  accounting  for  the  distribution  of  particle  sizes 
instead  of  using  the  mean  diameter  as  was  done  in  work  by  others 
[Crittenden  et  al.,  1986;  Hutzler  et  a?.,  1986;  Roberts  et  a7.,  1987]. 
Air-water  and  mobile- immobile  water  mass  transfer  are  included  in  the 
column  models  to  test  their  impact  on  chemical  movement  in  laboratory 
columns.  Mathematically  they  are  treated  following  film  theory  [cf. 
Finlayson,  1980].  The  resistance  to  mass  transfer  at  the  soil -water 
interface  is  considered  here  to  be  small  compared  to  the  diffusive 
resistance  of  chemicals  in  the  liquid  phase. 

Retardation  or  the  rate  of  movement  of  a  chemical  profile  relative 
to  the  rate  of  water  or  air  movement  is  a  function  of  the  solute  phase 
distribution  at  equilibrium.  Sorption  tends  to  retard  chemical 
movement.  Organic  chemicals  can  sorb  to  soil  either  by  mineral 
adsorption  or  partitioning  (dissolution)  into  soil  organic  material 
[Burchill  et  al.,  1981;  Hamaker  and  Thompson,  1972].  Mineral  adsorption 
in  water- saturated  situations  is  usually  negligible  for  nonpolar  species 
because  of  the  competition  of  polar  water  molecules  [Hassett  et  al., 
1983].  The  equilibrium  relationship  is  linear  for  chemicals  that 
dissolve  from  aqueous  solution  into  soil  organic  material  [Burchill  et 
al.,  1981].  That  is,  water-phase  concentrations  are  proportional  to  the 
sorbed-phase  concentrations.  In  saturated  soil,  most  sorption  of 
nonpolar  organics  onto  soil  is  linear  [Hassett  et  al.,  1983;  Karickhoff 
et  al.,  1979;  Hutzler  et  al.,  1986].  Freundlich  adsorption  equilibrium 
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[Freundllch,  1922]  is  used  in  the  column  models  to  allow  for  nonlinear 
adsorption  equilibrium.  Nonlinear  adsorption  of  organic  vapors  has  been 
observed  for  dry  soils  [Chiou  and  Shoup,  1985].  The  column  models 
account  for  nonlinear  adsorption,  and  the  vapor  extraction  models  assume 
linear  partitioning  to  reduce  computation  times  and  because  sorption  is 
probably  linear  in  moist  natural  soils.  For  moist  conditions,  it  is 
assumed  that  the  soil  particles  are  completely  covered  by  water,  even  if 
only  by  several  molecular  layers,  so  that  adsorption  is  described  by  an 
aqueous-phase  isotherm  equation.  When  liquid  water  is  present, 
adsorption  of  vapors  onto  soil  is  probably  unimportant  [Roy  and  Griffin, 
1987]  because  soil  surfaces  are  usually  covered  by  water.  Others  have 
measured  moisture  impacts  on  sorption  [Chiou  and  Shoup,  1985;  Peterson 
et  a/.,  1988].  Peterson  et  a1.  [1988]  measured  the  sorption  of 
trichloroethene  vapors  on  a  laboratory-derived  aluminum  silicate 
material  with  a  humic  acid  coating.  They  measured  moisture  effects  up 
to  moisture  contents  of  12%;  however,  the  material  that  they  used  had  a 
surface  area  (200  m^  g*^),  which  is  comparable  to  granular  activated 
carbon  (800  m^  g*^)-  The  moisture  contents  they  achieved  probably  did 
not  coat  the  entire  surface  of  the  porous  material  and  so  vapor  sorption 
would  occur.  Granular  activated  carbon  also  shows  moisture  effects  for 
moisture  contents  lower  than  30%  [Okazaki  et  a7.,  1978].  Granular  soils 
have  much  lower  surface  areas  (30  m^  g"^)  and,  thus,  will  probably  be 
covered  entirely  by  water  at  moisture  contents  where  water  is  present  as 
a  liquid.  Liquid  water  was  not  present  in  the  studies  of  Chiou  and 
Shoup  [1985],  and  it  is  not  apparent  whether  liquid  water  was  present  in 
the  experiments  reported  by  Peterson  et  a/.  [1988]. 

Because  these  model  developments  assume  that  solution 
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concentrations  are  dilute,  air-water  equilibrium  is  described  by  Henry's 
law.  That  is,  a  linear  relationship  exists  between  the  water-phase  and 
air-phase  concentrations  which  is  analogous  to  the  linear  sorption 
equilibrium.  Most  volatile  organic  chemicals  of  environmental  concern 
are  only  slightly  soluble  in  water. 

The  remainder  of  this  section  incorporates  the  mechanisms 
described  above  into  models  for  describing  chemical  transport  in 
laboratory  columns  and  models  for  predicting  the  performance  of  single¬ 
extraction  vent  systems.  The  column  models  and  assumptions  regarding 
the  mechanisms  as  discussed  above  are  tested  against  experimental 
results.  The  vapor  extraction  models  are  used  to  examine  the 
applicability  of  extending  the  approach  used  for  developing  column 
models  to  field -scale  model  development  and  for  comparing  the  impacts  of 
the  transport  mechanisms,  the  air  withdrawal  rate,  and  vent 
configuration  on  the  performance  of  vapor  extraction. 

4.1  ONE-DIMENSIONAL  TRANSPORT  MODELS 

The  important  fate  mechanisms  are  studied  numerically  with  one¬ 
dimensional  transport  models  and  by  experimental  observation  with 
laboratory  columns.  The  column  models  account  for  water  as  the  only 
flowing  medium  or  for  air  and  water  flow  and  for  air  flow  alone.  The 
simultaneous  flow  model  is  derived  and  tested  first  and  followed  by  a 
similar  description  of  the  air  flow  or  vapor  extraction  column  model. 

The  column  model  sections  parallel  the  outline  given  in  the  approach 
section, 

4.1.1  Column  Model  for  Air  and  Water  Flow 

4. 1.1.1  Conceptual  Picture.  Figure  4. 1.1.1  is  a  conceptual 
picture  of  a  soil  column  that  is  used  for  the  model  development  that 
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follows.  The  mechanisms  being  considered  here  are:  (a)  air  and  water 
advectlon^  (b)  liquid  and  gas  dispersion  In  the  direction  of  flow,  (c) 
liquid  diffusion  In  pores  filled  with  Immobile  water,  (d)  mass  transfer 
resistance  at  the  air-water  and  the  mobile- Immobile  water  Interfaces, 
(e)  partitioning  among  the  air  and  water,  and  (f)  nonlinear  sorption 
from  aqueous  solution. 


Figure  4. 1.1.1.  Conceptual  picture  for  modeling  transport  In  soil 
columns  with  air  and  water  flow. 


The  model  Is  developed  to  describe  the  movement  of  a  volatile 
organic  contaminant  In  laboratory  columns  of  unsaturated  soil  where  the 
mechanisms  described  above  are  operative.  The  soil  system  Is  divided 
Into  the  three  zones  shown  In  Figure  4. 1.1.1:  mobile  or  Immobile  air, 
mobile  water,  and  aggregates  comprised  of  immobile  water  and  solid  soil 
particles.  Mass  balances  on  these  zones  result  In  three  partial 
differential  equations. 
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The  air  and  mobile-water  phases  depicted  In  Figure  4. 1.1.1  are 
assumed  to  be  continuous.  The  smallest  pores,  such  as  those  Inside 
aggregates,  contain  water  that  is  immobile.  If  the  water  content 
exceeds  the  field  capacity  of  the  soil,  water  will  flow  around  the 
aggregates  through  the  larger  pores  while  the  largest  pore  spaces  are 
filled  with  air.  Since  there  Is  no  theoretical  method  for  predicting 
the  fraction  of  Interphase  contact  between  air  and  Immobile  water  and 
between  air  and  mobile  water,  the  rate  of  air-water  mass  transfer  Is 
assumed  to  be  lumped  Into  a  single  transfer  rate  between  air  and  mobile 
water.  Therefore  It  Is  assumed  that  chemical  phase  transfer  occurs 
between  the  air  and  mobile  water  and  the  mobile  and  Immobile  water.  It 
Is  also  assumed  that  water  In  contact  with  soil  surfaces  Inside  an 
aggregate  Is  Immobile. 

4. 1.1.2  Derivation  of  the  Dimensioned  Equations.  A  mass  balance 
on  the  air  zone  results  In  the  following  equation: 

aCv(z,T)  a*Cv(z,T)  aCv(z,T) 

- -  - u  - 

aT  az*  az 

K|^a 
c(l-S) 

Equation  (4. 1.1.1)  accounts  for  the  change  In  vapor  concentration 
{Cy(Z,T))  with  respect  to  time.  The  terms  on  the  right  side  represent: 
gas  dispersion  or  diffusion,  gas  advectlon,  and  air-water  mass  transfer. 
The  notation  used  In  the  model  equations  Is  defined  In  Section  7. 

A  mass  balance  on  the  mobile-water  zone  results  In  a  similar 
expression  for  the  change  In  chemical  concentration  In  mobile  water: 


Cv(Z.T) 


-  Cb(Z,T) 


(4. 1.1.1) 
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acb(zj)  a2Cb(z,T)  'aCb(z.T)  Kii 

- E2 - V - + - 

81  81^  81  c(S-S^) 

+  - [Cp(R.Ra.Z,T)  -  Cb(Z,T)]  (4. 1.1. 2) 

The  terms  on  the  right  side  of  (4. 1.1. 2)  represent;  liquid  dispersion, 
liquid  advection,  mass  transfer  between  air  and  mobile  water,  and  film 
transfer.  The  mathematical  representation  of  mass  transfer  between  the 
mobile  and  immobile  water  in  (4. 1.1. 2)  assumes  that  an  aggregate 
centered  at  axial  position  Z  absorbs  chemical  at  a  rate  proportional  to 
the  deficit  between  the  immobile  water  concentration  at  the  aggregate 
surface  (Cp(R=»Ra,Z,T))  and  the  mobile-water  concentration  (Cb(Z,T)). 

This  representation  of  film  transfer  is  appropriate  when  the  axial  water 
concentration  gradient  {8Zy81)  is  small  across  an  aggregate  diameter. 

Figure  4. 1.1.1  shows  that  soil  aggregates  are  represented  by 
uniformly-porous  spheres  [Rao  et  aJ.,  1982]  within  which  the  aqueous 
chemical  concentration  in  the  micropores  is  at  equilibrium  with  the 
sorbed-phase  concentration  on  the  adjacent  soil  surface.  The  change  in 
the  total  intraaggregate  concentration  (Y(R,Z,T))  with  respect  to  time 
is  equal  to  the  rate  at  which  chemical  diffuses  through  the  internal 
pores: 


Cv{Z,T) 

- Cb{Z,T) 


aY(R,Z,T)  1  8  r  Dp€S,R*  aCp(R,Z,T) 


81  R*  aR  L  J 

where:  Y(R,Z,T) - Cp(R,Z,T)  +  Q(R,Z,T) 


(4. 1.1. 3) 


Like  (4. 1.1. 2),  (4. 1.1. 3)  assumes  that  changes  in  axial  water 
concentration  are  negligible  over  an  aggregate  diameter.  The  variable 
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Y{R,Z,T)  is  the  total  chemical  concentration  at  a  specific  radial 
position  within  an  aggregate  per  unit  mass  of  soil.  Q(R,Z,T)  is  the  mass 
of  chemical  sorbed  per  unit  mass  of  soil.  The  equilibrium  between  the 
aqueous  and  sorbed  phases  within  the  micropores  is  described  with  the 
Freundlich  [1922]  isotherm  equation: 

Q(R,Z,T)  =  KCp(R,Z,T)Vn  (4. 1.1. 4) 

The  initial  condition  for  solving  the  above  equations  can  be  any 
specified  concentration  profile  within  the  column.  Typically  for  soil 

columns  the  initial  concentrations  are  zero: 

C^(Z,T=0)  =  Cvi(Z),  typically  =  0; 

Cb(Z,T=0)  =  Cb^(Z),  typically  Cbi(Z)  =  0; 

Cp(R,Z,T=0)  =  Cp^(R,Z),  typically  Cp^CR.Z)  »  0; 
and 

q(R,Z,T=0)  =  Qi(R,Z)  =  KCpi(R,Z)Vn, 

thus 

fSi 

Y(R,Z,T=0)  =  -  Cpi{R,Z)  +  Q^(R,Z)  (4. 1.1. 5) 

Psd-O 

Boundary  conditions  for  (4. 1.1.1)  and  (4. 1.1. 2)  are  derived  from 
the  fact  that  soil  columns  are  closed  reactors  [Levenspiel,  1962].  It 
will  be  shown  later  that  analytical  solutions  of  the  model  exist  for 
simplified  conditions;  however,  for  the  general  case  shown,  a  numerical 
solution  method  is  necessary.  In  an  attempt  to  force  the  numerical 
method  to  conserve  chemical  mass,  overall  mass  balances  on  the  mobile- 
water  and  air  phases  are  used  for  two  of  tne  boundary  conditions.  The 
difference  between  the  mass  of  chemical  entering  and  leaving  the  column 


37 


by  advection  in  air  must  equal  the  mass  accumulating  in  the  air  minus  the 
mass  transferred  to  the  air  from  the  water: 


u[Cvo(T)  -  Cv(Z*L,T)]  =  - 


3 

31 


CMJ)3l 


L  KLa 

r  Cv{z,T)  ] 

Cb(Z,T)  - 

.0 

H 

31 


(4. 1.1. 6) 


The  difference  in  chemical  mass  entering  and  leaving  the  column  in 
water  must  equal  the  accumulation  in  the  water  and  in  the  aggregates  plus 
the  mass  transferred  to  the  air  from  the  water: 


3 

•L 

[  3ps(l-c) 

[Ra  1 

v[Cbo(T)  -  Cb(Z=L.T)]  =  - 

0 

Cb(Z,T)  +  - 

e(S-Si)Ra*  J 

Y(R,Z,T)R2dR 

0 

K|^a 


0 


Cb(ZJ)  - 


Cv(ZJ) 
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31 


(4. 1.1. 7) 


The  influent  concentration  in  the  water  (C|3o(T))  is  also  allowed  to  vary 
with  time. 

Exit  boundary  conditions  for  (4. 1.1.1)  and  (4. 1.1. 2)  are  the 
following  zero-gradient  conditions: 


a'Cv(Z=L,T) 

-  =  0 

3131 

a*Cb(Z>L,T) 

-  =  0 

3131 


(4. 1.1. 8) 

(4. 1.1. 9) 


One  boundary  condition  for  (4. 1.1. 3)  results  from  symmetry;  that 
is,  no  concentration  gradient  exists  at  the  center  of  an  aggregate: 
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f 


(4.1.1.10) 


aCp(R=o,zj) 

- -  0 

dR 

Symmetry  is  based  on  the  assumptions  of  spherical  aggregates  and  that 
axial  changes  in  chemical  concentration  are  small  across  an  aggregate 
diameter. 

The  other  boundary  condition  for  (4. 1.1, 3)  is  derived  by  performing 
a  mass  balance  on  an  aggregate.  A  change  in  mass  of  chemical  in  an 
aggregate  is  equal  to  the  mass  transferred  to  the  aggregate  from  the 
mobile  water: 

d  f^a  kfRa2[l-f(l-S4l] 

-  Y(R,Z,T)R2dR  =  -  [Cb(Z.T) 

31  Jo  As(l-0 

-  Cp(R=Ra,Z,T)]  (4.1.1.11) 

Equation  (4. I. I. 11)  is  consistent  with  the  assumption  used  to  represent 
film  transfer  in  (4. 1.1. 2).  Like  (4. 1.1. 6)  and  (4. 1.1. 7),  (4.1.1.11) 
attempts  to  conserve  mass  during  the  numerical  solution  of  the  model 
equations. 

4. 1.1. 3  Conversion  to  Dimensionless  Form.  To  reduce  the  complexity 
of  the  equations,  so  that  model  solutions  could  be  based  on  and 
characterized  by  fewer  parameters,  the  dimensioned  equations  derived 
above  are  converted  to  a  dimensionless  form.  Dimensionless  equations 
result  from  substitutions  of  the  terms  in  the  middle  column  of  Table 
4.1,1.!  into  (4.1.1.1-11).  Dimensionless  time  or  throughput  (t)  is 
defined  by  assuming  that  a  soil  column  is  initially  free  of  chemical  and 
that  the  influent  concentrations  are  constant  and  in  equilibrium  (Cbo(f) 

=  Cbp,  Cyo(T)  -  HCbn).  Throughput  is  equal  to  the  ratio  of  chemical 
mass  fed  to  the  mass  contained  in  the  column  at  equilibrium  with  C^p. 
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Dimensionless  concentrations  are  derived  by  dividing  a  particular  phase 
concentration  by  its  concentration  in  equilibrium  with  Cj,n.  Axial 
position  (Z)  is  normalized  by  the  column  length  (L),  and  radial  position 
(R),  by  the  aggregate  radius  (Rj). 

Table  4. 1.1.1.  Variable  Substitutions  to  Convert  Dimensioned 
Equations  into  a  Dimensionless  Form. 

Dimensioned  Dimensionless 

Variable  Substitution  Variable 


Cb{Z.T) 

^bn 

Cb(Z.T) 

Cp(R.Z,T) 

^bn 

Cp(R.Z,T) 

Cp(R.Z,T) 

Cv(Z,T) 

Cyn  ^v(Z»T) 

Cv(Z,T) 

Y(R,Z,T) 

^n 

y{R.z,T) 

y(R,z.T) 

Cbi(Z) 

^bn  ‘^bi^^J 

Cbi(Z) 

Cpi(R,Z) 

^bn 

Cpi(R,Z) 

Cpi(R,Z) 

O 

< 

Cvn  Cvi(Z) 

CyiCZ) 

Cbo(T) 

^bn  ^bo^^J 

Cbo(T) 

Cvo(T) 

^vn  Cvo(T) 

Cvo(T) 

Z 

L  z 

z 

R 

Ra»* 

r 

V 

T 

L 

u(l-S)H  ■ 

1  +  - 

v(S-Si)  ^ 

S  (l-S)H 

1  +  -  +  - 

S-S^  S-S^ 

Psd-OKCbn^/'’-^  ■ 
f(S-Si) 

-1 

t  t 

Note:  Cvn  =  HCbn  and  -  cS^Cbn[Ps(l-0]‘^  +  KCbn^/". 
where  Cbn  -  max(Cbo(T) ,Cbi (Z)) . 

Column  model  predictions  in  terms  of  relative  (dimensionless) 
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concentration  as  a  function  of  dimensionless  time  (throughput)  are 
characterized  by  the  groups  defined  in  Table  4. 1.1. 2.  These  groups 
represent  mass  transfer  mechanisms  and  chemical  distributions  at 
equilibrium.  Because  water  is  the  most  common  transport  medium  in  soil, 
the  mass  transfer  groups  are  based  on  the  rate  of  mass  transport  by  water 
advection,  and  the  chemical  distribution  groups  are  based  on  chemical 
mass  in  mobile  water.  In  the  design  and  operation  of  vapor  extraction, 
water  flow  is  minimized  while  air  flow  is  induced.  Therefore  in  the 
model  development  sections  following  these  sections  on  simultaneous  air 
and  water  transport,  mass  transfer  and  transport  rates  and  equilibrium 
are  normalized  by  air  advective  rates  and  mass  of  chemical  in  air. 

The  magnitudes  of  five  of  the  mass  transfer  groups  (air  Peclet  (Pe^), 
mobile-water  Peclet  (Pej,),  immobile-water  diffusion  modulus  (Edp), 
mobile- immobile  water  Stanton  (Stb).  air-water  Stanton  (Sty))  represent 
the  degree  of  spreading  exhibited  by  a  breakthrough  curve  [Crittenden  et 
a/.,  1986).  A  large  value  of  any  of  these  groups  indicates  a  small 
contribution  from  the  corresponding  mechanism  towards  the  observed 
spreading.  For  example,  a  large  value  of  Pej,  means  that  transport  by 
liquid  dispersion  is  slow  in  comparison  to  that  by  water  advection,  and 
therefore  liquid  dispersion  is  not  important.  An  increase  in  the  air- 
water  advective  flux  ratio  (Ar)  has  the  same  effect  as  increasing  Pe^ 
and  Pey  and  decreasing  Stj,,  Sty,  and  Edp.  The  chemical  distribution 
groups  (immobile  water  (Dgp),  sorbed  (Ogj),  vapor  (Dgy))  and  the 
isotherm  intensity  (1/n)  impact  spreading  because  they  determine  the 
amount  of  chemical  in  a  given  phase.  Only  Ar,  Ogj,  Dgy,  and  1/n  affect 
the  magnitude  of  the  retardation  coefficient  (Rj).  If  1/n  is  not  equal 
to  1,  then  is  also  dependent  on  concentration. 
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Table  4. 1.1. 2.  Definitions  of  Dimensionless  Groups 


Definition 


Equation 


Hass  Transfer  Groups : 


rate  of  advection  in  air 
rate  of  advection  in  nobile  water 
rate  of  diffusion  in  innobile  water 
rate  of  advection  in  mobile  water 
rate  of  advection  in  mobile  water 
rate  of  axial  dispersion  in  mobile  water 
rate  of  advection  in  mobile  water 
rate  of  axial  dispersion  in  air 
total  advective  flux  in  air  and  in  water 
total  dispersive  flux  in  air  and  in  water 
rate  of  transport  across  mobi le-innobi 1e  water  interface 
rate  of  advection  in  mobile  water 
rate  of  transport  across  air-mobile  water  interface 


rate  of  advection  in  mobile  water 


Pefa-l  .  Pe/1 
v€(S-Sj)R3 


3v«(S-Sj) 


Chemical  Distribution  Groups: 


mass  of  chemical  in  innx>bi1e  water 
mass  of  chemical  in  mobile  water 
mass  of  chemical  adsorbed  to  soil 
mass  of  chemical  in  mobile  water 
mass  of  chemical  in  air 
mass  of  chemical  in  mobile  water 
mass  of  chemical  in  air.  in  iimcbile  water,  and  on  soil 
mass  of  chemical  in  mobile  water 
velocity  of  chemical  front 


velocity  of  water 
isotherm  intensity 


e(S-S,) 


Dgp  +  DDs  +  OQy 


(1+Ar)(l+Dgp) 


The  dimensionless  forms  of  the  air  mass  balance  (equation 
(4. 1.1.1))  and  Its  boundary  conditions  (equations  (4. 1.1. 6)  and 
(4. 1.1. 8))  are 
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3Cy{Z,t) 


at  Dgw[l  +  Ar]  [  Pe„  dz 


1  +  Dg  r  1  a2cy(z,t)  acw(z,t) 
- - Ar - 


-  3Sty[Cy{Z,t)  -  Cb(z,t)]  (4.1.1.12) 


Cvo(t)  -  Cv(z=l,t) 


Dgy[l  +  Ar]  3 


1.  f 

+  Og]  at  Ji 

3Stv 

-  - b 

Jo  Ar 


Cy(z,t)az 


a2Cy(Z=l,t) 


[Cb(2,t)  -  Cy(z,t)]az  (4.1.1.13) 


(4.1.1.14) 


In  dimensionless  form,  the  mobile-water  mass  balance  (equation 
(4. 1.1. 2))  and  its  boundary  conditions  (equations  (4. 1.1. 7)  and 
(4. 1.1. 9))  become 


acb(2,t)  1  +  Dg  r  1  a2cb(z,t)  acb(z,t) 


at  1  +  Ar  [  Peb  az 


+  3Stv[Cy(z,t)  -  Cb(z,t)] 


+  3Stb[Cp(r»l,z,t)  -  Cb(z,t)]  (4.1.1.15) 


1  +  Ar  a  r 

Cbo(t)  -  Cb(z=l,t)  - - Cb(z,t)  +  3[DgD 

1  +  Og  at  Jo  L 

‘1  rl 

+  Ogj]  y(r,z,t)r2dr  az  +  3Sty[cb(z,t)  -  Cy(z,t)]az 

•  0  J  Jo 


a*Cb(z-i,t) 


(4.1.1.16) 


(4.1.1.17) 


The  dimensionless  form  of  the  intraaggregate  mass  balance 
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(equation  (4. 1.1. 3))  is 


ay(r,z,t)  Edp[l  +  Dg]  1  3  [  acp(r,z,t)  ] 

-  =  - - - r*  — -  (4.1.1.18) 

3t  [Dgp  +  Dg5][l  +  Ar]  r*  3r  [  Sr  J 


The  dimensionless  total  intraaggregate  concentration  must  satisfy 


DgpCp(r,z,t)  +  DgsCp(r,z,t)Vn 

y(r,z,t)  =  — -  (4.1.1.19) 

Dgp  +  Dgs 

Equation  (4.1.1.18)  is  obtained  by  substituting  (4. 1.1. 4)  into  the 
definition  of  Y(R,Z,T)  and  dividing  the  result  by  the  total 
intraaggregate  concentration  in  equilibrium  with  C^p.  For  1/n  equal  to 
1,  (4.1.1.19)  reduces  to  y(r,z,t)  =  Cp(r,z,t).  The  dimensionless  form 
of  the  boundary  conditions  (equations  (4.1.1.10)  and  (4,1.1.11))  for  the 
intraaggregate  mass  balance  are 


acp(r«0,z,t) 

-Ji -  .  0 

dr 


(4.1.1.20) 


Stb[Cb(z,t)  -  Cp(r=l,z,t)] 


+  0gs][l  +  Ar]  d 

-  y(r,z,t) 

[1  +  Dg]  at  Jo 


r^dr  (4.1.1.21) 


The  dimensionless  initial  condition  for  solving  (4.1.1.12), 
(4.1.1.15),  and  (4.1.1.18)  is 


Cv(z,t-0)  -  Cv^(z);  Cb(z,t-0)  -  05^ (z);  and 

Cp(r,z,t-0)  -  Cpi(r,z)  (4.1.1.22) 

The  initial  condition  is  set  by  specifying  Cv^(z),  Cbi(z),  and  Cp^{r,z). 
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Equation  (4.1.1.19)  is  used  to  determine  y{r,z,t-0).  Typically,  a 
continuous  concentration  profile  is  specified,  that  is  Cy^(z)  »  Cb^(z)  = 
Cpi(r-l,z);  and  for  an  initial  uniform  concentration  throughout, 
Cyi{0<z<l)  =  Cbi(0<z<l)  =  Cp^(0^r<l,0^z^l)  -  0  (for  breakthrough  or 
contamination)  or  1  (for  elution  or  cleanup). 

Converting  the  model  into  a  dimensionless  form  reduces  the  number 
of  parameters  that  characterize  a  solution  from  17  (a.  Dp,  Ey,  E^,  H,  K, 
kf,  Kl,  L,  1/n,  Rj,  S,  Si,  u,  v,  £,  Pj)  to  10  (Ar,  Dgp,  Dgg,  Dgy,  Edp, 
1/n,  Pejj,  POy,  Stfj,  Sty).  It  is  also  easier  to  characterize  a  solution 
in  terms  of  these  groups.  Five  groups  (Edp,  Pe^,  POy,  St^,,  Sty)  affect 
only  the  shape  of  a  breakthrough  curve.  The  impact  of  Ar,  Dgp,  Dg^,  and 
Dgy  is  primarily  on  position.  Nine  dimensioned  parameters  (H,  K,  L, 

1/n,  S,  u,  V,  €,  pj)  impact  both  shape  and  position;  the  other  eight 
affect  only  the  shape. 

4. 1.1. 4  Numerical  Solution.  The  dimensionless  form  of  the  column 
model  (equations  (4.1.1.12-22))  is  solved  numerically  by  converting  the 
partial  differential  equations  (POEs)  to  a  system  of  ordinary 
differential  equations  (DDEs).  Orthogonal  collocation  (DC),  a  method  of 
weighted  residuals,  lends  itself  well  to  converting  similar  types  of 
PDEs  to  systems  of  ODEs  [Raghavan  and  Ruthven,  1983;  Crittenden  et  al . , 
1986].  The  resulting  set  of  ODEs  can  then  be  solved  by  a  number  of 
standard  techniques. 

Raghavan  and  Ruthven  [1983]  used  OC  to  solve  equations  similar  to 
those  comprising  the  general  model  except  that  a  different  inlet 
condition  was  used  in  their  formulation.  The  inlet  boundary  condition 
they  imposed  required  an  iterative  solution  method  which  involved 
guessing  the  inlet  concentration.  The  boundary  conditions  employed  here 
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(equations  (4.1.1.13),  (4.1.1.16),  and  (4.1.1.21))  avoid  the  iterative 
step,  and  they  help  conserve  chemical  mass  during  the  process  of 
numerically  solving  the  model. 

Weighted  residual  methods  allow  separation  of  the  time  and  \jatial 
dependency  of  a  PDE  by  approximating  the  exact  solution  with  a  series  of 
products  of  time-varying  coefficients  and  spatial  basis  or  trial 
functions.  The  collocation  method  requires  that  the  residual  between 
the  numerical  approximation  of  the  PDE  and  its  exact  value  be  orthogonal 
to  the  Dirac  delta  function  at  specified  collocation  points.  This 
results  in  the  residuals  being  zero  at  the  collocation  points 
[Finlayson,  1980]. 

Orthogonal  collocation  employs  orthogonal  polynomials  as  basis 
functions  and  specifies  that  the  collocation  points  be  located  at  the 
roots  of  a  basis  function.  The  polynomials  are  constructed  orthogonal 
to  each  other  with  respect  to  a  weight  function.  The  weight  functions 
used  in  the  construction  of  the  polynomials  for  the  different  equations 
are  chosen  to  satisfy  boundary  conditions  and/or  to  make  the  numerical 
solution  stable. 

Application  of  DC  to  the  air  and  mobile-water  mass  balances  and 
the  corresponding  boundary  conditions  (equations  (4.1.12)-(4.1.1.17)) 
yields  2J  DDEs,  where  J  is  the  number  of  axial  collocation  points. 
Additional  DDEs  (Jxl,  where  I  is  the  number  of  radial  collocation 
points)  are  produced  by  the  application  of  DC  to  the  intraaggregate  mass 
balance  and  its  boundary  conditions  (equations  (4.1.1.18),  (4.1.1.20), 
and  (4.1.1.21)).  Figure  4. 1.1.2  Is  a  general  schematic  of  the  DC 
descretization  of  the  solution  domain  and  shows  the  coupling  of  the 
DDEs.  The  resulting  system  of  DDEs  Is  solved  using  an  algorithm  called 
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GEAR,  which  can  be  found  in  the  International  Hathematics  and  Scientific 
Library  (IMSL).  The  application  of  OC  is  shown  below  in  the  order  in 
which  GEAR  receives  the  derivatives. 

The  application  of  OC  to  (4.1.1.18)  results  in: 


dy(i,j,t)  Edp[l  +  Dg]  I  ^ 

=  2  B  Cp(n,j,t) 

dt  [Dgp  +  0g5][l  +  Ar]  n=l 


(4.1.1.23) 


Figure  4. 1.1. 2  shows  that  (4.1.1.23)  is  evaluated  at  I-l  radial 
collocation  points  at  each  axial  collocation  point  (j  =  1  to  J).  p 
is  a  member  of  an  OC  coefficient  matrix  for  spherical  geometry  that  is 
used  to  approximate  the  Laplacian  of  Cp(r,z,t).  This  matrix  is 
constructed  from  a  set  of  symmetric  Jacobi  polynomials  that  represent 
the  radial  dependence  of  Cp(r,z,t).  The  radial  orthogonal  polynomials 
are  constructed  with  only  even  powers  of  r  up  to  degree  21  using  a 
weight  function  of  l-r^  over  the  interval  of  r  from  0  to  1.  The 
internal  radial  collocation  locations  shown  in  Figure  4. 1.1. 2  are  the 
positive  roots  of  the  2(1-1)  degree  polynomial  and  lie  between  0  and  1. 
Because  the  matrix  is  symmetrical,  (4.1.1.20)  is  satisfied  by  the 
application  of  OC  to  (4.1.1.18)  [Finlayson,  1980]. 

Applying  OC  to  (4.1.1.21)  and  solving  for  the  change  in  the  total 
intraaggregate  concentration  at  r  equal  to  1  leads  to  the  following 
condition  at  the  aggregate  surface: 
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Equation  (4.1.1.24)  is  evaluated  at  a11  axial  collocation  locations. 

U'^p  Is  a  member  of  a  coefficient  vector  that  is  used  in  the  quadrature 
approximation  of  the  radial  integrals.  is  nonzero  because  a  weight 
factor  of  l-r^  is  used  for  the  construction  of  the  radial  basis 
functions  [Finlayson,  1980]. 


Figure  4. 1.1. 2.  General  schematic  showing  the  coupling  of  the  ordinary 
differential  equations  resulting  from  the  application  of  orthogonal 
collocation  to  the  partial  differential  equations  comprising  the  column 
model.  The  number  of  radial  points  is  I  and  number  of  axial  is  J. 
Equation  numbering  is  in  parentheses. 


The  application  of  OC  to  the  air  and  mobile-water  mass  balances 
(equations  (4.1.1.12)  and  (4.1.1.15))  gives  the  following  equations: 


48 


dCv(j,t)  1  +  Dg 


dt  [1  +  Ar]Dgy 


a 

2 

m=l 


-  Ar  A^ 


Pe. 


Cw(ni,t) 


-  3Stv[Cv(j,t)  -  Cb(j,t)] 


(4.1.1.25) 


dC5(j,t)  1  +  Dg 


dt 


1  +  Ar 


J 

2 

m=l 


Peb 


-  A^ 


J.m 


Cb{m,t) 


+  3Stv[Cv(j,t)  -  Cb(j,t)]  +  3Stb[cb(j,t)  -  Cp(IJ,t)] 


(4.1.1.26) 


Equations  (4.1.1,25)  and  (4.1.1.26)  are  evaluated  at  the  J-2  internal 
axial  collocation  locations  shown  in  Figure  4. 1.1. 2  (j  =  2  to  J-1), 
A^j.m  and  ^  are  members  of  OC  coefficient  matrices  for  planar 
geometry  that  are  used  to  approximate  the  first  and  second  spatial 
derivatives,  respectively,  of  Cb(z,t)  and  Cy(z,t).  These  matrices  are 
obtained  from  a  set  of  asymmetric  Jacobi  polynomials  that  represent  the 
axial  dependence  of  Cb(2,t)  and  Cy(z,t),  The  axial  orthogonal 
polynomials  are  constructed  up  to  degree  J-1  using  a  weight  factor  of 
z(l-z)  over  the  interval  0  to  1.  The  locations  of  the  internal  axial 
collocation  points  shown  in  Figure  4. 1.1.2  are  the  roots  of  the  J-2 
degree  orthogonal  polynomial.  The  boundary  conditions  for  (4.1.1.12) 
and  (4.1.1.15)  are  located  at  J  equal  to  1  and  J. 

Entrance  conditions  are  obtained  by  using  OC  to  convert 
(4.1.1.13),  (4.1.1.14),  (4.1.1.16),  and  (4.1.1.17)  to  DDEs  and  solving 
for  the  derivatives  at  j  equal  to  1: 
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dcv{l,t) 

'  —  —  s 

dt 

J  St, 

+  2  - 

m=l  Ar 


W^i  -  W^.- 


Aj,l' 


-1 


[cjj(in,t)  —  Cy(in5t)] 


'  Ar[l  +  Dg] 
Dg,[l  +  Ar]  [ 


J-1 
-  2 
m»2 


J,in 


az 


J,J  J 


dc,(tn,t) 
dt 

(4.1.1.27) 


dcbd.t) 

dt 


W^i  -  W^- 


A^ 


J.l 


A2 


J,J  J 


-1 


-  2  St,  [Cb(m,t)  -  c,(in,t)] 
m=l 


1  +  Dg 

1  +  Ar 

J-1 
-  2 
in=2 


[Cbi(t)  -  CbCJ.t)] 


• 


az 


J,m 


AZ 


J,J  J 


J  1  dy(p,in,t) 

-  3[Dgp  +  Dgsl  2  2  W^p  - 

^  m=l  p=l  dt 


dCb(m,t) 

dt 

(4.1.1.28) 


is  a  member  of  a  coefficient  vector  that  is  used  in  the  quadrature 
approximation  of  the  axial  integrals.  and  W^j  are  nonzero  because  a 
weight  factor  of  2(l-z)  is  used  in  the  generation  of  the  axial  basis 
functions  [Finlayson,  1980].  The  exit  (j  -  J)  conditions  are  then 


dc,(J,t)  J-1  A^j  dCy(m,t) 

-  -  -  2  - 2 - - -  (4.1.1.29) 

dt  m=l  A^j  J  dt 


dCb(J,t)  J-1  A^j  „  dCb(m,t) 

-  -  -  2  - ^ - - -  (4.1.1.30) 

dt  m-1  A^j  J  dt 


Evaluations  of  (4.1.1.23-30)  are  made  after  solving  (4.1.1.19)  for 
Cp(r,z,t)  at  each  of  the  radial  collocation  points: 


DgpCp(i J.t)  +  DgsCp(i,j,t)^/" 

y(i,j,t)  -  - - -  (4.1.1.31) 

Dgp  +  Dgs 


For  1/n  not  equal  to  1,  values  of  Cp(i,j,t)  are  determined  with  a  root 
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finding  subroutine  called  DZBREN,  which  also  is  an  IMSL  algorithm,  and 
for  1/n  =  1,  y(i,j,t)  =  Cp(i,j,t). 

Initially  (t=0),  (4.1.1.22)  is  used  for  concentration  values  at 
all  of  the  collocation  points: 


Cv(j»t=0)  =  Cyj(j), 

Cb(j.t-O)  =  Cbi(j), 

Cp(i,j,t=0)  =  Cpi(iJ)  =>  yi(i,j)  from  (4.1.1.31), 
or,  typically, 


Cv(j.t=0)  =  ci3(j,t=0)  =  y(i,j,t=0)  = 


0  (breakthrough) 
1  (elution) 


(4.1.1.32) 


Condition  (4.1.1.32)  is  used  in  (4.1.1.23-30)  to  calculate  the  initial 
derivatives;  the  derivatives  are  sent  to  GEAR,  and  GEAR  returns  values  of 
y(1J,t),  Cb(j,t),  and  Cy(j,t);  (4.1.1.31)  is  solved  for  Cp(i,j,t);  and 
the  algorithm  is  repeated  until  the  desired  throughput  is  reached. 

4. 1.1.5  Model  Simplifications  and  Corresponding  Solutions.  Even 
though  the  general  form  of  the  column  model  is  solved  numerically,  exact 
solutions  can  be  obtained  when  1/n  is  equal  to  1,  certain  mass  transfer 
mechanisms  are  unimportant,  and  different  boundary  conditions  are  used. 

In  the  following  section,  verification  of  the  numerical  solution  of  the 
column  model  is  reported.  The  numerical  solution  method  is  verified  by 
comparing  its  calculations  to  the  analytic  solutions  given  below  for  a 
series  of  special  cases.  There  are  two  assumptions  that  are  commonly 
employed  in  column  models  that  simplify  the  equations  derived  above. 

The  local  equilibrium  assumption  is  the  most  common  in  ground  water 
quality  modeling,  and  the  plug  flow  assumption  is  used  more  often  in 
trickle-bed  reactor  analysis. 
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Local  Eoui librium  Assumption.  When  the  mechanisms  affecting  the 
rates  to  chemical  equilibrium  between  phases  are  fast  in  comparison  to 
chemical  movement  in  the  direction  of  air  and  water  flow,  then  a 
condition  of  local  equilibrium  is  said  to  exist  [Brusseau  and  Rao, 

1989],  It  was  assumed  in  the  model  development  that  three  mechanisms 
affect  the  time  to  equilibrium  between  the  air,  water,  and  soil  phases: 
air-water  mass  transfer,  mobile- immobile  water  mass  transfer,  and 
intraaggregate  diffusion.  Therefore  when  the  magnitudes  of  Sty,  St^,, 
and  Edp  are  large  in  comparison  to  Pej,  or  Pey  the  model  will  simulate 
local  equilibrium.  Chemical  concentrations  in  the  air  and  on  the  soil 
can  be  determined  from  the  water  concentration  when  local  equilibrium 
exists  by  the  following  equilibrium  relationships: 

Cy(Z,T)  -  HCb{Z,T) 

Cp(0<R5Ra,Z,T)  =  Cb{Z,T) 

Q(0<R^Ra,Z,T)  =  KCb(Z,T)l/n  (4.1.1.33) 

Throughout  the  remainder  of  this  report,  when  local  equilibrium  is 
assumed  then  it  is  also  assumed  that  (4.1.1.33)  is  satisfied  and  that 
1/n  is  equal  to  1. 

A  mass  balance  across  all  phases  in  a  column  where  local 
equilibrium  exists  results  in  the  following  expression  in  terms  of 
dimensionless  water  concentration: 

acb(z,t)  1  a*Cb(z,t)  acb(z,t) 

— - - - - - -  (4.1.1.34) 

at  Pe  az*  az 

The  three  mass  balances  in  the  general  model  reduce  to  one  (equation 
(4.1.1.34))  because  Cy(Z,T),  Cp(R,Z,T),  and  Q(R,Z,T)  are  determined 
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according  to  (4.1.1.33).  The  three  mass  transfer  groups  that  are 
important  are  combined  into  one  Peclet  number  (Pe).  As  listed  in  Table 
4. 1.1. 2,  Pe  represents  the  ratio  of  mass  transport  by  air  and  water 
advection  to  mass  transport  by  dispersion  in  both  fluids.  Equation 
(4.1.1.34)  is  the  classical  convection-dispersion  equation  most  commonly 
used  in  subsurface  transport  modeling  [van  Genuchten  and  Jury,  1987]. 

The  assumption  of  local  equilibrium  is  used  here  to  verify  the  numerical 
approximation  of  gas  and  liquid  dispersion  in  the  general  model. 

Various  solutions  of  (4.1.1.34)  can  be  obtained  by  changing  the 
boundary  conditions.  The  conditions  that  are  used  for  the  general  model 
assume  that  the  column  acts  as  a  closed  reactor  [Levenspiel,  1962]  and 
are  used  to  simplify  the  numerical  solution.  Closed  reactor  boundary 
conditions  for  (4.1.1.34)  that  enable  an  analytic  solution  to  be 
obtained  are  those  proposed  by  Danckwerts  [1953]: 


1  -  cb(z=0+,t) 


1  8cb(z=0+,t) 
Pe  dz 


(4.1.1.35) 


acb(z=l,t) 

-  -  0 

dz 


(4.1.1.36) 


Equation  (4.1.1.35)  assumes  that  the  influent  chemical  concentration  is 
constant  (Cbi(t)  =1).  The  initial  condition  to  be  used  for  obtaining 
an  analytic  solution  is 

Cb(z,t-0)  -  0  (4.1.1.37) 

For  Pe  less  than  2,  the  solution  of  the  convection-dispersion 
equation  approaches  a  completely  mixed  reactor  solution  [Brenner,  1962], 
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and  so  the  solution  of  (4.1.1.34)  approaches 


Cb(0<Z5l,t)  -  1  -  exp[-t)  (4.1.1.38) 

A  breakthrough  curve  described  by  (4.1.1.38)  represents  the  maximuin 
observed  spreading  caused  by  dispersion. 

In  general,  the  solution  of  (4.1.1.34)  constrained  by  conditions 
(4.1.1.35-37)  is  [Hashimoto  et  al.,  1964]: 


1  PeV2(i.t) 

Cb(z=l,t)  =  -  erfc  - — — 

2  2tl/2 


—  exp(Pe)  erfc 
2 


L  2tl/2 
Pel/2(l+t) 
2tV2 


+  3(Pe  t)^/^  exp(Pe)  ierfc 


-  2(Pe  t)  exp(Pe)  i^erfc 


+  4(Pe  t)l/2  exp(3Pe/2)  ierfc 


-  16(Pe  t)  exp(3Pe/2)  i^erfc 


+  20(Pe  t)3/2  exp(3Pe/2)  iVfc 


-  8(Pe  t)^  exp(3Pe/2)  i^erfc 


■  PeV2(i+t)  ■ 

2tl/2 

Pe^/^^l+t)  - 

2tl/2 

Pel/2(2+t)  ■ 

2tl/2 

PeV2(2+t)  ■ 

"  2tV2" 

PeV2(2+t)  ■ 

L  “2tV'2  . 

r  PeV2(2+t) 


2tl/2 


(4.1.1.39) 


For  values  of  Pe  greater  than  40,  the  following  asymptotic  solution  is 
valid  [Hashimoto  et  a?.,  1964]: 
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Cb(z-l,t) 


1 

-  erfc 
2 


■  Pel/2(l-t)  ■ 

t  ■ 

2tl/2  J 

+ 

aPe 

1/2 


t2+4t-l  ■ 

r 

exp 

L  (t+i)3  J 

■Pe(l-t)2 


4t 


(4.1.1.40) 


Oanckwerts  [1953]  solved  (4.1.1.34)  for  open  reactor  boundary 
conditions,  which  correspond  to  a  column  of  infinite  length: 


Cb(Z»-«>,t)  =  1 
C5(z=<o,t)  =  0 


(4.1.1.41) 

(4.1.1.42) 


The  solution  of  (4.1.1.34)  for  these  boundary  conditions  and  the  initial 
condition  given  by  (4.1.1.37)  is  [Oanckwerts,  1953]: 


1 

Ck(z*l,t)  =  -  erfc 
2 


PeV2(i.t) 

2tl/2 


(4.1.1.43) 


Plug  Flow  Assumption.  In  structured  or  aggregated  soils  where  the 
air  or  water  is  flowing  fast,  the  spreading  that  is  caused  by  axial 
dispersion  in  air  and  water  could  be  negligible  compared  to  the 
spreading  caused  by  other  mechanisms.  Plug  flow  is  assumed  here  so  that 
the  numerical  approximation  of  intraaggregate  diffusion  and  film 
transfer  could  be  tested  against  an  analytic  solution  in  the  same  manner 
as  dispersion  is  verified  with  the  local  equilibrium  solutions. 

Rosen  [1952]  derived  an  analytic  solution  for  single^phase  plug 
flow  through  a  packed  bed.  The  general  model  reduces  to  the  equations 
solved  by  Rosen  [1952]  if  1/n  is  equal  to  1,  the  air-water  mass  transfer 
rate  is  fast  (large  Sty),  and  axial  dispersion  is  slow  in  comparison  to 
advection  (large  Pe).  For  this  condition,  (4.1.1.12)  and  (4.1.1.13) 
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combine  to  give 

ac5(z,t) 
dz 

3Stb 

+  -  [Cp{r«l,z,t)  -  C5(z,t)] 

1  +  Ar  ^ 

The  boundary  condition  for  (4.1.1.44)  is 


acb(z,t)  1  +  Dg 

,  ■  -  ■■  -  M  - . . 

8t  1  +  Dgy 


(4.1.1.44) 


Cb(z»0,t>0)  =  1 


(4.1.1.45) 


Equations  (4.1.1.18-21)  are  used  to  account  for  film  transfer  and 
intraaggregate  diffusion.  The  initial  condition  is  the  breakthrough 
scenario  (zero  concentrations  at  t  *  0)  for  (4.1.1.22). 

The  exact  solution  of  (4.1.1.44)  is  an  integral,  but  Rosen  [1954] 
developed  the  following  asymptotic  solution  for  Edp/[1  +  Ar]  >  13.33: 


Cb(z-l.t) 


1 

-  erfc 
2 


[1  -  tl[l  +  Dg] 

2[Dgp  +  Dgj] 


'  1  +  Ar 
.  ISEdp 


1  +  Ar 


3Stb  J 


(4.1.1.46) 


4. 1.1.6  Model  Verification  and  Sensitivity.  Verification  of  a 
numerical  solution  is  performed  by  comparing  model  calculations  to  other 
numerical  or  analytical  solutions.  The  column  model  numerl'ially 
approximates  air  and  water  advectlon,  water  dispersion  and  gas  diffusion 
in  the  direction  of  flow  (axial),  diffusion  In  Immobile  water,  film 
transfer,  and  air-water  mass  transfer.  To  verify  the  numerical  method, 
calculations  of  this  model  are  compared  to  analytical  solutions  for 
simplified  situations  where  one  or  more  of  the  mechanisms  are  Important. 
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The  numerical  approximation  of  advection  and  axial  dispersion  is 
compared  to  the  local  equilibrium  solutions  (equations  (4.1.1.38-40)). 
The  numerical  approximation  of  advection,  air-water  mass  transfer,  film 
transfer,  and  diffusion  in  pores  containing  immobile  water  is  compared 
to  the  plug  flow  solution  (equation  (4.1.1.46)). 

Model  input  parameters  for  the  verification  step  are  chosen  to 
satisfy  assumptions  that  were  made  to  obtain  a  particular  analytical 
solution.  To  simulate  local  equilibrium,  large  values  of  Edp,  St^,,  and 
Sty  are  used  as  input.  To  simulate  plug  flow,  large  values  of  Pe|,  and 
POy  are  used  instead. 

Figure  4. 1.1. 3  compares  the  breakthrough  curves  that  are 
calculated  with  the  column  model  to  analytical  solutions  for  different 
values  of  the  dimensionless  groups.  These  breakthrough  curves  are  plots 
of  the  column  effluent  water  concentration  relative  to  the  influent 
versus  the  number  of  pore  volumes  of  water  fed.  For  the  calculations 
shown  in  Figure  4. 1.1. 3  it  is  assumed  that  1/n  is  equal  to  1  and 
influent  concentrations  are  constant.  Numerical  solutions,  shown  as 
solid  lines,  using  J  (axial)  equal  to  10  and  I  (radial)  equal  to  3 
collocation  points  compare  closely  to  the  analytic  solutions,  shown  as 
symbols,  for  the  dimensionless  group  values  listed  on  Figure  4. 1.1. 3. 
Oscillations  appear  in  the  numerical  solution  when  simulating  plug  flow 
conditions,  and  the  numerical  error  Increases  as  Pe  increases.  These 
errors  appear  to  dampen  as  time  increases.  Because  overall  mass 
balances  are  used  as  boundary  conditions,  it  is  possible  that  even 
though  numerical  error  occurs  initially  for  certain  situations,  the 
error  does  not  propogate  except  for  very  large  values  of  Pe.  Ten  axial 
and  3  radial  collocation  points  are  also  used  for  the  model  validation 
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calculations. 

Additional  simulations  are  performed  with  the  column  model  to 
observe  the  Impact  of  Edp,  Pe,  St|,,  and  Sty  on  the  numerical  solution. 
Dispersion  calculations  by  the  model  are  accurate  for  values  of  Pe  rom 
0.1  to  40  and  greater.  Values  of  Pe  greater  than  1000,  however,  cause 
unacceptable  amounts  of  numerical  error.  For  low  values  of  Pe,  the 
observed  spreading  causes  the  breakthrough  curve  to  become  asymmetric, 
and  the  model  can  simulate  this.  As  the  value  of  Edp,  St|,,  or  Sty 
decrease  below  1,  the  early  portion  of  the  breakthrough  curve  sharpens 
and  the  latter  part  tails. 


Pore  Volumes 


Figure  4. 1.1. 3.  Coii9>ar1sons  of  the  numerical  solution  (solid  curves) 
for  10  axial  and  3  radial  collocation  points  to  analytic  solutions 
(symbols)  for  verification  of  the  orthogonal  collocation  approximation. 


Mass  transfer  mechanisms  can  have  similar  Impacts  on  chemical 
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transport  [Crittenden  et  a/.,  1986;  Roberts  et  a/.,  1987].  A 
relationship  for  equivalent  spreading  between  axial  dispersion, 
diffusion  in  immobile  water,  and  film  transfer  is  developed  by  equating 
the  arguments  of  (4.1.1.43)  and  (4.1.1.46).  Equations  (4.1.1.39), 
(4.1.1.40),  and  (4.1.1.43)  give  comparable  results  for  large  Pe 
[Crittenden  et  a/.,  1986].  If  only  the  central  portion  of  the 
breakthrough  curve  is  considered  (;.e.  t  is  near  1),  the  following 
relationship  is  derived: 

15EdD[l  +  Dg]2  3StK[l  +  Dg]2 

Pe  =  - - - -  -  - -  (4.1.1.47) 

[1  +  Ar][Dgp  +  [l  +  Ar][Dgp  +  Dggl^ 

Equation  (4.1.1.47)  is  similar  to  the  equivalent  spreading  relationship 
for  saturated  flow  developed  by  Crittenden  et  a/.  [1986].  When  Ar  is 
equal  to  0  then  (4.1.1.47)  is  also  equivalent  to  3Sty[l  +  Dg]^  Dgy'^- 
The  column  model  is  used  to  calculate  the  curves  shown  in  Figure 
4. 1.1. 4  to  simulate  conditions  where  axial  dispersion,  diffusion  in 
immobile  water,  air-water  mass  transfer,  and  film  transfer  have 
equivalent  impacts  on  a  breakthrough  curve  as  determined  from 
(4.1.1.47).  These  conditions  correspond  to  a  values  of:  Pe  -  480  (Edp 

-  100,  Stb  -  100,  Sty  >  100);  Edp  -  13.3  (Pe  -  1000,  Stj,  =  100,  Sty  * 
100);  Stb  -  66.7  (Edp  «  100,  Pe  -  1000,  Sty  -  100);  and  Sty  -  0.16  (Edp 

-  100,  Pe  -  1000,  Stb  »  100),  respectively.  The  values  of  the 
dimensionless  groups  are  obtained  according  to  (4.1.1.47).  It  is 
evident  that  it  is  not  always  possible  to  distinguish  between  the 
impacts  of  different  mechanisms  by  fitting  model  solutions  to  data 
[Roberts  et  a/.,  1987;  Brusseau  and  Rao,  1989].  Equation  (4.1.1.47)  can 
be  used  to  compare  the  relative  contributions  of  axial  dispersion, 
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intraaggregate  diffusion,  and  film  transfer  on  the  observed  spreading  of 
a  chemical  front  and  to  determine  which  mechanisms  are  important. 


Figure  4. 1.1. 4.  Comparisons  of  the  numerical  solution  for  different 
spreading  conditions:  axial  dispersion  dominant  (solid  line), 
intraaggregate  diffusion  dominant  (dashed  line),  film  transfer  dominant 
(dotted  line),  and  air-water  mass  transfer  dominant  (open  circles). 


4. 1.1.6  Validation  of  the  Column  Model.  A  complete  model  study 
includes  independent  validation  tests.  Validation  of  a  model  is 
achieved  by  predicting  experimental  results.  Unsaturated  miscible 
displacement  experiments  were  performed  in  order  to  validate  the  one¬ 
dimensional  column  model  and  to  determine  its  ability  to  describe 
chemical  transport  with  water  flow  in  cohesionless  soils,  such  as  sands, 
and  in  structured  or  aggregated  soils. 
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Materials  and  Methods.  Laboratory  columns  and  experimental 
procedures  were  designed  to  measure  the  breakthrough  and  elution  of 
trichloroethene  (TCE)  and  bromide  (Br")  from  a  cohesionless  soil  and  a 
aggregated  soil.  Table  4. 1.1. 3  lists  the  column  conditions  for  each 
experiment.  Details  of  the  column  design  and  experimental  procedures 
are  reported  elsewhere  [Krause,  1987;  Hutzler  et  a/.,  1989b].  Most  of 
the  experiments  were  performed  by  Krause  [1987]  and  are  noted  as  such  in 
the  figure  captions.  Those  performed  as  a  part  of  this  work  have  no 
such  designation,  and  the  procedures  that  were  followed  were  the  same  as 
reported  by  Krause  [1987]. 


Table  4. 1.1. 3.  Conditions  for  Column  Runs  With  Bromide  (Br')  and 
Trichloroethene  (TCE)  in  Ottawa  Sand  (OS)  and  in  Aggregates  (ARM). 


Column  Influent  Water  Degree  Pulse  Total 

Length  Concentration  Flow  Rate  of  Time  Time 

(cm)  Soil  Chemical  (ng  L'^)  (cm^  s*^)  Saturation  (hours)  (hours) 


29.9 

OS 

Br' 

2.65 

6.47 

29.9 

OS 

TCE 

■m 

11.00 

23.50 

20.1 

APM 

Br' 

0.64 

9.68 

18.86 

20.1 

APM 

TCE 

0.64 

12.18 

22.36 

Cross-sectional  area  of  columns  is  91.6  cm^,  there  is  no  air  flow, 
and  the  temperature  is  22  ®C. 


Trichloroethene  was  chosen  because  it  is  a  common  ground  water 
contaminant  of  intermediate  volatility.  Saturated  and  unsaturated 
column  runs  were  performed  with  a  bromide  tracer  to  characterize  the 
columns  and  for  estimating  certain  parameters  [Krause,  1987;  Hutzler  et 
a/.,  1989b].  Bromide  was  chosen  as  the  tracer  because  it  is 
nonadsorbing  and  nonvolatile,  and  it  can  be  measured  in  low 
concentrations.  Chemical  properties  of  Br'  and  TCE  corresponding  to  the 


conditions  of  the  column  experiments  are  given  in  Table  4. 1.1, 4. 


Table  4. 1,1. 4.  Properties  of  Water,  Trichloroethene,  and 
Bromide  at  22  °C  that  are  Used  for  Parameter  Estimation. 


Value 

Water 

Viscosity,  n-\  (g  cm'^  s’^) 

0.00955^ 

Density,  p]  (g  cm'^) 

0.998* 

Trichloroethene,  TCE  {C2HCI3) 

Molecular  weight,  Mj^  (g  mol'^) 

131.3* 

Molar  volume,  V/^  (cm^  mol‘^) 

98.1^ 

Boiling  point,  Tj,  (K) 

360* 

Henry's  constant,  H  (dimensionless) 

O.4C 

Bromide,  Br*  (made  from  KBr) 

Valence,  n., 

1 

Limiting  ionic  conductance  in  water  at 

25  OC 

Anion,  X.  (A  V  g-equiv  cm*®) 

78.3*^ 

Cation,  X^  (A  V  g-equiv  cm*®) 

73. 5<^ 

®From  Weast  [1981]. 

^LeBas  [1915]. 

‘^Ashworth  et  al.  [1988]. 

^Reid  et  al.  [1977],  temp,  correction  factor:  0.00299Tg 


Ottawa  sand  (Ottawa,  Illinois)  was  chosen  to  simulate  cohesionless 
soils,  and  SCR  Veri-lite  (Napleton  Development,  Inc.,  Minerva,  Ohio)  was 
chosen  to  simulate  aggregated  soils.  Table  4. 1.1. 5  summarizes  the 
characteristics  of  each  material  as  packed  in  the  columns.  Ottawa  sand 
is  a  uniform,  silica  sand  containing  little  or  no  organic  material  and, 
thus,  does  not  adsorb  most  organic  compounds  from  aqueous  solution.  A 
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saturated  TCE  column  run  in  the  sand  showed  no  adsorption  of  TCE 
[Hutzler  et  a/.,  1989b].  The  aggregated  porous  material  (APM)  is  a 
lightweight,  fired  clay  used  mostly  in  industry  as  an  insulator  for 
steel  and  iron  ladles.  The  particles  are  porous  and  more  angular  than 
Ottawa  sand.  An  aqueous  isotherm  experiment  with  the  APM  showed  no 
adsorption  of  TCE  [.Krause,  1987]. 


Table  4. 1.1. 5.  Properties  of  Porous  Media. 


Ottawa  Sand 

APM 

Prooerties  Measured  Directly: 

Total  porosity,  e 

0.33® 

0.70® 

Microporosity, 

O*’,  0.043<^ 

0.50® 

Bulk  density,  (g  cm*^) 

1) 

1.78® 

0.45® 

Hydraulic  Cond.,  (cm  s" 

Particle  Radius^  (cffll 

0.26® 

0.22® 

0.035^' 

0.035^ 

Derived  Parameter  Values: 

Solid  density,  p^  (g  cm"^) 

2.65 

1.51 

Particle  density,  p^  (g  cm 

2.65 

0.75 

Macroporosity, 

0.33 

0.40 

Immobile  saturation, 

O 

o 

o 

0.42 

^Measured  gravimetrically  [Black  et  a/.,  1965]. 

^Assumed. 

^Value  f^t  to  tracer  study  and  close  to  field 
capacity  measurement. 

^Aggregrate  radius  (R^^)  was  assumed  to  be  equal 
to  the  particle  radius. 

^Determined  from  slope  of  specific  discharge  (Vp) 
versus  headloss  per  unit  length  of  column. 

^Half  of  geometric  mean  particle  size  contained 
in  U.S.  Std.  no.  20-30  sieves  (0.085-0.055  cm). 


Hydrodynamic  measurements  were  made  with  both  packed  columns.  The 
saturated  conductivities  (K^)  are  given  in  Table  4. 1.1. 5.  Figure 
4.1.1.5a  shows  the  relationship  between  suction  and  degree  of  saturation 
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for  both  media.  Figure  4.1.1.5b  shows  the  relationship  between 
unsaturated  hydraulic  conductivity  (K(S))  relative  to  and  the  mobile 
saturation  (S-S^)  for  both  media.  The  value  of  used  for  calculating 
the  mobile  saturation  In  the  sand  was  determined  from  a  tracer  study 
while  Sj  for  the  aggregated  material  was  measured  gravimetrical 1y.  The 
particle  sizes  of  the  sand  and  of  the  aggregates  used  In  this  work  are 
equal,  and  the  Interparticle  (macro)  porosity  (Cg,)  of  the  materials  when 
packed  In  the  columns  are  nearly  the  same.  Therefore  the  saturated 
conductivities  of  the  sand  and  of  the  APM  columns  are  almost  the  same. 
The  hydrodynamic  properties  of  the  two  materials  under  unsaturated  flow 
conditions  are  also  similar.  Since  both  media  have  similar  flow 
properties  then  axial  dispersion  In  both  columns  should  also  be  similar. 
Gas  and  liquid  dispersion  coefficients  measured  In  one  column  are  used 
to  predict  axial  dispersion  In  the  other. 


(a)  (b) 

Figure  4.I.I.S.  Moisture  characteristics  of  Ottawa  sand  and  aggregates. 


Prior  to  performing  the  unsaturated  experiments,  saturated  column 
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experiments  were  performed  with  Br'.  The  results  were  predicted  using 
independently  derived  dispersion  coefficients  so  it  was  assumed  that 
apparatus -induced  dispersion  was  negligible  [Hutzler  et  a1.,  1989b]. 

Experiments  were  performed  in  such  a  manner  that  the  simplifying 
assumptions  made  in  the  model  development  are  satisfied.  For  example, 
the  model  derivation  assumed  steady  flow  and  uniform  moisture  content; 
therefore  influent  water  was  supplied  to  the  tops  of  the  columns  at 
steady  rates,  and  water  tension  inside  the  column  was  monitored  along 
the  depth  and  adjusted  by  applying  a  suction  at  the  bottom  of  the  column 
to  achieve  a  uniform  degree  of  saturation  [Krause,  1987;  Hutzler  et  a1., 
1989b].  The  columns  were  packed  so  that  no  stratification  was  visible. 
In  addition,  ambient  temperature  was  held  constant. 

Model  Parameter  Estimation.  Parameter  values  for  transport  models 
can  be  obtained  from  direct  measurement,  literature  correlations, 
laboratory  experiments,  and  by  fitting  model  solutions  to  column  data. 
For  a  mathematical  model  to  be  predictive,  however,  the  parameters  must 
be  determined  independently  of  the  system  being  modeled  and  not  by 
fitting  simulations  to  data.  Accordingly,  the  model  parameters  should 
be  based  on  physical  properties  of  the  soil  and  chemical  being  studied. 
Tables  4. 1.1. 3,  4. 1.1. 4,  and  4. 1.1. 5  list  the  measured  parameter  values 
and  the  basic  chemical  and  soil  properties  that  were  used  in  this  study. 
The  remaining  model  parameters  that  are  required  by  the  model  are 
determined  from  these  values  with  the  correlations  given  below  and  from 
tracer  studies.  All  of  the  units  are  grams-centimeters-seconds  (cgs) 
unless  otherwise  noted. 

Dispersion 

For  low  gas  velocities  (u),  gas  dispersion  in  soil  will  be 
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primarily  due  to  gas  diffusion  through  tortuous  air-filled  pores.  Thus 
a  free-air  diffusion  coefficient  (Dg)  can  be  corrected  for  the 
tortuosity  of  the  air-filled  pores  (Tj)  to  obtain  the  effective  gas 
diffusion  coefficient  (Ey  -  Og  A  tortuosity  correction  can  be 

used  when  u  is  less  than  about  [l-c{l-S)]Dg[2R3£{l-S)]"^  [Miyauchi  and 
Kikuchi,  1975].  In  this  work  the  Wilke-Lee  modification  [Wilke  and  Lee, 
1955]  of  the  Hirschfelder-Bird-Spotz  method  for  calculating 
diffusivities  of  nonpolar  organics  is  used  to  calculate  Dg  in  air: 


[4.353  -  (0.0345  +  MA'^)°-5]Te^*5(0.0345  + 
Pt(0.118VA°'^^  +  0.371)2f(0.1025Te 


(4.1.1.48) 


Ambient  pressure  is  in  Pascals  and  the  value  of  the  collision  function 
for  diffusion  (f(0.1025Tg  Tb'®*^))  is  obtained  from  a  polynomial  fit  to 
a  graph  found  in  Treybal  [1980]. 

Many  correlations  exist  for  determining  the  tortuosity  of  the 
air-filled  pores  (see  Roy  and  Griffin  [1987]).  A  relationship  adapted 
from  Millington  [1959]  is  used  in  this  work: 


Tg  =  c2[^(i.s)]-7/3 


(4.1.1.49) 


The  air-filled  porosity  term  in  (4.1.1.49)  is  raised  to  the  -7/3  power 
instead  of  -10/3  as  reported  by  Millington  [1959]  because  he  included 
the  area  available  for  gas  diffusion  in  the  determination  of  the 
effective  diffusion  coefficient,  while  in  this  work  it  is  separated  from 
Ey  [Baehr,  1987].  Because  Millington  [1959]  studied  diffusion  through 
cohesionless  soils,  mobile  porosity  (e^)  is  substituted  for  total 
porosity  in  6^  (4.1.1.49)  when  estimating  in  the  columns 

containing  APM. 
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Diffusion  iQ  Pores  Containing  Immobile  Water 


The  description  of  liquid  diffusion  in  intraaggregate  pores  must 
account  for  the  tortuous  paths  that  molecules  travel  around  soil 
particles  that  form  an  aggregate  (Dp  «  D]  Tp'^).  Many  correlations 
exist  for  estimating  liquid  diffusion  coefficients  (D-j).  For  TCE,  the 
Hayduk-Laudie  correlation  given  by  Sherwood  et  a1 .  [1975]  is  used: 

D]  =  6.96(10'^)  y^-0.bS9  (4.1.1.50) 

For  Br",  the  Nernst-Haskell  equation  [Reid  et  a/.,  1977]  is  used  to 
calculate  D] : 

l/n+  +  1/n. 

Di  =  8.931(10*10)  T  -  (4.1.1.51) 

1/V  +  1/X. 

Internal  pore  tortuosity  (tp)  is  a  function  of  the  pore  shape  and 
the  amount  of  immobile  water.  The  immobile  degree  of  saturation  in  the 
sand  (S^  -  0.10)  and  the  specific  intraaggregate  diffusion  rate  (Dp  Rj,*^ 
=  1.6(10*®)  s*l)  was  determined  from  an  unsaturated  bromide  column  run 
because  these  parameters  could  not  be  measured  directly.  The  values  fit 
to  the  unsaturated  bromide  data  are  used  to  predict  the  movement  of  TCE 
in  the  sand.  The  amount  of  immobile  water  inside  the  APM  particles  (S^ 

=  0.42)  was  measured  gravimetrically,  and  the  tortuosity  of  the  internal 
pores  (Tp  <■  90)  was  measured  in  a  batch  study  [McKenzie,  1990].  The 
batch  experiment  was  similar  to  those  performed  by  Rao  et  a7.  [1982]. 

The  7p  of  90  used  in  this  work  is  large  compared  to  values  between  2  and 
10  used  by  most  researchers  [Roberts  et  a/.,  1987].  After  viewing  the 
APM  under  electron  scanning  microscopy  at  the  Air  Force  Engineering  and 
Services  Center,  Tyndall  AFB,  Florida,  it  was  observed  that  the  particle 
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surface  is  impervious  except  at  a  relatively  few  number  of  locations 
[McKenzie,  1990].  Electron  microscopic  photographs  of  the  internal 
pores  showed  that  many  are  not  connected.  For  these  reasons,  the 
measured  Tp  is  reasonable.  In  addition,  a  saturated  Br~  column  run  in 
the  ARM  could  be  predicted  using  the  value  of  7p  measured  in  the  batch 
experiment  [Hutzler  et  a1.,  1989b]. 

Air-Water  Mass  Transfer 

The  air-water  mass  transfer  coefficient  (K^)  and  the  specific  air- 
water  interfacial  area  (a)  have  not  been  studied  in  unsaturated  soils. 
Many  correlations  do  exist,  however,  for  these  parameters  in  the  analysis 
of  packed-tower  operation,  such  as  air  stripping,  and  the  performance  of 
trickle-bed  reactors.  Turek  and  Lange  [1981]  developed  a  correlation  for 
KLa  in  low  velocity  trickle-bed  reactors: 


K|^a 


16.80i 


■  8Rj3gp.,2  ■ 

-0.22 

■  2RaVe(S-SOAi  ' 

/*1 

1*1 

L  AlOl  J 


(4.1.1.52) 


Equation  (4.1.1.52)  is  valid  for  values  of  Rj  between  0.028  and  0.15  cm, 
e(S-S^)  between  0.05  and  0.3,  and  Re-)  between  0.1  and  5.  The 
experiments  reported  in  this  work  satisfy  all  but  the  Reynolds  number 
requirements.  For  the  experiments  reported  herein  Re-)  is  less  than 
0.007.  This  correlation,  like  most  others  for  estimating  air-water  mass 
transfer  rates,  estimates  a  value  of  K^a  of  zero  for  a  water  velocity  of 
zero.  There  has  been  no  work  to  date  that  measures  air-water  mass 
transfer  rates  in  soil  columns. 
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Mobile- Immobile  Water  Mass  Transfer 

Mass  transfer  rates  across  the  mobile- immobile  water  interface 
were  found  to  be  fast  in  saturated  soil  systems  [Crittenden  et  a1., 

1986;  Hutzler  et  a/.,  1986;  Roberts  et  a1.,  1987]  and  are  expected  to  be 
fast  in  unsaturated  systems.  It  is  included  in  this  modeling  effort  to 
test  this  hypothesis.  A  correlation  by  Wilson  and  Geankoplis  [1966]  for 
saturated  systems  was  adapted  to  estimate  kf: 

kf  =  1.09v[2RaV€(S-S^)/Di]‘2/3  (4.1.1.53) 

Equation  (4.1.1.53)  is  valid  for  values  of  Re-|  between  0.0016  and  55  and 
«(S-S^)  between  0.35  and  0.75. 

Liquid  Dispersion 

Liquid  dispersion  has  been  studied  in  soils  more  often  than  any 
mass  transport  mechanism  other  than  advection,  at  least  in  saturated 
media.  There  is  still  a  lack  of  accurate  correlations  for  predicting 
liquid  dispersion  coefficients  (E2)  in  unsaturated  media.  Yule  and 
Gardner  [1978]  fit  the  following  relationship  for  in  unsaturated  sand 
columns: 

E2  =  5.33(10-5)  +  o.216Vp  (4.1.1.54) 

Equation  (4.1.1.54)  was  fit  to  data  obtained  for  average  pore  velocities 
(Vp)  between  1.7(10'^)  and  0.0043  cm  s'^  and  degrees  of  saturation 
between  0.34  and  0.76. 

OeSmedt  and  Wierenga  [1984]  propose  the  following  relationship  for 
observed  dispersion  in  unsaturated  columns  of  glass  beads: 

1.18(10-5)  +  0.021Vn  +  1900Vn2 
E - P - P- 

1.88  +  3630Vp 


(4.1.1.55) 


Values  of  E2  given  by  (4.1.1.55)  include  contributions  from  axial 
dispersion  and  diffusion  in  immobile  water.  OeSmedt  and  Wierenga  [1984] 
developed  (4.1.1.55)  by  assuming  that  the  contribution  of  axial 
dispersion  is  given  by 

E2  -  1.4(10-5)  +  0.021V  (4.1.1.56) 

DeSmedt  and  Wierenga  [1984]  used  a  first-order  exchange  model  to 
describe  the  transfer  of  solute  between  mobile  and  immobile  water,  while 
in  this  work  the  rate  of  transfer  through  immobile  water  by  diffusion  is 
also  considered. 

Experimental  Results.  The  column  experiments  show  that  the  column 
model  is  able  to  predict  the  breakthrough  and  elution  of  volatile 
organic  chemicals  from  unsaturated  soil  columns  under  controlled 
conditions.  The  model  is  versatile  in  that  it  can  simulate  chemical 
movement  in  different  types  of  porous  media  as  well  as  under  different 
flow  and  moisture  conditions.  The  results  from  sand  column  experiments 
are  given  first  and  followed  by  the  aggregated  porous  media  results. 

For  each  soil  material,  unsaturated  bromide  transport  was  measured  first 
and  then  followed  by  an  experiment  with  trichloroethene. 

Table  4. 1.1. 3  summarizes  the  column  conditions  for  each  run.  The 
length  of  time  for  the  column  runs  were  short  enough  that  biodegradation 
of  TCE  was  not  observed.  Integration  of  the  effluent  concentration 
histories  reported  here  indicate  that  at  least  95%  of  the  chemical  mass 
retained  in  a  soil  column  for  a  given  breakthrough  experiment  is  removed 
during  elution.  Tables  4. 1.1. 6  list  parameters  values  used  for  the 
model  calculations.  These  values  were  calculated  from  the  correlations. 
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taken  from  direct  measurements,  and  fit  to  experimental  data.  They  are 
used  In  conjunction  with  the  column  conditions  and  soil  and  chemical 
properties  listed  In  Tables  4. 1.1. 3-5  for  model  Input. 


Table  4. 1.1. 6. 


Chemical/Soil 


Parameter  Values  for  the  Column  Model  Calculations 
of  the  Validation  Experiments. 


V  (cm  s"^) 


Kj^a  (s'M 
0^  (cm^  s‘h 


1: 

Br'/OS 

TCE/OS 

Br'/APM 

TCE/APM 

Estimation  Method^ 

'  Determined  Values 
0*> 

0.10° 

0.42 

0.42 

Measured  gravimetrically 

*) 

0.33 

0.34 

0.64 

0.64 

Measured  gravimetrically 

0.0075 

0.010 

0.0060 

0.0060 

Calculated  from  definition 

r*) 

0.0075 

0.0074 

0.0020 

0.0020 

Calculated  from  definition 

NA 

0.4 

NA 

0.4 

Ashworth  et  a1.  [1988] 

NA 

0.0056 

0.0030 

0.0018 

Equation  (4.1.1.53) 

) 

NA 

6.4(10"*) 

NA 

6.6(10'* 

)  Equation  (4.1.1.52) 

2.0(10' 


9.4(10'®)  2.0(10'®) 


1.4(10'^) 


9.4(10'®) 


NA 

NA 

90 

90 

.2  s'*) 

NA 

NA 

2.2(10'^) 

1.0(10 

s'*) 

NA 

0.088 

NA 

0.088 

NA 

3.7 

NA 

4.1** 

.2  s'*) 

NA 

0.024 

NA 

0.021 

s'*) 

1.7(10'®) 

t 

o 

o 

AT) 

3.7(10''")  O-IO*" 


Equation  (4.1.1.51)  for  Br' 
(4.1.1.50)  for  TCE 
[McKenzie,  1990) 

Equation  (4.1.1.48) 

Equation  (4.1.1.49) 

Equation  (4.1.1.54) 

Equation  (4,1.1.56) 

Equation  (4.1.1.55) 


Values  Resulting  From  Model  Calibration: 

0.10  NC 

V  (cm  s'M  0.011  NC 

H  NC  0.7 

(cm  s'*)  0.0056  NC 

Op  Ra'^  (s'*)  1.6(10'®)  8.0(10'^ 

E^  (cm^  s'*)  NC  <0.0024 

E^  (cm^  s'*)  0.10  NC 


0.10 

NC 

NC 

NC 

Fit 

0.011 

NC 

NC 

NC 

Calculated  from  definition 

NC 

0.7 

NC 

0.7 

Fit 

0.0056 

NC 

NC 

NC 

Equation  (4.1.1.55) 

1.6(10'®) 

8.0(10'^) 

NC 

NC 

Fit  Br',  Divided  value  for  Br'  by  2 

NC 

<0,0024 

NC 

<0.0028 

Adjusted  to  make  unimportant 

0.10 

NC 

0.020 

NC 

Fit 

^unless  otherwise  noted.  *multlplied  E^  fit  f 

^assumed.  ^used  value  fit  free 

®used  value  fit  to  Br'  in  OS  experiment.  NA  -  not  applicable, 
was  substituted  for  .  NC  -  no  change. 


*multiplied  E^  fit  for  Br'  in  OS  by  ratio  of  to  vqj. 
^used  value  fit  from  Br'  in  ARM  experiment. 


Table  4. 1.1. 7  Is  a  list  of  the  magnitudes  of  the  corresponding 
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dimensionless  groups  that  characterize  the  model  solutions  in  terms  of 
which  mechanisms  have  the  most  impact  on  the  chemical  front.  Model 
predictions  correspond  to  the  group  values  in  the  upper  part  of  Table 
4. 1.1. 7.  The  magnitudes  of  these  groups  were  calculated  from 
independently  determined  parameter  values.  Group  values  that  were  fit 
are  listed  in  the  lower  part  of  Table  4. 1.1. 7. 


Table  4. 1.1. 7.  Dimensionless  Group  Values  Resulting 
from  Parameter  Values  Listed  in  Table  4. 1.1. 6 
(Ar  “  0,  Dgj  -  0,  and  1/n  -  1  for  all  calculations). 


Chemical/Soil : 

BrVOS 

TCE/OS 

BrVAPM 

TCE/APM 

Indeoendentlv  Determined  Values: 

Dgo  0  0.42 

1.9 

1.9 

DOv 

NA 

1.1 

NA 

0.66 

Rd 

1 

1.8 

1 

1.2 

Edp 

NA 

9.0(10*^) 

1.1 

0.52 

Stb 

NA 

260 

1100 

660 

Sty 

NA 

0.66 

NA 

4.8 

Pew 

NA 

12 

NA 

8.7 

Peb 

61* 

3.1 

860*^ 

6.0 

Pe 

P*b 

2.4 

Peb 

3.6 

Values  Result! 

no  From  Model  Calibration: 

Ogp 

O.44C 

NC 

NC 

NC 

Dgy 

NC 

1.9<^ 

NC 

1.2* 

Rd 

NC 

2.3<1 

NC 

1.4d 

1.9(10'3)C 

NC 

NC 

NC 

Stb 

NC 

NC 

NC 

Pev 

NC 

>67* 

NC 

>50® 

Peb 

3.2^ 

NC 

6.0* 

NC 

^determined  using  from  (4.1.1.55). 
^determined  using  E7  from  (4.1.1.56). 
Cfit. 

^calculated  from  fit  parameters. 
^Increased  to  decrease  Impact. 

NA  -  not  applicable. 

NC  -  no  change. 
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The  air  and  water  flow  column  model  Is  Intended  for  describing 
one-dimensional  movement  of  volatile  organic  chemicals  in  unsaturated 
columns  of  soil.  The  numerical  solution  of  the  general  model  is  used  to 
simulate  movement  of  TCE  with  unsaturated  water  flow.  The  numerical 
code  for  solving  the  general  model  was  altered  by  Hutzler  et  al.  [1989b] 
to  ignore  vapor  movement  for  simulating  the  Br'  column  experiments. 
Column  Experiments  with  Ottawa  Sand 

Bromide  and  TCE  experiments  were  run  on  a  column  packed  with 
unsaturated  Ottawa  sand.  A  45.6  mg  Br'  solution  was  fed  to  the  top 
of  the  column  at  a  rate  of  0.075  cm^  s'^  (Vp  =  0.0075  cm  s'^)  for  2.65 
hours.  Clean  water  was  then  applied  at  the  same  rate  to  elute  the 
bromide  from  the  column.  The  degree  of  saturation  was  0.33.  Figure 
4. 1.1. 6  compares  the  data  to  model  calculations.  Because  the  sand 
particles  are  solid  and  uniformly  sized  it  is  first  assumed  that  the 
amount  of  immobile  water  is  negligible.  This  was  a  valid  assumption  for 
the  saturated  flow  experiments  [Hutzler  et  ah,  1989b].  Equation 
(4.1.1.39)  is  used  to  calculate  the  dashed  line  shown  in  Figure  4. 1.1. 6 
(Pe  -  61)  by  using  an  E^  of  3.7(10'^)  cm^  s'^,  which  was  estimated  with 
(4.1.1.55).  This  value  is  larger  than  that  which  was  estimated  by 
(4.1.1.54). 

The  breakthrough  data  is  shifted  to  the  left  of  the  dispersion 
equation  prediction,  and  this  is  attributed  to  the  presence  of  immobile 
water.  This  shift  could  not  be  simulated  with  a  model  assuming  local 
equilibrium.  Five  parameter  values  are  not  known  with  certainty  (S^, 

Dp>  Ra’  ^f>  ^z)'  numerical  model  simulated  the  data  by  adjusting 
only  three  dimensionless  groups  (Dgp,  Edp,  Pe|,^.  Either  Edp  or  Stj, 
could  have  been  reduced  so  that  the  model  calculation  of  the 
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breakthrough  curve  would  shift  to  the  left.  Since  film  transfer  is 
unimportant  in  saturated  soils  [Hutzler  et  a1.,  1986;  Roberts  et  a1., 
1987],  Edp  is  fit  for  this  experiment.  When  either  Edp,  St|),  or  Sty  is 
small,  the  early  portion  of  the  breakthrough  curve  will  be  sharp  and 
appear  sooner  than  R^S  pore  volumes. 


0.0  10  zo 

Pdre  Volumes 

Figure  4. 1.1. 6.  Model  prediction  and  fit  of  bromide  movement  in  a 
column  of  Ottawa  sand  at  a  degree  of  saturation  of  0.33. 

For  this  Br~  run  (R^j  -  1),  the  early  portion  of  the  breakthrough 
will  be  located  approximately  at  S  (l-t-Dgp)*^  pore  volumes.  Hence  Ogp  is 
increased  to  simulate  the  first  sharp  Increase  in  Br*  concentration. 
Reducing  Edp  does  not  result  In  enough  spreading  to  simulate  the  data, 
so  Pe^  had  to  be  reduced,  too.  A  value  of  0.44  for  Dgp,  0.0019  for  Edp, 
and  3.2  for  Pe5  best  describe  the  data.  These  group  values  correspond 
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to  an  Si  of  0.10,  Dp  Rj,’^  equal  to  1.6(10'®)  s'^,  and  an  of  0.10  cm^ 
s'^.  The  fit  value  of  is  close  to  the  degree  of  saturation  of  the 
Ottawa  sand  column  after  it  has  drained  freely  by  gravity  but  is  about 
twice  as  much  as  that  observed  by  DeSmedt  and  Wierenga  [1984]  in 
unsaturated  columns  of  glass  beads.  Intraaggregate  diffusion  is  fit  as 
the  ratio  Dp  Rg'^  to  keep  the  uncertainty  in  one  term.  The  low  value  of 
Edp  is  possibly  due  to  channeling  inside  the  column  or  an  increased 
moisture  content  at  the  bottom  of  the  column.  The  E^  fit  to  this  data 
is  larger  than  that  observed  in  other  unsaturated  studies  [Yule  and 
Gardner,  1978;  DeSmedt  and  Wierenga,  1984;  Wierenga  and  van  Genuchten, 
1989].  Wierenga  and  van  Genuchten  [1989]  measured  dispersion 
coefficients  for  chloride  in  a  similar  sized  column  of  sandy  soil. 

Their  values  are  a  factor  of  10  less  than  measured  here  (accounting 
linearly  for  differences  in  pore  water  velocity).  The  moisture  content 
was  about  two  times  greater  in  their  experiments.  The  large  amount  of 
dispersion  could  also  be  due  to  channeling  or  an  increase  in  moisture 
content  at  the  bottom  of  the  column.  A  rapid  rate  of  film  transfer  is 
indicated  by  the  large  value  of  St^  (3900). 

A  TCE  solution  of  650  nq  was  then  fed  to  the  sand  column  at  a 
degree  of  saturation  of  0.34  over  a  period  of  11  hours  at  a  rate  of  0.076 
cm^  s'^  (Vp  »  0.0074  cm  s'^).  Figure  4. 1.1. 7  shows  a  comparison  of  the 
TCE  data  to  calculations  of  the  column  model.  Even  after  using  the 
parameters  fit  in  the  unsaturated  Br"  run,  there  are  still  two 
parameters  (H,  Ey)  that  are  needed  for  predicting  the  TCE  results  and, 
yet,  the  values  are  uncertain.  For  the  calculations  shown,  the  E2  and 
Sj  fit  in  the  unsaturated  Br'  experiment  are  used.  The  ratio  of  Dp  Rg'^ 
is  reduced  by  a  factor  of  two  because  (4.1.1.51)  predicts  that  Br' 
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diffuses  approximately  twice  as  fast  as  TCE  (equation  (4.1.1.50)).  The 
model  prediction  is  shown  as  a  dotted  line,  and  the  corresponding 
magnitudes  of  the  dimensionless  groups  are  listed  in  Table  4. 1.1. 7. 


Figure  4. 1.1. 7.  Model  prediction  and  fits  of  trichloroethene  movement 
in  a  column  of  Ottawa  sand  at  a  degree  of  saturation  of  0.34. 

The  breakthrough  curve  is  shifted  to  the  right  of  the  prediction 
indicating  that  the  description  of  TCE  equilibrium  in  the  sand  is 
incorrect.  This  could  be  due  to  either  H  for  TCE  being  higher  than 
predicted  or  sorption  of  TCE  vapors  onto  the  drier  particle  or  column 
surfaces.  TCE  did  not  adsorb  to  the  sand  or  the  column  in  saturated 
experiments  [Hutzler  et  1989b].  Sorption  capacity  (K)  could  be 
adjusted  to  account  for  vapor  adsorption,  but  because  Edp  is  small,  the 
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model  calculations  would  exhibit  more  asymnietry  as  K  is  increased. 
Increasing  H  produced  a  curve  that  simulated  the  data.  A  better  fit  of 
the  data  is  obtained  by  increasing  the  air-fi11ed  tortuousity  by  a 
factor  of  10  (Pe^  -  67),  i.e.  making  gas  diffusion  unimportant.  It  is 
concluded  from  a  comparison  of  the  magnitudes  of  the  dimensionless 
groups  that  the  rates  of  volatilization  and  film  transfer  have  little 
impact  on  the  observed  spreading. 

A  similar  experiment  at  a  slower  water  flow  rate  (S  «  0.30,  Vp  = 
0.00028  cm  s'^)  was  reported  by  Hutzler  et  a1 .  [1989b].  Because  gas 
diffusion  is  predominant  for  low-velocity  conditions,  their  experimental 
results  could  be  simulated  with  (4.1.1.38)  as  shown  in  Figure  4. 1.1. 8. 
Henry's  constant  was  increased  to  1.0  to  fit  the  data. 


flC 


TOTAL  PORE  VOLUMES 


Figure  4. 1.1. 8.  Complete  mixing  calculations  for  describing  trichloro- 
ethene  movement  under  a  slow  water  velocity  condition  in  a  column  of 
Ottawa  sand  at  a  degree  of  saturation  of  0.30  (figure  from  Hutzler  et 
a1.  [1989b],  data  from  Krause  [1987]). 
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Column  Experiments  with  Aaoreoated  Material 


Natural  soils  are  not  as  uniform  as  Ottawa  sand.  Instead  they 
exhibit  some  structure  and  a  pore  size  distribution.  To  simulate  a 
structured  or  aggregated  system,  a  uniformly-sized,  aggregated  porous 
material  (APM)  was  used  as  a  packing  material.  The  particle  size, 
hyoraulic  conductivity,  and  macroporosity  of  APM  and  Ottawa  sand  are 
similar.  The  APM  particles  contain  a  micro-  or  internal  porosity  inside 
which  the  flow  of  water  is  negligible  in  comparison  to  the  flow  around 
the  particles. 

The  column  containing  APM  was  drained  to  a  degree  of  saturation  of 
0.64  which  gave  about  the  same  air-filled  porosity  as  the  Ottawa  sand 
column.  A  97.6  mg  L‘^  Br'  solution  was  then  applied  to  the  top  of  the 
column  at  a  rate  of  0.084  cm^  s'^  (Vp  =  0.0020  cm  s'^)  for  9.68  hours. 
Figure  4. 1.1. 9  shows  the  effluent  data  and  three  model  calculations. 
Because  and  Dp  were  measured  independently  [McKenzie,  1990],  only  the 
magnitude  of  is  uncertain  for  this  experiment. 

The  dotted  line  in  Figure  4. 1,1. 9  is  a  prediction  using  the  Dp 
measured  in  the  batch  experiment  and  E^  predicted  by  (4.1,1.56)  (Pej,  = 
860).  The  dashed  line  is  obtained  by  multiplying  the  value  of  E^  fit  to 
the  unsaturated  run  of  Br'  in  the  sand  by  the  ratio  of  the  interstitial 
water  velocity  in  the  APM  to  that  in  the  sand  (Pej,  -  2.0).  Because  this 
prediction  is  close,  it  adds  confidence  to  the  fit  E2  for  the 
unsaturated  sand  run.  The  solid  line  is  obtained  by  adjusting  £2  for  a 
better  fit  to  the  data  (Pej,  -  6.0). 
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Figure  4. 1.1. 9.  Model  predictions  and  fit  of  bromide  movement  in  a 
column  of  aggregated  porous  material  at  a  degree  of  saturation  of  0.64 

(data  from  Krause  [1987]). 

After  eluting  the  Br'  from  the  unsaturated  ARM  a  1160  iig  L'^ 
solution  of  TCE  was  fed  at  the  same  rate  (Vp  «  0.0020  cm  s'^)  for  12.18 
hours.  The  breakthrough  and  elution  of  TCE  from  the  unsaturated  ARM 
column  is  displayed  in  Figure  4.1.1.10.  As  was  the  case  for  estimating 
the  parameters  for  the  TCE  run  in  the  sand,  H  and  Ey  are  not  known  with 
certainty  for  this  experiment.  A  model  prediction  using  the  E^  fit  for 
the  unsaturated  Br'  run  in  ARM  (Re|,  •  6.0)  and  an  H  of  0.7  (Dgy  -  1.2; 

R(j  -  1.4),  which  was  used  to  described  the  TCE  movement  through  the 
unsaturated  sand,  is  shown  in  Figure  4.1.1.10  as  a  dashed  line.  A 
better  fit  of  the  data  is  obtained  by  Increasing  the  air-filled 
tortuousity  by  a  factor  of  10  (Pey  -  50),  as  was  done  in  the  description 
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of  TCE  diffusion  through  the  sand.  The  air-filled  porosity  of  the  APM 
Is  equal  to  0.25,  which  is  almost  the  same  as  the  sand  (0.21).  Gas 
diffusion  is  not  an  important  transport  mechanism  in  the  APM  (Pey  -  50) 
in  comparison  to  liquid  dispersion  (Pe^  -  2.0)  and  intraaggregate 
diffusion  (Edp  -  0.52).  Again,  film  transfer  (St^,  -  660)  and  air-water 
mass  transfer  resistance  (Sty  -  4.8)  are  unimportant.  The  dotted  line 
is  calculated  using  a  literature  value  of  H  of  0.4  (Dgy  -  0.68;  - 

1.1).  It  is  not  known  at  this  time  whether  TCE  vapors  are  sorbing  to 
the  column  or  soil  materials  or  whether  Henry's  constant  is,  indeed, 
higher  in  unsaturated  soil. 


Figure  4.1.1.10.  Model  predictions  of  trichloroethene  movement  in  a 
column  of  aggregated  porous  material  at  a  degree  of  saturation  of  0.64 

(data  from  Krause  [1987]). 
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4. 1.1. 8  Sunmary  of  Unsaturated  Hater  Flow  Column  Results.  An 
integrated  model  development,  numerical  verification,  and  experimental 
validation  approach  leads  to  a  better  understanding  of  subsurface 
chemical  transport.  The  model  developed  here  accounted  for  the 
transport  of  dissolved,  nondegradable  organic  chemicals  in  unsaturated 
soil  columns.  The  following  mechanisms  were  included  in  the  model 
development:  advection  and  dispersion  in  air  and  in  water,  air-water 
mass  transfer,  mobile-immobile  water  mass  transfer,  intraaggregate 
diffusion,  and  sorption.  The  model  was  solved  numerically  using 
orthogonal  collocation.  The  numerical  approximation  was  verified  by 
comparing  calculations  to  analytic  solutions  for  simplified  conditions. 
Validation  experiments  were  performed  to  assess  the  predictive 
capabilities  of  the  column  model.  Two  soil  materials  were  used:  a 
cohesionless  sand  and  an  aggregated  soil.  Trichloroethene  was  used  for 
the  volatile  chemical  and  bromide  was  used  as  a  tracer.  Experiments 
were  performed  for  different  water  flow  conditions. 

Model  sensitivity  calculations  showed  that  it  is  not  always 
possible  to  distinguish  the  impacts  of  various  mechanisms  by  observing 
the  shape  of  breakthrough  curves.  Furthermore,  experimental  results 
alone  do  not  always  provide  sufficient  information  to  ascertain  which 
mechanisms  are  important.  Laboratory  experiments  and  numerical 
calculations  indicate  the  following  about  the  mechanisms  affecting  the 
transport  of  nondegradable  organic  compounds  with  water  flow  in 
unsaturated  soil  columns:  (1)  liquid  dispersion  and  intraaggregate 
diffusion  are  important  for  cohesionless  and  aggregated  soils,  (2)  vapor 
diffusion  is  not  important  in  comparison  to  liquid  advection  and 
dispersion  except  for  low  water  velocities  (e.g.  for  Ottawa  sand,  low 
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velocity  is  defined  as  average  pore  water  velocities  less  than  0.0003  cm 
s*^),  and  (3)  interfacial  mass  transfer  rates  (air-water  and  mobile- 
immobile  water)  are  fast.  These  results  were  observed  for  average  pore 
water  velocities  less  than  0.07  cm  s*^  in  Ottawa  sand  and  0.02  cm  s*^  in 
the  aggregated  material.  Nonvolatile  tracer  experiments  are  sometimes 
needed  to  measure  transport  rates  such  as  liquid  dispersion  and 
intraaggregate  diffusion.  Intraaggregate  diffusion  rates  were 
successfully  measured  for  the  aggregated  material  in  independent  batch 
experiments,  however,  diffusion  rates  in  immobile  water  and  the  amount 
of  immobile  water  could  not  be  predicted  independently  for  the  sand 
column.  Discrepancies  occurred  between  predicted  air-water- soil 
chemical  equilibrium  for  both  soil  materials,  however,  it  is  uncertain 
whether  this  was  due  to  chemical  interactions  with  the  column  apparatus. 

Even  though  this  model  development  included  advective  air 
transport,  laboratory  experiments  were  not  performed  it  in  conjunction 
with  water-phase  movement.  In  addition,  the  air  diffusion 
representation  in  this  model  was  not  satisfactorily  tested  because  air 
diffusion  was  unimportant  for  the  conditions  studied  above.  This  model 
could  not  be  used  for  no-water-flow  conditions  because  time  was 
normalized  by  advective  water  movement.  A  model  and  set  of  laboratory 
experiments  are  developed  below  to  examine  vapor-phase  movement  with  no 
water  flowing. 
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4.1.2  Vapor  Extraction  Column  Model 

4. 1.2.1  Conceptual  Picture.  In  vapor  extraction,  it  is  desirable 
to  minimize  the  infiltration  of  water  so  to  simulate  this,  the  air  and 
water  flow  column  model  is  modified  to  accommodate  situations  where 
there  is  no  flow  of  water.  A  situation  where  neither  air  nor  water  are 
flowing  was  studied  by  Bednar  [1990].  The  mechanisms  being  considered 
are:  (a)  air  advection,  (b)  gas  diffusion,  (c)  liquid  diffusion  in  pores 
filled  with  immobile  water,  (d)  mass  transfer  resistance  at  the  air- 
water  interface,  (e)  partitioning  between  the  air-water  phases,  and  (f) 
sorption  to  soil  organic  matter  from  aqueous  solution.  Even  though  the 
following  model  is  conceptually  simpler  than  the  previous  one,  it  is 
developed  afterward  and  many  of  the  steps  that  were  applied  in  the 
simplification  and  verification  parallel  those  taken  for  the  air  and 
water  flow  column  (see  Sections  4. 1.1. 5  and  4. 1.1. 6). 

The  model  is  developed  to  describe  the  movement  of  an  organic 
vapor  in  laboratory  columns  of  unsaturated  soil  where  the  mechanisms 
described  above  are  operative.  Figure  4. 1.2.1  is  an  adaption  of 
Figure  4. 1.1.1  which  shows  a  conceptual  picture  of  a  soil  column  that  is 
used  to  develop  a  column  model  for  vapor  extraction.  The  soil  system  is 
divided  into  the  two  zones:  mobile  air  and  aggregates  comprised  of 
immobile  water  and  solid  soil  particles.  Mass  balances  on  these  zones 
result  in  two  partial  differential  equations. 

The  air  depicted  in  Figure  4. 1.2.1  is  assumed  to  be  a  continuous 
phase.  The  smallest  pores,  such  as  those  contained  in  aggregates, 
contain  water  that  is  immobile.  It  is  assumed  that  the  water  surrounds 
the  soil  surfaces. 
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Figure  4. 1.2.1.  Conceptual  picture  for  developing  the  vapor  extraction 
column  model  (this  figure  Is  an  adaption  of  Figure  4. 1.1.1). 

4. 1.2. 2  Derivation  of  the  Dimensioned  Equations.  A  mass  balance 


on  the  air  zone  results  In  the  following  equation: 

aCv(z,T)  a*Cy(zj)  aCy(z,T) 

-  -  Ey - u  - 

ai  az*  az 

(4. 1.2.1) 

Equation  (4. 1.2.1)  describes  the  change  In  vapor  concentration  (Cy(Z,T)) 
with  respect  to  time.  The  terms  on  the  right  side  represent:  gas 
diffusion,  gas  advectlon,  and  air-water  mass  transfer.  It  Is  assumed 
that  the  vapor  concentration  gradient  (aCy(Z,T)/aT)  In  the  axial 
direction  Is  small  over  the  diameter  of  an  aggregate. 

Boundary  conditions  for  (4. 1.2.1}  are  derived  from  the  fact  that 
soil  columns  are  closed  reactors  [Levensplel,  1962].  In  an  attempt  to 


-  Kii 


Cv(Z.T) 

H 


-  Cp(R-Ra,Z,T) 
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force  the  numerical  method  to  conserve  chemical  mass,  an  overall  mass 
balance  is  used  for  one  boundary  condition.  The  difference  between  the 
mass  of  chemical  entering  and  leaving  the  column  by  advection  in  air 
must  equal  the  mass  accumulating  in  the  air  and  in  the  aggregates: 

u[Cvo(T)  -  Cv{Z*L,T)]  »  -  f  f  Cv(Z.T) 

Jo  L 

3Ps(1-€)  fRa  ] 

+  -  Y(R,Z,T)R*dR  aZ  (4. 1.2. 2) 

€(1-S)  Jo  J 

The  influent  concentration  in  the  air  CyQ(T)  is  allowed  to  vary,  and, 
typically,  the  influent  concentration  is  zero.  The  exit  boundary 
condition  is  still  (4. 1.1. 8). 

Intraaggregate  diffusion  is  still  represented  by  (4. 1.1. 3)  along 
with  the  symmetry  boundary  condition  (equation  (4.1.1.10)).  The  other 
boundary  condition  for  (4. 1.1. 3)  is  derived  by  performing  a  mass  balance 
on  an  aggregate.  A  change  in  mass  of  chemical  in  an  aggregate  is  equal 
to  the  mass  transferred  to  the  aggregate  from  the  air: 


a  fRa 

Kia€(l-S) 

Cv(Z.T) 

—  Y(R,Z,T)R*dR  -  - 

- Cp(R-Ri,,Z,T) 

(4. 1.2. 3) 

ST  Jo 

As(l-f) 

[  H  ^ 

The  definition  of  Y(R,Z,T)  is  the  same  as  shown  in  (4. 1.1. 3),  and  it  is 
assumed  that  (4. 1.1. 4)  describes  the  sorption  equilibrium.  Equation 
(4. 1.2. 3)  is  consistent  with  the  assumption  that  axial  gradients  in 
Cv(Z,T)  are  small  over  the  diameter  of  an  aggregate.  Like  (4. 1.2. 2), 

(4. 1.2. 3)  attempts  to  conserve  mass  during  the  numerical  solution  of  the 
model  equations. 

In  summary,  the  column  model  equations  for  conditions  where  there 
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is  air  flow  but  no  water  flow  consist  of  (4. 1.2.1),  (4. 1.2. 2), 

(4. 1.1. 8),  (4. 1.1. 3),  (4.1.1.10),  and  (4. 1.2. 3)  and  the  initial 
condition  given  by  (4. 1.1. 5). 

4. 1.2. 3  Conversion  to  Dlaenslonless  Fora.  As  was  done  in  Section 
4. 1.1. 3,  the  complexity  of  the  above  equations  is  reduced,  by  converting 
them  to  a  dimensionless  form.  Concentration,  space,  and  time  variables 
are  normalized  by  the  variables  listed  in  Table  4. 1.2.1.  Throughput  (t) 
is  defined  here  by  assuming  that  a  soil  column  is  initially  free  of 
chemical  and  that  the  influent  concentration  is  constant  (CyQ(T)  »  Cy^). 
Throughput  is  equal  to  the  ratio  of  chemical  mass  fed  or  removed  in  air 
to  the  mass  contained  in  the  column  at  equilibrium  with  Cyp. 


Table  4. 1.2.1.  Variable  Substitutions  to  Convert  Dimensioned 
Equations  into  a  Dimensionless  Form. 


Dimensioned 

Variable 

Substitution 

Dimensionless 

Variable 

Cp(R,Z,T) 

^bn  ^p(R»2»Y^) 

Cp(R,Z,T) 

Cv(Z,T) 

^vn 

Cy{Z,T) 

Y(R,Z,T) 

Yn  y(R,Z,T) 

y(R.z,T) 

Cpi(R,Z) 

^bn  ^pi(^»^) 

Cpi{R,Z) 

CyiCZ) 

Cyn  Cvi(^) 

Cyi(Z) 

O 

> 

^n  ^vo^^) 

Cyo(T) 

z 

L  z 

z 

R 

Ra  r 

r 

u 

T 

L 

r  s  1 

1  + - + - 

(l-S)H  c(l-S)H 

-1 

t  t 

Cbn*Cvn/H  and  where  Cyp*max(CyQ,Cy'j) . 
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Soil  column  model  predictions  in  terms  of  relative  (dimensionless) 
concentration  as  a  function  of  dimensionless  time  (throughput)  are 
characterized  by  the  groups  defined  in  Table  4. 1.2.2.  Like  those  listed 
in  Table  4. 1.1. 2,  these  groups  represent  mass  transfer  mechanisms  and 
chemical  distributions  at  equilibrium.  Because  in  this  case,  air  is  the 
only  fluid  for  axial  transport,  the  mass  transfer  groups  are  based  on  the 
rate  of  mass  transport  by  air  advection,  and  the  chemical  distribution 
groups  are  based  on  chemical  mass  in  air.  The  magnitudes  of  the  three 
mass  transfer  groups  (air  Peclet  (Pe^),  immobile-water  diffusion  modulus 
(Edp),  air-water  Stanton  (Sty))  represent  the  degree  of  spreading 
exhibited  by  a  breakthrough  curve  [Roberts  et  a/.,  1987].  A  large  value 
of  any  of  these  groups  indicates  a  small  contribution  from  the 
corresponding  mechanism  towards  the  observed  spreading. 


Table  4. 1.2.2.  Definitions  of  Dimensionless  Groups. 


Group 

Definition 

Equation 

Mass  Transfer 

Groups : 

rate  of  diffusion  In  water 

0„D9„L 

“p 

P  P 

rate  of  advection  In  air 

“«a^ 

rate  of  advection  in  air 

uL 

'"'v 

rate  of  diffusion  in  air 

Ev 

rate  of  transport  across  air-water  Interface 

K,_aLS 

rate  of  advection  In  air 

3u(l-S)H 

Chemical  Distribution  Groups: 

09p 

mass  of  chemical  In  water 

S 

mass  of  chemical  In  air 

(l-S)H 

°9s 

mass  of  chemical  adsorbed  to  soil 

mass  of  chemical  In  air 

£(1-S)H 

mass  of  chemical  In  water  and  on  soil 

09 

mass  of  chemical  In  air 

velocity  of  chemical  front 

«d 

velocity  of  air 

1  ♦  Dg 

1/n 

Isotherm  Intensity 
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The  dimensionless  forms  of  the  air  mass  balance  (equation 
(4. 1.2.1))  and  the  entrance  boundary  condition  (equation  (4. 1.2. 2))  are 


3cv(z,t) 

-  [1  +  Dg] 

at 


1  a*cv(z,t)  acv(z,t) 

Pe^  az2  dz 


-  3Stv[Cy(z,t)  -  Cp(r=l,z,t)]  (4. 1.2. 4) 


1  a  r 
[1  +  Dg]  at  Jo  L 

-  3Dg  f  y(r,z,t)r^dr  dz  (4. 1.2. 5) 

Jo 

The  dimensionless  form  of  the  exit  boundary  condition  (equation 
(4. 1.1. 8))  is  (4.1.1.14). 

The  dimensionless  form  of  the  intraaggregate  mass  balance 
(equation  (4. 1.1. 3))  is 

ay(r,z,t)  Edp[l  +  Og]  1  d  acp(r,z,t)  ' 

-  -  — - r*  — -  (4. 1.2.6) 

at  Dg  r*  ar  [  ar  J 

The  dimensionless  total  intraaggregate  concentration  must  satisfy 

DgpCp(r,z,t)  +  Dg5Cp(r,z,t)Vn 

y(r,z,t)  -  ^ -  (4. 1.2. 7) 

Dg 

Equation  (4. 1.2. 7)  reduces  to  y(r,z,t)  »  Cp{r,z,t)  for  1/n  =  1. 

The  dimensionless  form  of  (4.1.1.10)  is  unchanged  from  (4.1.1.20). 
The  dimensionless  form  of  (4. 1.2. 3)  is 
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Dg  d  fl 

Stv[Cv(z,t)  -  Cj,(r«l,z,t)]  - y(r,z,t)r2dr  (4. 1.2. 8) 

^  [1  +  Dg]  at  Jo 

The  dimensionless  initial  condition  for  solving  these  equations  is 
(4.1.1.22). 

Converting  the  vapor  extraction  column  model  into  a  dimensionless 
form  reduces  the  number  of  parameters  that  characterize  a  solution  from 
13  (a.  Opt  Ey,  H,  K,  L>  l/n»  Rj>  S,  u^  c,  Pj)  to  6  (Dgpt  Dg^t 
1/n,  POy,  Sty).  It  is  also  easier  to  characterize  a  solution  in  terms 
of  these  groups.  Three  groups  (Edp,  POy,  Sty)  affect  only  the  shape  of  a 
breakthrough  curve.  Eight  parameters  (H,  K,  L,  1/n,  S,  u,  c,  Pg)  impact 
both  shape  and  position;  the  other  five  affect  only  the  shape. 

4. 1.1. 4  Numerical  Solution.  The  dimensionless  form  of  the  above 
column  model  (equations  (4.1.1.14),  (4.1.1.20),  (4.1.1.22),  and 
(4. 1.2. 4-8))  is  solved  numerically  in  the  same  manner  as  in  Section 
4. 1.1. 4. 

Application  of  orthogonal  collocation  (OC)  to  the  air  mass  balance 
and  its  boundary  conditions  (equations  (4. 1.2. 4),  (4. 1.2. 5),  and 
(4.1.1.14))  yields  0  ordinary  differential  equations  (DDEs),  where  J  is 
the  number  of  axial  collocation  points.  Additional  OOEs  (Jxl,  where  I 
is  the  number  of  radial  collocation  points)  are  produced  by  the 
application  of  OC  to  the  intraaggregate  mass  balance  and  its  boundary 
conditions  (equations  (4. 1.2. 6),  (4. 1.2. 7),  and  (4.1.1.20)).  Figure 
4. 1.2. 2  is  a  schematic  of  the  OC  discretization  of  the  solution  domain 
and  shows  the  coupling  of  the  CHlEs.  This  system  of  OOEs  is  again  solved 
using  an  algorithm  called  GEAR,  which  is  found  in  the  International 
Mathematics  and  Scientific  Library  (INSL).  The  application  of  OC  is 
shown  below  in  the  order  in  which  GEAR  receives  the  derivatives. 
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Figure  4. 1.2. 2.  General  schematic  of  the  coupling  of  the  ordinary 
differential  equations  resulting  from  the  application  of  orthogonal 
collocation  to  the  partial  differential  equations  comprising  the  vapor 
extraction  column  model  (this  figure  is  an  adaption  of  Figure  4. 1.1. 2). 
Equation  numbering  is  in  parentheses. 


The  application  of  OC  to  (4. 1.2. 6)  results  in: 


dy(ij.t)  Edp[l  +  Dg]  I 

~  ^  p  Cp(n,j,t} 


dt 


Dg 


(4. 1.2. 9) 


Figure  4. 1.2. 2,  which  is  an  adaption  of  Figure  4. 1.1. 2,  shows  that 
(4. 1.2.9)  is  evaluated  at  I-l  radial  collocation  points  at  each  axial 
collocation  point  (J  -  1  to  J).  The  descriptions  of  the  OC  coefficient 
matrices  is  given  In  Section  4. 1.1. 4.  Because  the  matrix  is 
symmetrical,  (4.1.1.20)  is  satisfied  by  the  application  of  OC  to 
(4. 1.2.9)  [Finlayson,  1980]. 
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Applying  OC  to  (4. 1.2. 7)  and  solving  for  the  change  in  the  total 
intraaggregate  concentration  at  r  equal  to  1  leads  to  the  following 
condition  at  the  aggregate  surface: 


dy{I,j,t)  1 
dt 


[1  +  Dg]Stv 
Dg 


[Cv(j,t)  -  Cp(I,j,t)] 


I-l  dy(p,j,t) 

-  2  W^p  - 

p=l  ^  dt 


(4.1.2.10) 


Equation  (4.1.2.10)  is  evaluated  at  all  axial  collocation  locations. 

The  application  of  OC  to  the  air  mass  balance  (equation  (4. 1.2. 4)) 
gives  the  following  equation: 


dCv(j,t) 

dt 


[1  +  Dg] 


J 

2 

m=l 


^  ■j***’  -  A^- 

Pe„ 


Cy(m,t)  —  3Sty[Cy(jtt) 


-  Cp(I,j,t)] 


(4.1.2.11) 


Equation  (4.1.2.11)  is  evaluated  at  the  J-2  internal  axial  collocation 
locations  shown  in  Figure  4. 1.2.2  (j  »  2  to  J-1). 

An  entrance  condition  is  obtained  by  using  OC  to  convert  (4.1.1.14) 
and  (4. 1.2. 5)  to  ODEs  and  solving  for  the  derivative  at  j  equal  to  1: 


dCy(l,t) 

dt 


W^i  - 


^^J,l 


A^. 


[1  +  Dg][Cvo(t)  -  Cy(J,t)] 


J-1 

2 

wz  uz,  ^ 

"  m  "  J  , 

dCy(m,t) 

J  I  dy(p,m,t) 

-  3Dg  2  W^n,  2  W'-p  - 

m-2 

*"j,j  J 

dt  , 

m-1  p-1  ^  dt 

(4.1.2.12) 


The  exit  (j  -  J)  condition  is  then  (4.1.1.29) 


91 


Evaluations  of  (4.1.2.9-12)  and  (4.1.1.29)  are  made  after  solving 
(4. 1.2. 7)  for  Cp(r,z,t)  at  each  of  the  radial  collocation  points: 

DgnCp(iJ.t)  +  DgsCp(iJ,t)l/" 

y(i,j,t)  -  — -  (4.1.2.13) 

Dg 

For  1/n  not  equal  to  1,  values  of  Cp(i,j,t)  are  determined  with  a  root 
finding  subroutine  called  OZBREN,  which  also  is  an  IHSL  algorithm,  and 
for  1/n  =  1,  y(i,j,t)  =  Cp(i,j,t). 

Initially  (t=0),  (4.1.1.22)  is  used  for  concentration  values  at 
all  of  the  collocation  points.  Condition  (4.1.2.13)  is  used  with 
(4.1.2.9-12)  and  (4.1.1.29)  to  calculate  the  initial  derivatives,  the 
derivatives  are  sent  to  GEAR,  and  GEAR  returns  values  of  y(i,j,t), 
Cb(j*t),  and  Cy(j,t).  Equation  (4.1.2.13)  is  solved  for  Cp(i,j,t)  and 
the  algorithm  is  repeated  until  the  desired  throughput  is  reached. 

4. 1.2. 5  Model  Simplifications  and  Verification.  The  model  derived 
above  simplifies  in  the  same  manner  as  the  model  described  in  Section 
4. 1.1. 5.  For  example,  if  Edp  and  Sty  are  large,  then  the  local 
equilibrium  solutions  apply  here.  These  substitutions  in  (4.1.1.34) 
give  identical  results:  Pe  =■  Pey,  t  as  defined  in  Table  4. 1.2.1,  and 
C|j(z,t)  -  Cy(z,t).  The  plug  flow  solution  in  Section  4. 1.1. 5  applies 
here  if  Pey  is  large.  The  appropriate  changes  in  (4.1.1.46)  are:  t  as 
defined  in  Table  4. 1.2.1;  Ar  -  0;  Og,  Dgp,  Og^,  and  Edp  as  defined  in 
Table  4. 1.2. 2;  St^  *  Sty;  and  Cb(z>t)  -  Cy(z,t).  Because  the  mechanisms 
included  in  this  model  are  approximated  in  the  same  way  as  the  model 
described  in  Section  4.1.1,  the  simplifications  derived  in  Section 
4. 1.1. 5  apply  here.  Therefore  the  numerical  solution  verification  given 
in  Section  4. 1.1. 6  applies  to  the  numerical  approximation  above  as  well. 
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4. 1.2.6  Model  Validation.  The  experimental  validation  approach 
used  in  Section  4. 1.1. 7  started  with  simple  conditions  where  the  fewest 
mechanisms  were  important  and  proceeded  to  more  complicated  situations 
where  the  impacts  of  several  mechanisms  were  observed.  This  same 
approach  is  followed  in  this  section. 

Materials  and  Methods.  Experimental  procedures  for  validating  the 
air-flow  column  model  are  similar  to  those  followed  in  Section  4. 1.1. 7 
except  here  the  mobile  fluid  is  air.  Given  below  are  the  experimental 
results  and  model  simulations  of  the  laboratory  scale  vapor  extraction 
experiments.  The  column  apparatus  and  experimental  procedures  used  for 
these  experiments  are  reported  by  McKenzie  [1990].  A  modification  to 
the  final  version  of  the  apparatus  used  by  McKenzie  [1990]  was' made  to 
redo  two  of  his  experiments  where  the  results  could  not  be  explained. 

The  modification  involved  replacing  the  direct  connection  from  the  soil 
column  to  an  FID  with  a  6-port  switching  valve  and  2-ml  sample  loop 
(Valeo  Instruments,  Inc.,  Houston,  Texas)  connected  to  a  5880  Hewlett- 
Packard  gas  chromatograph  (GC)  (Hewlett-Packard  Co.,  Mt.  View, 
California)  with  an  FID.  This  modification  made  it  possible  to  sample 
effluent  gas  periodically  instead  of  continuously  and,  thus,  integrated 
areas  from  the  GC/FID  analysis  are  used  to  determine  concentrations 
instead  of  peak  height,  which  was  used  by  McKenzie  [1990].  The  peak 
height  method  is  not  as  sensitive,  precise,  or  accurate  as  the  area 
integration  technique.  Experimental  results  that  are  taken  from 
McKenzie  [1990]  are  noted  as  such  in  the  figure  captions. 

The  experimental  conditions  are  summarized  in  Table  4. 1.2. 3.  The 
porous  materials  used  in  these  vapor  extraction  column  model  validation 
experiments  are  the  same  as  used  in  the  validation  of  the  column  model 
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described  in  Section  4.1.1.  The  media  characteristics  are  listed  in 
Table  4. 1.1. 5.  Two  chemicals  were  used  in  these  experiments:  methane 
was  used  as  a  gas  tracer  for  observing  the  impact  of  gas  diffusion  on 
subsurface  vapor  transport,  and  (2)  toluene  was  used  as  the  volatile 
organic  contaminant.  The  chemical  properties  that  are  used  for  the 
model  parameter  estimation  are  listed  in  Table  4. 1.2. 4.  Water  viscosity 
and  density  are  listed  in  Table  4. 1.1. 4.  Moist  soil  experiments  were 
performed  by  saturating  the  columns  with  water  and  then  allowing  the 
columns  to  drain  by  gravity.  Air  flow  was  induced  either  by  a  vacuum 
pump  or  a  regulated  tank. 


Table  4. 1.2.3.  Experimental  Conditions  for  Column  Runs  With  Methane 
(CH4)  and  Toluene  (TOL)  in  Ottawa  Sand  (OS)  and  in  Aggregates  (ARM). 


Soil 

Chemical 

Influent 
Concentration 
(mg  L'l) 

Gas  Flow 
Rate* 
(cm^  s'^) 

Degree 

of 

Saturation 

Pulse 

Time 

(hours) 

Total 

Time 

(hours) 

OS 

35.7 

0.10  /O.IO 

0 

3.70 

10.65 

OS 

T0L<^ 

60 

0.097/0.097 

0 

2.56 

4.25 

OS 

T0L<^ 

1 

0.076/0.062 

0 

27.75 

181.22 

OS 

T0L<^ 

60 

0.094/0.094 

0.26 

5.41 

9.19 

ARM 

35.7 

0.37  /0.33 

0 

1.64 

3.36 

ARM 

tolc 

60 

0.084/0.084 

0 

6.39 

10.92 

ARM 

TOL^ 

1 

0.23  /0.30 

0.64 

15.95 

39.92 

^Breakthrough/Elution 

^Breakthrough  gas  is  95%  argon/5%  methane,  elution  gas  is  nitrogen. 
^Breakthrough  gas  is  toluene  in  air,  elution  gas  is  air. 
^Breakthrough  gas  is  toluene  in  nitrogen,  elution  gas  is  nitrogen, 
and  relative  humidity  of  the  gases  is  0%  (relative  humidity  is 
greater  than  0%  for  the  other  experiments). 

Cross-sectional  area  of  columns  is  19.6  cm^,  column  length  is 
30.13  cm,  the  temperature  was  23  °C  (±2),  and  atmospheric  pressure 
was  101,300  Pa  (±2000). 
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Table  4. 1.2. 4.  Properties  of  Air,  Methane,  and  Toluene 
at  23  °C  that  are  Used  for  Model  Parameter  Estimation. 


Value 

Air 

Viscosity,  /Xg  (g  cm‘^  s'^) 

0.000184^ 

Density,  pg  (g  cm'^) 

0.00130^ 

Toluene,  TOL  (C5H5CH3) 

Molecular  weight,  M/^  (g  raol"^) 

92. 2® 

Molar  volume,  V;^  (cm^  moT^) 

132. 5^^ 

Boiling  point,  Tj,  (K) 

374® 

Vapor  Pressure,  P^  (mm  Hg) 

28*^ 

Solubility,  C5  (mg  L*^) 

515^1 

Henry's  constant,  H  (dimensionless) 

O.27C 

Methane,  CH4 

Molecular  weight,  M/\  (g  mol"^) 

16.0® 

Molar  volume,  V/^  (cm^  mol'^) 

29.6*^ 

Boiling  point,  Tj,  (K) 

109® 

Vapor  Pressure,  Py  (mm  Hg) 

205, 000*^ 

Solubility,  Cj  (mg  L'^) 

24d 

Henry's  constant,  H  (dimensionless) 

27d 

®From  Weast  [1981]. 
^LeBas  [1915]. 

‘•Ashworth  et  a/.  [1988]. 
‘^MacKay  and  Shiu  [1981]. 


Model  Parameter  Estimation.  Parameter  values  for  the  model 
calculations  are  given  in  Table  4. 1.2. 5.  These  values  were  obtained 
either  from  the  literature  correlations  given  in  Section  4. 1.1.7,  values 
fit  in  the  water  flow  experiments  (Table  4. 1.1. 6),  direct  measurements 
and  by  assumption,  or,  when  necessary,  by  calibrating  the  model.  The 
parameter  for  which  the  greatest  uncertainty  exists  is  Kj^a,  and,  because 
for  these  experiments  there  is  no  water  flow,  the  value  of  K|^a  that  is 
assumed  fast  such  that  it  has  no  impact  on  the  results. 
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BT  *  breakthrough,  EL  •  elution,  NA  «  not  applicable,  and  NC  •  no  change. 


Experimental  Results.  No  biodegradation  was  observed  over  the 
duration  of  an  experiment.  Mass  balance  determinations  showed  that  95% 
or  more  of  the  chemical  retained  in  a  column  during  breakthrough  was 
removed  during  extraction.  The  results  that  follow  are  summarized  by 
the  magnitudes  of  the  dimensionless  groups  given  in  Table  4. 1.2.6.  When 
a  group  value  is  given  in  Table  4. 1.2.6  as  "NA"  the  mechanism  for  which 
it  represents  is  unimportant  so  an  arbitrary  value  is  selected  so  that 
it  has  no  impact  on  the  model  calculation.  Diffusion  in  immobile  water 
and  liquid  dispersion  were  the  most  important  mechanisms  in  the  water 
flow  experiments;  while  gas  diffusion  was  predominant  in  the  dry  vapor 
extraction  column  studies,  and  intraaggregate  diffusion  was  significant 
only  for  moist  conditions  in  the  column  containing  ARM. 


Table  4. 1.2. 6.  Dimensionless  Group  Values  Resulting 
from  Parameter  Values  Listed  in  Table  4. 1.2. 5. 


Chemical /Sol  1 : 

CH^/OS 

TOL/OS 

TOL/OS 

TOL/OS 

CH^/APM 

TOL/APM 

TOL/APM 

Independent Iv  Determined  Values: 

09p 

0 

0 

0 

1.3 

0 

0 

6.6 

og. 

0 

0 

0.43 

0 

0 

0 

0 

«d 

1 

1 

1.43 

2.3 

1 

1 

7.6 

“p 

NA 

NA 

NA 

NA 

1100 

4700 

0.3/0.25 

stv 

100 

100 

100 

100 

100 

100 

100/100 

Z.7 

7.9 

6. 2/5.1 

22 

7. 5/4.0 

5.5 

69/83 

1/n 

1 

1 

1 

1 

1 

1 

1 

Values  Resultlno  From  Model  Calibration: 

NC 

0.43 

11.2 

NC 

NC 

0.84 

NC 

1/n 

NC 

NC 

0.4 

NC 

NC 

NC 

NC 

«d 

NC 

1.43 

12.2 

NC 

NC 

1.8 

NC 

NA  -  not  applicable.  Input  a  large  value  to  make  uninvortant.  NC  -  net  changed. 
Two  values  are  given  when  the  breakthrough  and  elution  flow  rates  are  different, 
the  first  Is  for  breakthrough  and  the  second  for  elution. 
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wUh  Ottawa  iaod 


A  gas  tracer  (95X  argon/5X  methane)  experiment  was  performed  first 
to  measure  the  air-filled  pore  tortuosity  (Tj)  of  the  sand  column. 
Measured  effluent  concentrations  of  methane  (CH4}  relative  to  an 
influent  concentration  of  35.7  mg  L"^  are  shown  in  Figure  4. 1.2. 3  as  a 
function  of  the  total  pore  volumes  of  air  fed  to  the  column.  The 
breakthrough  portion  of  the  experiment  lasted  for  3.70  hours  (this 
corresponds  to  7.18  pore  volumes  for  a  gas  flow  rate  of  0.10  cm^  s‘^  ), 
after  which  the  methane  was  eluted  with  clean  air  at  the  same  rate  for 
almost  nine  hours.  The  model  prediction  shown  in  Figure  4. 1.2. 3  is 
based  on  parameter  values  given  in  Table  4. 1.2.5  and  it  agrees  with  the 
observed  effluent  concentrations. 


Figure  4. 1.2.3.  Model  prediction  of  methane  gas  movement  In  a  column  of 

dry  Ottawa  sand. 
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Magnitudes  of  the  dimensionless  group  values  given  in  Table 
4. 1.2. 6  indicate  that  the  predominant  spreading  mechanism  for  the 
experiment  shown  in  Figure  4. 1.2. 3  is  gas  diffusion  (POy  =  2.6).  In  the 
unsaturated  water  flow  experiments  in  sand  reported  in  Section  4. 1.1. 7, 
the  transport  of  bromide  (Br')  and  of  trichloroethene  (TCE)  could  only 
be  described  by  accounting  for  diffusion  in  inmobile  water  (see  Figure 
4. 1.1. 6).  For  the  experimental  results  shown  in  Figure  4. 1.2. 3,  a  model 
calculation  that  accounts  for  diffusion  in  an  immobile  air  fraction 
(10%  of  the  void  volume,  which  is  equivalent  to  the  fraction  of  immobile 
water  that  was  measured  in  the  unsaturated  water  flow  experiments  with 
sand)  gives  identical  results.  Therefore  if  a  fraction  of  the  air  in 
the  sand  column  is  immobile,  the  diffusion  into  these  zones  is  fast 
enough  for  the  existing  advective  rates  that  it  can  be  ignored. 

Toluene  (TOL)  vapor  at  a  concentration  of  60  mg  L’^  was  then  drawn 
through  the  dry  sand  column  at  a  rate  of  0.097  cm^  s'^  for  2.56  hours 
(4.59  pore  volumes).  The  results  are  shown  in  Figure  4. 1.2. 4.  The 
model  prediction  is  shown  as  a  solid  line,  and  this  calculation  assumes 
no  sorption  of  the  toluene  vapors.  Although  the  relative  humidity  (RH) 
of  the  influent  gases  was  not  measured,  the  RH  was  above  zero  because 
the  gases  were  in  contact  with  liquid  water  prior  to  being  drawn  through 
the  column.  Sorption  of  TCE  onto  the  Ottawa  sand  was  not  observed  in 
saturated  flow  experiments  [Hutzler  et  a1.,  1989b]  because  TCE  is 
nonpolar  and  no  organic  material  is  associated  with  the  Ottawa  sand 
[Hasset  et  al.,  1983].  Because  toluene  is  also  nonpolar,  it  is 
reasonable  to  assume  no  sorption  of  the  toluene  onto  the  sand.  The 
observed  effluent  data  is  fit  with  the  model  by  adjusting  K  from  zero  to 
0.08  cm^  g*^.  The  observed  retardation  can  not  be  attributed  to 
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partitioning  In  condensed  or  adsorbed  water  vapor  because  the  degree  of 
saturation  would  have  to  be  at  least  0.10,  which  would  have  been 
measured  In  the  gravimetric  analysis  at  the  completion  of  the 
experiment.  The  calibrated  model  calculation  Is  shown  as  a  dashed  line. 
Again,  the  predominant  spreading  mechanism  Is  gas  diffusion  (Pey  >8.1) 
and  the  air-filled  tortousity  used  In  the  methane  experiment  Is  used  to 
describe  the  effective  gas  diffusion  rate  here.  Another  experiment  was 
performed  by  McKenzie  [1990]  at  a  higher  air  flow  rate,  and  the  model 
predicted  the  data  using  the  K  fit  for  this  experiment. 


Figure  4. 1.2. 4.  Model  prediction  and  fit  of  toluene  vapor  movement  In  a 
column  of  dry  Ottawa  sand  (data  from  McKenzie  [1990]). 


Since  the  Influent  concentration  of  toluene  (60  mg  TOL  L*^  -  15  mm 
Hg)  was  over  SOX  of  the  vapor  pressure.  It  Is  also  possible  that  the 
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observed  retardation  was  due  instead  to  condensation  of  the  toluene 
vapors.  The  dry  experiment  was  repeated  at  a  lower  toluene  influent 
concentration  (1  mg  L*^]  to  determine  if  condensation  occurred.  The 
relative  humidity  of  the  influent  gases  was  reduced  to  zero  to  observe 
the  impact  of  water  vapor  on  the  sorption  of  organic  vapors.  The 
results  of  this  0%  RH  experiment  are  shown  in  Figure  4. 1.2. 5.  The 
dashed  line  is  a  calculation  based  on  the  K  fit  in  the  previous 
experiment  where  water  vapor  was  present. 


Figure  4. 1.2. 5.  Model  prediction  and  fit  of  toluene  vapor  movement  in  a 
column  of  dry  Ottawa  sand  at  0*  relative  humidity. 

The  retardation  observed  during  this  experiment  is  about  10  times 
more  in  the  0%  RH  experiment.  The  breakthrough  part  of  the  experiment 
lasted  27.75  hours  (38.94  pore  volumes  at  an  extraction  rate  of  0.076 
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cm^  s'^)  and  the  elution  took  154  hours  (176  pore  volumes  at  an 
extraction  rate  of  0.062  cm^  s'^).  Retardation  would  be  less  if 
condensation  was  occurring  because  the  influent  concentration  was  less. 
Moreover,  the  breakthrough  is  sharper  than  the  elution,  indicating 
nonlinear  (1/n  <  1,  cf.  Crittenden  et  al .  [1986])  sorption  of  organic 
vapors  in  the  absence  of  water  vapor.  Nonlinear  sorption  equilibrium 
was  also  observed  by  Chiou  and  Shoup  [1985]  under  dry  conditions.  The 
model  is  fit  to  the  data  resulting  in  a  best  fit  1/n  equal  to  0.4  and  K 
of  2.1  (cm^  mg'^)®*^  mg  g"^.  In  this  case,  nonlinear  equilibrium  tended 
to  diminish  the  impact  of  gas  diffusion.  Since  water  is  present  in  most 
soils,  further  study  of  relative  humidity  impacts  is  not  pursued  here. 

The  Ottawa  sand  column  was  then  saturated  with  water  and  allowed 
to  drain.  Remaining  free  water  was  removed  by  blowing  water  out  of  the 
bottom  of  the  column  with  a  pipette  bulb.  Toluene  at  a  concentration  of 
60  mg  L'^  was  drawn  through  the  column  at  a  rate  of  0.094  cm^  s’^  for 
5.41  hours  (9.39  pore  volumes).  A  comparison  of  a  model  prediction, 
assuming  no  adsorption,  with  the  observed  effluent  concentrations  is 
shown  in  Figure  4. 1.2.6.  The  model  calculation  assumes  all  of  the 
spreading  is  due  to  gas  diffusion  (Pe^  *  22,  Edp  =  100,  Sty  =  100).  The 
dashed  line  is  a  model  calculation  using  the  sorption  capacity  fit  in 
the  dry  experiment  where  water  vapor  was  present,  corrected  for 
equilibrium  between  water  and  soil.  The  retardation  due  to  dissolution 
of  toluene  vapors  is  much  larger  than  a  contribution  due  to  sorption  so 
it  is  not  possible  to  determine  if  vapor  sorption  did  occur.  In  the 
unsaturated  water  flow  experiments  in  Ottawa  sand,  the  amount  of 
immobile  water  and  the  specific  rate  of  intraaggregate  diffusion  (Dp 
Rg~^)  had  to  be  calibrated  to  the  tracer  experiment  because  it  was  not 
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possible  to  independently  determine  the  size  of  the  Immobile  water 
regions.  A  model  calculation  using  the  value  of  Dp  fit  In  the 
water  flow  experiments  is  shown  In  Figure  4. 1.2. 5  as  a  dotted  line  (Pe^ 

-  22,  Edp  -  0.0012,  Sty  -  100).  It  Is  apparent  that  the  Immobile  water 
regions  present  In  situations  where  water  flow  occurs  are  different  than 
those  where  there  is  no  water  flow.  The  model  calculations  in  Figure 
4. 1.2. 6  assume  that  air-water  mass  transfer  rates  (Sty  ■  100)  are  fast 
so  the  value  of  K|^a  Is  not  Important. 


Figure  4. 1.2.6.  Hodel  predictions  of  toluene  vapor  movement  In  a  column 
of  moist  Ottawa  sand  (data  from  McKenzie  [1990]). 


Extraction  ExaerlifinU  Milh  Aqqrgqat&s 

These  experiments  with  an  aggregated  porous  material  (APM)  were 
performed  under  dry  conditions  first  and  then  a  moist  experiment  to 
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observe  the  impact  of  soil  aggregation  on  vapor  extraction.  The  APM  was 
used  because  its  soil  structure  characteristics  (size  and  tortuosity) 
were  previously  measured  in  the  unsaturated  water  flow  study  described 
in  Section  4. 1.1.7. 

Figure  4. 1.2. 7  shows  the  observed  movement  of  methane  in  a  dry 
column  containing  APM  and  a  model  prediction.  The  model  calculation 
assumes  that  the  air  inside  the  aggregate  particles  is  immobile  and 
chemical  transport  inside  the  particles  is  due  to  gas  diffusion.  The 
intraaggregate  diffusion  rate  in  the  dry  material  is  fast  enough  (Edp  = 
1060)  to  be  unimportant  when  compared  to  axial  diffusion  (Pe^  -  7.6). 


Figure  4. 1.2.7.  Model  prediction  of  methane  gas  movement  In  a  column  of 

dry  aggregated  porous  media. 


Transport  of  toluene  In  the  dry  APM  column  is  shown  in  Figure 
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4. 1.2.8.  A  model  prediction  assuming  no  adsorption  of  the  toluene 
vapors  is  shown  as  a  solid  line.  The  model  is  fit  by  adjusting  K  to  0.8 
cm^  g~^.  Relative  humidity  was  not  measured  but  it  was  greater  than 
zero.  As  in  the  dry  methane  experiment,  axial  gas  diffusion  with  air 
flow  is  the  predominant  spreading  mechanism  (Pey  >  5.5,  Edp  >  4700,  Sty 
*  10,000),  and  as  was  the  case  in  the  dry  sand  experiment,  toluene 
sorbed  to  the  dry  aggregates. 


PORE  VOLUMES 

Figure  4. 1.2. 8.  Model  prediction  and  fit  of  toluene  vapor  movement  in  a 
column  of  dry  aggregated  porous  media  (data  from  McKenzie  [1990]). 


The  aggregate  particles  were  then  saturated  with  water  and  packed 
in  a  column.  Toluene  vapor  breakthrough  and  elution  from  the  moist  APM 
column  are  shown  in  Figure  4. 1.2. 9.  A  model  prediction  assuming  no 
adsorption  is  shown  as  a  solid  line.  The  dashed  line  shows  the  in4)act 
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of  including  the  amount  of  adsorption  that  was  observed  in  the  dry  case. 
The  dotted  curved  assumes  that  intraaggregate  diffusion  is  fast.  All 
three  model  calculations  assume  that  air-water  mass  transfer  rates  are 
fast.  In  this  moist  APM  experiment,  intraaggregate  diffusion  could  not 
be  ignored,  and  the  impact  of  intraaggregate  diffusion  would  increase  as 
the  air  flow  rate  is  increased. 


Figure  4. 1.2. 9.  Model  predictions  of  toluene  vapor  movement  in  a  column 

of  moist  aggregated  porous  media. 

4. 1.2.7  Summary  of  Column  Extraction  Results.  The  approach 
demonstrated  in  the  previous  section  is  appropriate  for  developing  a 
vapor  extraction  column  model  that  simulates  the  removal  of  dissolved 
volatile  organic  chemicals  from  cohesionless  and  aggregated  soils.  This 
model  was  also  solved  with  orthogonal  collocation  and  the  numerical 
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approximation  verified.  Validation  experiments  were  performed  with  the 
same  two  porous  materials  (sand  and  an  aggregated  soil)  used  in  the 
water  flow  column  experiments.  Toluene  was  used  in  the  vapor  extraction 
experiments  for  the  volatile  contaminant  and  methane  was  used  as  an 
insoluble  gas  tracer. 

The  results  reported  here  indicate  two  important  differences 
between  extraction  of  chemicals  from  cohesionless  soils  and  from 
aggregated  soils.  First,  the  moisture  content  of  an  aggregated  soil  is 
usually  higher  and  this  results  in  an  increase  in  retardation  due  to 
partitioning  between  the  air  and  water.  Second,  the  presence  of 
moisture  in  an  aggregated  soil  increases  extraction  time  because  of 
intraaggregate  diffusion  rate  limitations.  For  dry  conditions,  vapor 
transport  in  the  aggregated  material  and  the  sand  are  similar.  Vapor 
transport  in  either  the  aggregated  soil  or  the  sand  is  advection- 
diffusion  dominant  for  low  air  velocities  (0.04  and  1  cm  s*^, 
respectively)  or  dry  conditions.  Air-water  mass  transfer  rates  appear 
to  be  fast  for  the  air  velocities  used  here.  Sorption  of  organic  vapors 
can  occur  for  dry  conditions  even  when  no  organic  material  is  present, 
and  the  sorption  equilibrium  was  nonlinear  for  zero  relative  humidity. 

There  are  differences  between  the  important  mechanisms  for  the 
vapor  extraction  experiments  reported  in  this  section  and  the 
unsaturated  water  flow  results  reported  in  Section  4. 1.1. 7.  For  the 
situations  where  water  was  flowing,  vapor  diffusion  could  be  ignored, 
but  gas  diffusion  could  not  be  neglected  when  air  was  the  only  mobile 
fluid.  Diffusion  out  of  water  was  not  important  for  the  moist  sand 
vapor  extraction  experiment;  however,  it  was  important  in  the  water  flow 
sand  experiment.  This  discrepancy  occurred  even  though  the  degrees  of 
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saturation  were  about  the  same  for  the  two  experiments.  The 
distribution  of  liquid  water  may  be  different  between  the  water-flow  and 
the  no-water-f1ow  conditions.  The  impact  of  intraaggregate  diffusion 
that  was  observed  in  the  unsaturated  sand  column  for  flowing  water  could 
not  be  used  to  predict  the  vapor  extraction  column  results  for  moist, 
no-water-flow  conditions. 

Even  though  intraaggregate  diffusion  rates  are  difficult  to 
predict,  the  impact  of  diffusion  out  of  water  should  be  tested  in  a 
vapor  extraction  model.  Since  the  model  sensitivity  results  showed  that 
air-water  mass  transfer  and  intraaggregate  diffusion  can  have  similar 
impacts  by  appropriate  manipulations  of  the  mass  transfer  parameters, 
air-water  mass  transfer  is  used  in  lieu  of  intraaggregate  diffusion  in 
the  two  dimensional  models  derivations  that  follow.  Liquid  dispersion 
is  important  when  water  is  flowing  and  vapor  diffusion  is  important  for 
air  flow  conditions,  so  both  of  these  spreading  mechanisms  are  included 
along  with  the  primary  direction  of  fluid  flow  in  the  following  model 
developments. 
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4.2  TWO-DIMENSIONAL  VAPOR  EXTRACTION  MODELS 

This  section  describes  the  development  of  models  that  simulate  the 
removal  of  volatile  organic  chemicals  from  soils  using  vapor  extraction. 
The  models  developed  here  describe  the  vertical  movement  of  aqueous 
solutions  of  nondegradable  volatile  organic  chemicals  and  simultaneous 
removal  with  horizontal  air  flow.  All  of  the  assumptions  regarding  the 
mathematical  descriptions  of  the  Important  mechanisms  discussed 
previously  apply  here  with  the  following  exceptions.  The  solution  of 
coupled  two-dimensional  equations  Is  more  complicated  than  the  solutions 
of  the  one-dimensional  systems.  To  reduce  the  complexity,  soil 
aggregation  and  nonlinear  sorption  are  not  considered  in  the  two- 
dimensional  model  developments. 

The  numerical  method  used  In  the  previous  sections  to  solve  the 
one-dimensional  column  models,  called  orthogonal  collocation  (DC),  has 
been  successfully  used  In  fixed-bed  applications,  however,  the  solution 
of  two-dimensional  system  equations  using  OC  has  been  less  successful. 

Im  [1988]  applied  OC  to  transport  equations  that  Included  advectlon  In 
two  parallel  layers  and  transverse  dispersion  In  each  layer,  but  he  was 
unable  to  verify  the  solution  when  the  advective  rates  in  both  layers 
were  of  the  same  order  of  magnitude  (i.e.  when  the  vertical  transport  in 
each  layer  is  significant).  In  this  work.  It  Is  deemed  necessary  to 
demonstrate  whether  OC  is  appropriate  for  solving  two-dimensional 
equations  before  Including  the  effects  of  aggregation.  It  has  already 
been  proven  that  OC  Is  appropriate  for  describing  Intraaggregate 
diffusion  [Crittenden  et  al.,  1986;  Gierke,  1986],  and  so  It  would  be  a 
simple  task  to  Include  Intraaggregate  diffusion  In  the  two-dimensional 
models.  Doing  so  would  significantly  Increase  the  already  large  number 
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(200)  of  equations  by  at  least  a  factor  of  three. 

Nonlinear  sorption  was  shown  to  be  important  only  in  very  dry 
conditions  (see  Figure  4. 1.2. 4).  Moisture  will  probably  be  present  in 
most  vapor  extraction  applications,  and  because  calculations  for 
nonlinear  sorption  isotherms  take  at  least  ten-  and  often  one  hundred- 
times  longer,  1/n  is  assumed  to  be  1  for  the  remaining  model 
developments. 

Many  types  of  vapor  extraction  systems  are  currently  in  use 
throughout  the  country  [Hutzler  et  a1.,  1989a].  Two  system  geometries 
are  studied  here.  The  most  common  configuration  is  a  grid  of  vertical 
vents,  so  the  first  set  of  models  are  derived  to  study  the  performance 
of  a  single  vertical  vent  in  a  homogeneous  soil  system.  Trench  or 
planar  extraction  systems  are  modeled  next  using  the  same  approach.  The 
radial  model  development  consists  of  the  construction  of  a  conceptual 
picture,  derivation  of  dimensioned  equations,  conversion  of  dimensioned 
equations  to  dimensionless  form,  application  of  the  numerical  method  to 
the  dimensionless  equations,  simplification  of  the  dimensionless 
equations  and  subsequent  solution,  and  model  sensitivity.  Model 
calculations  are  used  to  determine  the  important  removal  mechanisms  for 
field-scale  systems,  to  give  additional  considerations  for  specifying 
air  withdrawal  rates  and  vent  configuration,  and  to  demonstrate  the 
appropriateness  of  using  a  laboratory- scale  modeling  approach  to  develop 
field-scale  models. 

4.2.1  Radial  Geometry 

Vapor  extraction  systems  are  typically  installed  as  a  grid  of 
vertical  vents.  Air  flow  towards  a  vent  is  then  primarily  in  a 
horizontal,  radial  direction  when  the  ground  surface  is  sufficiently 
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covered  to  minimize  short  circuiting  of  air  flow.  For  systems  where  the 
vents  are  installed  on  equally-spaced  centers  and  the  soil  system  is 
homogeneous,  the  flow  could  be  considered  to  be  axially  symmetric.  A 
two-dimensional,  axially  symmetric  system  as  shown  in  Figure  2,1c 
corresponds  to  a  situation  where  there  is  a  small  spill  and  one 
extraction  vent  is  installed  in  the  center  of  the  contamination  and 
several  inlet  vents  are  completed  at  the  edge  of  the  contamination. 

Water  infiltration  could  occur  while  still  not  allowing  air  short 
circuiting  if  a  compacted  soil  cover  that  is  saturated  is  used  as  a  cap. 

The  volume  of  an  extraction  vent  is  small  in  comparison  to  the 
volume  of  contamination;  hence,  the  derivation  of  the  continuum 
transport  equations  does  not  consider  the  transport  within  the  vent 
packing  or  pipe.  The  assumption  of  vapor  removal  at  R  =  0  instead  of 
the  radius  of  the  vent  pipe  or  hole  simplifies  the  numerical  method  used 
to  solve  the  equations.  In  addition,  this  simplification  allows  an 
analytic  solution  to  be  obtained  for  radial -dispersed  flow.  Pressure 
drop  calculations  requires  a  value  of  the  vent  pipe  radius,  so  a  typical 
vent  packing  diameter  is  chosen  for  determining  the  system  pressure 
drop. 

4.2. 1.1  Conceptual  Picture.  The  equation  derivations  for  radial 
geometry  are  for  the  cylindrical  configuration  shown  in  Figure  4. 2. 1.1. 
Equations  are  derived  for  downward  (Z)  water  flow  and  horizontal, 
axial ly-symmetric  (R)  air  flow.  The  radial  extraction  system  assumes 
that  air  enters  the  soil  at  R  «  R^  at  a  uniform  rate.  Vapor 
concentrations  in  the  Influent  air  can  range  from  zero  to  the  vapor 
pressure  (typically,  influent  vapor  concentrations  are  zero  or  equal  to 
the  effluent  concentration  from  an  off-gas  treatment  system  used  in  a 
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closed-loop  configuration).  Subsurface  vapors  are  removed  at  R  -  0  at  a 
flow  rate  equal  to  the  Inlet  rate  {i.e.  air  is  assumed  to  behave  as  an 
incompressible  fluid). 


Figure  4. 2. 1.1.  Conceptual  picture  of  a  vapor  extraction  system  for 

radial  flow. 


Water  containing  a  volatile  chemical  at  a  constant  concentration 
ranging  from  zero  to  its  solubility  limit  infiltrates  the  soil  system  at 
a  uniform  rate  at  Z  -  0.  The  water  flows  downward  through  the  soil 
towards  the  ground  water  table  at  Z  -  D.  The  ground  water  table  is 
assumed  to  be  horizontal  and  at  a  constant  elevation.  Reduced  air 
pressures  around  extraction  vents  result  in  a  concomitant  rise  of  the 
ground  water  table  [Johnson  et  1990b].  Although  ground  water  table 
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fluctuations  are  important  considerations  in  the  design  of  vapor 
extraction  systems,  the  models  do  not  consider  these  effects  because 
when  necessary  the  fluctuations  can  and  should  be  controlled.  The  soil 
system  is  assumed  to  be  homogeneous  so  that  porosity  and  bulk  density 
can  be  considered  constant  and  the  capillary  fringe  is  assumed  to  be 
thin  in  comparison  to  the  ground  water  depth  so  that  moisture  content  is 
also  considered  constant.  For  the  following  equation  derivations  it  is 
also  assumed  that  all  of  the  water  is  mobile  or  that  soil  aggregation  is 
insignificant.  The  impact  of  aggregation  will  be  deduced  from  the 
effects  of  air-water  mass  transfer. 

4. 2. 1.2  Equation  Derivations.  Dimensioned  equations  are  obtained 
by  performing  mass  balances  on  the  differential  soil  volumes  shown  in 
Figure  4.2. 1.1.  Water  flow  occurs  in  the  positive  Z  direction 
(downward);  air  flows  in  the  negative  R  direction.  Concentrations  are 
assumed  to  be  uniform  at  every  radial  distance  (R)  from  the  center  at 
any  depth  (Z).  In  addition  to  mass  transport  by  advection,  chemical 
movement  by  axial  dispersion  in  water  and  vertical  and  horizontal 
diffusion  in  air  are  considered.  Mass  transfer  between  the  air  and 
water  is  accounted  for  in  the  equation  derivations,  and  chemical 
equilibrium  between  the  water  and  soil  is  assumed  to  be  instantaneous. 

A  mass  balance  on  the  air  phase  gives: 


given  distance  from  the  extraction  vent  to  the  advective  rate  in  air, 
the  radial  gas  dispersive  rate,  the  vertical  gas  diffusive  rate,  and  the 
air-water  mass  transfer  rate,  respectively.  Horizontal  gas  dispersion 
is  described  using  air  diffusion  because  it  is  assumed  that  air  velocity 
is  slow  enough  that  molecular  diffusion  predominates. 

The  initial  vapor  concentrations  in  the  soil  system  shown  in 
Figure  4. 2. 1.1  are  specified  from  measurements  or  by  assumption: 

Cv(R,Z,T*0)  =  Cvi(R,Z)  (4. 2. 1.2) 

The  boundary  condition  for  (4. 2. 1.1)  at  the  extraction  vent 
(R>0,0^Z<D)  is  derived  by  assuming  that  the  system  is  a  closed  reactor 
[Levenspiel,  1962]: 


a*Cv(R*0,0<Z$0,T) 

aR^T 


0 


(4. 2. 1.3) 


The  boundary  conditions  for  (4. 2. 1.1)  at  the  ground  surface 
(0<R<R^,Z-0)  and  at  the  water  table  (0<RiR^,Z»D)  are  obtained  by 
assuming  that  vapors  could  not  diffuse  out  the  system  at  either 
boundary: 


3Cv(0iRsRi,Z-0,T) 

91 


0 


(4. 2. 1.4) 


a*Cv(OsR^R^,Z-D,T) 

azaT 


0 


(4.2. 1.5) 


The  ground  surface  boundary  condition  (Z-0,  equation  (4. 2. 1.4))  is  valid 
for  a  system  that  is  covered  by  an  impermeable  cap  or  thin,  saturated 
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soil  cover.  Jury  et  al .  [1990]  calculate  minimum  soil  cover  thicknesses 
for  inhibiting  diffusion  of  various  volatile  organic  chemicals  to  the 
atmosphere.  For  example,  less  than  1%  of  toluene  contamination  beneath 
a  15  cm  clay  layer  at  a  degree  of  saturation  of  0.75  would  volatilize  to 
the  atmosphere  in  a  year.  The  ground  water  table  boundary  condition  {Z 
0,  equation  (4. 2. 1.5))  is  based  on  the  assumption  that  dissolution  of 
organic  vapors  and  subsequent  transport  with  ground  water  flow  is 
negligible.  This  is  probably  a  valid  assumption  when  the  velocity  of 
the  ground  water  (assuming  a  horizontal  ground  water  table)  is  two  or 
more  orders  of  magnitude  slower  than  the  air  velocity. 

The  boundary  condition  for  (4. 2, 1.1)  at  the  air  inlet  (R=Ri,0<Z<D) 
is  obtained  by  performing  a  mass  balance  on  the  air  phase  in  the  disk¬ 
shaped  volume  shown  in  Figure  4. 2. 1.1: 


d 

JT 


fRi  rRi  r 

Cv(R,Z,T)R3R  »  KLa 

0  Jo  I 


Cb{R,Z.T)  - 


Cv(R.Z,T) 


+  0. 


a*Cv(R,Z,T) 

an 


RdR  + 


Qg 


Df(l-S)2jr 


[Cvo(T)  -  Cv(R-0,Z,T)]  (4. 2. 1.6) 


A  mass  balance  on  the  water-soil  phase  is  given  by: 


1  + 


/>s(l-OK 

cS 


3C5{R,Z.T)  32Cb(R,Z,T)  3Cb(R,Z,T) 


-  V 


31  dV 

K^ad-S) 


Cb(R.Z.T)  - 


31 

Cv(R,Z,T) 

H 


(4. 2. 1.7) 


The  accumulation  term  in  (4. 2. 1.7)  is  set  equal  to  the  sum  of  the  terms 
representing  liquid  dispersion,  water  advection,  and  air-water  mass 
transfer,  respectively. 
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For  this  development  it  is  assumed  that  the  aqueous-  and  sorbed- 
phase  concentrations  are  in  equilibrium.  Furthermore,  this  equilibrium 
is  assumed  to  be  linear: 

Q(R,Z,T)  -  K  Cb(R,Z,T)  (4. 2. 1.8) 

Because  in  most  soils,  moisture  will  probably  cover  the  soil  particles 
[Roy  and  Griffin,  1987],  sorption  of  vapors  by  soil  is  not  considered 
here.  Descriptions  of  vapor  sorption  such  as  that  given  by  Shoemaker  et 
al .  [1990]  could  be  performed  with  this  model,  if  local  equilibrium 
exists,  by  modifying  the  value  of  K  accordingly. 

Initially  the  soil  system  shown  in  Figure  4. 2. 1.1  is  at  chemical 
equilibrium: 

Cb{R,Z,T-0)  -  Cbi(R,Z)  -  Cv^{R,Z>  /  H  (4. 2. 1.9) 

Boundary  conditions  for  (4. 2. 1.7)  are  obtained  by  assuming  that  the  soil 
system  is  a  closed  reactor  [Levenspiel,  1962].  The  Danckwerts  [1953] 
exit  condition  is: 

a*Cb{0^R<Ri,Z=D,T) 

— - - 1 -  -  0  (4.2.1.10) 

aZ3T 

The  description  of  aqueous-phase  transport  to  ground  water  assumes  that 
water  velocities  are  slow  enough  that  changes  in  the  depth  to  ground 
water  are  negligible.  In  addition,  the  mass  flux  of  chemical  away  from 
the  water  table  is  equal  to  the  mass  flux  to  the  aquifer. 

An  entrance  boundary  condition  for  (4. 2. 1.7)  is  obtained  by 
performing  a  mass  balance  on  the  water-soil  phases  in  the  cylindrical 
volume  shown  in  Figure  4.2. 1.1: 
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Cb(R,Z,T)aZ  =  V  [Cbo(T)  -  Cb{R,Z=D,T)] 


KLa(l-S) 

r  Cy{R,ZJ) 

Cb(R.Z,T)  - 

0  s 

H 

dZ 


(4.2.1.11) 


4. 2. 1.3  Conversion  to  Dimensionless  Form.  The  dimensioned 
equations  derived  above  were  converted  to  a  dimensionless  form  by  making 
substitutions  of  the  middle  column  in  Table  4. 2. 1.1. 


Table  4. 2. 1.1.  Variable  Substitutions  to  Convert  Dimensioned 
Equations  into  a  Dimensionless  Form. 


Dimensioned  Dimensionless 

Variable  Substitution  Variable 


Cb(R.ZJ) 

Cbn 

Cb(R,Z,T) 

Cy(R,Z,T) 

Cyn  Cy(R»Z,T) 

Cy(R,Z,T) 

Cbi(R.Z) 

^bn  ^b1^^*^) 

Cbi(R.Z) 

Cyi{R,Z) 

Cyn  Cyi{R»Z) 

Cyj  {R»  Z) 

Cbo(T) 

^bn  ^bo^^) 

Cbo(T) 

Cvo(T) 

O 

> 

u 

c 

> 

^vot^^ 

R 

Ri 

r 

Z 

0  z 

z 

T 

QqH  +  cSxR^^v 
c(l-S)DitR^2H 

S  Ps(1-€)K  ■ 

.  (l-S)H  c(l-S)H  . 

-1 

t 

t 

Note:  Cbi^  ■  Cyp  /  H  where  Cyp  *  max(CyQ(T) ,Cy^ (R,Z)) . 

These  substitutions  resulted  In  natural  groupings  of  the 
dimensioned  parameters.  The  resulting  groups  are  dimensionless  and  are 
similar  to  those  derived  for  the  one-dimensional  system  models.  Mass 
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transfer  rates  are  compared  to  the  advective  rates  in  air  and  chemical 
equilibrium  distributions  are  made  relative  to  the  mass  of  chemical  in 
air.  The  dimensionless  groups  that  characterize  the  solutions  of  radial 
models  are  given  in  Table  4. 2. 1.2. 


Table  4. 2. 1.2.  Definitions  of  Dimensionless  Groups. 


Dimensionless  Ratio 

Group  Equation  of  to 


Ar 

= 

vfSirR,-^ 

QgH 

Advective  rate 
in  water 

Advective  rate 
in  air 

Dg 

s 

Dgs  +  Dgy 

Mass  in  water 
and  on  soil 

Mass  in  air 

DQs 

* 

e(l-S)H 

Mass  adsorbed 
to  soil 

Mass  in  air 

D9v 

= 

S 

(l-S)H 

Mass  in  water 

Mass  in  air 

Edy 

De£(l*S)iiR^2 

Vapor  diffusive 
rate  in  vertical 
direction 

Advective  rate 
in  air 

QqD 

Peb 

- 

QgHD 

E^fSirR^^ 

Advective  rate 
in  air 

Dispersive  rate 
in  water 

Pe, 

Qg 

Advective  rate 
in  air 

Horizontal 
dispersive  rate 
in  air 

De£(l-S)2jrR^ 

Sty 

KLa«(l-S)*R^2 

QgH 

Volatilization 

rate 

Advective  rate 
in  air 

Equations  (4.2.1.1'11)  become  the  following  after  substituting  the 
variables  defined  in  Tables  4. 2. 1.1  and  4. 2. 1.2: 
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3Cy(r,2,t)  1  +  Dg 


at  2[1  +  Ar] 


1  acw(r,z,t)  1  a 


r  ar 


Pe^r  ar 


acy{r,z,t) 


ar 


d^Cy(r,z,t) 

+  2Edv  -  +  2Stv  [Cb(r,z,t)  -  c^Cr.z.t)] 
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a*CY(r=0,0<z<l,t) 
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3cy(0<r<l ,z=0,t) 
az 

5^Cy(05r<l,z=l,t) 

azat 


=  0 


=  0 


=  0 


(4.2.1.12) 

(4.2.1.13) 

(4.2.1.14) 

(4.2.1.15) 

(4.2.1.16) 


a 

1  +  Dg 

■ 

p1 

— 
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1  a*C5(r,z,t)  ac5(r,z,t) 

- Ar  - 

Pejj  az*  az 
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(4.2.1.17) 


"  Cyj(r,z) 

a*Cb(0^r^l,z-l,t) 

-  -  0 

dzat 


(4.2.1.18) 

(4.2.1.19) 

(4.2.1.20) 
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(4.2.1.21) 


4.2. 1.4  Numerical  Solution.  As  before,  orthogonal  collocation 
(OC)  is  the  numerical  method  used  to  convert  the  partial  differential 
equations  (POEs)  given  above  to  a  system  of  ordinary  differential 
equations  (OOEs)  in  time.  Details  of  the  method  are  given  elsewhere 
[Finlayson,  1980].  Steps  for  converting  PDEs  to  DDEs  are  documented  in 
Appendix  B  of  Gierke  [1986]. 

Orthogonal  collocation  constants  that  are  used  for  differential 
approximations  in  the  column  models  (see  Section  4. 1.1. 4)  are  used  in 
the  approximation  of  the  radial  derivatives  by  making  a  variable 
substitution  of  the  independent  variable  r.  Equations  (4.2.1.12-17) 
become  the  following  after  substituting  x  »  r*: 


aCy(X,Z,t) 

1  +  Dg  1 

'  1  a*Cy(x,z,t) 

1  ■ 

- = - 

-  -  + 

1  +  — 

at 

1  +  Ar  1 

.  Pev  ax* 

PCy  . 

acw(x,z,t) 


dx 


+  Edv 


a2Cy(x,z,t) 

dz^ 


+  Stv[Cb(X,Z,t)  -  Cy(X,Z,t)] 


(4.2.1.22) 


Cy(x,z,t-0)  -  Cyi(x,z)  (4.2.1.23) 

a2cy(x-0,0^z<l,t) 

-  -  0  (4.2.1.24) 

dxdt 

3Cw(0$x^l,z-0,t) 

-  -  0  (4.2.1.25) 

dz 
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a*Cy(o<x<i,z=i,t) 


(4.2.1.26) 


Cy(X,Z,t)aX 


1  +  Dg  r  fl  ■ 
-  St 

1  +  Ar  Uo  . 


y[Cb(X,Z,t)  -  Cv(x,z,t)] 


a2c„(x,z,t) 


ax  +  [Cvo(t)  -  Cv{x=0,z,t)]  (4.2.1.27) 


Because  the  water-soil -phase  equations  (equations  (4.2.1.18-21)) 
do  not  contain  derivatives  with  respect  to  r,  then  the  variable  r  in  the 
arguments  of  the  dependent  variables  can  just  simply  be  replaced  with  x: 


acb(x,z,t)  1  +  Dg  r  1  a*cb(x,z,t)  acb(x,z,t) 

-  =  - - Ar  - 

at  Dg(l  +  Ar)  Pe^  az*  az 


-  Stv[Cb(x,i,t)  -  Cv(x,z,t)3  (4.2.1.28) 


Cb(X,Z,t*0)  =  Cbi(X,Z)  =  Cyi(x,Z) 


(4.2.1.29) 


a2cb(o<x<i,z=i,t) 


(4.2.1.30) 


an  1  +  Dg  r 

—  Cb(x,z,t)az  -  -  Ar  [Cbo(t)  -  Cb(x,z=l,t)] 

at  Jo  Dg[l  +  Ar]  . 


-fst 

Jo 


v[Cb(x,z,t)  -  Cy(x,z,t)]az  (4.2.1.31) 


The  initial  condition  for  the  transformed  equations  are  given  by 
(4.2.1.23)  and  (4.2.1.29)  and  the  OC  form  of  the  initial  condition  is 


Cy(i,k,t-0)  «  Cy^x^.zi^)  for  i  -  1  to  NR  and  k  <•  1  to  NDV  (4.2.1.32) 
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=  Cbi(Xi,Zj)  for  1  “  1  to  NR  and  j  =  1  to  NDB  (4.2.1.33) 

The  parameter  NR  is  the  number  of  collocation  locations  for  the  radial 
approximations,  NDB  is  the  number  of  vertical  collocation  points  for 
approximating  water  transport,  and  NDV  is  the  number  of  vertical 
collocation  points  for  approximating  gas  diffusion  in  the  z  direction. 

The  application  of  OC  to  the  transformed  air-phase  mass  balance 
(equation  (4.2.1.22))  results  in: 


dcy(i,k,t) 

1  +  Dg 

f  f 

^’^i.n  -X 

^  i  n 

1 

1  +  - 

dt 

1  +  Ar 

[  n=l 

Pe 

rey 

L  Pey  J 

NOV 

+  2  EdyB^'^k^m  Cy(i,m,t)  +  Sty[cb(i,k,t)  -  Cv(i,k,t)]  - 

m*l 

for  i  -  2  to  NR-1  and  k  -  1  to  NDV-1  (4.2.1.34) 

The  matrices  A*  and  are  the  same  asymmetric,  planar  coefficient 
matrices  used  for  approximating  the  spatial  derivatives  in  the  axial 
mass  transport  equations  of  the  column  models  and  are  used  here  to 
approximate  the  first  and  second  partial  derivatives  in  the  x 
coordinate,  respectively,  in  (4.2.1.22)  and  (4.2.1.24)  (see  Section 
4. 1.1. 4).  The  matrix  is  a  symmetric,  planar  OC  coefficient  matrix 
for  approximating  the  second  partial  of  Cy(x,z,t)  with  respect  to  z. 

B^'^  is  analogous  to  the  spherical  matrix  used  in  the  column  models.  It 
is  a  function  only  of  even  powers  of  z  and  is  generated  with  respect  to 
a  weighting  function  of  1  over  tho  interval  of  z  from  0  to  1.  The 
locations  of  the  vertical  collocation  points  used  in  the  approximation 
of  3*Cy/3z*  are  obtained  from  the  positive  roots  of  the  2(NDV-1)  degree 
polynomial  and  lie  between  0  and  1.  Because  B^^  is  symmetrical,  its  use 


122 


satisfies  (4.2.1.25). 

The  air-phase  concentrations  at  the  extraction  vent  come  from  the 
OC  transformation  of  (4.2.1.24): 

dCy(l,k,t)  NR  A^i  n  dCw(n,k,t) 

-  =  -  2  - ^ - for  k  -  1  to  NDV  (4.2.1.35) 

dt  n=2  1  dt 

The  boundary  condition  at  the  ground  water  table  (equation 
(4.2.1.26))  is  given  by: 

dCv(i,NDV.t)  NDV-1  A^Vj^ov  m  dCv(i,m.t) 

- =  _  2  - : - 

dt  rn=i  dt 

for  i  =  2  to  NR-1  (4.2.1.36) 

Changes  in  the  air-phase  concentrations  at  the  inlet  vents  are 
described  by: 


dCv(NR,k,t)  f  1  +  Dg  r  NR 

-  =  ■  -  2  Sty[cb(n,k,t)  -  Cy(n,k,t)] 

dt  (  1  +  Ar  (  n»l  [ 


2  EdyB^'^l^  m  Cy(n,m,t)  +  [CyQ(t)  —  Cy(l,k,t)] 

m=l 


-  2  W'n- 


for  k  =  1  to  NDV  (4.2.1.37) 


Equation  (4.2.1.37)  is  obtained  by  applying  OC  to  (4.2.1.27), 
substituting  (4.2.1.35)  into  the  result,  and  solving  for  the  time- 
derivative  of  Cy(NR,j,t).  The  construction  of  the  quadrature  vector  for 
approximating  integrals  with  respect  to  x  (W*)  is  described  in  Section 
4. 1.1. 4.  The  influence  of  the  boundary  conditions  are  redundant  at  the 
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intersections  of  the  vents  and  the  ground  water  table  (i,k  «  1,N0V  and 
NR, NOV).  Combinations  of  the  different  boundary  conditions  were  tried 
and  the  combination  given  above  gave  the  most  stable  results. 


The  water-soil  mass  balance  in  transformed  coordinates  (equation 
(4.2.1.28))  is  the  following  after  approximating  with  OC: 


Cb(i,m,t) 


dCb(i,j,t) 

1  +  Dg 

r  NDB 

V 

r  RZb. 

J’"  -  Ar  AZb. 

dt 

Dg[l  +  Ar] 

_  m-1 

^  ''  j,m 

L  Pfib 

Sty [Cb( i , J > t )  Cy(i,j,t)] 

for  i  =  1  to  NR  and  j  =  2  to  NDB-1  (4.2.1.38) 

The  matrices  and  are  constructed  in  the  same  manner  as 
and  B*.  They  are  given  different  notation  because  they  will  not  be  the 
same  if  NR  NOB. 

The  boundary  condition  at  the  ground  water  table  (equation 
(4.2.1.30))  is  given  by: 

dc5(i.NDB,t)  NDB-1  AZb^DB.m  dcb(i,m,t) 

-  -  -  2 


dt 


m> 


jjQg  dt 


for  i  =  1  to  NR 


(4.2.1.39) 


Application  of  OC  to  (4.2.1.31)  becomes  the  following  after 
substitution  of  (4.2.1.39),  and  rearranging  to  obtain  the  time- 
derivative  of  Cb(iil,t): 
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dt 


1  +  Dg 
[  Dg[l  +  Ar] 


Ar[Cbo{t)  -  Cb(i,NDB,t)] 


NOB 


-  2  W^^„Stv[Cb(i,m,t)  -  Cv(i,m,t)] 


NDB-1 
-  2 
in«2 


jzb 


m 


AZb 


NDB.m  uzb 


A^W.NDB 


W  "NOB 


dcb{i,m,t)  ] 


dt 


VlZb,  .  yzb„„„ 

1  »zb 

A  NOB, NOB 

for  1  =  1  to  NR  (4.2.1.40) 


The  coupling  of  the  NR(NDB+N0V)  DDEs  given  above  are  shown 
graphically  in  Figure  4. 2. 1.2.  This  schematic  shows  that  the 
derivatives  of  the  air-phase  concentrations  at  a  particular  horizontal 
(x^)  and  vertical  (Z)^)  position  are  functions  of  the  air-phase 
concentrations  along  an  x-z  axis  centered  at  (i,k),  and  that  the  water 
concentration  derivatives  at  a  particular  vertical  collocation  point 
(Zj)  for  a  given  axial  location  (Xj)  are  functions  of  the  water 
concentrations  only  at  the  other  vertical  points  at  the  same  radial 
position.  To  properly  determine  the  mass  of  chemical  transfered  between 
the  air  and  water,  air-phase  concentrations  need  to  be  determined  for 
the  Zj  positions  from  the  values  given  at  the  locations  and  water- 
phases  concentrations  at  the  Zj^  positions  from  the  Zj  locations.  The 
locations  of  the  vertical  collocation  locations  for  the  air  (Z|^)  and  the 
water  (zj)  are  different  because  (4.2.1.22)  is  symmetrical  with  respect 
to  z  and  (4.2.1.28)  is  not.  Symmetric  and  asymmetric  equations  employ 
different  weighting  functions  in  the  generation  of  the  spatial 
polynomials  for  the  OC  approximations  so  the  roots  (;.e.  the  collocation 
locations)  are  different.  Therefore  the  air  and  water  concentrations 
must  be  determined  for  the  collocation  locations  for  the  other  phase  as 
shown  in  Figure  4. 2. 1.2.  Concentrations  at  locations  between  the 
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collocation  points  are  obtained  by  linear  interpolation  and  beyond  the 
collocation  points  for  the  air  phase  by  linear  extrapolation.  If  linear 
extrapolation  determines  values  of  the  dimensionless  air-phase 
concentrations  greater  than  1  or  less  than  0,  the  value  is  set  equal  to 
1  or  0,  respectively. 


•  DC  POINTS 

o  interpolated  points 


Figure  4. 2. 1.2.  General  schematic  of  the  coupling  of  the  ordinary 
differential  equations  resulting  the  application  of  orthogonal 
collocation  to  the  transformed  partial  differential  equations  comprising 
the  general  form  of  the  vapor  extraction  system  m^el  for  radial 

configuration. 


Early  versions  of  the  model  used  a  nonlinear  interpolating  matrix 
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derived  from  the  definition  of  OC  to  determine  concentrations  at 
locations  different  than  the  OC  points.  Bednar  [1990]  found  that  this 
type  of  interpolation  exhibited  unacceptable  numerical  error  for  steep 
concentration  profiles,  but  that  a  linear  interpolation  routine  did  not. 
For  chemical  fronts  that  are  spread  out,  the  OC  and  linear  interpolation 
methods  give  similar  results  [Bednar,  1990]. 

The  system  of  OOEs  given  above  (equations  (4.2.1.32-40))  comprise 
the  most  general  form  of  the  radial -configuration  vapor  extraction 
models.  The  derivatives  are  evaluated  in  the  following  order: 
(4.2.1.38),  (4.2.1.40),  (4.2.1.39),  (4.2.1.34),  (4.2.1.38),  (4.2.1.37), 
and  (4.2.1.35).  Initially,  (4.2.1.32)  and  (4.2.1.33)  are  used  in  the 
determination  of  the  derivatives.  An  International  Mathematics  and 
Statistics  Library  package  for  solving  sets  of  OOEs,  called  GEAR,  is 
used  to  determine  concentration  values  at  times  greater  than  0. 

4. 2. 1.5  Model  Simplifications  and  Corresponding  Solutions. 
Variations  of  the  model  given  above  are  derived  by  making  assumptions 
about  the  relative  importance  of  the  various  transport  mechanisms.  For 
each  of  the  following  simplified  cases,  the  initial  conditions 
(equations  (4.2.1.23  and  29))  do  not  change.  The  boundary  conditions 
are  different  for  the  various  simplifications. 

Radial  Model  without  Vertical  Diffusion.  When  vertical  vapor 
diffusion  is  ignored,  (4.2.1.12)  reduces  to; 


acy(r,z,t) 

1  +  Og 

'  1  acy(r,z,t) 

1  d 

acy(r,z,t) 

M 

dt 

2[1  +  Ar] 

[;  ar  ^ 

Peyr  dr 

+  2Sty  [C5(r,z,t)  -  Cy(r,z,t)] 


(4.2.1.41) 
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In  addition,  (4.2.1.15  and  16)  are  not  needed,  and  (4.2.1.17)  reduces  to: 


a  1  +  Dg  r 

—  Cv(r,z,t)rar  - -  2Sty[Ch(r,z,t)  -  Cv(r,z,t)]  rar 

at  Jo  2(1  +  Ar]  Jo 


+  (Cvo(t)  -  Cy(r-0,z,t)] 


(4.2.1.42) 


The  other  boundary  condition  is  given  by  (4.2.1.14).  The  water- 
phase  transport  equations  (equations  (4.2.1.18-21))  do  not  change. 

In  the  transformed  coordinate  x  -  r^,  (4.2.1.41)  and  (4.2.1.42) 
become : 


acy(x,z,t)  1  +  Dg 


at 


1  +  Ar 


f  1  a2Cy(x,z,t) 


Pey  ax* 


1  + 


Pe. 


aCy(X,Z,t) 


dx 


+  Sty(c5(x,z,t)  -  Cy(x,z,t)] 


(4.2.1.43) 


a 

at 


1 


Cy(X,Z,t)aX  - 


f  f'st 
1  +  Ar  L  Jo 


y[C5(X,Z,t)  -  Cy(x,z,t)]  ax 


+  [Cvo(t)  ~  Cy(X“0,Z,t)] 


(4.2.1.44) 


The  transformed  (4.2.1.14)  is  given  by  (4.2.1.24)  and  water-phase 
transport  equations  by  (4.2.1.28-31). 

Because  there  are  no  vertical  derivatives  in  the  air-phase  mass 
balance  for  no  vertical  diffusion,  the  air-phase  transport  equations  can 
be  evaluated  at  the  collocation  locations  for  the  water-phase  transport 
equations  and  concentration  interpolation  is  not  necessary  (NDB  «  NDV  > 
NO).  The  application  of  OC  to  (4.2.1.43  and  44}  results  in: 
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dcv(i,k,t) 

dt 


1  +  Ar  [  n-1  i  Pe„ 


1  + 


Pe. 


+  Stv[C5(i,k,t)  -  Cy(i 

for  1  -  2  to  NR-1  and  k  -  1  to  ND  (4.2.1.45) 


Cv(n,k,t) 


i.k.t)]  I 


dCy(NR,k,t) 

dt 


'  1  +  Og  r  NR 

-  2  W*nSty[Cb(n,k,t)  -  CyCn.k.t)] 

.  1  +  Ar  [  n»l 


+  [Cvo(t) 


Cy(l,k,t)] 


NR-1 

2 

n-2 


W*  - 

"  n 


AX 


l,n 


AX 


WX, 


1,1 


AX 


1,NR 


AX 


WX, 


1.1 


for  k  * 


dcy{n,k,t) 

.  dt  . 

1  to  ND  (4.2.1.46) 


The  remaining  OC  equations  are  (4.2.1.35,  38-40)  where  NDB  *  NDV  =  ND, 
f^zb  ,  0Zb  .  gz  fjjg  initial  condition  is 


Cy(i,j,t»0)  ■  Cjj(i,j,t*0)  ■  Cy'i(i,J) 

for  i  -  1  to  NR  and  j  »  1  to  ND  (4.2.1.47) 

The  total  number  of  equations  to  solve  is  2(NRxND).  Equation 
(4.2. 1.^7)  is  used  initially  to  calculate  the  derivatives  of  air  and 
water  concentrations  in  the  order:  (4.2.1.38),  (4.2.1.40),  (4.2.1.39), 
(4.2.1.45),  (4.2.1.46),  and  (4.2.1.35).  The  values  of  the  derivatives 
are  input  to  GEAR  and  new  values  of  the  concentrations  are  returned. 

This  cycle  is  repeated  until  the  desired  output  time  is  reached. 

Radl.ft.1  Bins  Plow.^  Air-Water  Mali  Tcansfer  Mofel  ♦  By  ignoring 
dispersion  and  diffusion  in  air  and  water,  the  transport  equations  for 
air  and  water  become,  respectively: 
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acy,{r,z,t)  1  +  Dg  [1  acy(r,z,t) 


2[1  +  Ar]  I  r  dr 


+  2Sty [c^(ri Zy t } 


-  Cy(r,z,t)]  (4.2.1.48) 


3cb(r,z,t)  1  +  Dg  3cb(r,z,t) 

-  - - Ar -  +  Sty[ch(r,z,t) 

3t  Dg[l  +  Ar]  dz 


-  Cy(r,z,t)] 


(4.2.1.49) 


For  plug  air  and  water  flow,  the  boundary  conditions  are  replaced 
with  a  single  boundary  conditions  at  r  equal  to  1  for  (4.2.1.48)  and  z 
equal  to  0  for  (4.2.1.49): 


Cv{r*l,0$zsl,t)  -  Cyo(t) 


(4.2.1.50) 


C5(0<ril,z=0,t)  =  Cbo(t) 


(4.2.1.51) 


Again,  before  applying  the  numerical  method,  the  r  variable  in 
(4.2.1.48-51)  is  transformed  to  x  *  r^: 


acy(x,z,t)  1  +  Dg  r  3cy(x,z,t) 


1  +  Ar 


+  Sty[C5(X,Z,t) 


-  Cy(X,Z,t)] 


(4.2.1.52) 


acb(x,z,t)  1  +  Dg  acb(x,z,t) 

-  - - Ar - +  Sty[C|,(x,z,t) 

at  Dg[l  +  Ar]-  dz 


-  Cy(x,z,t)]  (4.2.1.53) 
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Cv(x»l,0<z<l,t)  =  Cy,o(t) 


(4.2.1.54) 


Cb(0sxil,z-0,t)  -  Cbo(t) 


(4.2.1.55) 


The  application  of  OC  to  (4.2.1.52-55)  gives: 


dCw(1,k,t)  1  +  Dg 


dt 


1  +  Ar 


NR 

2  u  Cy(n,k,t)  +  Sty [Cb( 1 > k, t) 

n-1 


Cy (  1  t  k,  t) ] 


for  1  «  1  to  NR-1  and  k  >  1  to  ND  (4.2.1.56) 


dCb(IJ.t) 

dt 


1  +  Dg  [NO 

2  A^j  HI  Ar  Cb(1<ni,t) 
Dg[l  +  Ar]  [  m*l 


+  Sty[Cb(1J,t)  -  Cy(1,j,t)] 

for  1  -  1  to  NR  and  j  >  2  to  ND 
Cy(NR,j,t)  -  Cyo(t)  for  j  -  1  to  ND 
Cb(i»l.t)  «  Cbo(t)  for  1  *  1  to  NR 


(4.2.1.57) 

(4.2.1.58) 

(4.2.1.59) 


The  total  number  of  equations  to  solve  Is  NR(ND-1)-^ND(NR-1) .  For 
plug  flow  approximations,  the  matrices  and  are  constructed 
orthogonal  with  respect  to  a  weighting  function  of  1.  Equation 
(4.2.1.58)  defines  the  air-phase  concentration  at  the  Inlet  vent 
(typically  It  Is  zero)  and  (4.2.1.59)  defines  the  water-phase 
concentration  at  the  ground  surface.  Equation  (4.2.1.47)  Is  used 
Initially  to  calculate  the  time-derivatives  of  air  and  water 
concentrations  In  the  order:  (4.2.1.56)  and  (4.2.1.55).  The  values  of 
the  derivatives  are  Input  to  GEAR  and  new  values  of  the  concentrations 
are  returned.  This  cycle  Is  repeated  until  the  desired  output  time  Is 
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reached. 


An  attempt  was  made  to  develop  an  analytic  solution  for  steady 
state  conditions  to  test  the  numerical  approximation  of  air-water  mass 
transfer.  At  steady  state  the  time  derivatives  become  zero  so  that 
(4.2.1.48)  and  (4.2.1.49)  reduce  to: 

1  acy(r,z) 

-  »  -  2Stv[Cb{r,z)  -  Cv(r,z)]  (4.2.1.60) 

r  ar 

acb(r,z)  Sty 

- - - [Cb(r,z)  -  Cv(r,z)]  (4.2.1.61) 

az  Ar 

The  boundary  conditions  for  (4.2.1.60)  and  (4.2.1.61)  are  (4.2.1.50)  and 
(4.2.1.51),  respectively. 

Again,  the  radial  coordinate  is  transformed  by  x  =  to  get: 
dCy,{x,Z) 

-  -  -  Sty[Cb(x,z)  -  Cv(x,z)]  (4.2.1.62) 

ax 

Sty 

-  -  -  [Cb(x,z)  -  Cy(x,z)]  (4.2.1.63) 

az  Ar 

and  (4.2.1.54)  and  (4.2.1.55). 

This  system  is  singular  and  can  not  be  solved  by  the  conventional 
method  of  charact.jri sties.  An  Euler  integration  routine  is  used  as 
another  method  for  solving  the  steady-state  problem.  Equations 
(4.2.1.62),  (4.2.1.63),  (4.2.1.54),  and  (4.2.1.55)  can  be  approximated 
with  the  following  finite  difference  equations  for  a  uniform  mesh  size: 
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Cy(x^,Zj)  =  Cy(X'j^2  ,Zj)  [1  Ax2Sty]  +  Ax2StyC|j(X'j^2>^j} 

for  i  from  I-l  to  1  and  j  from  1  to  J  (4.2.1.64)  ^ 

Cb(Xi,Zj+i)  *  Cb(X2,Zj)[l  -  Az2Sty/Ar]  +  Az2StyCy(X2 ,Zj)/  Ar  ! 

for  i  from  I  to  1  and  j  from  2  to  J  (4.2.1.65) 

Cy(xi,Zj)  =•  CyQ  for  j  from  1  to  J  (4.2.1.66) 

Cb(Xi.2i)  =  Cbo  for  i  from  I  to  1  (4.2.1.67) 


Here,  the  parameters  I  and  J  are  the  total  number  of  horizontal  and 
vertical  mesh  points,  respectively.  This  approximation  is  performed  by 
first  defining  the  boundary  concentrations  at  xj  =  1  and  Zj  =  0  with 
(4.2.1.66)  and  (4.2.1.67).  Equation  (4.2.1.64)  is  used  to  determine 
Cv(Xi,Z2)  starting  at  i«I-l  and  continuing  to  i=l,  then  (4.2.1.65)  is 
used  to  evaluate  Cb(x2,Z2)  from  i  -  I  to  1,  and  evaluations  of 
(4.2.1.64)  are  repeated  for  Z2.  This  cycle  continues  to  Zj.  The  result 
is  the  steady-state  concentration  profile  for  a  given  set  of  values  of 
Sty,  Ar,  CyQ,  and  Cbg.  If  CyQ  *  CbQ,  Ar  =  0,  or  Sty  =  0,  the  solution 
is  trivial.  A  common  situation  is  where  there  is  cleanup  of  continuous 
infiltration  of  contaminant  such  as  beneath  a  leaking  underground 
storage  tank,  where  Cyg  >  0  and  Cbg  -  1. 

This  finite  difference  approach  could  be  applied  to  the  unsteady- 
state  equations  (equations  (4.2.1.52)  and  (4.2.1.53)),  however,  it  is 
beyond  the  scope  of  this  work  to  study  numerical  solving  techniques  in 
detail,  and  the  comparisons  to  the  steady-state  problem  should  be 
sufficient  for  numerical  verification. 

Dispersed  Flow.  Local  Equilibrium  Model .  When  local  equilibrium 
(see  Section  4. 1.1. 5)  is  assumed,  (4.2.1.12)  and  (4.2.1.18)  combine  to 
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give: 


acv(r,z,t)  1  1  acv(r,z,t)  1  d  f  acy(r,z,t) 

-  =  - - + - r - 

at  2[1  +  Ar]  [  r  dr  Pe^r  ar  [  dr 

acylr.z.t)  1  I  a*Cy(r,z,t) 

-  Ar  -  +  2Edv  +  -  -  (4.2.1.68) 

az  [  Peb  J  az2 

The  initial  condition  is  (4.2.1.13).  The  boundary  condition  at  the 
extraction  vent  is  (4.2.1.14)  and  at  the  ground  water  table  it  is 
(4.2.1.16).  Because  of  limitations  of  the  OC  method,  mass  balance 
boundary  conditions  could  not  be  employed.  The  boundary  condition  given 
by  (4.2.1.50)  is  used  at  the  air  inlet  and  a  similar  condition  is  used 
at  the  ground  surface: 

Cv(0<r<l,z=0,t)  =  Cbo(t)  (4.2.1.69) 

In  transformed  coordinates,  this  model  consists  of  (4.2.1.26), 
(4.2.1.27),  (4.2.1.54),  and 

acv(x,z,t)  1  f  r  1  ]  acv(x,z,t)  acv(x,z,t) 

-  =  -  1  +  — - Ar  - 

at  1  +  Ar  [  L 

1  a2cy(x,z,t)  r  1  ]  a2cw(x,z,t) 

+ - +  2Edv  +  —  -  (4.2.1.70) 

Pe^  ax2  [  Peb  dzi 

CY(x,z=0,t)  =  Cbo(t)  (4.2.1.71) 

The  OC  equations  are  (again,  NO  =  NOB  =  NOV)  (4.2.1.35), 
(4.2.1.36),  (4.2.1.58),  and 
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for  1  -  2  to  NR-1  and  k  =  2  to  ND-1  (4.2.1.72) 

Cv(i,l,t)  =  Cbo(t)  for  i  =  1  to  NR  (4.2.1.73) 

The  matrix  used  in  (4.2.1.72)  is  equivalent  to  which  is  used  for 
(4.2.1.38-40),  and  the  coefficients  in  A^'^  for  (4.2.1.36)  are  replaced 
with  A^. 

The  total  number  of  equations  to  solve  is  (NR-1) (ND-1) .  Equation 
(4.2.1.58)  defines  the  concentrations  at  the  inlet  vent  (typically  they 
are  zero)  and  (4.2.1.73)  defines  the  concentrations  at  the  ground 
surface.  Equation  (4.2.1.47)  is  used  initially  to  calculate  the  time- 
derivatives  in  the  order:  (4.2.1.72),  (4.2.1.36),  and  (4.2.1.58).  The 
values  of  the  derivatives  are  input  to  GEAR  and  new  values  of  the 
concentrations  are  returned.  This  cycle  is  repeated  until  the  desired 
output  time  is  reached. 

No  Water  Flow.  Local  Equilibrium  Model .  If  the  water  velocity  is 
zero,  then  the  condition  described  by  (4.2.1.68)  reduces  to  a  one¬ 
dimensional,  axially-symmetric  problem: 

8Cw(r,t)  1  1  acw(r,t)  1  d  acv(r,t)  ' 

-  - - + - r -  (4.2.1.74) 

at  2  [  r  ar  Pey,r  ar  [  ar  J  J 

Equation  (4.2.1.14)  reduces  to 


acv(r-0,t) 

ar 


0 
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(4.2.1.75) 


Equation  (4.2.1.17)  reduces  to: 


Cvo(^) 


Cv{r=0,t) 


dcv(r,t) 
0  dt 


rdr 


The  dimensionless  initial  condition  is 


Cv{r,t=0)  =  Cvi(r) 

As  before,  a  variable  substitution  of  x  =  r^  is  made  in 
(4.2.1.74-77)  prior  to  applying  the  numerical  method: 


acv(x,t) 

at 


1  1  acv(x,t)  1  a2cv(x,t) 

+  —  -  + - 

Pey  J  ax  Pey  ax* 


aCy(X=0,t) 

ax 


=  0 


Cy(X=0,t) 


aCy(X,t) 

- ax 

0  at 


Cv(x,t=0)  =  Cyi(X) 


Orthogonal  collocation  is  now  applied  to  these  equations 
same  manner  as  before.  The  resulting  set  of  NR  ODEs  is 


dCy(j,t)  J 

1  ■ 

-  -  2 

1  +  — 

dt  m-1 

Pfiy  - 

Pey  J 
for  j 


Cy  (m, 
«  2 


t) 

to  NR-1 


(4.2.1.76) 

(4.2.1.77) 

(4.2.1.78) 

(4.2.1.79) 

(4.2.1.80) 

(4.2.1.81) 
in  the 

(4.2.1.82) 
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(4.2.1.83) 

(4.2.1.84) 

(4.2.1.85) 


Equation  (4.2.1.85)  is  used  initially  to  calculate  the  time- 
derivatives  in  the  order:  (4.2.1.82),  (4.2.1.83),  and  (4.2.1.84).  The 
values  of  the  derivatives  are  input  to  GEAR  and  new  values  of  the 
concentrations  are  returned.  This  cycle  is  repeated  until  the  desired 
output  time  is  reached. 

Analytic  solutions  also  exist  for  (4.2.1.74).  Al-Niami  and 
Rushton  [1978]  used  (4.2.1.74)  to  describe  the  dispersed  flow  of  a 
tracer  to  an  abstraction  well  operating  under  steady-flow  conditions. 
They  solved  (4.2.1.74)  subject  to  (4.2.1.75)  and: 


Cv(0<r<l,t=0)  =  0  (4.1.3.86) 

Cv(r=l,t>0)  =  1  (4.1.3.87) 

The  resulting  solution  is  in  terms  of  modified  Bessel  functions, 
which  for  this  problem  are  only  expandable  for  specific  values  of  Pey. 
The  solutions  of  (4.2.1.74)  developed  by  Al-Niami  and  Rushton  [1978]  for 
values  of  Pey  of  1,  5,  and  11  are  presented  below. 

For  Pey  »  1,  r  -  0: 
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(4.2.1.88) 


Cv(r=0,t)  =  1  +  22  (-1)"  exp[-(nit)2t/2] 
n-1 


For  POy  =  5,  r  =  0: 


Cv(r=0,t)  =  1 - 2 


2  «  an3exp(-an2t/io) 


15  n=2  atncos(an)  -  sin(an) 


(4.2.1.89) 


Where  n=2,3,...,  are  the  roots  of; 
anCOt(Qn)  =  [3  -  a^^/Z 


(4.2.1.90) 


For  Pew  =  11,  r  =  0: 


Cv(r=0,t)  =  1  + 


10395 


n=2  [On^-45an^+105]sin(an)  +  [10on^-105ttn]cos(On) 


(4.2.1.91) 


Where  Op,  n-2,3,...,  are  the  roots  of: 

ancot(an)  -  [15an^-420an2+945]/[o^4.i05^^2+945j 


(4.2.1.92) 


Complete  Mixing.  A  solution  is  obtained  by  assuming  complete 
mixing  within  the  soil  cylinder.  The  solution  of  a  complete  mixing 
model  for  constant  influent  concentrations  and  uniform  influent 
concentrations  is 


t  ^vo  ^  ^bo  1  *• 

Cv(t)  -  Cy^e*^  +  -  [1  -  e*^] 


1  +  Ar 


(4.2.1.93) 


Typically,  Ar  -  0,  Cyo  -  0,  and  Cy^  -  1,  thus,  (4.2.1.93)  reduces  to: 
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(4.2.1.94) 


Cv(t)  “ 

Table  4. 2. 1.3  is  a  summary  of  the  equations  that  comprise  each 
model.  Most  vapor  extraction  models  reported  in  the  literature  assume 
complete  mixing,  and  the  models  account  for  finite  rates  of  diffusion, 
usually  assume  local  equilibrium  (see  Table  1.2).  To  date,  no  one  has 
considered  rate  limitations,  such  as  air-water  mass  transfer  or 
intraaggregate  diffusion  in  vapor  extraction  models.  It  is  probably 
valid  to  assume  local  equilibrium  for  removing  the  pure  organic  phase 
[Baehr,  1989;  McClellan  and  Gillham,  1990].  The  removal  of  the 
dissolved  phase  may  become  limited  by  phase  equilibrium  [McClellan  and 
Gillham,  1990].  In  addition,  no  one  has  accounted  for  removal  with  air 
flow  and  simultaneous  leaching  in  water.  For  impermeable  capped  systems 
(plastic  liners  or  p  .vement  or  concrete  structures),  leaching  will  not 
be  important,  however,  leaching  could  occur  beneath  a  soil  cover. 


Table 

4. 2. 1.3. 

Summary  of  Equations  Comprising 
Extraction  Models. 

the  Radial 

Vapor 

Included  Mechanisms 

Model 

Air  H.  Air 
Adv.  Oisp. 

V.  Air  Air-Water  Water  Water 
Oiff.  Trans.  Adv.  Oisp. 

Dimensionless 

PDEs 

DC  DDEs 

Verifcation 

Equations 

Genera  1 

Form 

X  X 

XXX 

X 

(4.2.1.12-21) 

(4.2.1.32-40) 

none 

No  Vertical 
Diffusion 

X  X 

X  X 

X 

(4.2.1.13,14, 

18-21,41,42) 

(4.2.1.35,38- 

40,45-47) 

none 

Plug  Flow 

X 

X  X 

(4.2  1.13,14, 
48-51) 

(4.2.1.47,56- 

59) 

(4.2.1.64- 

67)* 

Local 

Equilibrium 

X  X 

X  X 

X 

(4.2.1.13,14, 

16,50,68,69) 

(4.2.1.35,36, 

47,58,72,73) 

none 

No  Water 

Flow  L.E. 

X  X 

(4.2.1.74-77) 

(4  2.1.82-85) 

(4.2.1.88^’. 
89*=.  90°) 

Complete 

Mixing* 

X  X 

X  X 

X 

(4.2.1.93) 

^Finite  difference  approximation  for  steady-state  conditions. 

“Analytic  solution  for  Pe  *  1. 

Analytic  solution  for  Pe^  -  5. 

“Analytic  solution  for  ■  U. 

“Analytic  modal  that  assumes  dispersion  is  fast  enough  to  establish  perfect  mixing  throu^^hout. 
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4. 2. 1.6  Model  Verification.  Verification  of  the  numerical  method 
used  to  solved  the  radial  system  models  Is  not  straightforward  because 
analytic  solutions  for  the  coupled  two-dimensional  system  of  equations 
do  not  exist.  Nevertheless,  the  description  of  vertical  transport  with 
water  flow  was  verified  In  the  one-dimensional  development.  The  OC 
approximation  of  radial  air  advectlon  and  diffusion  Is  compared  to  the 
analytic  solutions  for  the  no  water  flow,  local  equilibrium  model.  The 
coupling  aspect  of  the  horizontal  and  the  vertical  equations  and  the 
vertical  vapor  diffusion  approximation  have  not  yet  been  addressed  in 
this  study.  Numerical  approximation  of  the  vertical  vapor  diffusion 
component  of  the  air-phase  transport  equation  was  verified  by  Bednar 
[1990]  in  his  description  of  vapor  diffusion  through  columns  under  no¬ 
flow  conditions.  The  verification  of  the  coupling  by  the  air-water  mass 
transfer  description  (volatlllzatlon/dlssolution)  is  performed  by 
comparing  to  a  finite  difference  approximation  of  the  plug  flow  model 
for  steady-state  conditions. 

Table  4. 2. 1.4  shows  the  calculations  of  the  plug  flow  model  for  6 
horizontal  and  6  vertical  collocation  points  at  t  =•  500  to  calculations 
of  the  finite  difference  approximation  of  steady-state,  plug-flow 
conditions  (4.2.1.64-67).  The  dimensionless  group  values  used  for  these 
calculations  were  chosen  arbitrarily,  but  similar  results  were  obtained 
with  a  wide  range  of  values.  The  agreement  Is  good  and  Increases  the 
confidence  in  the  OC  approximation  of  air-water  mass  transfer  rates.  In 
addition,  this  exercise  has  shown  that  verification  of  a  numerical 
solution  can  be  obtained  by  comparing  calculations  to  either  analytic 
solutions  or  approximations  with  other  numerical  methods. 
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Table  4. 2. 1.4.  Comparison  of  a  Finite  Difference  (FO)  Approximation  of 
the  Steady-State  Plug  Flow  Model  for  a  100  by  100  mesh  to  the  Orthogonal 
Collocation  (OC)  Approximation  of  the  Plug  Flow  Model  at  t  -  500  for  6 
Horizontal  and  6  Vertical  Collocation  Points  (25  Nodes). 


(Ar  - 

0.5, 

Cbo  “ 

1»  ^vo  * 

Sty 

=  1) 

Num. 

Meth. 

x: 

0.00 

0.: 

14 

0.42 

0.72 

0.94 

1.00 

z 

Cb 

Cv 

Cb 

Cv 

Cb 

Cv 

Cb 

Cv 

Cb 

Cv 

Cb 

OC 

FD 

0.00 

0.63 

0.63 

0.58 

0.58 

0.44 

0.44 

0.24 

0.24 

0.06 

0.06 

OC 

FD 

0.14 

0.90 

0.90 

0.54 

0.53 

0.88 

0.88 

0.48 

0.48 

0.85 

0.85 

0.36 

0.36 

0.81 

0.81 

0.19 

0.19 

0.77 

0.77 

0.04 

0.04 

0.76 

0.75 

OC 

FD 

0.42 

0.71 

0.71 

0.38 

0.38 

0.68 

0.68 

0.34 

0.34 

0.61 

0.62 

0.24 

0.24 

0.53 

0.53 

0.12 

0.12 

0.46 

0.46 

0.02 

0.03 

0.44 

0.44 

OC 

FD 

0.72 

0.53 

0.52 

0.26 

0.26 

0.49 

0.49 

0.22 

0.22 

0.42 

0.42 

0.15 

0.15 

0.33 

0.33 

0.07 

0.07 

0.26 

0.25 

0.01 

0.01 

0.24 

0.23 

OC 

FD 

0.94 

0.42 

0.42 

0.20 

0.20 

0.38 

0.39 

0.17 

0.17 

0.31 

0.31 

0,11 

0.11 

0.23 

0.23 

0.05 

0.05 

0.17 

0.17 

0.01 

0.01 

0.15 

0.15 

OC 

FD 

1.00 

0.39 

0.40 

0.18 

0.18 

0.36 

0.36 

0.15 

0.15 

0.29 

0.29 

0.10 

0.10 

0.21 

0.21 

0.04 

0.04 

0.15 

0.15 

0.01 

0.01 

0.14 

0.14 

Coefficient  matrices  used  to  approximate  radial  derivatives  for 
symmetric  partial  differential  equations  (e.g.  equations  describing  only 
radial  diffusion)  can  be  found  in  the  literature  [Finlayson,  1980]. 
Matrices  for  asymmetric  radial  PDEs  (such  as  for  radially- converging 
flow  and  diffusion)  have  not  been  reported.  By  transforming  the  radial 
coordinate,  the  resulting  equations  resemble  planar  geometry  and 
asymmetric,  planar  coefficients  can  be  used  to  approximate  the 
transformed  derivatives.  To  check  the  validity  of  this  manipulation, 
the  numerical  model  approximation  of  radial  flow  and  diffusion 
(equations  (4.2.1.82-85))  are  compared  to  analytic  solutions  (equations 
(4.2.1.88-90)). 
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Figure  4. 2. 1.3  shows  analytical -numerical  comparisons  for  values 
of  POy  of  1,  5,  and  11.  The  solid  lines  in  all  of  the  graphs  are 
calculations  of  the  solution  of  (4.2.1.82-85)  for  10  radial  points,  and 
the  dashed  lines  in  Figures  4.2.1.3a,  4.2.1.3b,  and  4.2.1.3c  are 
calculations  of  (4.2.1.88),  (4.2.1.89),  and  (4.2.1.90),  respectively. 

The  difference  between  the  numerical  model  solution  and  the  analytic 
solutions  increases  as  the  value  of  Pey  decreases.  The  center  of 
breakthrough  predicted  by  the  numerical  model  is  located  at  a 
dimensionless  time  of  1  while  the  center  determined  with  analytic 
solution  is  almost  1  for  Pey  of  11  and  appears  earlier  as  the  value  of 
POy  decreases.  The  center  of  breakthrough  is  not  suppose  to  be  a 
function  of  POy  [Hashimoto  et  a1.,  1964],  For  a  low  value  of  Pey,  it 
would  be  expected  that  a  complete  mixing  model  calculation  could  be  used 
to  describe  the  spreading  [Brenner,  1962).  The  dotted  line  in  Figure 
4.2.1.3a  is  a  calculation  of  (4.2.1.94)  and  it  agrees  with  the  numerical 
solution. 

There  is  an  important  difference  between  the  boundary  conditions 
for  the  numerical  model  and  the  analytic  solutions  of  Al-Niami  and 
Rushton  [1978].  The  numerical  model  employs  an  overall  mass  balance  as 
a  boundary  condition  while  the  analytic  solutions  are  subject  to  a 
prescribed  concentration.  Parker  and  van  Genuchten  [1984]  found  for  the 
one-dimensional  convection-dispersion  equation  that  using  a  specified 
concentration  as  a  boundary  condition  (they  call  it  a  boundary  condition 
of  "first-type")  corresponds  to  flux-averaged  concentrations,  and 
"third-type"  boundary  conditions,  as  used  in  the  numerical  model,  give 
results  corresponding  to  volume -averaged  (resident)  concentrations.  The 
distinction  between  the  two  is  more  important  as  dispersion  increases. 
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ms  of  the  numerical  approximation  for  of  the  no  water  flow,  local  equilibrium 
d-type  boundary  conditions  and  10  collocation  points  to  analytic  solutions  by 
Al-Niami  and  Rushton  [1978]  for  Pe„  •=  1,  5,  and  11. 


Flux -averaged  concentrations  have  no  physical  meaning  [Parker  and 
van  Genuchten,  1984],  and  this  is  indicated  by  the  variation  of  the 
center  of  mass  of  the  elution  curve  with  Pey  for  the  analytic  solution. 
Chen  [1987]  solved  (4.2.1.74)  for  radial  dispersion  from  an  injection 
well  using  Cauchy  (third-type)  conditions,  however,  he  assumed  that 
radial  dispersion  was  proportional  to  velocity  so  his  solutions  could 
not  be  used  here  for  comparing  to  the  numerical  solution.  He  was  also 
able  to  show  that  flux-averaged  and  resident  concentration  formulations 
give  the  same  results  for  low  dispersion  (high  value  of  POy).  Batu  and 
van  Genuchten  [1990]  extended  the  work  of  Parker  and  van  Genuchten 
[1984]  to  two  dimensions  and  found  similar  results. 

To  show  that  the  numerical  approximation  could  simulate  the 
incorrect  analytic  solutions,  the  mass  balance  boundary  condition 
(equation  (4.2.1.83))  was  replaced  with  a  first-type  condition: 

Cv(NR,t>0)  =  1  (4.2.1.95) 

The  results  of  this  modified  numerical  version  are  shown  as  dotted  lines 
on  Figures  4.2.1.3b  and  4.2.1.3c.  As  the  value  of  Pey  increases  the 
solutions  for  first-  and  third-type  conditions  coincide  as  shown  in 
Figure  4.2.1.3d  for  Pey  *  100  (analytic  solutions  for  values  of  Pey 
greater  than  11  are  not  reported).  These  results  are  identical  to  those 
reported  by  Parker  and  van  Genuchten  [1984]. 

Because  the  models  are  derived  for  resident  concentrations,  the 
mass  balance  boundary  condition  is  used  in  the  numerical  solution  of  the 
general  form  of  the  model.  The  dispersed  flow,  local  equilibrium  model 
uses  a  mix  of  first-  and  third-type  boundary  conditions  for  numerical 
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convenience,  but  this  model  is  used  only  for  values  of  Pe^  greater  than 
64. 

Verification  of  the  numerical  approximation  of  the  general  version 
of  the  radial  vapor  extraction  model  is  not  complete,  but  this  piecewise 
approach  where  specific  aspects  of  the  model  are  verified  separately 
gives  confidence  to  the  numerical  results  that  follow, 

4.2. 1.7  Numerical  Results  (Hodel  Sensitivity).  A  complete 
modeling  approach,  as  followed  in  the  preceding  sections  describing  the 
column  model  developments,  requires  that  at  this  stage  the  model  be 
tested  against  laboratory  or  field  results.  The  development  of  a  set  of 
laboratory  experiments  to  validate  the  two-dimensional  vapor  extraction 
models  is  beyond  the  scope  of  this  research.  Many  of  the  field  and 
pilot  scale  results  that  are  reported  in  the  literature  (cf.  Hutzler  et 
al .  [1989a])  do  not  contain  sufficient  information  to  obtain  accurate 
model  comparisons  or  the  system  configurations  are  much  different  than 
the  assumptions  that  are  used  to  derive  the  models  reported  herein. 

Models  that  are  not  validated  can  be  used  to  determine  which 
mechanisms  are  most  important,  and,  in  addition,  give  some  guidance  to 
system  design.  More  importantly,  models  are  additional  tools  which  are 
available  for  enhancing  the  decision  process  of  design  engineers.  The 
mechanisms  that  are  examined  with  the  models  are  vapor  diffusion,  air- 
water  mass  transfer  (and  with  this,  intraaggregate  diffusion),  air  and 
water  advection,  and  water  dispersion.  Calculations  for  giving  design 
guidance  of  the  optimum  air  withdrawal  rate  are  also  performed. 

Finally,  the  suitability  of  using  a  column  model  development  approach  to 
developing  field-scale  system  models  is  discussed. 

Parameter  Estimation.  Parameter  values  for  the  model  calculations 
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are  based  on  properties  of  the  Ottawa  sand  and  aggregated  porous  media 
used  in  the  column  studies.  Values  used  in  the  calculations  of  the 
two-dimensional  radial  models  are  given  in  Table  4. 2. 1.5. 


Table  4. 2. 1.5.  Parameter  Values  for  Model  Calculations  of  Toluene 
Removal  from  Ottawa  Sand  (OS)  and  Aggregated  Porous  Material  (APM). 


Parameter  Values 

OS 

APM 

Radius  of  Influence,  R^  (m): 

4.5 

4.5 

Radius  of  Vent  Hole,  Ry^  (m): 

0.12 

0.12 

Depth  to  ground  water,  D  (m): 

4.5 

4.5 

Infiltration  rate,  vcS  (cm  s'^): 

0,  0.00026 

0,  0.00026 

Air  withdrawal  rate,  Qg  (cm^  s‘^): 

21-2.1(10®) 

21-2.1(10®) 

Air  conductivity,  (cm  s'^): 

0.018 

0.018 

Degree  of  saturation,  S: 

0.30 

0.67 

Porosity,  c: 

0.33 

0.70 

Soil  density,  Pj  (g  cm'^): 

2.65 

1.51 

Henry's  constant,  H: 

0.27 

0.27 

Air  diffusion  coef.,  Dg  (cm^  s'^): 

0.050 

0.050 

Liquid  dispersion  coef.,  (cm^  s'^): 

Air-water  mass  transfer  rate,  K^a  (s'^): 

0.0033 

0.0033 

0.010 

0.0020 

Sorption  capacity,  K  (cm^  g’^): 

0 

0,  1.0 

Initial  contaminant  concentration 
in  air,  (mg  L'^): 

in  water,  (mg  L"^): 

1.0 

1.0 

3.7 

3.7 

on  soil ,  Qi  (mg  kg'^) : 

0 

0,  3.7 

Influent  contaminant  concentration 
in  air,  C^q  (mg  L'^): 
in  water,  C^o  (mg  L"^): 

0 

0 

0 

0 

The  chemical  of  interest  for  these  calculations  is  toluene. 

System  size  is  chosen  to  be  similar  to  the  soil  volume  of  one  unit  of 
the  trench  system  at  Hill  AFB,  Utah  (see  DePaoli  et  al .  [1990]).  Water 
velocity  is  chosen  to  compare  with  the  measured  moisture  characteristics 
given  in  Figure  4. 1.1. 4.  Degree  of  saturation  is  chosen  so  that  the 
air-filled  porosity  of  the  sand  and  aggregated  material  are  the  same 
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(0.231).  Air  flowrate  is  varied  to  examine  its  effect  on  vapor 
extraction  performance  and  because  it  is  the  most  flexible  variable  with 
regard  to  system  operation.  The  value  of  Henry's  constant  and  of  the 
gas  diffusion  coefficient  of  toluene  is  obtained  from  the  literature  as 
described  in  Sections  4. 1.1, 3  and  4. 1.2. 3,  the  liquid  dispersion 
coefficient  is  taken  as  that  measured  in  the  column  studies  adjusted  for 
water  velocity. 

The  parameter  with  the  most  uncertainty  is  the  specific  air-water 
mass  transfer  rate  (KLa).  Its  value  was  shown  to  be  unimportant  in  the 
column  studies,  in  part,  because  it  was  assumed  that  the  limiting  step 
to  equilibrium  was  intraaggregate  diffusion.  Intraaggregate  diffusion 
is  not  accounted  for  in  the  two-dimensional  models  at  this  time  and, 
thus,  the  limiting  resistance  is  air-water  mass  transfer.  Values  of  the 
air-water  mass  transfer  coefficient  that  are  used  in  the  following 
sensitivity  analyses  are  determined  to  simulate  the  impact  of  diffusion 
out  of  water  because  the  experimental  efforts  thus  far  indicate  air- 
water  mass  transfer  is  fast.  The  remainder  of  this  subsection  give  a 
brief  justification  for  this  assumption.  First,  an  approximation  is 
derived  to  determine  the  minimum  air-water  mass  transfer  rate  for 
subsurface  systems.  Second,  model  calculations  are  used  to  show  that 
the  impact  of  diffusion  from  immobile  can  be  simulated  with  an 
appropriate  value  of  K^a. 

There  is  a  substantial  lack  of  volatilization  studies  in  the 
subsurface  transport  literature.  Most  of  the  work  on  gas-liquid  mass 
transfer  has  been  performed  using  columns  of  artificial  packing  with 
pure  fluids  at  high  velocities.  Host  of  these  correlations  are  based  on 
liquid  velocity  and  in  such  a  way  that  the  mass  transfer  rate  decreases 
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with  decreasing  velocity  --  often  going  to  zero  as  water  velocity  tends 
to  zero.  For  volatilization/dissolution  between  a  gas  and  a  liquid,  the 
overall  mass  transfer  coefficient  (K|^}  is  considered  to  be  a  combination 
of  a  resistance  to  mass  transfer  in  the  gas  and  a  resistance  in  the 
liquid  (cf.  Treybal  [1980]): 

1  1  1 

—  -  —  +  —  (4.2.1.96) 

Kl  Hkg 

If  the  resistance  in  one  fluid  is  much  greater  than  in  the  other, 
the  fluid  with  the  greater  resistance  is  said  to  "control." 

Correlations  commonly  used  for  estimating  the  relative  contributions  of 
gas  and  liquid  resistances  are  of  the  form  [Nicoud  and  Schweich,  1989]: 

Shi  *  ^1,1  +  ^^,2  (^®l)^l,3  (Sci)®l,4  (4.2.1.97a) 

Shg  *  Cg^i  +  Cg^2  (Reg)‘^g.3  (SCg)Cg,4  (4.2.1.97b) 

The  Sherwood  numbers  (Sh]  or  Shg)  are  ratios  of  the  product  of  a  local 
mass  transfer  coefficient  (k]  or  kg)  and  a  diffusion  thickness  (6]  or 
5g)  to  a  diffusion  coefficient  (D^  or  Dq);  the  Reynolds  numbers  (Re^  or 
Reg)  are  ratios  of  the  product  of  a  fluid  velocity  (v  or  u)  and  particle 
size  (Rj)  to  a  kinematic  viscosity  (^i/Pi  or  4g/Pg);  the  Schmidt  numbers 
(Sc]  or  SCg)  are  ratios  of  a  kinematic  viscosity  to  a  diffusion 
coefficient;  and  the  c^  j's  and  Cg  ^'s  are  experimental  constants.  For 
no  fluid  flow  in  packed  beds,  (4.2.1.97)  reduces  to  (7oc.  cit. 

Sontheimer  et  a1.  [1988]) 

Shi  -  Shg  -  cij  -  Cg^l  -  Cj  -  2  +  3[1  -  c(l-S)]  (4.2.1.98) 

In  soil  columns  where  there  is  no  air  flow,  such  as  in  the  water 
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flow  experiments  described  in  Section  4, 1.1. 7,  (4.2.1.98)  predicts  a 
value  of  kg  of  approximately  10  cm  s~^  (this  estimate  assumes  an  air- 
filled  porosity  of  0.27,  a  gas  diffusion  coefficient  of  0.08  cm^  s'^, 
and  5g  of  O.lSSRj^,  which  is  the  radius  of  a  geometric  estimate  of  the 
air-filled  pore  size);  while  for  extraction  conditions  where  no  flow  of 
water  occurs,  (4.2.1.97)  estimates  a  value  of  k]  of  approximately  0.03 
cm  s'^  (assuming  6(1-S)  =  0.27,  D]  »  0.000008  cm^  s*^,  and  6-|  =  0.001 
cm,  which  is  a  geometric  estimate  of  the  water  film  thickness 
surrounding  a  0.07  cm  diameter  sand  particle  at  a  degree  of  saturation 
of  0.3).  Hence  chemicals  having  a  low  H  in  a  quiescent  air-water 
system,  the  limiting  resistance  is  diffusion  in  water.  Furthermore, 
values  estimated  by  (4.2.1.98)  should  be  a  minimum  mass  transfer  rate 
because  (4.2.1.97)  predicts  higher  rates  as  flow  increases.  A  value  of 
Kl  ■  ki  »  4D-|/61  could  be  used  to  determine  the  greatest  impact  of 
volatilization/dissolution  rates  in  subsurface  systems.  This  analysis 
contradicts  (predicts  values  of  the  mass  transfer  coefficient  higher  by 
a  factor  of  10,000)  estimates  of  K|^a  by  the  Turek  and  Lange  [1981] 
correlation  (equation  (4.1.1.52))  that  was  used  in  estimating  K|^a  in 
Section  4. 1.1. 7.  This  is  probably  due  to  the  fact  that  the  Reynolds 
number  for  fluid  flow  in  soils  is  on  the  order  of  one  thousand  times 
less  than  those  used  in  trickle-bed  studies.  This  contradiction  exists 
between  the  theory  from  which  (4.2.1.98)  is  derived  and  all  correlations 
developed  for  mass  transfer  coefficients  in  packed  towers  when  they  are 
extrapolated  to  air-water-soil  systems. 

Results  from  the  one-dimensional  studies  indicate  that  diffusion 
inside  aggregates  could  be  more  important  in  describing  chemical  fate, 
and  this  was  as  observed  in  the  experimental  results  shown  in  Figures 
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4. 1.1. 6,  4. 1.1. 7,  4. 1.1. 9,  4.1.1.10,  and  4. 1,2. 9.  The  impact  of 
intraaggregate  diffusion  can  be  studied  by  adjusting  the  air-water  mass 
transfer  rate.  Figure  4. 1.1. 5  shows  that  air-water  mass  transfer  and 
intraaggregate  diffusion  have  similar  impacts  on  the  spreading  of 
chemical  breakthrough  curves.  Equation  (4.1.1.47)  can  be  used  to 
determine  when  intraaggregate  diffusion  and  mass  transfer  across  the 
aggregate  surface  are  equivalent.  The  same  approach  that  was  used  to 
obtain  (4.1.1.47)  is  used  to  determine,  from  the  vapor  extraction  column 
model  (equations  4.1.1.14,  4.1.1.20,  4.1.1.22,  and  4. 1.2. 4-8),  when 
intraaggregate  diffusion  has  the  same  impact  as  air-water  mass  transfer 
when  air  is  flowing.  The  result  is  similar  to  (4.1,1.47)  and  to  the 
equivalent  spreading  relationship  derived  by  Crittenden  et  a).  [1986] 
for  saturated  chemical  transport: 

Pey  -  ISEdp  -  aSty  (4.2.1.99) 

The  difference  between  (4.2.1.99)  and  (4.1.1.47)  is  that  the  groups  in 
the  former  are  based  on  advection  in  air  and  the  latter  on  advection  in 
water. 

Equation  (4.2.1.99)  is  used  with  the  air  extraction  column  model 
results  displayed  in  Figure  4. 1.2. 9  to  determine  a  value  of  K(^a  for  the 
aggregated  porous  media  that  would  affect  the  model  calculation  in  the 
same  manner  as  intraaggregate  diffusion.  The  results  are  shown  in 
Figure  4. 2. 1.4.  The  solid  curve  shows  a  model  calculation  assuming  fast 
air-water  mass  transfer  as  indicated  by  the  magnitudes  of  the 
dimensionless  groups  shown  (Edp  -  0.23,  Sty  -  1000).  The  dashed  curve 
assumes  fast  intraaggregate  diffusion  (Edp  -  230)  and  the  value  of  Sty 
(1.2)  is  obtained  with  (4.2.1.99).  Therefore  not  including 
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intraaggregate  diffusion  in  this  model  development  does  not  preclude 
studying  its  impact.  Moreover,  because  of  the  difficulties  in 
predicting  the  air-water  mass  transfer  rate  and  because  this  transfer 
rate  has  had  relatively  little  influence  on  organic  chemical  transport 
in  the  columns  studies  reported  here,  it  is  probably  better  to  use  the 
average  liquid  diffusion  flux  for  estimating  K|^a. 


0  10  20  30  -  40  60  00 


PORE  VOLUMES 

Figure  4. 2. 1.4.  Vapor  extraction  column  model  comparisons  for 
simulating  the  impact  of  intraaggregate  diffusion  with  air-water  mass 
transfer  using  the  ratio  ISEdp  -  3Sty.  Parameters  are  from  the  model 
calculations  that  describe  the  data  in  Figure  4. 1.2. 9. 


Equation  (4.2.1.99)  was  derived  for  an  assumption  of  no  water 
flow.  Equation  (4.1.1.47)  equates  the  spreading  caused  by  axial 
dispersion,  intraaggregate  diffusion,  and  film  transfer  for  simultaneous 
air  and  water  flow,  but  no  equivalent  spreading  relationship  between 
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intraaggregate  diffusion  and  air-water  mass  transfer  exists  for 
simultaneous  air  and  water  flow.  The  simultaneous  flow  model  simulates 
the  order  of  chemical  transfer  for  elutuion  as  intraaggregate  diffusion, 
film  transfer,  and  volatilization.  The  influence  of  intraaggregate 
diffusion  (or  film  transfer)  on  air-phase  concentration  could  then  be 
simulated  using  air-water  mass  transfer.  As  an  approximation,  the 
equivalent  spreading  relationship  (4.2.1.99)  is  used  to  estimate  a  value 
of  Kj^a  for  simulating  the  observed  spreading  of  the  air-phase 
concentration  profile  in  a  column  where  air  and  water  are  flowing 
simultaneously.  Figure  4. 2. 1.5  shows  calculations  of  the  simultaneous 
air  and  water  flow  column  model  described  in  Section  4.1.1  for  the 
conditions  given  in  Figure  4. 2. 1.4,  except  in  this  case,  water  is  also 
flowing  at  a  rate  such  that  the  advective  flux  in  water  is  about  one- 
third  the  mass  flux  in  air.  The  air-phase  concentration  history  is 
shown  in  Figure  4.2.1.5b  as  the  dashed  line  for  intraaggregate  diffusion 
limited  conditions  and  the  solid  line  is  the  approximation  for 
equivalent  impact  by  air-water  mass  transfer  (Ki^a  -  0.002  s'^).  The 
corresponding  water-phase  concentration  histories  are  displayed  in 
Figure  4.2.1.5a. 

Figures  4. 2. 1.4  and  4.2. 1.5  show  that  using  a  value  of  K|^a  that 
accounts  for  the  impact  of  Intraaggregate  diffusion  can  be  used  in  the 
two-dimensional  extraction  models  to  approximate  the  effect  of  the 
combined  mass  transfer  rates  (intraaggregate  diffusion  and 
volatilization). 
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Figure  4. 2. 1.5.  Simultaneous  flow  column  model  convarlsons  for 
simulating  the  Impact  of  Intraaggregate  diffusion  with  air-water  mass 
transfer  using  the  ratio  ISEdp  -  3Sty  that  Is  derived  from  vapor 
extraction  column  model.  Part  (a)  Is  the  result  for  water-phase 
concentration  and  part  (b)  Is  the  result  for  air-phase  concentration. 
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As  a  result  of  the  uncertainty  involved  with  estimating  Kj^a,  it 
was  decided  in  this  work  to  use  two  values  and  study  their  impact  for 
various  air  velocities.  Liquid  diffusion  and  air-water  mass  transfer 
had  no  impact  on  extraction  from  Ottawa  sand,  so  an  arbitrary  value  of 
K|^a  of  0.01  s'^  is  used  for  cohesionless  soil  cleanup  simulations.  The 
impact  of  diffusion  out  of  saturated  aggregates  was  observed  and 
predicted  in  the  aggregated  porous  material.  This  impact  is  shown  in 
Figure  4. 2. 1.4  to  be  equivalent  to  a  value  of  K|^a  of  0.002  s~^,  so  this 
value  is  used  to  simulate  aggregated  soils. 

The  vapor  extraction  performance  figures  that  follow  show  the 
dimensionless  toluene  concentration  from  the  extraction  vent  (starting 
at  1  along  the  left  ordinate)  and  the  percent  of  mass  removed  from  the 
system  with  air  flow  (starting  at  0  and  approaching  100%  along  the  right 
ordinate)  as  a  function  of  the  number  of  air  pore  volumes  extracted. 
Extraction  calculations  are  performed  for  cohesionless  soils  (sands) 
first,  and  similar  numerical  experiments  are  performed  with  an 
aggregated  porous  material. 

Model  Calculations  for  Toluene  Removal  from  Sand 

The  first  model  scenario  simulations  assume  a  capped  system  where 
no  water  is  flowing.  The  initial  condition  is  a  uniform  concentration 
distribution.  For  this  initial  condition  and  no  water  flow,  the 
vertical  diffusion  component  of  the  contaminant  transport  equations  has 
no  impact.  The  model  could  not  solve  nonuni  form  initial  concentration 
profiles  in  general.  Numerical  instabilities  arise  when  an  initial 
profile  with  an  abrupt  change  in  concentration  is  used.  Smooth 
profiles,  for  example  an  exponential  decay,  give  results  that  are 
physically  acceptable  with  regards  to  conservation  of  mass  for  short 
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times,  but  for  longer  times  the  boundary  conditions  at  z  equal  to  0  and 
1  for  the  water  phase  and  at  z  =  1  for  the  air  phase  introduce 
instabilities  in  the  numerical  solution.  The  time  derivatives  for  air- 
phase  concentration  at  the  boundaries  are  dependent  on  changes  in 
concentration  at  all  of  the  interior  collocation  points  along  the  same 
vertical  plane.  This  is  a  disadvantage  of  the  OC  method  because  in  some 
instances  the  domain  of  dependence  encompasses  concentrations  that 
should  not  impact  a  particular  location.  Bednar  [1990]  solved  this 
problem  by  replacing  a  no  gradient  boundary  condition  at  the  column  exit 
of  his  no-flow,  diffusion  model  with  a  specified  concentration  that 
varied  such  that  mass  in  the  column  is  conserved.  This  type  of  approach 
could  not  be  used  here  because  there  would  be  too  many  unknowns  and  not 
enough  equations.  This  leads  to  another  obvious  shortcoming  of  OC  in 
that  it  is  not  easy  to  change  boundary  conditions  without  substantial 
revisions  to  the  code. 

The  base  case  air  flow  rate  is  2100  cm^  s*^,  which  corresponds  to 
an  air  detention  time  of  about  nine  hours.  The  pressure  drop  (AP)  can 
be  determined  from 

AP  -  QGln(Ri/Rv,)/(2KairD)  (4.2.1.100) 

Equation  (4.2.1.100)  assumes  that  air  acts  as  an  incompressible  fluid 
and  that  flow  obeys  Darcy's  law.  System  size  (R^  and  0)  are  given  in 
Table  4. 2. 1.5,  R^,  is  the  radius  of  the  hole  for  the  vent  (usually  this 
is  about  12  cm),  and  Kj  is  the  air  conductivity.  Air  conductivity  is 
estimated  from  the  saturated  hydraulic  conductivity  (K^)  given  in  Table 
4. 1.1. 5  [Kj  -  K5P]/tg(pg/ii)*^  -  0.018  cm  s'^].  It  is  assumed  for  these 
pressure  drop  calculations  that  the  air  conductivity  is  not  a  function 
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of  moisture  content.  Air  conductivity  decreases  with  increasing  water 
content  but  this  was  not  measured.  A  flow  rate  of  2100  cm^  s'^  would 
result  in  a  pressure  drop  of  approximately  0.1  mm  Hg  (field  systems 
typically  operate  at  vacuums  between  5  and  50  mm  Hg  [Hutzler  et  a1., 
1989a]).  In  field  situations,  the  value  of  would  vary  with  air  flow 
rate  and  AP,  however,  here  it  is  assumed  that  the  system  is  vented  to 
the  atmosphere,  such  as  by  multiple  inlet  vents,  at  some  distance 
from  the  extraction  vent.  Therefore  alterations  of  flow  rate  from  the 
base  case  value  will  result  in  proportional  changes  in  pressure  drop. 

A  summary  of  system  performance  for  various  air  flow  rates  is 
listed  in  Table  4.2. 1.6.  The  calculations  assume  no  water  flow  and  no 
sorption  (increases  in  removal  times  resulting  from  sorption  are 
addressed  in  the  calculations  for  the  aggregated  soil  which  follow). 
Increases  in  the  air  flow  rate  results  in  proportionally  higher  pressure 
drops,  and  power  consumption  rates  increase  with  flow  squared.  Time  to 
reach  a  level  of  cleanup  decreases  with  increasing  flow  rate,  however, 
the  total  energy  consumed  increases. 

Table  4. 2. 1.6.  Summary  of  Extraction  Performance  for  Removing  99.9%  of 
Toluene  from  a  Cohesionless  Soil  and  from  an  Aggregated  Soil  with 
Various  Air  Flow  Rates  in  a  Capped,  Radial  System. 
(Calculations  assume  no  water  flow  and  no  sorption) 


AP 

(an  air) 

Power 

(Watts) 

Ottawa  Sand 

Aggregated  Porous  Material 

time 

(hours)  t 

apv 

Energy 

(kJoules) 

time 

(hours) 

t 

apv 

Energy 

(kJoules) 

21 

1.5 

4(10:®) 

16.000  6.9 

16 

0.23 

47,000 

7.0 

54 

0.68 

210 

15 

4(10  *) 

900  4.0 

10 

1.3 

3,100 

6.3 

35 

4.5 

2.100 

150 

0.04 

57  2.5 

6 

8.2 

180 

2.4 

21 

26 

21,000 

1500. 

4.0 

6.8  3.0 

8 

98 

21 

2.9 

24 

300 

210,000 

1.5(10*) 

400. 

0.6  2.6 

7 

860 

4.8 

5.0 

42 

6900 

2,100,000 

1.5(10*) 

4(10*) 

0.1  5.3 

14 

14,000 

apv  •  atr  pore  voIums,  t  •  throughput. 


Extraction  performance  for  three  air  flow  rates  is  shown  in  Figure 
4. 2. 1.6.  The  base  case  is  a  solid  line,  and  the  dashed  line  depicts  the 
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reduction  in  extraction  efficiency  for  a  10-fold  decrease  in  the  air 
withdrawal  rate  and  the  dotted  line  corresponds  to  a  100-fold  decrease 
in  air  flow  rate.  The  decreases  in  extraction  efficiency  that  result 
are  due  to  diffusional  mixing  in  the  air  phase  as  indicated  by  the 
decreasing  value  of  POy  with  air  flow  rate. 


Figure  4. 2. 1.6.  Toluene  extraction  p^fomance  as  a  function  of  air 
withdrawal  rate  (21,  210,  2100  cur  s"^)  for  a  vertical  vent 
configuration  in  Ottawa  sand  at  a  degree  of  saturation  of  0.3. 


Figure  4. 2. 1.7  shows  the  change  in  extraction  performance  for 
order-of -magnitude  increases  in  the  air  extraction  rate.  The  solid  line 
is  a  simulation  for  an  air  withdrawal  rate  of  21,000  cm^  s~^.  One 
hundred-  and  1000-fold  increases  in  air  flow  from  the  base  case  are 
shown  as  dashed  and  dotted  lines,  respectively.  Not  only  does  power 
consumption  increase  but  extraction  efficiency  in  terms  of  air  volume 


157 


PERCENT  REMOVED 


extracted  and  total  energy  consumed  decreases.  Reductions  in  extraction 
efficiency  with  air  flow  rate  are  due  to  mass  transfer  rate  limitations 
from  the  water-phase,  as  indicated  by  a  decrease  in  Sty  with  increases 
in  air  flow  rate.  It  is  assumed  that  the  air-water  mass  transfer  rate 
does  not  change  with  air  velocity.  This  is  probably  a  good  assumption 
if  diffusion  from  water  controls  the  mass  transfer  rate. 
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Figure  4.2. 1.7.  Toluene  extraction  performance  as  a  function  of  air 
withdrawal  rate  (21,000,  210,000,  2,100,000  cm^  s’^)  for  a  vertical  vent 
configuration  in  Ottawa  sand  at  a  degree  of  saturation  of  0.3. 


Although  flow  rates  has  high  as  2,100,000  cm^  s*^  are  typically 
not  extracted  from  a  single  vent,  these  calculations  show  that  there 
exists  an  optimum  range  of  air  flow  rates.  For  these  calculations  the 
assumption  of  a  constant  air  diffusion  coefficient  is  not  valid  for  air 
flow  rates  greater  than  68,000  cap  s'^  (this  value  is  determined  from  a 
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graph  by  Miyauchi  and  Kikuchi  [1976]  for  the  conditions  given  in  Table 
4. 2. 1.5)  since  fluid  mixing  becomes  more  important  at  higher  air  flow 
rates.  Because  for  radial  flow,  air  velocity  increases  with  decreasing 
distance  from  the  extraction  vent,  the  model  formulations  in  this 
section  could  not  be  used  to  study  situations  where  air  dispersion  is 
greater  than  air  diffusion. 

Column  model  calculations  have  shown  that  it  is  not  always 
possible  to  distinguish  impacts  of  different  mechanisms  by  just 
examining  the  shape  of  breakthrough  curves.  Figure  4. 2. 1.8  compares 
performance  calculations  for  air  flow  rates  of  2,100,000  cm^  s'^  (dotted 
line)  and  21  cm^  s'^  (solid  line)  with  a  complete  mixing  calculation 
(dashed  line).  The  equivalent  spreading  relationship  given  by 
(4.2.1.99)  predicts  that  the  two  curves  would  match  for  a  ratio  of  Pe^ 
to  Sty  of  3. 

The  following  model  calculations  are  used  to  observe  the  impact  of 
water  infiltration  at  a  rate  of  0.00026  cm  s*^  (this  corresponds  to  a 
degree  of  saturation  of  0.30  for  the  sand  and  may  represent  vapor 
extraction  during  a  period  of  heavy  rain  fall  (9  inches  per  day)  or  snow 
melt).  The  introduction  of  water  flow  makes  it  possible  to  examine  the 
impact  of  vertical  gas  diffusion  and  fully  utilize  the  attributes  of  the 
two-dimensional  model  equations  developed  thus  far.  Although  situations 
where  water  infiltration  are  rare,  these  calculations  show  that  it  is 
important  from  a  mass  transfer  point  of  view  to  minimize  water 
infiltration  or  if  this  can  not  be  done,  use  higher  air  flow  rates. 

Even  when  a  portion  of  the  contamination  is  leaching  towards  ground 
water,  there  is  an  upper  limit  of  the  air  flow  rate  where  there 
advantage  in  further  increases  in  flow  rate. 


Figure  4.2. 1.8.  Comparison  of  toluene  extraction  performance  for  air 
withdrawal  rates  of  21  and  2,100,000  cm^  s'^  to  a  completely  mixed 

calculation. 


During  conditions  where  water  infiltration  occurs,  the  air  flow 
rate  should  be  fast  enough  such  that  mass  removal  rate  in  air  is  greater 
than  the  advective  flux  in  water  (Ar  less  than  1).  If  no  air  flow  is 
induced,  water  flow  column  results  in  Section  4. 1.1. 7  indicate  that  it 
would  take  between  approximately  60  and  120  hours  to  elute  the  toluene 
from  the  sand.  Therefore  an  air  flow  rate  of  at  least  2100  cm^  s'^  (Ar 
-  0.29)  is  needed  to  reduce  the  amount  of  toluene  leaching  to  ground 
water.  Calculations  for  no  water  flow  at  this  flow  rate  (see  Figure 
4. 2. 1.7)  indicate  that  equilibrium  between  air  and  water  could  be 
assumed  (Sty  -  1200)  so  the  general  form  of  the  model  should  compare 
with  the  dispersed  flow,  local  equilibriim  model.  This  comparison  is 
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made  In  Figure  4. 2. 1.9  where  the  solid  line  is  the  calculation  of  the 
numerical  solution  to  the  general  form  of  the  model  and  the  dashed  line 
is  the  local  equilibrium  prediction.  Even  though  the  important 
mechanisms  for  these  conditions  are  accounted  for  in  both  models,  the 
calculations  do  not  agree. 
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Figure  4. 2. 1.9.  Comparison  of  the  numerical  solution  of  the  general 
form  of  the  radial  confi ^ration  vapor  extract Im  model  for  an  air 
withdrawal  rate  of  2100  cnr  s'^  and  0.00026  cm  s’*  water  infiltration 
rate  to  the  numerical  solution  of  the  local  equilibrium  model. 


The  local  equilibrium  calculation  is  compared  to  the  numerical 
solution  for  no  vertical  diffusion  (dotted  line),  which  is  listed  in 
Table  4. 2. 1.3,  in  Figure  4.2.1.10  and  these  agree  for  a  value  of  of  0 
(dashed  line)  for  the  vertical  diffusion  component  and  differ  slightly 
for  a  nonzero  value  of  the  vertical  (solid  line). 
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Figure  4.2.1.10.  Comparison  of  the  numerical  solution  of  the  no 
vertical  diffusion  model  to  the  numerical  solution  of  the  local 
equilibrium  model  with  and  without  vertical  diffusion. 


The  general  form  of  the  model  did  not  exhibit  sensitivity  to  the 
value  of  Dg  for  vertical  diffusion.  Predictions  by  the  general  model 
and  the  model  where  vertical  diffusion  is  ignored,  as  well  as  the  local 
equilibrium  model,  differ  more  as  the  value  of  Ar  increases.  This 
discrepancy  is  attributed  to  the  shortcomings  of  orthogonal  collocation 
for  approximating  the  air-phase  boundary  conditions  at  the  water  table 
in  the  general  model,  and,  therefore,  the  numerical  approximation  of  the 
general  model  is  not  satisfactory.  Remaining  calculations  for 
simultaneous  air  and  water  flow  will  be  made  with  the  model  that  ignores 
vertical  gas  diffusion. 

Hultidimensional  vapor  diffusion  may  be  Important  only  where  the 
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initial  concentration  profile  is  nonunifortn  or  the  air  velocity  varies 
with  depth.  If  the  air  velocity  is  uniform  with  depth,  then  it  is 
probably  not  important  to  consider  vertical  gas  diffusion  since  the 
exhaust  air-phase  concentration  at  an  extraction  vent  is  a  vertical 
average.  Variations  in  air  velocity  with  depth  either  due  to  changes  in 
permeability  or  degree  of  saturation  are  probably  more  important  to 
consider. 

At  an  air  flow  rate  of  21,000  cm^  s‘^,  model  calculations  predict 
that  nearly  all  (98X)  of  the  toluene  could  be  removed  with  air  as  shown 
by  the  dashed  line  in  Figure  4.2.1.11.  A  ten-fold  increase  in  air  flow 
rate  does  not  significantly  improve  the  removal  efficiency,  while  a 
ten-fold  reduction  reduces  the  percent  removed  in  air  to  85%. 
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Figure  4.2.1.11.  Comparison  of  toluene  extraction  performance  for 
radial  configuration  at  air  withdrawal  rates  of  2100,  21,000,  and 
210,000  car  s"^  and  0.00026  cm  s"^  water  infiltration  rate. 
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The  results  described  above  indicate  that  the  extraction  rate  of 
air  should  be  between  21,000  and  210,000  cn^  s~^  for  either  water 
infiltration  situation.  The  slower  flow  rate  could  be  used  to  attain 
the  same  level  of  cleanup  for  about  16%  of  the  power  consumption  (see 
Table  4. 2. 1.6). 

Model  Calculations  for  Toluene  Removal  from  APM 

The  conditions  for  determining  the  rate  of  toluene  extraction  from 
an  aggregated  porous  material  (APH)  are  similar  to  those  reported  above 
and  are  listed  in  Table  4. 2. 1.5.  There  are  two  primary  differences  in 
extraction  from  the  sand  and  the  APM.  The  degree  of  saturation  in  the 
APM  is  higher  and  the  air-water  mass  transfer  rate  is  slower  (K^a  = 

0.002  s'^)  to  account  for  diffusion  of  chemical  from  immobile  water. 

The  degree  of  saturation  of  this  system  is  0.67  and  this  results  in  an 
air  porosity  of  0.23,  which  is  the  same  as  that  used  in  the  calculations 
for  the  sand  given  above.  An  example  is  also  given  to  show  the  impact 
of  sorption  on  vapor  extraction  performance. 

The  impact  of  sorption  is  easy  to  examine.  Column  model 
calculations  have  shown  that  sorption  has  its  greatest  impact  on 
retardation.  Extraction  performance  calculations  for  removal  of  toluene 
from  the  APM  at  an  air  flow  rate  of  21,000  cm^  s'^  assuming  no  sorption 
is  compared  to  a  calculation  for  a  sorption  coefficient  (K)  of  1  cm^  g'^ 
(this  corresponds  to  fraction  of  organic  carbon  of  about  0.5%  [Hassett 
et  ah,  1983])  in  Figure  4.2.1.12a  for  a  dimensionless  time  scale 
(throughput).  The  throughput  scale  normalizes  differences  in 
retardation. 
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Figure  4.2.1.12.  Comparison  of  toluene  extraction  performance  for 
radial  configuration  from  the  aggregated  porous  media  for  K  •  0  and  1 
cffl^  g~  •  (0)  throughput  scale  and  (b)  air  pore  volumes  extracted. 
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Adsorption  has  little  or  no  Impact  on  chemical  mixing  so 
performance  curves  determined  for  no  sorption  can  be  adjusted  for  a 
given  amount  of  sorption  by  Increasing  the  time  scale  to  match  the 
Increased  retardation  as  shown  In  Figure  4.2.1.12b.  By  the  same  token, 
because  the  a1r-f1l1ed  porosity  of  the  sand  and  the  APM  are  assumed  to 
be  the  same,  then  when  gas  diffusion  Is  the  predominant  spreading 
mechanism,  It  would  be  expected  that  performance  curves  from  sand  could 
be  used  to  estimate  those  for  the  APM  by  adjusting  for  differences  in 
retardation. 

Calculations  for  no  water  flow  and  three  air  flow  rates  (21,  210, 
2100  cm^  s'^)  are  shown  In  Figure  4.2.1.13.  The  pore  vol'tT«^e  scale  is  a 
factor  of  four  greater  than  for  the  sand  because  the  Increased  water 
content  In  the  APM  results  in  an  Increase  In  retardation  from  2.6  for 
the  sand  to  8.5  for  the  APM.  The  results  shown  In  Figure  4.2.1.13  are 
similar  to  those  shown  In  Figure  4.2. 1.6  In  that  the  extraction 
efficiency  decreases  with  decreasing  flow  rate  due  to  diffuslonal 
mixing. 

Figure  4.2,1.14  displays  calculations  for  air  flow  rates  of 
21,000,  and  210,000  cm^  s'^  and  these  can  be  compared  to  the  solid  and 
dashed  lines  in  Figure  4, 2. 1.7.  Because  the  value  of  K^a  used  for  the 
APM  calculations  Is  a  factor  of  5  less  than  that  used  In  the  sand,  the 
air  velocity  for  which  extraction  becomes  volatilization  rate  limited  Is 
less  than  for  the  sand.  The  air-filled  porosity  for  the  APM  and  the 
sand  calculations  are  the  same  so  the  Impact  of  diffusion  Is  the  same 
for  air  velocities  where  the  air-water  mass  transfer  Is  unimportant. 
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Figure  4.2.1.13.  Toluene  extraction  perfonnance  as  a  function  of  air 
withdrawal  rate  (21,  210,  2100  car  s'^>  for  a  vertical  vent 
configuration  in  aggregates  at  a  degree  of  saturation  of  0.67. 

A  summary  of  extraction  performance  is  shown  in  Figure  4.2.1.15  as 
a  function  of  air  flow  rate  for  both  soil  materials.  This  figure  shows 
the  number  of  air  pore  volumes  required  to  extract  99.9%  of  the  initial 
mass  of  toluene  from  both  soils  for  six  order>of -magnitude  changes  in 
air  flow  rate.  These  results  are  also  summarized  in  Table  4. 2. 1.6  in 
terms  of  extraction  time,  pressure  drop,  power,  and  energy.  Pressure 
drop  increases  proportionally  with  air  flow  rate,  assuming  a  constant 
radius  of  influence,  and  power  consumption  rate  increases  with  flow  to 
the  second  power.  Even  though  cleanup  time  decreases  as  air  flow  rate 
increases,  total  energy  consumption  increases  with  air  flow  rate.  Total 
energy  should  not  be  the  only  basis  for  design  of  air  flow  rate  because 
if  gas  diffusion  flux  is  of  the  same  order  as  advective  air  flux,  then 
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organic  vapors  can  also  diffuse  away  from  the  site.  There  should  be 
some  balance  between  cleanup  time  and  energy  costs. 


PORE  VOLUMES  AIR  EXTRi^CTED 


Figure  4.2.1.14.  Toluene  extraction  per&rmMce  as  a  function  of  air 
withdrawal  rate  (21,000  and  210,000  cur  s"^)  for  a  vertical  vent 
configuration  In  aggregates  at  a  degree  of  saturation  of  0.67. 


Given  an  air  flow  rate  corresponding  to  a  minimum  volume  of  air 
required  to  achieve  a  specific  level  of  cleanup,  the  extraction 
efficiency  decreases  for  flow  rates  lower  than  the  optimum  because  of 
diffuslonal  mixing  In  the  air  phase  and  for  higher  flow  rates  because 
volatilization  rates  are  limiting  extraction.  In  terms  of  air  volume 
this  Impact  Is  more  pronounced  as  the  amount  of  retardation  Is 
Increased.  Also  shown  In  Figure  4.2.1.15,  as  symbols  connected  by 
horizontal  lines,  are  the  minimum  pore  volumes  of  air  required  for 
complete  cleanup  If  no  diffuslonal  mixing  and  mass  transfer  resistances 
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occur.  At  best,  an  extraction  system  will  require  at  least  twice  this 
minimum.  The  shapes  of  these  performance  curves  indicate  that  a  range 
of  optimum  air  velocities  exist  where  the  air  velocity  is  fast  enough  to 
minimize  diffusional  mixing  while  slow  enough  to  allow  volatilization. 
Given  some  air  diffusion  rate,  the  size  of  the  optimal  range  decreases 
with  K|^a. 
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Figure  4.2.1.15.  Air  volumes  required  for  various  air  withdrawal  rates 
to  remove  99.9%  of  dissolved  toluene  contamination  from  sand  at  an  S  of 
0.30  and  from  aggregates  at  an  S  of  0.67  assuming  no  adsorption. 


For  advection-dispersion  controlled  removal,  the  performance  for 
the  sand  could  be  used  to  predict  performance  for  the  APM  by  increasing 
the  time  scale  of  the  sand  performance  curves  by  a  factor  of  the 
relative  amount  of  retardation.  For  example,  at  an  air  flow  rate  of 
21,000  cm^  s~^,  8  air  pore  volumes  are  needed  to  remove  the  toluene  from 
the  sand.  The  ratio  of  retardation  [(1  -f  Dg)  (1  Ar)~^]  in  the  APN  to 
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that  in  the  sand  is  3.3,  and  so  the  removal  from  APH  is  estimated  to  be 
26  air  pore  volumes.  The  model  predicted  99.9%  removal  after  24  pore 
volumes.  This  method  of  estimation  is  not  valid  when  the  air  withdrawal 
rate  is  fast  enough  that  removal  is  influenced  by  the  rate  of  air-water 
mass  transfer.  For  example,  at  a  flow  rate  of  210,000  cm^  s'^,  removal 
from  the  sand  is  not  limited  by  volatilization,  and,  as  a  result,  99.9% 
of  the  toluene  could  be  removed  in  7  air  pore  volumes.  Using  the  ratio 
of  the  retardation  coefficients  as  before,  the  cleanup  of  the  APH  would 
be  underestimated  as  23  pore  volumes  where,  in  fact,  due  to 
volatilization  rate  limitations,  it  would  take  almost  twice  as  long. 

The  infiltration  of  water  in  the  system  containing  APH  has  the 
same  effect  as  infiltration  in  the  sand.  Figure  4.2.1.16  shows  that  for 
air  flow  rates  of  21,000  and  210,000  cm^  s*^,  97%  of  the  contamination 
in  the  APH  is  removed  in  the  air  phase,  and  for  an  air  flow  rate  of  2100 
cm^  s'^,  only  85%  of  the  contamination  is  removed  with  air  flow.  These 
same  removal  contributions  were  also  predicted  for  the  sand,  however, 
the  difference  in  air  volume  required  between  flow  rates  of  21,000  and 
210,000  cm^  s'^  is  greater  in  the  APH. 

For  low  air  flow  rates,  advection  and  gas  diffusion  control  the 
performance  of  vapor  extraction.  Extraction  performance  can  diminish  if 
the  air  withdrawal  rate  is  faster  than  the  phase  equilibrium  rate.  The 
rate  to  equilibrium  is  slower  in  aggregated  soils.  If  the  extraction 
process  is  phase  mass  transfer  limited  (either  by  volatilization, 
diffusion  from  immobile  regions,  or  desorption  kinetics),  then  increases 
in  air  extraction  rates  will  not  increase  efficiency.  On  the  other 
hand,  the  extraction  rate  should  be  high  enough  to  minimize  the  mixing 
caused  by  gas  diffusion.  These  types  of  calculations  can  help  an 
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engineer  decide  on  a  range  of  air  withdrawal  rates  to  specify  in  the 
design  and  operation  of  a  vapor  extraction  system.  In  cases  where  mass 
transfer  rates  limit  the  air  flow  rate  to  value  such  that  diffusional 
mixing  occurs,  intermittent  operation  of  the  extraction  process  might  be 
better.  This  type  of  operation  would  allow  for  fast  air  velocities  to 
sweep  out  the  air-fi11ed  voids  of  the  contaminant  vapors  at  rate  which 
minimizes  diffusional  mixing,  and  then  during  flow  stoppage,  time  is 
allowed  for  the  air  and  water  to  reach  chemical  equilibrium  so  that  the 
cycle  could  be  repeated  (cf.  Bednar  [1990]). 


Figure  4.2.1.16.  Comparison  of  toluene  extraction  performance  for 
radial  configuration  at  air  withdrawal  rates  of  2100,  21,000,  and 
210,000  cir  s"^  and  0.00026  cm  s'^  water  infiltration  rate. 


4. 2. 1.8  Sumary  of  the  Radial  Model  Results.  A  set  of  models  was 
developed  to  study  the  relative  Impacts  of  various  combinations  of 
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PERCENT  REMOVED  WITH  AIR 


mechanisms  on  the  performance  of  vapor  extraction.  The  system  geometry 
corresponds  to  a  typical  field  configuration  for  a  vertical  extraction 
vent  completed  in  a  homogeneous  soil.  The  mechanisms  considered  are 
believed  to  have  an  influence  on  the  removal  of  dissolved,  volatile 
organic  chemicals  over  a  time  period  short  enough  so  that  degradation 
can  be  ignored.  The  impact  of  these  mechanisms  were  studied  in 
laboratory  column  experiments,  and  the  results  are  reported  in  earlier 
sections  of  this  document.  Aqueous-phase  transport  was  modeled  as 
steady,  vertical  advective  and  dispersive  movement  in  water.  Vapor- 
phase  transport  included  horizontal  air  advection  to  a  radially- 
converging,  vertical  axis  and  horizontal  and  vertical  gas  diffusion. 
Aqueous  and  vapor  concentrations  were  coupled  by  an  air-water  mass 
transfer  mechanism  that  could  account  either  for  volatilization  rate 
limitations  or  intraaggregate  diffusion.  Linear  sorption  from  aqueous 
solution  was  also  considered.  The  models  were  used  to  study  the  impacts 
of  these  mechanisms  for  a  six  order-of-magnitude  range  of  air  withdrawal 
rates.  Calculations  were  performed  to  examine  the  removal  of  toluene 
from  a  cohesionless  sand  and  from  an  aggregated  soil.  Some  of  the 
models  in  this  section  were  solved  numerically  by  orthogonal 
collocation.  Orthogonal  collocation  was  acceptable  for  solving  the 
column  models  described  in  previous  sections.  The  numerical 
approximations  used  here  were  verified  by  comparing  them  to  analytic 
solutions  for  simplified  conditions.  Two-dimensional  air  diffusion  was 
not  approximated  satisfactorily  in  the  general  model.  Orthogonal 
collocation  was  not  appropriate  for  solving  the  general  set  of  radial 
equations.  The  numerical  solution  of  the  coupled,  one-dimensional 
transport  equations  (vertical  aqueous-phase  movement  and  horizontal 
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vapor-phase  movement)  was  verified. 

Model  calculations  indicate  that  a  range  of  air  flow  rates  exist, 
for  a  given  soil  treatment  situation,  where  the  least  volume  of  air  is 
required  to  reach  a  specified  level  of  cleanup.  More  air  is  required 
than  the  minimum  to  remove  chemical  for  low  air  flow  rates  because  of 
diffusional  mixing  in  the  vapor  phase  and  for  high  flow  rates  because  of 
phase  mass  transfer  limitations.  The  importance  of  diffusional  mixing 
is  a  function  of  the  air-filled  porosity  and  the  gas  diffusion 
coefficient.  Phase  mass  transfer  impacts  are  affected  by  the  amount  and 
distribution  of  water  or  the  degree  of  soil  aggregation.  Limitations 
due  to  phase  mass  transfer  will  be  realized  in  aggregated  soils  at  lower 
air  flow  rates  than  in  sands.  System  operation  should  be  designed  for 
air  flow  rates  large  enough  to  minimize  diffusional  mixing  and  low 
enough  to  allow  phase  equilibrium  to  be  reached.  The  model  developed 
here  is  useful  for  estimating  this  range. 

The  volume  of  air  required  to  treat  a  soil  can  be  directly  related 
to  energy  requirements  given  the  system  pressure  drop.  Pressure  drop  in 
the  soil  system  increases  with  flow  rate  to  the  second  power.  Total 
energy  consumption  calculations  also  require  an  estimate  of  the  pressure 
drop  in  the  piping  and  the  blower  efficiency. 

Even  though  vertical  vent  configurations  are  the  most  common  in 
use  today,  there  may  be  advantages  to  installing  vents  horizontally.  A 
planar  (trench)  system  model  is  developed  in  the  following  section. 
Vertical  gas  diffusion  is  ignored  in  the  development  of  the  planar  model 
because  it  was  not  approximated  satisfactorily  in  this  section. 
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4.2.2  Planar  Geometry 

Vapor  extraction  vents  are  installed  either  horizontally  or 
vertically.  Horizontal  vents  are  placed  in  trenches  and  backfilled  with 
pea  gravel  and  grouted  at  the  surface.  One  cell  of  a  trench  (planar) 
system  configuration,  shown  graphically  in  Figure  4.2.2. 1,  is  studied  in 
this  section.  A  horizontal  extraction  vent  is  placed  between  two  inlet 
vents.  The  ground  surface  is  covered  with  a  low  permeability  soil,  such 
as  compacted  clay,  or  an  impermeable  cap.  For  systems  with  a  soil 
cover,  water  infiltration  at  the  ground  surface  is  accounted  for  and 
assumed  to  be  steady.  Likewise,  air  flows  and  pressures  are  assumed  to 
be  steady  and  the  pressure  drop  between  vents  is  assumed  to  be  small. 


Figure  4.2.2. 1.  Schematic  of  one  cell  of  a  trench  system  where  air 
flows  horizontally  from  the  inlet  vent  to  the  extraction  vent. 

4.2.2. 1  Conceptual  Picture.  A  conceptual  picture  is  derived  from 
the  system  schematic  shown  in  Figure  4.2.2. 1.  The  impact  of  adjacent 
cells  is  assumed  to  be  additive.  The  equation  derivations  for  planar 
geometry  are  based  on  the  rectangular  configuration  of  unit  thickness 
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shown  In  Figure  4. 2. 2. 2.  Transport  equations  are  derived  for  downward 
(Z)  water  flow  and  horizontal  (X)  air  flow.  Air  enters  this  extraction 
system  at  the  inlet  (X  »  L)  at  a  uniform  rate  (and  vapor  concentration 
for  a  closed  loop  system).  The  vapors  are  removed  at  the  extraction 
vent  (X  ■  0)  at  the  same  flowrate  (/.e.  it  is  assumed  that  air  behaves 
as  an  incompressible  fluid). 


Qir 

exhaust 


Figure  4. 2. 2. 2.  Conceptual  picture  for  the  trench  or  planar 
configuration,  vapor  extraction  model  derivation. 


Water  containing  a  volatile  chemical  at  a  constant  concentration 
ranging  from  zero  to  its  solubility  limit  infiltrates  the  soil  system 
shown  in  Figure  4. 2. 2. 2  at  a  uniform  rate  through  a  thin,  saturated  soil 
cover  (Z  -  0).  Water  flows  downward  through  the  soil  towards  a 
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horizontal  ground  water  table  (Z  =>  D).  It  is  assumed  that  the  soil 
system  is  homogeneous,  so  that  porosity  and  bulk  density  are  constant, 
and  that  the  capillary  fringe  Is  thin  In  comparison  to  the  system  depth, 
so  that  the  moisture  content  can  be  approximated  by  a  uniform  profile. 
For  the  following  equation  derivations  It  Is  also  assumed  that  all  of 
the  water  Is  mobile  or  that  soil  aggregation  Is  Insignificant.  The 
Impact  of  soil  aggregation  will  be  determined  from  the  effects  of  air- 
water  mass  transfer  resistance  as  previously  discussed. 

4. 2. 2. 2  Equation  Derivations.  Dimensioned  equations  are  obtained 
by  performing  mass  balances  on  the  differential  soil  volumes  shown  in 
Figure  4. 2. 2. 2.  Water  flow  occurs  in  the  positive  Z  direction 
(downward);  air  flows  in  the  negative  X  direction.  Flows  and 
concentrations  are  assumed  uniform  In  the  direction  perpendicular  to  the 
X-Z  plane.  In  addition  to  mass  transport  by  advectlon,  chemical 
movement  by  axial  dispersion  In  water  and  horizontal  dispersion 
(diffusion)  In  air  are  considered.  Because  the  numerical  method 
employed  In  the  solution  of  the  radial  models  did  not  satisfactorily 
approximate  vertical  air  diffusion.  It  Is  Ignored  In  the  following 
development.  Mass  transfer  between  the  air  and  water  Is  accounted  for 
in  the  equation  derivations,  and  chemical  equilibrium  between  the  water 
and  soil  Is  assumed  to  be  Instantaneous. 

A  mass  balance  on  the  air  phase  gives: 


aCv(X,Z,T) 

ai 


aCy(x,z,T)  a*Cv(x,z,T) 

U  -  +  Ey  - 

ax  ax2 


+  K^a 


Cb(X.Z,T) 


Cy(X,Z,T)  ■ 
H 


(4. 2.2.1) 
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The  terms  in  (4. 2. 2.1)  represent:  accumulation  in  the  air  phase, 
advection  in  air,  air  dispersion,  and  air-water  mass  transfer, 
respectively. 

It  is  assumed  that  initially  the  soil  system  shown  in  Figure 
4. 2. 2. 2  is  at  equilibrium: 

Cv(X,Z,T=0)  =  C^^{X,Z)  (4. 2. 2. 2) 

The  boundary  condition  for  (4. 2. 2.1)  at  the  extraction  vent 
(X»0,0<Z<0)  is  derived  by  assuming  that  the  system  approximates  a  closed 
reactor  [Levenspiel,  1962]: 

a2Cy(X=0,0<Z<D,T) 

-  =  0  (4. 2, 2. 3) 

axaT 


The  boundary  condition  for  (4.2.2. 1)  at  the  inlet  (X“L,0<Z<D)  is 
obtained  by  performing  a  mass  balance  on  the  air  phase  in  the  volume 
shown  in  Figure  4. 2. 2. 2  transecting  from  X  equal  to  0  to  L: 


a 

•L 

•L 

Cv(X,Z,T) 

— 

Cv{x,z,T)ax  = 

KLa 

Cb(X,Z,T)  - 

aT , 

0 

0 

H 

+  u[Cvo(T)  -  Cv(X=0,Z,T)]  (4. 2. 2. 4) 

A  mass  balance  on  the  water-soil  phase  is  given  by: 


1  + 


Psd-QK 

cS 


3Cb(X,Z,T) 


3*Cb(X,Z,T)  aCb(X,Z,T) 


-  V 


aT 


KLa(l-S) 


az* 

Cb(X,Z,T)  - 


az 

Cv(X,Z,T) 

H 


(4. 2. 2. 5) 


Like  (4. 2. 2.1),  the  terms  in  (4. 2. 2. 5)  account  for  accumulation,  liquid 
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dispersion,  advection  in  water,  and  air-water  mass  transfer.  For  this 
development  it  is  assumed  that  the  aqueous-  and  sorbed-phase 
concentrations  are  in  equilibrium.  Furthermore,  this  equilibrium  is 
assumed  to  be  linear: 


Q(X,Z,T)  -  K  Cb(X,Z,T)  (4. 2, 2. 6) 

Because  in  most  soils,  moisture  will  probably  cover  the  soil  particles, 
sorption  of  vapors  by  soil  is  not  considered  here.  In  situations  where 
there  is  no  water  flow  and  air-water  mass  transfer  is  fast,  then 
(4. 2. 2. 6)  can  be  used  to  determine  the  impact  of  linear  vapor  sorption. 

It  is  assumed  that  initially  the  soil  system  shown  in  Figure 
4. 2. 2. 2  is  at  equilibrium: 

Cb(X,Z,T.O)  -  Cbi(X,I)  .  Cv^(X,Z)  /  H  (4. 2. 2. 7) 

Boundary  conditions  for  (4. 2. 2. 5)  are  obtained  by  assuming  that  the  soil 
system  acts  as  a  closed  reactor  [Levenspiel,  1962].  The  Danckwerts 
[1953]  exit  condition  is: 


a2Cb(0^X<L,Z-D,T) 

didl 


0 


(4. 2. 2. 8) 


The  description  of  aqueous-phase  transport  to  ground  water  assumes  that 
water  velocities  are  slow  enough  that  changes  in  the  depth  to  ground 
water  are  negligible.  In  addition,  the  mass  flux  of  chemical  away  from 
the  water  table  is  equal  to  the  mass  flux  to  the  aquifer. 

An  entrance  boundary  condition  for  (4. 2. 2. 5)  is  obtained  by 
performing  a  mass  balance  on  the  water- soil  phases  in  the  volume  shown 
in  Figure  4. 2. 2. 2  transecting  from  Z  equal  to  0  to  0: 
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1  + 


eS 


d 

aT 


rO 


Cb{X,Z.T)aZ  *  v[Cbo{T)  -  Cb(X,Z=D,T)] 


az 


■0  KLa(l-S) 

r  Cy(X,Z,T) 

Cb(X.Z,T)  - 

0  s 

H 

(4. 2. 2. 9) 


4. 2. 2. 3  Conversion  to  Dimensionless  Form.  The  dimensioned 
equations  derived  above  are  converted  to  a  dimensionless  form  by  making 
substitutions  of  the  middle  column  of  Table  4. 2. 2.1.  The  normalization 
step  1s  the  same  as  the  radial  geometry  derivation  In  Section  4. 2. 2. 3. 


Table  4.2.2. 1.  Variable  Substitutions  to  Convert  Dimensioned 
Equations  Into  a  Dimensionless  Form. 


Dimensioned 

Variable 

Substitution 

Dimensionless 

Variable 

Cb{X,Z,T) 

Cbn  Cb(X,Z,T) 

Cb(X.ZJ) 

Cy(X,Z,T) 

^vn 

Cy(X,Z,T) 

Cy(X.Z,T) 

Cbi(X,Z) 

^bn  ^b1^^»^^ 

Cbi(X,Z) 

Cvi(X,Z) 

Cvn 

Cyi(X,Z) 

^vi (X>Z) 

Cbo(T) 

^bn  ^bo^^) 

^bo^^^ 

Cvo(T) 

^vn  ^vot^J 

X 

L  X 

X 

Z 

D  z 

z 

u 

r  Lvs  1 

r  S  Ps(l-OK  1 

-1 

T 

1  + - 

1  +  -  +  - 

t  t 

L 

[  Ou{l-S)H 

[  (l-S)H  €(1-S)H  J 

Note:  Cbp  *  Cyp  /  H  where  Cyp  ■  max(Cyg(T),Cy^(X,Z)). 


Substitutions  of  the  dimensionless  variables  resulted  In  natural 
groupings  of  the  dimensioned  parameters.  The  resulting  groups  are 
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dimensionless  and  are  similar  to  those  derived  for  the  one-dimensional 
column  models  and  the  radial  configuration  model.  Mass  transfer  rates 
are  compared  to  the  advective  rates  in  air,  and  chemical  equilibrium 
distributions  are  normalized  by  the  mass  of  chemical  in  air.  The 
dimensionless  groups  that  characterize  the  solutions  of  the  planar 
models  are  given  in  Table  4.2.2. 2. 


Table  4. 2. 2. 2.  Dimensionless  Groups  Representing  Mass  Transfer  Rates 
and  Chemical  Equilibrium  Distributions. 


Dimensionless 

Ratio 

Group 

Equation 

of 

to 

LvDgy 

Advective  rate 

Advective  rate 

Ar 

Du 

in  water 

in  air 

d2u 

Advective  rate 

Dispersive  rate 

Petj 

• 

^z^-Dgy 

in  air 

in  water 

uL 

Advective  rate 

Horizontal 

Pey 

a 

— 

in  air 

dispersive  rate 

Ev 

in  air 

KLaL 

Volatilization 

Advective  rate 

sty 

m 

rate 

in  air 

uH 

Dg 

m 

Dgs  +  Ogy 

Mass  in  water 

Mass  in  air 

and  on  soil 

Mass  adsorbed 

Mass  in  air 

Dgs 

m 

to  soil 

e(l-S)H 

S 

Mass  in  water 

Mass  in  air 

Ogy 

m 

(l-S)H 

The  dimensionless  forms  of  (4. 2. 2. 1-9)  are: 
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acw(x,z,t)  1  +  Og 


at 


1  +  Ar 


acy(x,z,t)  1  3*Cv(x,z,t) 


dx 


Pey  ax* 


+  Sty[C5(X,Z,t)  -  Cy{X,Z,t)] 


(4.2.2.10) 


Cy(X,Z,t  =  0)  =  CyWX.Z) 


(4.2.2.11) 


a*Cy(x-o,o<z<i,t) 

axat 


-  0 


(4.2.2.12) 


a  1  +  Dg 

—  Cy(X,Z,t)aX  =  - 

at  Jo  1  +  Ar 


1 


Sty[Cb(X»Z,t)  -  Cy(X,Z,t)]aX 


[Cyo(^)  ~  Cy(x  =  0,z>t)] 


(4.2.2.13) 


acb(x,z,t)  1  +  Dg 


at  Dg[l  +  Ar] 


1  a*Cb(x,z,t)  acb(x,z,t) 

- Ar - 


Peb  az* 


dz 


-  Sty[Cb(X,Z,t)  -  Cy(X,Z,t)] 


(4.2.2.14) 


Cb(X,Z,t-0)  -  Cbi(X,Z)  =  Cy^(X,Z) 


(4.2.2.15) 


a*Cb(o<x<i,z*i,t) 

azat 


(4.2.2.16) 


-f 

at  Jo 


1  +  Og 

Cb(x,z,t)az  -  -  Ar(Cbo(t)  -  Cb(x,z-l,t)] 

0  Dg[l  +  Ar]  . 


■1 

-  Sty[Cb(x,z,t)  -  Cy(x,z,t)]az 
.  0 


(4.2.2.17) 


Compare  the  dimensionless  equations  given  above  to  those  In  the 
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transformed  coordinate  that  comprise  the  radial  configuration  model 
where  vertical  air  diffusion  is  ignored  (equations  (4.2.1.43,  23,  12, 

44,  28-31),  respectively).  The  two  models  are  identical  with  the 
exception  of  the  coefficient  of  the  first  spatial  derivative  in 
(4.2.2.10)  and  (4.2.1.43).  The  coefficient  of  this  term  in  (4.2.2.10) 
is  1  and  it  is  [1  +  l/Pe^]  in  (4.2.1.43).  Therefore  the  planar  and 
radial  models  should  give  similar  results  for  large  Pe^. 

4. 2. 2. 4  Numerical  Solution.  Orthogonal  collocation  (OC)  is  the 
numerical  method  used  to  convert  the  coupled  partial  differential 
equations  (POEs)  given  above  to  a  system  of  ordinary  differential 
equations  (DDEs)  in  time.  Details  of  the  method  are  given  elsewhere 
[Finlayson,  1980].  Steps  for  converting  these  types  of  PDEs  to  ODEs  are 
documented  in  the  Appendix  B  of  Gierke  [1986]. 

Initial  conditions  for  the  models  are  given  by  (4.2.2.11)  and 
(4.2.2.15).  They  become  the  following  as  a  result  of  the  application  of 
OC: 

Cv(i,j,t»0)  =  Cy^(x^,Z|^)  for  i  -  1  to  NL  and  J  «  1  to  NO  (4.2.2.18) 

”  ^bit^i’^j)  i  *  1  to  NL  and  j  =  1  to  NO  (4.2.2.19) 

Because  vertical  air  diffusion  is  not  considered  in  the  planar  system 
model,  only  the  aqueous-phase  transport  equations  contain  partial 
derivatives  with  respect  to  z,  so  the  air-phase  transport  equations  can 
be  evaluated  at  the  vertical  OC  collocation  locations  for  the  aqueous- 
phase  equations.  This  coupling  of  the  equations  is  shown  in  Figure 
4. 2. 2. 3  and  it  is  identical  to  the  coupling  for  the  no  vertical 
diffusion  model  for  radial  geometry.  Hence  for  this  model  and  Its 
radial  counterpart,  no  distinction  between  vertical  OC  locations  for 
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air-  and  water-phase  transport  approximations  is  made.  As  a  result,  the 
OC  coefficient  matrices  for  approximating  horizontal  and  vertical 
derivatives  are  constructed  in  the  same  manner  and  will  be  the  identical 
if  NL  -  ND. 


►  A 

►  i 

►  j=i  — r  ° 
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Figure  4. 2. 2. 3.  General  schematic  showing  the  coupling  of  the  ordinary 
differentia!  equations  resulting  from  the  application  of  orthogonal 
collocation  to  the  partial  differential  equations  comprising  the 
trench-configuration  vapor  extraction  model. 


The  application  of  OC  to  the  air- phase  mass  balance  (equation 
(4.2.2.10))  results  in  the  following  (NL-2)(ND-1)  DDEs: 
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The  air-phase  concentrations  at  the  extraction  vent  come  from  the 
application  of  OC  to  (4.2.2.12): 


dCy(l,j,t)  NL  n  dCv(nJ,t) 

_I -  =  _  2  - Li  -  for  j  =  1  to  ND 

dt  n=2  j  dt 


(4.2.2.21) 


Changes  in  the  air-phase  concentration  at  the  inlet  vent  are 
described  by 


Equation  (4.2.2.22)  is  obtained  by  applying  OC  to  (4.2.2.13) 
substituting  (4.2.2.21)  into  the  result  and  solving  for  the  time- 
derivative  of  CY(x,z,t)  at  i  equal  to  NL. 

The  water- soil  mass  balance  (equation  (4.2.2.14))  becomes  the 
following  after  application  of  OC: 
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dc5(i,j,t)  1  +  Dg 


dt 


Dg[l  +  Ar] 


r  ND 
2 

m=l 


—  Sty  [Cjj(  i  f  j  »  t)  —  Cy(i,j,t)] 


.  az. 

Pet 


for  i  =  1  to  NL 


Ar  ctj(i,m,t) 


and  j  =  2  to  ND-1  (4.2.2.23) 


The  boundary  condition  at  the  ground  water  table  for  (4.2.2.14) 
(equation  (4.2.2.16))  becomes  the  following  after  application  of  OC: 


dci,(i,ND,t)  ND-1  A^^q  „  dcb(i,ni,t) 

-  *  -  2  - - for  i  =  1  to  NL  (4.2.2.24) 

dt  m=l  A^nD.ND 

Application  of  OC  to  (4.2.2.17)  creates  the  following  after 
substitution  of  (4.2.2.24)  and  rearrangement  to  solve  for  the  time- 
derivative  of  Cb(x,z,t)  at  z  equal  to  0: 


dctj(i,l,t) 


dt 


'  1  +  Og 

.  Dg[l  +  Ar]  [ 


Ar  [Cbo(t)  -  C|,(i,ND,t)] 


ND 
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AZ 


WZ 


ND,ND 


ND 


-1 


for  i  *  1  to  NL  (4.2.2.25) 


The  system  of  OOEs  given  above  (equations  (4.2.2.18-25))  are 
evaluated  in  the  order:  (4.2.2.23),  (4.2.2.25),  (4.2.2.24),  (4.2.2.20), 
(4.2.2.22),  and  (4.2.2.21).  Initially,  (4.2.2.18)  and  (4.2.2.19)  are 
used  in  the  determination  of  the  derivatives.  An  International 
Mathematics  and  Statistics  Library  package  for  solving  sets  of  DDEs, 
called  GEAR,  is  used  to  determine  concentration  values  at  times  greater 
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than  0  at  the  collocation  points. 

4. 2. 2. 5  Model  Verification.  The  numerical  approximation  of 
vertical  water  advection  and  dispersion  was  verified  in  Section  4. 1.1. 6 
and  air  advection  and  dispersion  in  this  planar  model  is  approximated  in 
the  same  manner.  The  numerical  approximation  of  air-water  mass  transfer 
is  the  same  that  is  used  for  the  radial  flow  models,  which  was  verified 
in  Section  4. 2. 1.6.  Like  the  radial  flow  models,  no  analytic  solutions 
exist  for  the  coupled  differential  equations  so  the  previous  piecewise 
verification  approach  reported  in  Section  4. 2. 1.6  is  assumed  to  apply 
here. 
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4. 2. 2. 6  Numerical  Results  (Model  Sensitivity).  The  primary 
purpose  of  developing  a  planar  model  is  to  compare  treatment  efficiency 
of  radial  systems  with  the  less  common  trench  configuration.  Even 
though  comparing  the  governing  equations  Indicates  that  the  performance 
will  be  similar  for  large  values  of  Pe^,  there  is  a  significant 
difference  in  pressure  drop  between  the  two  configurations.  Pressure 
loss  resulting  from  radial  flow  is  approximated  with  (4.2.1.100),  where 
for  planar  steady,  incompressible  air  flow  AP  is  given  by 

AP  =  Uf{l-S)L/Ka  (4.2.2.26) 

It  will  be  shown  later  that  (4.2.2.26)  predicts  pressure  drops  that  are 
about  one-half  of  those  estimated  by  (4.2.1.100)  for  equivalent  air 
detention  times  (air-filled  porosity  /  air  flow  rate).  Similar  results 
are  obtained  when  the  compressibility  of  air  is  accounted  for.  The 
pressure  relationship  for  steady,  compressible,  planar  air  flow  is  given 
by  Wilson  et  al .  [1988]  and  for  radial  by  Johnson  et  a1 .  [1990b]. 

Parameter  Estimation.  Parameter  values  for  the  model  calculations 
are,  again,  based  on  properties  of  the  Ottawa  sand  and  aggregated  porous 
media  used  in  the  column  studies.  Furthermore,  system  size  is  specified 
to  be  similar  to  the  trench  network  at  Hill  AFB,  Utah  [DePaoli  et  al., 
1990],  and  match  the  radial  coiifiguration  studied  in  Section  4.2.1. 
Values  used  in  the  calculations  of  the  two-dimensional  planar  models  are 
given  in  Table  4. 2. 2. 3.  Air  velocities  are  chosen  here  to  give  air 
detention  times  equivalent  to  those  for  the  air  flow  rates  used  in 
Section  4  2.1.7.  The  mass  transfer  parameters  are  identical  to  those  in 
Table  4. 2. 1.5. 
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Table  4. 2. 2. 3.  Parameter  Values  for  Model  Calculations  of  Toluene 
Removal  from  Ottawa  Sand  (OS)  and  Aggregated  Porous  Material  (APM). 


Parameter  Values 

OS 

APM 

Dist.  from  extraction  to  inlet  vent,  L  (m): 

4.5 

4.5 

Depth  to  ground  water,  D  (m); 

4.5 

4.5 

System  width  (m): 

14.1 

14.1 

Infiltration  rate,  vcS  (cm  s*^): 

0,  0.00026 

0,  0.00026 

Air  withdrawal  rate,  uf(l-S)  (cm  s*^): 

0.000033-3.3 

0.000033-0.33 

Air  conductivity,  Kj  (cm  s'^): 

0.018 

0.018 

Degree  of  saturation,  S: 

0.30 

0.67 

Porosity,  e: 

0.33 

0.70 

Soil  density,  (g  cm'^): 

2.65 

1.51 

Henry's  constant,  H: 

0.27 

0.27 

Air  dispersion  coef.,  (cm^  s‘^): 

0.050 

0.050 

Liquid  dispersion  coef.,  E^  (cro^  s‘^): 

0.0033 

0.0033 

Air-water  mass  transfer  rate,  K^a  (s‘^): 

0.010 

0.0020 

Sorption  capacity,  K  (cm^  g'^)*- 

0 

0 

Initial  contaminant  concentration 
in  air,  (mg  L"^) : 

in  water,  (mg  L'^): 

1.0 

1.0 

3.7 

3.7 

on  soil ,  (mg  kg'^) : 

0 

0 

Influent  contaminant  concentration 
in  air,  C^q  (mg  L'^): 
in  water,  Cjjq  (nig 

0 

0 

0 

0 

Model  Calculations  for  Toluene  Removal  from  Sand 

The  first  planar  model  simulations  assume  a  capped  system  where  no 
water  is  flowing.  The  vapor  extraction  column  model  could  be  used  to 
describe  a  capped,  planar  system  if  the  initial  concentration  profile 
does  not  vary  with  depth.  Even  though  the  following  simulations  assume 
a  uniform  initial  concentration,  the  two-dimensional  model  is  used  to 
estimate  performance  because  the  results  of  these  calculations  will  be 
compared  to  situations  where  water  infiltration  occurs.  For  the  same 
reasons  as  in  the  radial  case,  the  planar  model  could  not  solve 
nonuniform  initial  concentration  profiles  in  general. 
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It  was  observed  that  for  large  values  of  POy,  the  dimensionless 
equations  describing  the  performance  of  a  planar  system  (equations 
(4.2.2.10-17))  are  identical  to  the  dimensionless  transport  equations 
for  a  radial  system  in  transformed  coordinates  (equations  (4.2.1.43,  23, 
12,  44,  28-31)).  Planar  model  calculations  for  no  water  flow  are  almost 
identical  to  the  radial  model  calculations  for  air  flow  rates  greater 
than  2100  cm^  s"^  (u  *  0.014  cm  s'^  for  planar).  Comparisons  of  planar 
and  radial  performance  are  shown  in  Figure  4. 2. 2. 4  for  flow  rates  of 
2100,  21,000,  210,000,  and  2,100,000  cm^  s'^.  A  summary  of  the  planar 
performance  is  given  in  Table  4. 2. 2. 4  (radial  performance  is  summarized 
in  Table  4. 2. 1.6).  Even  though  the  volume  of  air  required  to  treat  the 
soil  is  equivalent  for  both  configurations,  the  power  and  energy 
requirements  for  the  planar  system  are  about  one-half  of  that  for  the 
radial  system.  The  pressure  drop  calculations  assume  an  air 
conductivity  of  0.018  cm  s'^  and  do  not  consider  pressure  losses  in  the 
trench  or  piping  nor  blower  efficiency. 


Table  4. 2. 2. 4.  Summary  of  Extraction  Performance  for  Removing  99.9%  of 
Toluene  from  a  Cohesionless  Soil  and  from  an  Aggregated  Soil  with 
Various  Air  Flow  Rates  in  a  Capped,  Trench  System. 
(Calculations  Assume  No  Water  Flow  and  No  Sorption) 


u 

(cm  s”^) 

AP 

(cm  air) 

Povier 

(Watts) 

Ottawa  Sand 

Aggregated  Porous  Material 

Time 

(hours) 

t 

apv 

Energy 

(kJou)es) 

Time 

(hours) 

t 

apv 

Energy 

(kJoules) 

0.00014 

0.8 

2(10'®) 

14(10^) 

6.1 

16 

0.11 

46(10^) 

6.1 

52 

0.33 

0.0014 

8.0 

2(10'*) 

600 

2.7 

7 

0.43 

1,900 

2.5 

22 

1.4 

0.014 

80 

0.02 

51 

2.3 

6 

3.7 

190 

2.5 

21 

14 

0.14 

800 

2 

6.8 

3.0 

8 

49 

21 

2.9 

24 

151 

1.4 

8000 

200 

0.6 

2.6 

7 

430 

3.8 

5.0 

43 

2700 

14 

8(10^) 

2(10^) 

0.1 

5.7 

IS 

7200 

apv  'air  pore  volumes,  t  •  throughput. 
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DIMENSIONLESS  EFFLUENT  CONCENTRATION 


There  is  little  difference  in  performance  between  radial  and 
planar  configurations  for  complete  mixing  conditions  (low  flow,  POy  less 
than  2  [Brenner,  1962])  as  shown  in  Figure  4. 2. 2. 5. 


PORE  VOLUMES  AIR  EXTRACTED 


Figure  4. 2. 2. 5.  Comparison  of  radial  and  trench  configuration  on  the 
toluene  extraction  performance  in  sand  for  diffusion  dominant  conditions 
(/,e.  low  air  flow  rate  of  21  cnr  s’^). 

The  largest  difference  occurs  for  values  of  the  radial  Pcy  between 
2  and  10.  For  example.  Figure  4. 2. 2. 6  compares  calculations  for  the  two 
systems  for  a  flow  rate  of  210  cm^  s~^.  The  planar  system  can  treat  the 
soil  with  about  one-third  less  air,  which  results  in  an  energy  savings 
of  67%  even  though  the  savings  in  power  usage  is  only  SOX.  The  radial 
flow  system  is  less  efficient  in  terms  of  air  volume  extracted  because 
the  air  velocity  near  the  air  inlet  (r  1)  is  slow  enough  to  allow 
diffusional  mixing.  In  a  trench  system,  air  velocity  is  uniform. 


191 


Because  of  the  similarities  between  the  radial  and  planar 
equations  for  values  of  POy  greater  than  10,  the  results  for 
simultaneous  water  infiltration  and  vapor  extraction  are  identical  for 
the  conditions  shown  in  Figure  4. 2. 2. 7.  The  case  where  there  would  be  a 
difference  (an  air  flow  rate  of  210  cm^  s*^}  is  not  interesting  because 
the  advective  mass  flux  rate  in  water  would  be  greater  than  that  in  air. 
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Performance  calculations  given  In  Table  4. 2. 2. 4  show  that  for  the 
value  of  K|^a  chosen  for  the  sand,  volatlllzatlon'llmlted  removal  Is  not 
Important  unless  the  air  velocity  Is  greater  than  1.4  cm  s~^.  In  a 
controlled  vapor  extraction  experiment  with  uniform,  planar  air  flow 
through  a  1  m^  box,  McClellan  and  Glllham  [1990]  observed  an  Impact  of 
volatilization  rate  on  the  removal  of  dissolved  and  sorbed 
trichloroethene  (TCE)  from  Borden  sand  for  air  velocity  as  low  as  0.2  cm 
s'^.  The  impact  was  more  pronounced  when  the  air  velocity  was  0.7  cm 
s'^,  which  was  the  highest  velocity  they  used.  Volatilization  rate  was 
not  Important  during  the  stage  of  removal  where  pure  liquid  TCE  was 
being  extracted  with  air  flow. 

Model  Calculations  for  Toluene  Reingv?!  fraip  AEH 

As  in  the  previous  results,  any  difference  between  radial  and 
planar  performance  for  toluene  removal  from  the  aggregated  porous 
material  (APM)  Is  observed  only  for  values  of  Pey  between  2  and  20.  For 
example,  Figure  4. 2. 2. 8  shows  planar  and  radial  performance  for  an  air 
flow  rate  of  210  cm^  s"^.  This  Is  similar  to  the  results  shown  in 
Fl'jur^  4. 2. 2. 6.  A  summary  of  the  performance  for  a  trench  system  used 
to  clean  a  contaminated  aggregated  soil  Is  summarized  In  Table  4. 2. 2. 4. 

Figure  4. 2. 2. 9  Is  a  graphical  representation  of  the  performance 
summary  comparing  toluene  removal  from  sand  with  removal  from  APM.  The 
symbols  connected  with  lines  are  the  corresponding  minimum  removal 
volumes.  Extraction  limited  by  phase  equilibrium  In  the  APM  occurs  at 
air  velocities  greater  than  1  cm  s'^,  which  Is  comparable  to  the 
observations  of  McClellan  and  Glllham  [1990]. 
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PORE  VOLUMES  AIR  BCTRACTED 

Figure  4. 2. 2. 8.  Comparison  of  radial  and  trench  configuration 
on  the  toluene  extraction  performance  In  aggregates  for  an 
air  flow  of  210  cm^  s"*. 

Comparing  the  planar-configuration  performance  sumnary  in  Figure 
4. 2. 2. 9  with  the  summary  for  radial  configuration  In  Figure  4.2.1.15,  It 
Is  observed  that  the  range  of  air  flow  rates  for  optimal  removal  Is 
larger  for  planar  configuration.  In  terms  of  removal  efficiency,  planar 
systems  are  equal  to  or  better  than  radial,  and  in  terms  of  power  and 
energy,  planar  requires  half  of  that  for  radial.  Therefore,  If  the  site 
conditions  are  such  that  trenches  can  be  used,  a  trench  system  would  be 
more  efficient  to  operate.  Limitations  for  using  trenches  include  depth 
of  contamination,  because  they  must  be  Installed  with  a  backhoe  Instead 
of  a  drill  rig,  and  site  surface  conditions,  such  as  the  location  of 
buildings  or  other  barriers. 
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APH  Predictions  for  lOOX 
renovsl  If  there  are 
Sand  no  diffusion  or  eats 
transfer  effects. 

10’‘  10"*  10*  10*  10*’  1(f 

RELATIVE  AIR  VELOCITY 

Figure  4. 2. 2. 9.  Volume  of  air  required  to  remove  99. 9X  of  toluene  from 
sand  and  from  aggregates  for  various  air  velocities  In  a  trench  system. 

4. 2. 2. 7  Summary  of  Planar  Model  Results.  A  model  for  planar 
configuration  was  developed  to  compare  Its  performance  to  a  radial 
configuration.  For  most  air  flow  rates,  planar  and  radial 
configurations  treat  soils  at  similar  rates.  There  Is  a  narrow  range  of 
air  flow  rates  where  planar  geometry  is  more  efficient.  In  terms  of  air 
volume  extracted,  than  radial.  This  range  occurs  near  the  lower  limit 
of  the  optimum  range  for  planar  geometry.  The  optimum  operating  range 
for  planar  geometry  Is  larger  than  radial.  Pressure  drops  associated 
with  radially  converging  flow  are  at  least  twice  that  for  uniform  planar 
flow.  Therefore  a  trench  system  Is  probably  a  better  configuration  In 
terms  of  operating  flexibility  and  energy  requirements. 
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SECTION  5.  SUMHARY  AND  CONCLUSIONS 


This  modeling  effort  focused  on  mathematically  describing  organic 
chemical  movement  through  unsaturated  soil  with  air  and  water  flow  and 
volatile  chemical  removal  from  the  vadose  zone  by  vapor  extraction. 
Column  models  were  used  to  gain  an  understanding  of  the  important 
mechanisms  to  consider  for  modeling  chemical  fate  in  the  subsurface. 

It  is  not  always  possible  to  distinguish  the  impacts  of  various 
mechanisms  from  model  sensitivity  calculations.  Furthermore, 
experimental  results  alone  do  not  always  provide  sufficient  information 
to  ascertain  which  mechanisms  are  important.  An  integrated  model 
development,  numerical  verification,  and  experimental  validation 
approach  leads  to  a  better  understanding  of  subsurface  chemical 
transport.  The  understanding  that  was  gained  from  the  results  of  the 
laboratory  column  experiments  in  conjunction  with  numerical  calculations 
was  incorporated  into  models  that  could  be  used  to  simulate  the 
performance  of  radial  and  trench  vapor  extraction  configurations. 

5.1  SUMMARY  OF  COLUMN  RESULTS 

The  column  models  developed  here  accounted  for  the  transport  of 
dissolved,  nondegradable  organic  chemicals  in  unsaturated  soil  columns. 
The  following  mechanisms  were  included  in  the  model  development: 
advection  and  dispersion  in  air  and  in  water,  air-water  mass  transfer, 
mobile- immobile  water  mass  transfer,  intraaggregate  diffusion,  and 
sorption.  Two  types  of  laboratory  experiments  were  performed.  Chemical 
movement  with  steady  water  flow  was  monitored  in  unsaturated  soil 
columns  to  assess  the  validity  of  a  column  model  that  included  all  of 
the  mechanisms  described  above.  Then  vapor  movement  experiments  were 
performed  in  the  same  soils  for  both  dry  and  moist  conditions  to  assess 
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the  validity  of  a  vapor  extraction  column  model. 

Experimental  and  modeling  results  indicate  the  following  about  the 
mechanisms  affecting  the  transport  of  organic  compounds  with  water  flow 
in  unsaturated  soil  columns:  (1)  liquid  dispersion  and  intraaggregate 
diffusion  are  important  for  cohesionless  and  aggregated  soils,  (2)  vapor 
diffusion  is  not  important  in  comparison  to  liquid  advection  and 
dispersion  except  for  low  water  velocities  (e.g.  for  Ottawa  sand,  low 
velocity  is  defined  as  average  pore  water  velocities  less  than  0.0003  cm 
s‘^),  and  (3)  interfacial  mass  transfer  rates  (air-water  and  mobile- 
immobile  water)  are  fast.  These  results  were  observed  for  average  pore 
water  velocities  less  than  0.07  cm  s*^  in  Ottawa  sand  and  0.02  cm  s"^  in 
an  aggregated  material.  Nonvolatile  tracer  experiments  were  soiretimes 
needed  to  measure  transport  rates  such  as  liquid  dispersion  and 
intraaggregate  diffusion.  Intraaggregate  diffusion  rates  were 
successfully  measured  for  the  aggregated  material  in  independent  batch 
experiments;  however,  diffusion  rates  in  immobile  water  and  the  amount 
of  immobile  water  could  not  be  predicted  independently  for  the  sand 
column.  Discrepancies  occurred  between  predicted  air-water-soil 
chemical  equilibrium  for  both  soil  materials.  It  is  uncertain  whether 
this  was  due  to  chemical  interactions  with  the  column  apparatus. 

The  vapor  extraction  column  results  indicate  two  important 
differences  between  the  extraction  of  chemicals  from  cohesionless  soils 
and  from  aggregated  soils.  First,  the  moisture  content  of  an  aggregated 
soil  is  usually  higher  and  this  results  in  an  increase  in  retardation 
due  to  partitioning  between  the  air  and  water.  Second,  the  presence  of 
moisture  in  an  aggregated  soil  increases  extraction  time  because  of 
intraaggregate  diffusion  rate  limitations.  For  dry  conditions,  vapor 
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transport  in  the  aggregated  material  and  the  sand  are  similar.  Vapor 
transport  in  either  the  aggregated  soil  column  or  the  sand  column  is 
advect ion -diffusion  dominant  for  low  air  velocities  (0.04  and  1  cm  s‘^, 
respectively)  or  dry  conditions.  Air-water  mass  transfer  rates  appear 
to  be  fast  for  the  air  velocities  used  here.  Sorption  of  organic  vapors 
can  occur  for  dry  conditions  even  when  no  organic  material  is  present, 
and  if  the  relative  humidity  of  the  vapor  is  zero,  adsorption 
equilibrium  is  nonlinear. 

There  are  two  differences  between  the  important  mechanisms  for  the 
vapor  extraction  experiments  and  the  unsaturated  water  flow  results. 

For  the  situations  where  water  was  flowing,  vapor  diffusion  could  be 
ignored,  but  gas  diffusion  could  not  be  neglected  when  air  was  the  only 
mobile  fluid.  Diffusion  out  of  water  was  not  important  for  the  moist 
sand  vapor  extraction  experiment;  however,  it  was  important  in  the  water 
flow  sand  experiment.  This  discrepancy  occurred  even  though  the  degrees 
of  saturation  were  about  the  same  for  the  two  experiments.  The 
distribution  of  liquid  water  may  be  different  between  the  water-flow  and 
the  no-water-flow  conditions.  The  impact  of  intraaggregate  diffusion 
that  was  observed  in  the  unsaturated  sand  column  for  flowing  water  could 
not  be  used  to  predict  the  vapor  extraction  column  results  for  moist, 
no-water-flow  conditions. 

5.2  SUMMARY  OF  VAPOR  EXTRACTION  MODEL  RESULTS 

A  set  of  models  was  derived  to  examine  the  relative  impacts  of  the 
mechanisms  studied  above  on  the  performance  of  vapor  extraction.  Two 
extraction  configurations  were  studied.  The  first  system  geometry 
corresponds  to  a  typical  field  configuration  of  a  vertical  extraction 
vent  completed  in  a  homogeneous  soil.  The  other  system  geometry 
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simulates  a  trench  or  planar  flow  configuration.  The  mechanisms 

considered  in  the  models  are  believed  to  have  an  influence  on  the 

removal  of  dissolved,  volatile  organic  chemicals.  Aqueous-phase 

< 

transport  was  modeled  as  steady,  vertical  advective  and  dispersive 
movement  in  water.  Vapor-phase  transport  included  horizontal  air 
advection  and  horizontal  and  vertical  gas  diffusion.  Aqueous  and  vapor 
concentrations  were  coupled  by  an  air-water  mass  transfer  mechanism  that 
could  account  either  for  volatilization  rate  limitations  or 
intraaggregate  diffusion.  Linear  sorption  from  aqueous  solution  was 
also  considered.  The  models  were  used  to  study  the  impacts  of  these 
mechanisms  for  a  six  order-of-magnitude  range  of  air  withdrawal  rates. 
Calculations  were  performed  for  both  configurations  to  examine  the 
removal  of  toluene  from  a  cohesionless  sand  and  from  an  aggregated  soil. 

The  extraction  models  were  solved  numerically  using  orthogonal 
collocation.  Orthogonal  collocation  was  successful  for  solving  the 
column  models.  The  numerical  approximations  used  here  were  verified  by 
comparing  them  to  analytic  solutions  for  simplified  conditions.  Two- 
dimensional  air  diffusion  was  not  approximated  satisfactorily  in  the 
general  radial  model.  Orthogonal  collocation  was  not  appropriate  for 
solving  the  general  set  of  radial  equations.  The  numerical  method  would 
not  allow  general  initial  conditions,  and  it  was  not  very  flexible  with 
regard  to  using  different  boundary  conditions.  The  numerical  solution 
of  the  coupled,  one-dimensional  transport  equations  (vertical  aqueous- 
phase  movement  and  horizontal  vapor- phase  movement)  was  verified. 
Vertical  gas  diffusion  was  ignored  in  the  development  of  the  planar 
model  because  it  was  not  approximated  satisfactorily  in  the  radial 
development.  The  extrapolation  of  the  approach  for  developing  column 
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models  to  describe  field-scale  processes  is  useful  for  aiding  in  the 
understanding  of  important  processes  and  for  giving  additional  guidance 
for  design.  The  mathematical  simplifications  imposed  for  the  column 
models  reported  here,  however,  are  not  adequate  for  predicting  field 
performance  in  general. 

Model  calculations  indicate  that  a  range  of  air  flow  rates  exist, 
for  a  given  vapor  extraction  scheme,  where  a  minimum  volume  of  air  is 
required  to  reach  a  specified  level  treatment  level.  More  air  is 
required  than  the  minimum  to  remove  a  chemical  for  low  air  flow  rates 
because  of  diffusional  mixing  in  the  vapor  phase  and  for  high  flow  rates 
because  of  phase  mass  transfer  limitations.  The  importance  of 
diffusional  mixing  is  a  function  of  the  air-filled  porosity  and  the  gas 
diffusion  coefficient.  Phase  mass  transfer  impacts  are  affected  by  the 
amount  and  distribution  of  water  or  the  degree  of  soil  aggregation. 
Limitations  due  to  phase  mass  transfer  will  be  realized  in  aggregated 
soils  at  lower  air  flow  rates  than  in  sands.  Vapor  extraction  models 
that  assume  complete  mixing  overestimate  the  time  for  cleanup  unless  the 
air  velocity  is  low.  Ignoring  the  rate  of  mass  transfer  between  the 
phases  can  lead  to  an  underestimate  of  the  cleanup  time  of  dissolved 
contaminants  being  treated  by  high  air  flows.  System  operation  should 
be  designed  for  air  flow  rates  large  enough  to  minimize  diffusional 
mixing  and  low  enough  to  allow  phase  equilibrium  to  be  reached.  The 
models  developed  here  are  useful  for  estimating  this  range. 

For  most  air  flow  rates,  planar  and  radial  configurations  treat 
soils  at  similar  rates.  There  Is  a  narrow  range  of  air  flow  rates  where 
planar  geometry  is  more  efficient,  in  terms  of  air  volume  extracted, 
than  radial.  This  range  occurs  near  the  lower  limit  of  the  optimum 
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range  for  planar  geometry. 

The  optimum  operating  range  for  planar  geometry  is  larger  than 
radial.  For  similar  system  size,  pressure  drops  associated  with 
radially  converging  flow  are  at  least  twice  that  for  uniform  planar 
flow.  Therefore  a  trench  system  is  probably  a  better  configuration  in 
terms  of  operating  flexibility  and  energy  requirements.  The  volume  of 
air  that  is  required  to  treat  a  soil  can  be  directly  related  to  energy 
requirements  given  the  system  pressure  drop.  Pressure  drop  in  the  soil 
system  increases  with  flow  rate  to  the  second  power,  hence  it  is  best  to 
use  as  low  as  air  flow  rate  as  time  will  allow. 
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SECTION  6.  RECOMMENDATIONS  FOR  FUTURE  WORK 

Before  mathematical  models  can  be  used  for  fate  predictions  and 
treatment  system  design,  experimental  validation  must  be  performed. 

This  work  included  validation  experiments  for  the  column  models 
developed  here.  The  results  of  the  validation  steps  generated  several 
aspects  of  future  study.  Chemical  equilibrium  in  the  multiphase  systems 
is  still  not  well  understood,  especially  for  contaminant  mixtures.  The 
impact  of  moisture  content  on  vapor  sorption  is  important  for  vapor 
extraction  design  as  well  as  the  effect,  if  any,  of  soil  structure  on 
air-water,  organic-air,  and  organic-water  equilibrium.  Air-water, 
water-organic,  and  air-organic  mass  transfer  rates  have  not  been 
determined  for  multiphase  flow  in  soils.  These  impacts  could  be  studied 
in  columns  by  measuring  breakthrough  curves  for  a  range  of  fluid 
velocities  and  saturations.  The  impact  of  degree  of  saturation  on 
liquid  dispersion  is  probably  not  important  to  consider  for  designing 
vapor  extraction  systems,  but  will  probably  be  important  for  predicting 
chemical  migration  through  the  vadose  zone.  Correlations  exist  for 
estimating  dispersion  coefficients  for  unsaturated  conditions  but  they 
are  often  soil  specific  so  a  more  fundamental  approach  that  considers 
variations  in  moisture  content  and  fluid  velocity  is  necessary.  The 
column  models  developed  in  this  work  have  been  validated  for  soils  that 
are  not  found  naturally,  so  applications  of  the  column  models  to 
experiments  using  natural  soils  would  be  a  logical  extension. 

The  vapor  extraction  system  models  have  not  been  validated  but 
should  be.  Although  these  models  are  not  yet  attractive  for  engineering 
design  applications,  the  models  can  be  used  to  Increase  the  level  of 
understanding  of  the  vapor  extraction  process.  By  the  same  token, 
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controlled  large-scale  experiments,  that  closely  simulate  field 
situations,  in  conjunction  with  column  experiments  for  parameter 
estimation,  could  be  used  to  validate  some  of  the  conclusions  resulting 
from  the  numerical  studies  reported  here.  Controlled  comparisons  of 
radial  and  trench  configurations  would  be  especially  useful.  In 
addition,  since  air  advection  is  the  primary  removal  mechanism  in  vapor 
extraction,  studies  that  address  the  suitability  of  assumptions  such  as 
steady  and  incompressible  flow  are  necessary  for  field-scale  design. 
Pressure  distribution  studies  for  radial  and  trench  configurations  are 
needed  to  examine  air  flow  patterns  and  the  impact  of  adjacent  vents. 

Validation  experiments  could  enhance  the  understanding  of 
subsurface  chemical  fate  as  well.  For  example,  simultaneous  vertical 
water  flow  and  horizontal  air  flow  experiments  would  allow  measurements 
of  the  impact  of  moisture  content  on  air  permeability  (an  impact  not 
well  studied  to  date).  The  results  of  this  fluid  flow  study  would 
determine  whether  it  is  important  to  account  for  variations  in  moisture 
content  with  depth  in  the  model  development.  It  will  probably  be 
important  to  include  nonuniform  and  time-varying  moisture  profiles  as 
the  system  scale  increases.  Layering  and  heterogeneities  are  also 
important  considerations  when  describing  field  situations.  Models  that 
account  for  layering  may  be  used  to  approximate  a  nonuni  form  moisture 
profile. 

Finally,  the  vapor  extraction  process  provides  fresh  air  to  the 
soil  system  and  this  may  promote  aerobic  biodegradation.  This  may  be  an 
important  consideration  in  deciding  on  the  feasibility  of  vapor  for 
treating  soils  that  are  contaminated  with  mixtures  of  volatile  and 
nonvolatile  chemicals. 
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SECTION  7.  LIST  OF  NOTATION 


To  reduce  the  complexity  of  the  notation  list,  sometimes  the  same 
notation  is  used  for  describing  similar  groups,  parameters,  and 
variables  in  different  models.  The  exact  definitions  are  given  in  the 
sections  where  they  are  used.  For  definitions  of  the  dimensionless 
variables  and  groups,  refer  to  Tables  4. 1.1. 1-2,  4. 1.2. 1-2,  4. 2. 1.1-2, 
and  4.2.2. 1-2. 

a  specific  interfacial  area  between  the  air  and  water  (L*^). 
apv  air  pore  volumes  (dimensionless). 

Ar  advective  flux  ratio,  ratio  of  chemical  mass  transport 
rate  by  advection  in  air  to  that  by  advection  in  water  or 
vice  versa  (dimensionless). 

A^i,j  i,  j  member  of  the  OC  coefficient  matrix  that  is  used  for 
approximating  the  first  x-derivative  of  Cy(2,t) 
(dimensionless) . 

A^i,j  i,  j  member  of  the  OC  coefficient  matrix  that  is  used  for 
approximating  the  first  z-derivative  of  C|,(z,t)  or  Cy(z,t) 
(dimensionless) . 

A^^i  j  i,  j  member  of  the  OC  coefficient  matrix  that  is  used  for 
approximating  the  first  z-derivative  of  Cb(z,t) 
(dimensionless). 

A^'^i,k  ^  member  of  the  OC  coefficient  matrix  that  is  used  for 

approximating  the  f^'rst  z-derivative  of  Cy(z,t) 
(dimensionless) . 

®'^i,j  J  member  of  the  OC  coefficient  matrix  that  is  used  for 
approximating  the  laplacian  of  Cp(r,z,t)  (dimensionless). 

B^i,j  i,  j  member  of  the  OC  coefficient  matrix  that  is  used  for 
approximating  the  second  z-derivative  of  C(,(z,t)  or  Cy(z,t) 
(dimensionless). 
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k  member  of  the  OC  coefficient  matrix  that  is  used  for 

approximating  the  second  z-derivative  of  Cy(z,t) 
(dimensionless) . 


Cg  3,Cg  4  dimensionless,  empirical  constants. 


C]  3,C]  4  dimensionless,  empirical  constants. 

Cb(R.Z,T). 

Cb(X,Z,T), 

C[j(Z,T)  mobile-water-phase  chemical  concentration  (M  L'^). 

Cb(r,z,t)  *  Ct,(r,z,t)  Cbn'^  (dimensionless). 

C|j(x,z,t)  -  Cb(x,z,t)  C^n'^  (dimensionless). 
cj,(2,t)  *  Cb(z,t)  (dimensionless). 

Cbi(R.Z). 

Cbi(X,Z), 

C5^(Z)  initial  mobile-water-phase  chemical  concentration  (M  L*^). 

Cbi{»'*2)  »  C5j(r,z)  Cbn*^  (dimensionless). 

Cbi(x,z)  »  Cj,^(x,z)  Cjjn*^  (dimensionless). 

Cbi(z)  -  Cbi(z)  Cbn*!  (dimensionless). 

Cbo(Z)  influent  chemical  concentration  in  water  (M  L'^). 

Cbot^)  *  Cbo(t)  Cbn'^  (dimensionless). 

Cbn  normalizing  water-phase  concentration  (M  L'^). 

Cp(R,Z,T)  immobile-water-phase  chemical  concentration  (M  L'^). 

Cp(r,z,t)  -  Cp(r,z,t)  Cbn'^  (dimensionless). 

Cpi(R,Z)  initial  immobile-water-phase  chemical  concentration  (H  L‘^). 

Cp^(r,z)  -  Cp^(r,z)  Cbn'^  (dimensionless). 

Cv(R,Z,T), 

Cv(X,Z,T), 

Cy(Z,T)  air-phase  chemical  concentration  (M  L’^). 
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Cv{r,z,t) 

CyCX.Z.t) 

Cy{Z,t) 

Cvi(R,Z), 

Cvi(X,Z), 

CviCZ) 

Cvi(»'.z) 

^vi 


Cvo(T) 


De 

Og 

Dg 

Dgp 


Ogs 


=  Cy(r,z,t)  Cy„*^  (dimensionless). 
=  Cy{x,z,t)  Cyp'^  (dimensionless). 
-  Cy(z,t)  Cyp'^  (dimensionless). 


initial  air-phase  chemical  concentration  (M  L"^). 

»  Cy^(r,z)  Cyp'^  (dimensionless). 

-  Cy^(x,z)  Cyp*^  (dimensionless). 

»  Cy^(z)  Cyp*^  (dimensionless). 

normalizing  air-phase  concentration  (M  L"^). 

influent  chemical  concentration  in  air  as  a  function  of  time 
(M  L-3). 


=  Cyo(t)  Cyp‘^  (dimensionless). 

effective  gas  diffusion  coefficient  (L^  T*^). 

total  solute  distribution  parameter  (dimensionless). 

gas  diffusion  coefficient  (L^  T*^). 

immobile- water  solute  distribution  parameter,  ratio  of 
chemical  mass  contained  in  immobile  water  to  that  in  mobile 
water  or  air  (dimensionless). 

adsorbed  solute  distribution  parameter,  ratio  of  chemical 
mass  adsorbed  onto  soil  particle  surfaces  to  that  contained 
in  mobile  water  or  air  at  equilibrium  (dimensionless). 


Dgy  vapor  solute  distribution  parameter,  ratio  of  chemical  mass 
contained  in  air-filled  pores  to  that  in  mobile  water  or  mass 
in  water  to  that  in  air  at  equilibrium  (dimensionless). 

D]  liquid  diffusion  coefficient  (L^  T"^). 

Dp  intraaggregate  liquid  diffusion  coefficient  (L^  T’^). 
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Edp  Intraaggregate  diffusion  modulus,  ratio  of  chemical  mass 

transfer  rate  by  diffusion  In  Immobile  Mater  to  transport  by 
advection  In  water  or  air  (dimensionless). 

Edy  vertical  diffusion  modulus,  ratio  of  chemical  mass 

transfer  rate  by  vertical  diffusion  In  air  to  transport  by 
advection  In  air  (dimensionless). 

Ey  axial  dispersion  or  diffusion  coefficient  In  air  (L^  T’^). 

E7  combined  axial  dispersion  and  diffusion  coefficient  In  water 

(L^ri). 

f()  collision  function  for  diffusion  as  a  function  of  temperature 
and  energy  of  molecular  attraction  (dimensionless). 

g  gravitational  acceleration  (L  T*^). 

H  Henry's  air-water  partitioning  coefficient  (dimensionless). 

I  number  of  radial  collocation  points  or  horizontal  mesh 
points. 

J  number  of  axial  collocation  points  or  vertical  mesh  points. 

K  soil  sorption  capacity  (IlVm]^/'’M  M*^). 

K(S)  unsaturated  hydraulic  conductivity  as  a  function  of  degree  of 
saturation  (L  T'^). 

Kj  air  conductivity  (L  T'^). 

kf  film  transfer  coefficient  (L  T"^). 

kg  gas-phase  transfer  coefficient  (L  T'^). 

k]  liquid-phase  mass  transfer  coefficient  (L  T*^). 

Kl  overall  mass  transfer  coefficient  between  air  and  water  (L 
T-*). 

Kj  saturated  hydraulic  conductivity  (L  T'^). 


208 


L  column  length  or  distance  between  extraction  and  inlet  vents 

(L). 

molecular  weight  (M  mo1~^). 
valence  of  cation  (dimensionless). 

n.  valence  of  anion  (dimensionless). 

1/n  adsorption  intensity  (dimensionless). 

NR  number  of  radial  collocation  points. 

NX  number  of  horizontal  collocation  points. 

NZ  number  of  vertical  collocation  points. 

NZB  number  of  vertical  collocation  points  for  water-phase 
equations. 

NZV  number  of  vertical  collocation  points  for  air-phase 
equations. 

AP  air  pressure  drop  in  soil  system  (L). 

Pe  -  (1+Ar)  (Peb'UPey’M'^  (dimensionless). 

Pej,  Peclet  number  for  water,  ratio  of  chemical  mass  transfer  rate 
by  advection  in  water  or  air  to  transport  by  dispersion  in 
water  (dimensionless). 

Pey  Peclet  number  for  air,  ratio  of  chemical  mass  transfer  rate 
by  advection  in  water  or  air  to  transport  by  dispersion  or 
diffusion  in  air,  (dimensionless). 

P^  atmospheric  pressure  (H  L'^  T"^). 

Q(R,Z,T)  adsorbed- phase  chemical  concentration  (M  N~^). 

Q^(R,Z)  initial  adsorbed-phase  chemical  concentration  (N  N'^). 

Qg  volumetric  air  flow  rate  (L^  T'^). 

Ql  volumetric  water  flow  rate  (L^  T‘^). 
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r  dimensionless  R  coordinate. 

R  radial  coordinate  (L). 

Rji  radius  of  aggregated  particle  (L). 

R(j  retardation  coefficient  (dimensionless). 

R^  radius  from  extraction  vent  to  inlet  vent  (L). 

Reg  gas  Reynolds  number,  equal  to  2R2/>gU  /ig~^  (dimensionless). 

Re^  liquid  Reynolds  number,  equal  to  ZR^p-jV  n-\'^  (dimensionless). 

R^  radius  of  extraction  vent  hole  (L). 

S  degree  of  saturation,  relative  volume  of  the  pores  filled 
with  water  (dimensionless). 

Scg  gas  Schmidt  number,  equal  to  fig  (PqDq)*^  (dimensionless). 

Sc-)  liquid  Schmidt  number,  equal  to  fii  (piD])~^  (dimensionless). 

Shg  gas  Sherwood  number,  equal  to  ICg£g  Oq'^  (dimensionless). 

Sh]  liquid  Sherwood  number,  equal  to  D]*^  (dimensionless). 

S^  immobile  degree  of  saturation,  relative  volume  of  the  pores 
filled  with  immobile  water  (dimensionless). 

St|,  Stanton  number  for  film  transfer,  ratio  of  chemical  mass 
transfer  rate  by  film  transfer  to  the  transport  rate  by 
advection  in  water  (dimensionless). 

Sty  Stanton  number  for  volatilization,  ratio  of  chemical  mass 
transfer  rate  across  air-water  interface  to  the  transport 
rate  by  advection  in  water  or  air  (dimensionless). 

t  dimensionless  time  or  throughput. 

T  time  (T). 

Tg  temperature  (®K). 
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T(j  boiling  point  (°K). 
u  interstitial  air  velocity  (L  T’^). 

V  interstitial  water  velocity  (L  T'^). 

Vgj  molar  volume  (L^  mol"^). 

Vp  average  pore  water  velocity,  equal  to  vcS  (L  T'^). 

i-th  component  of  the  weight  vector  used  in  the  quadrature 
approximation  of  r  integrals  (dimensionless). 

i-th  component  of  the  weight  vector  used  in  the  quadrature 
approximation  of  x  integrals  (dimensionless). 

j-th  component  of  the  weight  vector  used  in  the  quadrature 
approximation  of  z  integrals  of  air-  and  water-phase 
concentrations  (dimensionless). 

j-th  component  of  the  weight  vector  used  in  the  quadrature 
approximation  of  z  integrals  of  water- phase  concentration 
(dimensionless) . 

k-th  component  of  the  weight  vector  used  in  the  quadrature 
approximation  of  z  integrals  of  air-phase  concentration 
(dimensionless) . 

Y(R,Z,T)  total  intraaggregate  concentration  per  mass  of  soil,  equal  to 
€S^Cp(R,Z,T)  [Ps(l-0]'^  +  Q(R,Z.T)  (M  M-1). 

y(r.z.t)  -  Y(r,z,t)  {cS^Cbn  [Ps(l-€)]’l  +  KCbpVn)-!  (dimensionless) . 

z  dimensionless  Z  coordinate. 

Z  axial  position  in  columns  or  depth  in  two-dimensional 
systems . 

n-th  root. 

6g  gas  diffusion  thickness  (L). 

£]  liquid  diffusion  thickness  (L). 
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c  total  porosity,  void  fraction  of  column  (dimensionless). 

Cj  microporosity,  void  fraction  containing  immobile  water,  equal 
to  fS^  [1-€(1-S^)]"^  (dimensionless). 

6^  macroporosity,  void  fraction  containing  air  and  mobile  water, 
equal  to  {e-e^)  (l-«j)'^  (dimensionless). 

ionic  conductance  of  cation  in  water  (A  V  g-equiv  L®). 

X_  ionic  conductance  of  anion  in  water  (A  V  g-equiv  L®). 

Pg  air  viscosity  (M  L"^  T"^). 

Hi  water  viscosity  (M  L"^  T"^). 

Pj  particle  density,  equal  to  (M  L"^). 

Pjj  bulk  density  (M  L"^). 

Pg  air  density  (M  L"^). 

P]  water  density  (H  L*^). 

Pj  soil  particle  density,  equal  to  pj,  (l-c)'^  (M  L"^). 

Tj  tortuosity  of  the  air-filled  pores  (dimensionless). 

Tp  tortuosity  of  the  micropores  (dimensionless). 
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ABSTRACT 

We  have  formulated  a  new  waveform-analysis  procedure  to  recover  phase  and 
amplitude  information  from  observed  seisnaograms  that  makes  use  of  our  ability  to  calculate 
realistic  synthetic  seismograms.  The  methodology  is  based  on  the  representation  of  the 
seismogram  s(t)  as  a  superposition  of  traveling  wave  groups  and  the  construction  of  an 
isolation  filter  7(0  as  a  weighted  sum  of  these  wave  groups  synthesized  from  a  refercr  e 
earth  model,  with  the  weights  chosen  to  yield  a  desirable  sampling  of  structural  features. 
We  compute  the  broad-band  cross-correlation  between  the  isolation  filter  and  the  observed 
seismogram,  window  the  correlation  function  about  its  peak  in  the  time  domain,  and  apply 
a  set  of  narrow-band  filters  at  discrete  center  frequencies  { to, :  i  =  1, ...,  N}.  We  have 
developed  theoretical  expressions  for  the  filtered,  windowed  correlation  function  based  on 
a  Hermite-polynomial  expansion  of  the  autocorrelation  of  the  isolation  filter,  the 
windowing  operator,  and  the  narrow-band  filter.  When  the  half-width  of  the  applied  filter 
o;  is  small  compared  to  its  center  frequency  the  filtered,  windowed  correlation  function 
may  be  approximated  as  a  harmonic  carrier  modulated  by  a  Gaussian  envelope:  F^WCyM 
=  E{t)  cos  where  £(r)  =  exp  l-ffj'Ht  -  Afg  -  STg)V2)  and  0(0  =  - 

Stp)  -  Oi  HAx^  +  Sx^(t  -  AXg  -  SXg).  In  these  expressions,  to,'  and  tr,'  represent  the 
center  frequency  and  half-width  of  the  filtered,  windowed  autocorrelation  of  7(t),  AXp, 
AXg,  and  represent  known  phase,  group,  and  attenuation  time  parameters  associated 
with  the  reference  model  used  to  calculated  the  isolation  filter,  and  SXp,  Sx^,  and 
represent  the  corresponding  unknown  time  shifts  owing  to  differences  between  the 
reference  model  and  the  actual  Earth  at  OJ^'.  We  show  how  these  latter  quantities,  which  we 
call  "generalized  seismological  data  functionals,"  can  be  estimated  by  a  waveform-fitting 
procedure. 


The  generalized  seismoiogical  data  functionals,  SVp,  SZg,  and  St^,  ore  the  phase, 
gro(”>,  and  attenuation  time  shifts  estimated  from  the  windowed  and  filtered  cross- 
correlation  between  an  isolation  filter /(r)  and  an  observed  seismogram  sU)  which  measure 
the  departure  of  a  reference  model  nio  from  the  Earth.  Examples  of  isolation  filters  include 
individual  body-wave  arrivals  such  as  5  waves,  dispersed  wavetrains  such  as  the 
fundamental-mode  Love  and  Rayleigh  waves,  as  well  as  general  sums  over  traveling 
modes  constructed  to  represent  complex  wavegroups,  such  as  Sa,  or  to  sample  specific 
structural  features.  We  have  developed  a  general  methodology  to  synthesize 
seismologically  useful  isolation  Alters,  to  measure  the  associated  time  shifts,  and  to  inven 
these  data  for  earth  structure. 

In  particular,  we  have  derived  expressions  for  the  Fr^chet  kernels  that  relate  a 
perturbation  in  the  earth  model  Sm  to  the  first-tmler  perturbations  in  the  generalized  data 
functionals  5tp,  SXg,  and  Sx^,  thus  allowing  us  to  pose  a  linearized  inverse  problem.  For 
example,  the  kernels  for  the  phase-delay  functional  8Xp  are  shown  to  be  a  sum  of  the 
ordinary  functional  derivatives  for  individual  mode  branches  obtained  from  the  variational 
principle.  We  apply  this  methodology  to  ponions  of  the  seismogram  dominated  by 
multiply  reflected  body  waves,  where  the  complex  interferences  among  the  various  wave 
groups  confound  standard  body-wave  and  surface-wave  techniques.  We  also  discuss  how 
isolation  Alters  can  be  constructed  to  sample  features  of  eanh  structure  not  easily 
constrained  using  the  standard  taxonomy  of  seismoiogical  waveforms,  such  as  the  shear 
velocity  of  the  iiuier  core. 
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Glossary 


®  cross-correlation  operator 

*  convolution  operator  (as  a  superscript,  the  complex-conjugate  operator) 

sit)  the  observed  seismogram 

s  (r)  the  complete  synthetic  seismogram 

7(0  the  isolation  filter 

UmiO  an  observed  wave  group 

u„it)  a  synthetic  wavegroup,  generally  assumed  to  a  traveling-wave  branch 

Cjj  the  autocorrelation  of  the  isolation  filter  =Jit)®  7(0 

Cj7  the  cross-correlation  between  between 7(0  and  s(t)  s7(r)  ®  s(r) 

Cjs  the  cross-correlation  between  between  7(0  and  j(0  =  fit)  sit) 

Gaix)  Gaussian  function  h  exp  i-x^T) 

Hei(x)  the  Hermite  polynomial  of  degree  k 
H(x)  the  Heaviside  step  function 

f  ,((y)  the  narrow- band  filter,  characterized  by  a  center  frequency  ty,  and  half- width 

F^€JJ  the  filtered  autocorrelation  function  of  the  isolation  filter  =  F;(t)  •  Cjjit) 

F/Cfs  the  filtered  cross-correlation  betwecn7(0  and  sit)  =  F,it)  •  Cjjit) 

F^Cjs  the  filtered  cross-correlation  between  7(0  and  sit)  =  F,(r)  •  Cjj(r) 

At  " the  differential  phase  delay  between  the  nth  and  mth  branches 
At  "  the  averaged  differential  group  delay  between  the  nth  and  mth  branches 
At  the  averaged  differential  attenuation  delay  between  the  nth  and  mth  branches 

AJp  the  averaged  differential  phase  delay  due  to  branch-branch  interference 

AXg  the  averaged  differential  group  delay  due  to  branch-branch  interference 

At  a  the  averaged  differential  attenuation  delay  due  to  branch-branch  interference 

5kn  the  complex-valued  differential  wavenumber  of  the  mth  branch 


Sfp  the  differential  phase  delay  of  the  mth  branch 

Stg  the  differential  group  delay  of  the  mth  branch 

the  differential  attenuation  delay  of  the  mth  branch 
SVp  the  averaged  differendal  phase  delay 

SXg  the  averaged  differential  group  delay 

the  averaged  differential  attenuation  delay 

WfO  the  windowing  operator,  characterized  by  a  location  time  and  half-width  <f^ 
WCjj  the  windowed  autocorrelation  function  of  Jit)  =  Wit)Cjjit) 

WCji  the  windowed  cross-correlation  between  Jit)  and  s  (;)  =  W(t)Cjjit) 

WCfs  the  windowed  cross-correlation  between  Jit)  and  5(0  s  Wit)Cjsit) 

FjWCjj  the  filtered,  windowed  autocorrelation  function  of  7(0  =  Fiit)  *  WCjjit) 

Fi  WCy;  the  filtered,  windowed  cross-correlation  between  J it)  and  s  '(0sF^(0*  VV'C;7(0 
F^WCfs  the  filtered,  windowed  cross-correlation  between  J  and  sit)  s  F,(r)  •  WCjsit) 
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Chapter  l 


"A  PLAYGROUND  FOR  MATHEMATICIANS" 


Of  all  regions  of  the  eaith  none  invites  speculation  niore  than  that  which  lies 
beneath  our  feet,  and  in  none  is  speculation  more  dangerous;  yet,  apan  from 
speculation,  it  is  little  that  we  can  say  regarding  the  constitution  of  the 
interior  of  the  earth.  We  know,  with  sufficient  accuracy  for  most  purposes, 
its  size  and  shape:  we  know  that  its  mean  density  is  about  5  1/2  times  that 
of  water,  that  density  must  increase  towards  the  centre,  and  that  the 
temperature  must  be  high,  but  beyond  these  facts  little  can  be  said  to  be 
known.  Many  theories  of  the  earth  have  been  propounded  at  different 
times:  the  central  substance  of  the  earth  has  been  supposed  to  be  fiery, 
fluid,  solid,  and  gaseous  in  turn,  till  geologists  have  turned  in  despair  from 
the  subject  and  become  inclined  to  confine  their  attention  to  the  outermost 
crust  of  the  earth,  leaving  its  centre  as  a  playground  for  mathematicians. 

R.  D.  Oldham.  1906 


INTRODUCTION 

In  the  eighty  years  which  have  passed  since  Oldham  published  "The  constitution  of 
the  interior  of  the  Eanh  as  revealed  by  earthquakes,"  seismologists  have  made  spectacular 
progress  in  illuminating  the  deep  structure  of  the  Earth.  Our  knowledge  has  grown  from  a 
rudimentary  grasp  of  radial  structure  to  detailed  images  of  three-dimensional  velocity 
variations.  The  last  fifteen  years  have  been  particularly  exciting  as  the  structural 
perturbations  associated  with  boundary  layers  and  internal  dynamics  of  the  mantle  and  core 
have  come  to  light.  Only  a  small  fraction  of  the  information  available  from  existing  data 
has  been  used  for  this  purpose,  however,  and  many  important  geophysical  questions 
related  to  the  details  of  Earth  structure  remain  unanswered. 

For  example,  the  structure  of  the  continental  upper  mantle  is  not  well  understood, 
despite  the  accessibility  of  the  continents  and  the  intense  scrutiny  given  to  regional  phases 
by  generations  of  seismologists.  In  particular,  the  classical  argument  between  Gutenberg 
and  Jeffreys  about  the  existence  of  a  low-velocity  zone  in  the  uppermost  mantle  has  not 
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been  fully  resolved  [e.g.,  Dziewonski  and  Anderson,  1981],  and  questions  regarding  the 
role  of  a  low-velocity  zone  in  decoupling  continental  plates  from  the  the  motions  of  the 
underlying  mantle  are  the  subject  of  active  debate.  Linked  to  this  debate  are  questions 
about  the  degree  and  vertical  extent  of  seismic  anisotropy  in  the  upper  mantle,  and  the 
interplay  between  lids,  low-velocity  zones,  and  anisotropy.  Consider  the  two  recent 
models  of  continental  shear  velocity  illustrated  in  Figure  1.1.  EU2  (solid  line)  is  a  northern 
Eurasian  platform  model,  derived  from  the  inversion  of  fundamental  and  higher-mode 
Rayleigh  waves  [Lemer-Lam  and  Jordan,  1987],  while  SNA  (dashed  line)  is  a  Canadian 
shield  model  derived  from  the  forward  modeling  of  SH-polarized  waveforms  and  travel 
rimes  [Grand  and  Helmberger,  1984].  While  EU2  shows  a  simple,  monotonic  structure  in 
the  upper  200  km  with  an  average  velocity  of  4.5  km/s,  SNA  has  a  thick  lid  with  an 
average  velocity  of  4.8  km/s  and  a  well-developed  low-velocity  zone.  The  differences 
between  these  two  models  of  stable  continental  structure  are  as  large  as  the  observed 
variations  between  continents  and  oceans  (Lemer-Lam  and  Jordan,  1987]  and,  if  real,  have 
implications  for  the  mechanical,  thermal,  and  chemical  evolution  of  the  continents,  since  the 
presence  of  a  low-velocity  zone  is  interpreted  by  some  as  marking  the  base  of  the 
lithosphere. 

Figure  1.2  presents  the  (i)-l  diagrams,  where  A)  is  frequency  and  /  is  angular  order, 
and  Figures  1.3  and  1.4  compare  the  phase  and  group  velocity  for  the  fundamental  and  first 
few  overtones  of  toroidal  and  spheroidal  normal  rrKxles  of  these  models.  SNA  (dashed 
line)  predicts  phase  velocities  which  are  everywhere  higher  than  those  of  EU2  (solid  line) 
(Figure  1.3).  The  nearly  horizontal  branch  (which  is  not  a  single  branch,  but  rather  is 
composed  of  the  tessellations  of  several  branches)  on  the  spheroidal-mode  diagram  is  the 
Stoneley  wave  at  the  core-mantle  boundary  and  is  insensitive  to  the  model  differences.  The 
picture  is  somewhat  man  complicated  for  group  velocity  (Figure  1.4).  For  example,  the 
predicted  group  velocities  for  the  fundamental-mode  Love  wave  from  SNA  (dashed  line) 
are  lower  than  those  from  EU2  (solid  line)  in  the  frequency  range  from  25  to  SO  mHz.  The 
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branches  which  "bend"  over  in  the  group  velocity  diagram  are  those  which  are  sensitive  to 
the  core-mantle  boundary.  The  structure  of  the  spheroidal-mode  diagram  is  more  complex; 
the  core-mande  boundary  Stoneley  wave  forms  the  cross-cutting  horizontal  branch.  Figure 
1.5  illustrates  the  travel  times  predicted  by  these  models  for  the  phases  S,  SS,  and  SSS. 
SNA  (dashed  line)  predicts  travel  rimes  which  are  substantially  less  than  those  of  EU2 
(solid  line)  -  a  difference  which  is  exacerbated  with  the  number  of  surface  reflections.  In 
addition,  the  triplication  structure  of  the  models  is  different,  producing  dissimilar 
waveforms  (see  Figure  2.1). 

There  are  several  possible  explanations  fOT  the  disagreement  between  these  models. 
First,  the  differences  may  represent  true  path  variations  between  the  northern  Eurasian 
platforms  and  the  Canadian  shield.  SNA  has  been  used  to  model  propagation  across  the 
Russian  platform  and  predicts  the  observed  5//-polarized  waveforms  and  travel  times  [Rial 
et  al.,  1984;  Grand  and  Helmberger,  19851.  While  EU2  may  have  slightly  lower  velocities 
because  the  path  across  northern  Eurasian  from  events  in  the  western  Pacific  to  stations  in 
western  Europe  has  a  larger  tectonic  component  than  the  path  across  the  Russian  platform 
from  events  in  the  Hindu  Kush  to  the  same  stations  (Figure  1.6),  the  disagreement  between 
EU2  and  SNA  is  too  large  to  be  explained  by  path  differences  alone.  Second,  the 
differences  may  be  due  to  polarization  anisotropy;  EU2  was  derived  from  a  study  of  F5V- 
polarized  waveforms  whereas  SNA  was  derived  from  a  study  of  S//-polarized  waveforms. 
Although  the  deviation  between  the  models  has  the  right  sense  for  transverse  isotropy  with 
a  vertical  axis  of  symmetry,  i.e.,  SH  advanced  with  respect  to  PSV,  the  discrepancy 
requires  significant  deep  anisotropy.  However,  most  observations  of  polarization 
anisotropy  are  limited  to  the  crust  and  upper  mantle  [McEvilly,  1964;  Forsyth,  1975;  Cara 
etal.,  1980;  Dziewonsld  and  Anderson,  1981;  Kirkwood  and  Crampin,  1981;  Leveque  and 
Cara,  1983;  Nataf  et  al.,  1984;  Silver  and  CThan,  1988].  Finally,  the  differences  between 
these  models  may  be  due  to  frequency-dependent  propagation.  The  lid  velocity  in  SNA 
was  determined  hnom  observations  of  Sn,  a  phase  which  propagates  at  the  top  of  the  mantle 
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[Bnine  and  Dorman,  1963;  B4th,  1966,  Heusds  et  aL,  1973].  The  apparent  velocities  of 
high-frequency  (-1  Hz)  Sn  waves  on  both  horizontal  and  vertical  components  are  typically 
100-300  m/s  higher  than  the  average  shear  velocity  of  the  uppermost  mantle  derived 
from  low-frequency  (-.01  Hz)  Rayleigh  waves.  Although  not  systematically  treated  in  the 
literature,  this  problem  is  evident  in  the  comparison  of  the  Sn  velocities  of  Heustis  et  al. 
[1973]  with  Rayleigh-wave  models  such  as  EU2. 

Examples  of  observed  seismograms  with  synthetic  seismograms  calculated  from  the 
models  EU2  and  SNA  are  presented  in  Figures  1.7  and  1.8.  Figure  1.7  illustrates 
seismograms  for  the  northern  Eurasian  path;  the  synthetic  seismograms  are  calculated  by 
normal-mode  summation  and  are  complete  to  SO  mHz.  EU2  provides  a  good  fit  to  the 
Rayleigh  waves  and  /*5V-polarized  waveforms  of  multiply  reflected  S  phases  for  the 
northern  Eurasian  corridor,  but  has  velocities  which  are  too  low  for  the  Love  waves  and 
5//-polarizcd  phases  with  turning  points  in  the  upper  mantle.  Figure  1.8  compares 
seismograms  for  the  Russian  platform  path,  with  the  same  conventions.  SNA  is  generally 
consistent  with  the  waveforms  and  travel  times  of  S//-polahzed  body  phases  for  paths  to 
KONO  across  the  Russian  platform,  but  has  velocities  which  are  too  high  for  the  PSV- 
polarized  shear  waves  with  turning  points  in  the  upper  mantle.  In  particular,  comparison  of 
the  travel  times  of  55  on  the  transverse  and  vertical  components  provides  evidence  of 
apparent  shear-wave  splitting.  On  the  other  hand,  the  path  to  GRFO  along  the 
southwestern  margin  of  the  Russian  platform  does  not  show  this  polarization  dependence; 
the  observed  travel  times  exceed  those  predicted  by  SNA  by  about  IS  s  on  both 
components,  consistent  with  the  SH  observations  of  Rial  et  al.  [1984]. 

From  this  cursory  examination  of  observed  and  synthetic  seismograms,  we  see  that 
EU2  predicts  the  both  /’5V-polarized  waveforms  and  5//-polarized,  vertically  propagating 
waveforms  for  the  northern  Eurasian  corridor.  There  is  a  suggestion  of  shallow  anisotropy 
along  this  path,  based  on  the  misfit  between  EU2  and  the  5//-polarized,  horizontally 
pix^gating  waves,  but  there  is  no  evidence  (or  deep-seated  anisotropy.  Second,  there  is 
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considerable  lateral  variation  in  structure,  as  demonstrated  by  the  differences  between  the 
waveforms  at  KONO  and  GRFO  for  the  Hindu  Kush  events.  Third,  there  is  strong 
evidence  of  shallow  anisotropy  along  the  Russian  platform,  based  on  the  observation  of 
apparent  shear-wave  splitting  in  SS.  Thus,  the  EU2-SNA  discrepancy  may  be  explained  in 
pan  by  path  variations  and  in  pan  by  intrinsic  anisotropy.  These  observations  are 
discussed  in  greater  detail  in  Gee  and  Jordan  [1988].  which  is  reproduced  in  Appendix  F. 

The  EU2-SNA  discrepancy  symbolizes  many  of  the  problems  facing  seismologists 
today,  as  researchers  grapple  with  structural  models  derived  from  a  variety  of  specialized 
techniques  which  depend  on  wavegroup,  polarization,  or  frequency.  In  panicular,  it 
demonstrates  the  need  for  a  self-consistent  analysis  of  seismic  data.  Because  the  Earth  is 
neither  spherically  symmetric  nor  isotropic,  seismologists  need  techniques  which  may  be 
applied  to  SH  and  /*5V-polarizcd  waveforms  and  to  body  waves  as  well  as  surface  waves 
in  order  to  reveal  the  three-dimensional  variations  in  structure.  In  addition,  these 
methodologies  must  include  the  complexity  of  the  frequency-dependent  propagatioi  such 
as  shear-coupled  PL  or  triplicated  arrivals.  In  this  chapter,  we  discuss  two  broad 
categories  of  techniques  for  making  inferences  about  earth  structure:  the  "classical" 
approach,  based  on  the  recovery  of  kinematic  properties  such  as  travel  time,  and  the  more 
modem  approach  of  waveform  inversion,  based  on  the  difference  between  an  observed 
seismogram  and  a  synthetic  seismogram  calculated  from  a  reference  model.  We  then 
introduce  the  methodology  which  is  the  basis  of  this  thesis. 

the  Classical  approach 

A  seismogram  s{t)  may  be  represented  as  a  sum  over  traveling  wavefoims  {u„(r) :  n 

=  1.2,  ...): 


^(0=  ]£  Unit) 
n  =  0 


(1.1) 
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where  a  particular  element  m„(0  may  be  a  body-wave  pulse,  a  surface-wave  group,  or  any 
other  convenient  representation  of  the  seismic  wavetiain.  Each  Unit)  may  be  described  by 
several  kinematic  properties,  such  as  travel  time,  amplitude,  and  dispersion.  The  classical 
approach  in  structural  seismology  is  to  separate  the  process  of  measuring  waveform 
propenies  from  the  process  of  inverting  for  earth  structure  (Figure  1.9).  Discrete  body- 
wave  pulses  are  identified  and  their  travel  times  and  amplitudes  are  determined;  surface- 
wave  groups  are  isolated  and  their  dispersion  and  attenuation  properties  are  measured. 
These  data  are  then  inverted  for  an  earth  model  whose  parameterization  is  sufficiently 
complete  to  explain  the  observed  variations.  If  a  good  starting  model  is  available,  the  latter 
step  may  be  accomplished  using  a  perturbation  theory  based  on  the  variational  principles  of 
Fermat  and  Rayleigh.  Examples  of  the  classical  approach  include  Jeffreys’  application  of 
the  Herglotz-Weichert  formula  [1939],  the  tomographic  inversion  of  travel  times  [e.g., 
Dzie\/onski  et  al.,  1977;  Dziewonski,  1984;  Creager  and  Jordan,  1986;  Morelli  and 
Dziewonski,  1987],  early  studies  of  surface-wave  dispersion  [e.g.,  Dorman  etal.,  1960; 
Brune  and  Dorman,  1963],  recent  work  on  phase  and  group  velocities  [e.g.,  Nakanishi  and 
Anderson,  1982,  1983,  1984;  Nataf  et  al.,  1984,  1986],  measurements  of  normal-mode 
eigenirequencies  [e.g.,  Gilbert  and  Dziewonski,  197S;  Masters  et  al.,  1982;  Giardini  et  al.-, 
1987],  and  estimates  of  attenuation  [e.g.,  Jordan  and  Sipkin,  1977;  Sailor  and  Dziewonski, 
1978;  Masters  and  Gilbert,  1982]. 

A  problem  with  this  approach  concerns  the  various  wave  effects  that  complicate  the 
measurement  of  individual  wave  groups.  In  the  case  of  body-wave  travel  times,  these 
include  caustic  phase  shifts,  diffraction  effects,  and  the  physical  dispersion  associated  with 
attenuation.  In  the  case  of  surface-wave  dispersion,  they  involve  source-related  phase 
shifts  and  the  problems  associated  with  isolating  individual  modes.  Indeed,  for  portions  of 
the  seismogram  where  many  wave  groups  arrive  simultaneously,  waveforms  cannot 
generally  be  resolved  into  either  individual  body  waves  or  surface  waves,  and  the  classical 
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measurement  schemes  that  rely  on  waveform  isolation  may  fail  to  produce  reliable  results. 
Techniques  based  on  frequency-wavenumber  filtering  have  been  used  to  separate 
interfering  surface  waves  [Nolet.  1975,  1977;  Cara,  1979;  Cara  et  al.,  1980],  but  they 
generally  require  large-aperture  arrays  of  seismometers  not  common  in  global  studies  of 
earth  structure. 


Waveform  inversion 

Many  of  these  difficulties  can  be  avoided  by  inverting  the  complete  seismogram 
direcdy  for  earth  structure.  In  the  ideal  situation,  where  the  entire  wavefield  is  recorded  by 
a  spatially  dense  set  of  receivers  from  a  spatially  dense  set  of  sources,  powerful  nonlinear 
inversion  techniques  may  be  applied  to  recover  an  image  of  the  three-dimensional  structure 
[Tarantola,  1986].  Although  the  collection  of  these  sons  of  ideal  data  sets  is  feasible  in 
exploration  seismology,  the  data  sets  available  to  global  seismology  are  limited  by  the 
distribution  of  large-magnitude  sources,  primarily  e  Jihquakes,  and  the  sparse  distribution 
of  stations,  especially  those  with  high-quality,  digitally  recording  seismometers.  In  this 
situation,  fully  nonlinear  methods  cannot  be  applied  because  the  solution  manifolds  have 
multiple  minima,  and  the  problem  must  be  linearized  by  assuming  the  solution  to  the 
waveform-inversion  problem  is  in  some  sense  close  to  a  chosen  reference  earth  structure. 

Theoretical  and  computational  advances  over  the  last  two  decades  now  permit  the 
routine  calculation  of  synthetic  seismograms  s{t)  using  a  variety  of  waveform 
representations.  A  seismogram  computed  from  a  reference  earth  model  m^  may  be  written 
as  a  sum  over  synthetic  waveforms  {«„(r)): 

■V 

71=0 


(1.2) 
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although  the  number  of  elements  in  the  sum,  N,  must  necessarily  be  finite.  Synthetic 
seismograms  can  model  accurately  source  excitation  effects,  elastic  and  aneiastic  wave 
propagation,  as  well  as  instrument  response.  Most  waveform-inversion  algorithms 
[Mellman,  1980;  Dziewonski  and  Steim,  1982;  Lemer-Lam  and  Jordan,  1983;  Shaw, 
1983;  Woodhousc  and  Dziewonski,  1984;  Tanimoto,  1984,  1987;  Nolct  et  al.,  1986] 
subtract  synthetic  seismograms  computed  for  the  reference  structure  from  the  observed  time 
series  to  form  differential  seismograms  that  are  then  inverted  for  a  structural  perturbation 
using  first-order  perturbation  theory  (Figure  1.10).  This  linearized  inverse  problem  thus 
takes  the  form 


(jSm  —  5s  (13) 

where  Ss  is  the  vector  containing  the  differential  time  series,  Sm  is  the  model  perturbation, 
and  G  is  the  matrix  of  partial  derivatives. 

The  primary  problem  with  waveform  inversior.  is  its  "black-box”  character:  it  is 
difficult  to  evaluate  exactly  what  features  on  the  seismograms  determine  particular 
characteristics  of  the  earth  model.  Although  waveform  inversion  allows  more  information 
on  the  seismogram  to  be  used  in  constraining  earth  structure,  it  is  of  uneven  quality. 
Amplitude  and  phase  information  is  combined,  so  understanding  the  robustness  of  the 
solution  to  departures  from  the  modeling  assumptions  (which  are  usually  incomplete  with 
respect  to  flrst-order  amplitude  perturbations)  is  often  impossible.  Moreover,  the  results 
may  be  very  sensitive  to  how  the  data  are  weighted,  and  the  resolving  power  of  any 
particular  data  set  is  difficult  to  assess.  For  example,  it  is  difficult  to  determine  how  much 
of  the  residual  contained  in  a  differential  seismogram  may  be  attributed  to  a  one¬ 
dimensional  path-averaged  perturbation,  as  opposed  to  two-  or  three-dimensional  along- 
path  and  off-path  perturbations.  Finally,  waveform  inversion  is  limited  by  the  need  for  the 
synthetic  seismogram  to  be  "linearly"  close  to  the  observed  seismogram.  If  the  waveforms 


of  the  synthetic  and  the  data  are  too  dissiniilar,  the  inversion  will  not  converge  to  the  true 
minimum. 


ISOLATION  Filtering 

The  application  of  isolation  filtering  techniques  to  isolate  individual  wave  groups 
prior  to  inversion  has  facilitated  the  understanding  of  those  features  on  the  seismograms 
which  are  most  significant  in  constraining  the  solution.  An  isolation  filter /(t)  may 
generally  be  defined  as  a  sum  over  wavegioups: 

/V 

7(r)  =  S  (1-4) 

m  =  0 


where  SWi  is  a  linear  filter  and  the  *  operator  denotes  convolution.  This  approach  has  been 
used  by  Lerncr-La.n  and  Jordan  (1983,  1987]  to  isolate  higher-mode  arrivals  on  PSV 
polarized  waveforms.  In  their  formulation,  the  isolation  filter  is  defined  as  a  single 
traveling  wave  branch  synthetic:  7(0  =  Um(0-  TTiey  define  the  observed  branch  cross¬ 
correlation  function  between  Mm(0  and  s(t)  and  the  synthetic  branch  cross-correlation 
function  between  u„(0  and  5(r): 


Czj(r)  =  u„(()<S>s(0 


Czs(t)  =  u„(t)<»s(0 
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w!icrc  the  ®  operator  denotes  cross-correlation.  By  forming  the  difference  between  the 
observed  and  synthetic  branch  cross-correlation  fun  nions,  Lerner-Lam  and  Jordan  [1983, 
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1987]  invert  for  model  perturbations  via  (1.3).  While  this  application  of  isolation  filtering 
eliminates  some  of  the  "black  box"  character  of  waveform  inversion,  the  approach  is  still 
limited  by  the  requirement  that  the  model  be  lineariy  close  to  the  Earth. 

Generalized  Data  Functionals 

This  thesis  presents  a  new  set  of  waveform-analysis  procedures  to  recover 
estimates  of  phase  and  amplitude  from  seismograms.  These  procedures  have  a  number  of 
advantages  over  existing  methods.  Like  waveform-inversion  techniques,  they  make  use  of 
our  ability  to  compute  synthetic  seismograms  from  realistic  earth  models,  and  they  provide 
a  uniform  methodology  for  inverting  body-wave,  surface-wave,  and  other  types  of  wave 
groups  from  three-component  data.  Unlike  waveform-inversion  techniques,  they  isolate 
from  the  seismogram  time-like  quantities  that  correspond  to  well-defined  scalar-valued 
functions  of  earth  structure:  phase  delays,  group  delays,  amplitude  factors,  and  their 
generalizations.  An  inversion  of  these  quantities  for  earth  structure  (1-D,  2-D  or  3-D)  can 
thus  be  accomplished  in  a  separate  step  using  standard  perturbation  techniques.  The 
separation  of  the  measurement  of  data  functionals  from  the  inversion  for  eanh  structure 
facilitates  the  assessment  of  the  significance  and  robustness  of  the  measurements  and 
allows  a  variety  of  model  parameterizations  and  inversion  schemes  to  be  compared  (Figure 
1.11). 

Overview  of  the  method 

The  methodology  is  based  on  the  representation  of  the  seismogram  as  a 
superposition  traveling-wave  branches  and  the  construction  of  a  match  or  isolation  filter 
as  a  weighted  sum  of  these  wave  branches  synthesized  from  a  reference  earth  model.  We 
compute  the  Inoad-band  cross-correlation  between  the  isolation  filter  and  the  observed 
seismogram,  window  the  correlation  function  about  its  peak  in  the  time  domain,  and  apply 
a  set  of  narrow-band  filters  at  discrete  center  frequencies  { a>,- :  i  =  1, ...,  N).  We  have 
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developed  theoretical  expressions  for  the  filtered,  windowed  correlation  function  based  on 
a  Hermite-polynomial  expansion  of  the  autocorrelation  of  the  isolation  filter,  the 
windowing  operator,  and  the  narrow-band  filter.  We  will  show  that  the  correlation 
function  may  be  approximated  as  a  harmonic  carrier  modulated  by  a  Gaussian  envelope, 
when  the  bandwidth  of  the  applied  filto'  o;-  is  small  compared  with  its  center  tiequency  : 

FiWe^^U)  s  E(t)cosm  (j  g) 

where  F^Cj^t)  is  the  filtered,  windowed  cross-COTrelation  between  the  isolation  filter  and 
the  observed  seismogram  and  E{t)  and  ^r)  are  defined  by 

£(r)  s  exp{-o;.^  (r  -  d?,  -  Stgfll )  (1.7) 

d>(r)  =  (olit-dTp-  Sxp)  -  (dr*  +  Sxa)  (r  -  Atg  -Sxg)  (1.8) 

In  these  expressions,  O),'  and  a,'  represent  the  center  frequency  and  half-width  of  the 
filtered,  windowed  autocorrelation  of  7(0,  dr^,  and  dr^  represent  known  phase, 
group,  and  amplitude  time  parameters  associated  with  the  reference  model  used  to 
calculated  the  isolation  filter,  and  SXp,  Sr^,  and  represent  the  corresponding  unknown 
time  shifts  owing  to  differences  between  the  reference  model  and  the  actual  Earth  at  to,'. 
The  generalized  seismological  data  functionals,  SXp,  6Xg,  and  Sx^,  are  the  phase,  group, 
and  attenuation  time  shifts  estimated  from  the  windowed  and  filtered  cross-correlation 
between  an  isolation  filter  7(0  and  an  observed  seismogram  r(0  which  measure  the 
departure  of  a  reference  model  from  the  Earth.  Examples  of  isolation  filters  include 
individual  body-wave  arrivals  such  as  5  waves,  dispersed  wavetrains  such  as  the 
fundamental-mode  Love  and  Rayleigh  waves,  as  well  as  general  sums  over  traveling 
nxxles  constructed  to  represent  complex  wavegroups,  such  as  Sa,  or  to  sample  specific 
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structural  features.  We  have  developed  a  general  methodology  to  synthesize 
seismologically  useful  isolation  filters,  to  measure  the  associated  time  shifts,  and  to  inven 
these  data  for  earth  structure. 

In  particular,  we  have  derived  expressions  for  the  Fi^chet  kernels  that  relate  a 
perturbation  in  the  earth  model  5in  to  the  first-order  perturbations  in  the  generalized  data 
functionals  5tp,  5Xg,  and  Sx^^,  thus  allowing  us  to  pose  a  linearized  inverse  problem.  For 
example,  the  kernels  for  the  phase-delay  functional  8Xp  are  shown  to  be  a  sum  of  the 
ordinary  functional  derivatives  for  individual  mode  branches  obtained  from  the  variational 
principle.  We  apply  this  methodology  to  portions  of  the  seismogram  dominated  by 
multiply  reflected  body  waves,  where  the  complex  interferences  among  the  various  wave 
groups  confound  standard  body-wave  and  surface-wave  techniques.  We  also  discuss  how 
isolation  filters  can  be  constructed  to  sample  features  of  earth  structure  not  easily 
constrained  using  the  standard  taxonomy  of  seismological  waveforms,  such  as  the  shear 
velocity  of  the  inner  core. 

Overview  of  the  thesis 

In  this  chapter,  we  demonstrated  the  need  for  a  uniform,  self-consistent  approach  to 
the  analysis  of  seismic  data  by  comparing  two  recent  radial  naodels  of  the  continental  upper 
mande.  The  disagreement  between  EU2  and  SNA,  which  is  as  large  as  the  observed 
variation  between  continents  and  oceans,  emphasizes  the  importance  of  techniques  which 
are  independent  of  polarization,  wavetype,  and  6equency  band.  We  outlined  the  approach 
of  current  techniques  and  introduced  the  conceptual  basis  of  our  methodology.  In 
particular,  we  illustrated  how  our  procedure  combines  elements  of  the  classical  analysis  of 
seismic  phases  with  the  construction  of  synthetic  seismograms  which  is  the  cornerstone  of 
waveform  inversion. 

In  Giapter  2,  we  introduce  the  tools  of  our  waveform-analysis  procedure.  We 
consider  an  isolation  filter  composed  of  a  single  waveform,  such  as  the  fundamental-mode 
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surface  wave,  and  expand  C^(t)  in  a  Gram-Charlier  series.  We  show  that  this  expansion 
may  be  truncated  after  the  second-order  term,  provided  that  the  signal  is  peaked  in  the 
spectral  domain  and  may  be  described  by  a  few  of  its  low-order  moments.  Although  not 
generally  valid,  this  condition  may  be  met  by  the  application  of  a  narrow-band  filter.  Using 
a  first-order  Taylor  series  expansion  of  differential  wavenumber  and  neglecting  differences 
between  the  actual  and  assumed  source  function  and  instrument  response,  the  filtered 
cross-correlation  between  an  isolation  Alter  and  the  observed  seismogram  may  be 
expressed  in  terms  of  time  parameters  due  to  differences  between  a  reference  model  and  the 
actual  Earth  at  o)-/.  These  time  parameters,  which  we  call  "generalized  seismological  data 
functionals,"  represent  phase,  group,  aiui  amplitude  time  shifts  and  may  be  interpreted  in 
terms  of  Earth  structure  by  variational  principles.  We  develop  explicit  expressions  for  the 
effect  of  interference  from  other  wavegroups  and  derive  an  expression  which  relates  the 
observed  phase  perturbation  to  a  linear  sum  of  the  individual  phase  perturbations  of  each 
traveling-wave  branch.  Finally,  we  illustrate  our  methodology  with  the  example  of 
fundamental-mode  surface  waves. 

In  Chapter  3,  we  introduce  an  additional  step  in  our  waveform  analysis  procedure 
by  windowing  the  broad-band  correlation  functions  before  filtering.  This  step  reduces  the 
contamination  due  to  interfering  arrivals,  although  it  limits  the  application  of  the  linear 
dispersion  approximation.  We  formulate  analytic  expressions  for  the  cross-correlation  of 
the  isolation  filter  with  the  conqtlete  synthetic  and  the  observed  seismogram  which  model 
the  mode  branch  interference  as  a  sum  over  Gaussian  wavelets,  as  well  as  parameterizing 
the  correlation  functions  as  a  single  Gaussian  wavelet 

In  Chapter  4,  we  explwe  the  general  form  of  the  isolation  Alter  as  a  sum  over 
traveling-wave  branches  convolved  with  the  weight  coefAcients  ZU(r).  We  consider  a 
method  for  constructing  isolation  Alters  for  wavegroups  based  on  the  summation  of 
traveling-wave  branches  with  weight  coefAcients  designed  to  "window"  about  a  particular 
group  arrival  time  and  illustrate  this  approach  with  the  phases  S  and  SSS.  We  develop 
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expressions  for  Fy/Cjj{t),  FjWCjjit),  and  F^WCjsit)  in  terms  of  sums  over  traveling- 
wave  branches.  We  illustrate  the  implementation  with  the  S  and  555  examples  and  discuss 
the  Frfchet  kernels  obtained  from  our  analysis.  These  kernels  provide  new  insight  into  the 
way  wavegroups  average  the  Earth  at  finite  frequencies,  which  is  very  different  from  the 
partial  derivatives  associated  with  the  infinite  frequency  approximation  of  ray  theory. 

In  the  final  chapter,  we  consider  several  outstanding  problems  in  geophysics  which 
may  be  resolved  with  these  waveform-analysis  procedures. 

CONCLUSIONS 

This  thesis  presents  techniques  for  the  analysis  of  three-component  seismograms. 
The  methodology  may  be  divided  into  three  steps:  formulation  of  the  measurement 
procedure,  calculation  of  the  Frechet  kernels,  and  construction  of  the  isolation  filters. 

The  measurement  procedure  is  based  on  a  cross-correlation  formalism.  Our 
approach  differs  from  traditional  cross-correlation  techniques  in  several  ways.  First,  we 
have  developed  an  analytic  expression  for  the  cross-correlation  between  an  isolation  filter 
and  the  observed  seismogram  which  depends  on  differential  time  parameters  that  measure 
the  departure  of  the  Earth  from  our  reference  model.  Second,  the  use  of  complete  synthetic 
seismograms  permits  the  modeling  of  the  source  function,  the  instrument  response,  and 
interfering  energy.  Third,  we  use  a  waveform-fitting  procedure  in  order  to  estimate  the 
differential  dme  parameters,  rather  than  picking  the  peak  of  the  coirelation  function  or  the 
maximum  of  the  envelope.  These  differential  dme  parameters  recovered  with  this 
formalism  may  be  interpreted  using  standard  variadon  techniques.  We  derive  formulae 
which  express  the  measured  differendal  phase  delay  as  a  weighted  sum  of  the  differendal 
phase  delays  associated  with  the  traveling-wave  groups  which  compose  the  isoladon  filter. 
This  construcdon  allows  us  to  employ  the  full  power  of  inverse  theory  in  interpredng  our 
measurements  through  mechanisms  such  as  hypothesis  tesdng.  While  waveforai  inversion 
is  an  inverse  procedure,  the  problem  of  determining  which  wiggles  contribute  ro  particular 
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aspects  of  the  model  make  it  difficult  to  use  inversion  as  a  diagnostic  tool.  Finally,  we 
have  developed  the  ability  to  design  isoladon  filters  for  arbitrary  wavegroups  from  normal- 
mode  summation.  To  our  knowledge,  this  represents  the  first  dme  that  seismologists  have 
used  the  normal-mode  formuladon  to  calculate  individual  body-wave  arrivals  such  as  S. 
Our  normal-mode  approach  allows  us  to  include  the  effects  of  polarizadon,  such  as  coupled 
and  converted  arrivals,  explicitly.  These  phenomena  are  difficult  to  model  using  the 
traditional  ray-theoiedcal  approach  to  pulse  propagadon,  such  as  WKBJ.  Consequendy, 
we  may  begin  to  udlize  the  information  available  in  P5V-polarized  seismograms; 
infortnadon  which  has  been  neglected  previously.  We  may  also  design  isoladon  filters 
which  do  not  correspond  to  the  standard  taxonomy  of  seismic  phases.  For  example,  we 
may  construct  an  isoladon  filter  which  is  sensidve  to  particular  regions  within  the  Earth, 
such  as  the  shear  velocity  of  the  inner  cote. 
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FIGURE  Captions 


Figure  l,i 

Shear  velocity  as  a  function  of  depth  for  continental  upper  mantle  models  EU2 
[Lemer-Lam  and  Jtxtlan,  1987]  ai^  SNA  [Grand  and  Helmberger,  1984].  SNA 
(dashed  line)  was  derived  from  forward  modeling  of  multiply  reflected  SH- 
polarized  waveforms  for  stable  North  America  paths;  EU2  (solid  Une)  was  derived 
from  waveform  inversion  of  fundamental  Rayleigh  waves  and  PSV-polarized 
higher-modes  for  northern  Eurasia.  SNA  has  been  shown  to  model  pn^agadon 
across  the  Russian  platform  [Rial  et  ai,  1984;  Grand  and  Helmberger,  1985]. 
SNA  has  significantly  higher  velocities  than  EU2  in  the  upper  4M  km;  the 
discrepancy  between  these  models  is  due  in  pan  to  path  differences  and  in  pan  to 
strong  polarization  anisotropy  (Lemer-Lam  and  Jordan,  1987;  Gee  and  Jordan, 
1988  (Appendix  F)]. 


Figure  i.2 

Frequency  (6))  as  a  function  of  angular  order  (/)  for  the  fundamental  mode  and  first 
few  ovenones  of  the  models  EU2  (solid  line)  and  SNA  (dashed  line).  The  lines 
connect  notmal  modes  of  constant  radial-otder  number  (n).  The  branch  structure  of 
toroidal  modes  (left)  is  considerably  less  complicated  that  that  of  spheroidal  modes 
(rig.it).  Modes  in  the  left-hand  comer  of  both  diagrams  are  high-phase  velocity 
modes  (a  straight  line  passing  through  the  origin  of  these  diagrams  is  a  line  of 
constant  phase  velocity).  In  the  toroidal-mode  diagram,  these  correspond  to  ScS- 
equivalent  modes.  In  the  spheroidal-mode  diagram,  these  correspond  to  PKP, 
PKIKP,  and  PKJKP  in  addition  to  the  5c5-equivalent  modes.  Propenies  of  the 
toroidal  modes,  such  as  energy  density,  vary  smoothly  along  a  branch,  while  those 
of  spheroidal  modes  do  noL  The  spheroidal-mode  diagram  is  composed  of  several 
families  of  modes  which  do  not  correspond  to  the  conventional  nomenclature  [Okal, 
1978].  The  o>-I  diagram  is  described  in  greater  detail  in  Appends  C. 


Figure  1.3 

Phase  velocity  as  a  function  of  frequency  for  models  EU2  and  SNA.  SNA  (dashed 
line)  predicts  phase  velocities  which  are  ev^ywhere  greater  than  those  of  EU2 
(solid  line).  The  nearly  horizonul  branch  (which  is  not  a  single  branch,  but  rather 
is  composed  of  the  tessellations  of  several  branches)  on  ^e  spheroidal-mode 
diagram  is  the  Stoneley  wave  at  the  core-mantle  boundary  and  is  insensitive  to  the 
mo^l  differences.  At  25  mHz  (40  s)  and  a  source-receiver  distance  of  70^,  the 
difference  between  EU2  and  SNA  in  fundamental-mode  phase  velocity  accumulates 
to  more  than  63.3  s  differential  time  in  the  Love  wave  and  78.3  s  in  the  Rayleigh 
wave. 


30 


FIGURE  1.4 

Group  velocity  as  a  function  of  frequency  for  models  EU2  and  SNA.  The 
predicted  group  velocities  for  the  fundamental-noode  Love  wave  from  SNA  (dashed 
line)  are  less  than  those  fixun  EU2  (solid  line)  in  the  frequency  range  from  2S  to  50 
mHk  The  branches  which  "bend"  over  in  the  group  velocity  diagram  are  those 
which  are  sensitive  to  the  core-mantle  boundary.  The  structure  of  the  spheroidal¬ 
mode  diagram  is  more  complex;  the  core-mantle  boundary  Stoneley  wave  forms 
the  cross-cutting  horizontal  branch. 


FIGURE  1.5 

Reduced  travel  time  (s)  as  a  function  of  epicentral  distance  (degrees)  for  5, 55,  and 
555  from  the  models  EU2  and  SNA.  SNA  (dashed  line)  predicts  travel  times 
which  are  substantially  less  than  those  of  EU2  (solid  line).  In  addition,  the 
triplication  structure  of  the  models  is  different.  The  reducing  velocity  is  18  km/s. 


FIGURE  1.6 

Azimuthal  equidistant  projection  centered  on  KONO,  illustrating  the  northern 
Eurasian  and  southwestern  Eurasian  corridors.  The  northern  Eurasian  corridor 
includes  the  marginal  basins  and  active  foidbelts  cast  of  the  Verkhoyansk  sunire.  as 
well  as  the  stable  cratons  of  the  Siberian  and  Russian  platforms.  EU2  was  derived 
from  a  study  of  fundamental  and  higher-mode  layleigh  waves  from  this  path.  The 
southwestern  Eurasian  corridor  includes  two  paths,  one  crossing  the  central  part  of 
the  Russian  platform  from  Hindu  Kush  events  to  KONO,  and  one  traversing  the 
southwestern  margin  of  the  platform  along  the  Alpine-Himalayan  front  to  G^O. 
SNA  has  been  used  to  model  the  S/f-polarized  waveforms  and  travel  times  of 
wavegroups  propagating  across  the  Russian  platform  {Rial  et  al.,  1984;  Grand  and 
Helmberger,  1985].  The  triangles  are  eat^quake  locations  and  octagons  are 
receiver  locations  of  events  used  in  Gee  and  Jordan  [1988].  Shields  and  stable 
platforms  (shaded)  are  from  Jordan  ( 1981]. 


FIGURE  1.7 

Comparison  of  observed  and  synthetic  seismograms  for  propagation  across  the 
northern  Eurasian  corridor,  lliis  figure  displays  transverse  (top)  and  vertical 
(bottom)  component  seisnwgrams  fen’  four  events  in  the  western  Pacific,  recorded 
at  Global  Digital  Seismic  Network  stations  in  western  Europe.  Within  each  triplet, 
the  solid  line  is  the  observed  seismogram,  the  upper  trace  is  the  complete  synthetic 
seismogram  calculated  SNA  and  the  lower  trace  is  the  complete  synthetic 
seismogram  calculated  from  EU2.  The  synthetic  seismograms  were  computed  by 
normal-mode  summation  and  are  complete  to  50  mHz;  all  seismograms  were 
filtered  with  a  Hanning  taper  between  0  and  5  and  between  40  and  50  mHz.  EU2 
provides  a  good  fit  to  the  Rayleigh  waves  and  P5V- polarized  waveforms  of 
multiply  reflected  5  phases  for  the  northern  Eurasian  corridor,  but  has  velocities 
which  are  too  low  for  the  Love  waves  and  5//-poiarized  phases  with  turning  points 
in  the  upper  mantle.  SNA  predicts  travel  times  which  are  substantially  less  than 
those  observed  on  both  the  transverse  and  vertical-component  wavegroups. 


31 


Figure  1.8 

Comparison  of  observed  and  synthetic  seismograms  for  propagation  across  the 
southwestern  Eurasian  corridor.  This  figure  displays  transverse  (top)  and  vertical 
(bottom)  conqmnent  seismogranos  fcv  two  events  in  the  Hindu  Kush,  recorded  at 
Global  Digital  Seismic  Netwt^  stations  in  western  Europe,  with  the  same 
conventions  as  Figure  1.7.  SNA  is  generally  consistent  with  the  waveforms  and 
travel  times  of  5//-polarized  body  phases  for  paths  to  KONO  across  the  Russian 
platform,  but  has  velocities  which  are  too  high  for  the  F5V-polarized  55  phases 
with  turning  points  in  the  upper  mantle.  On  the  other  hand,  the  path  to  GRFO 
along  the  southwestern  margin  of  the  Russian  platform  does  not  show  this 
polarization  dependence;  the  (^served  travel  times  exceed  those  predicted  by  SNA 
by  about  IS  s  on  both  components,  consistent  with  the  SH  observations  of  Rial  et 
al.  [1984]. 

FIGURE  1.9 

"Qassicai"  seismological  methodology  breaks  the  problem  of  determining  earth 
structure  into  two  parts:  (1)  the  measurement  of  well-defined  data  functionals— 
e.g.,  the  ffavel  times  of  body  phases;  phase  and  group  velocities  of  surface  waves— 
and  (2)  the  inversion  of  these  data  for  earth  models. 

FIGURE  1.10. 

The  more  modem  methodology  of  waveform  inversion  computes  the  differences 
between  the  observed  seismograms  and  synthetic  seismograms  and  inverts  these 
difFerential  seismograms  directly  for  earth  structure. 

FIGURE  1.11. 

The  methodology  discussed  in  this  thesis  combines  the  advantages  of  the  classical 
approach  with  those  of  waveform  inversion.  Measurements  of  time-like  data 
functionals  are  made  using  synthetic  seismograms  to  account  for  wave  effects;  e.g., 
caustic  phase  shifts,  dispersion,  and  diffraction.  These  data  are  subsequently 
inverted  for  earth  models.  By  separating  the  measurement  process  from  the 
inversion  process,  the  significance  of  the  data  and  the  robustness  of  the  modeling 
can  be  more  easily  assessed  than  in  a  one-step,  "black-box"  waveform  inversion 
scheme.  The  technique  provides  a  uniform  methodology  for  inverting  body-wave, 
surface-wave,  and  other  types  of  wave  groups  from  three-component  data. 
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Chapter  2 


Waveform  analysis  of  Narrow-band  Seismograms 


Introduction 

Cross-correlation  has  played  an  important  role  in  structural  seismology  ever  since 
advances  in  digital  computing  made  the  Fourier  transform  a  standard  time-series  analysis 
tool.  In  particular,  analysis  of  the  cross-correlation  function  has  two  distinct  advantages 
over  processing  of  the  individual  signals.  First,  the  Fourier  phase  spectrum  of  the  cross- 
correlation  between  two  real  time  series,  g(t)  and  h(t),  is  simply  the  phase  difference  of  the 
input  time  series: 
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where  the  superscript  *  denotes  die  complex-conjugate  operator  and  we  have  assumed  the 
Fourier  convention  g(t)  =  ^  J  g(<o)  exp(-/<or)  dco.  is  the  phase  spectrum  of  h(<o). 
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is  the  phase  spectrum  of  g{Ci)),  and  -  <pg  is  the  phase  spectrum  of  the  cross- 
correlation  function.  Second,  the  cross-correlation  function  has  a  higher  signal-to-noise 
ratio  than  the  individual  signals,  due  to  cancellation  of  the  uncorrelated  noise.  These 
properties  have  been  exploited  by  a  number  of  investigators  in  seismology.  Aki  [1964] 
cross-correlated  transverse  and  radial  component  records  at  the  same  station  in  order  to 
obtain  the  phase  difference  between  Love  and  Rayleigh  waves.  Landisman  et  al.  [1969] 
determined  inter-station  phase  and  group  velocities  of  surface  waves  using  cross¬ 
correlation.  Dziewonski  and  Landisman  [1970]  computed  the  autocorrelation  of  a 
seismogram  and  used  multiple-filter  analysis  and  time-variable  filtering  to  measure  the 
differential  phase  and  group  delay  between  mantle  waves  such  as  Rs  and  R-j.  Cross- 
correlation  has  also  been  applied  to  body-wave  studies  for  the  estimation  of  differential 
travel-times,  such  as  ScS2-ScS  [Okal  and  Anderson,  1975;  Sipkin  and  Jordan,  1976;  Stark 
and  Forsyth,  1983]  and  SS-S  [Stark  and  Forsyth,  1983;  Kuo  et  al.,  1987;  Woodward  and 
Masters.  1989;  Sheehan  and  Solomon,  1989]. 

Synthetic  seismograms  have  expanded  the  application  of  cross-correlation.  Aki 
[1960]  defined  a  "phase  equalization"  technique  where  he  cross-correlated  a  waveform 
which  included  the  effects  of  propagation  and  instrument  response  in  order  to  study  the 
source  function.  Dziewonski  et  al.  [1972]  introduced  the  residual  dispersion  analysis  of 
surface  waves  for  the  recovery  of  group  velocity,  based  the  cross-correlation  of  a  synthetic 
mode  and  the  observed  seismogram.  Herrin  and  Goforth  [1977,  1986]  developed  the 
phase-matched  filtering  technique  to  recover  group-velocity  curves  by  the  iterative  cross- 
correlation  of  a  filter  computed  from  a  trial  group-velocity  curve  and  an  observed 
seismogram.  Lemer-Lam  and  Jordan  [1983]  developed  a  waveform-inversion  formalism 
for  fundamental  and  higher  tiKxie  data,  using  cross-correlation  to  isolate  the  traveling  wave 
branch  of  interest.  Cara  and  L^v^ue  [1987]  parameterized  the  envelope  of  cross- 
correlation  between  a  synthetic  mode  and  the  observed  seismogram  in  terms  of  "secondary 
observables”  such  as  attenuation  and  group  delay.  Cross-correlation  of  synthetic 


45 


seismograms  with  data  have  also  been  used  to  measure  differential  body-wave  travel  times 
such  as  S  [Hart,  1975;  Hart  and  Butler,  1978]  and  SS  [Butler,  1979]. 

In  this  chapter,  we  present  the  tools  which  form  the  core  of  our  waveform-analysis 
procedure.  We  introduce  an  isolation  filter  composed  of  a  single  waveform  and  expand  its 
autocorrelation  in  terms  of  Hermite  polynomials  in  the  frequency  domain.  We  show  that 
the  expansion  may  truncated  at  second  order  if  the  spectrum  is  strongly  peaked  and 
accurately  described  by  a  few  of  its  low-order  moments,  a  situation  which  may  be  enforced 
by  the  applicadon  of  a  narrow-band  filter.  Using  a  first-order  Taylor  series  expansion  of 
differendal  wavenumber,  we  derive  a  formula  for  the  cross-correlation  of  the  isolation  filter 
with  the  observed  seismogram.  The  formula  is  parameterized  in  terms  of  a  differential 
phase  delay,  differential  group  delay,  and  differential  amplitude  factor.  We  develop  this 
methodology  first  for  the  example  of  an  isolated  waveform,  where  the  interaction  or  cross 
terms  between  the  isolation  filter  and  the  synthetic  and  observed  seismograms  may  be 
neglected.  We  illustrate  the  technique  with  an  example  and  demonstrate  how  the  recovered 
parameters  may  be  interpreted  using  Rayleigh’s  principle.  We  then  relax  the  isolated- 
waveform  restriction  and  derive  expressions  for  the  contribution  of  the  cross  terms.  We 
conclude  the  chapter  with  a  discussion  on  the  implementation  of  this  methodology  and  the 
interpretation  of  the  observable  parameters. 

The  technique  is  best  described  in  the  context  of  a  simple  numerical  experiment. 
Consider  the  two  continental  structures  discussed  in  Chapter  1:  SNA,  a  model  of  stable 
Nonh  America  derived  by  forward  modeling  of  S//-polarizcd  waveforms  of  multiply 
reflected  shear  waves  [Grand  and  Helmberger,  1984],  and  EU2,  a  model  ot  northern 
Eurasia  derived  by  waveform  inversion  of  fundamental  Rayleigh  waves  and  PSV-polarized 
higher  modes  [Lemer-Lam  and  Jen^dan,  1987].  The  average  upper-mande  shear  velocity  in 
SNA  is  significandy  greater  than  in  EU2,  evidendy  due  in  part  to  genuine  path  differences 
and  in  part  to  strong  polarization  anisotropy  in  the  upper  mantle  [Lemer-Lam  and  Jordan, 
1987;  Gee  and  Jordan,  1988].  These  hypotheses  are  discussed  in  Appendix  F;  here  we 
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simply  consider  the  two  models  to  be  representative  of  differences  in  regional  upper-mantle 
structure  that  a  seismologist  might  seek  to  determine  by  waveform  measurements.  The 
specific  problem  we  pose  is  to  estimate  the  Love  and  Rayleigh-wave  dispersion  of  SNA 
using  EU2  as  a  reference  model.  This  is  a  rigorous  test  of  our  methodology,  since  the 
differences  between  seismograms  predicted  by  these  models  are  greater  than  those  between 
observed  seismograms  and  the  appropriate  synthetic  seismograms  (recall  Figures  1.7  and 
1.8). 

METHODOLOGY 


Isolation  filter 

The  basis  of  the  waveform-analysis  procedure  described  in  this  the  is  is  the 
construction  of  an  isolation  filter  7(0.  defined  in  (1.4)  as  a  weighted  sum  over  synthetic 
waveforms: 


7(0  =  X  ctm  (0  ♦  Mm(0 

m  =  0 


(2.2) 


In  our  formulation,  we  consider  the  u„{t)  to  be  individual  traveling-wave  branches 
[Gilbert,  1976a;  Lemer-Lam  and  Jordan,  1983],  calculated  for  a  chosen  reference  model 
iHo,  and  the  Sm  are  frequency-dependent  weight  coefficients.  In  this  chapter,  we  focus  on 
the  special  case  of  an  isolation  filter  that  corresponds  to  a  single  waveform,  such  as  an 
individual  surface  wave,  and  take  the  coefficients  S;^  to  be  zero  for  all  but  one  value  of  m, 
where  it  is  assumed  to  be  unity: 


7(0  =  Mm(0 


(2.3) 
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For  the  problem  posed  above,  therefore.  J(t)  is  simply  the  fundamental-mode  surface 
wave,  calculated  from  the  reference  model  EU2.  Examples  of  transverse  and  venical- 
component  synthetic  seismograms  calculated  from  EU2  and  SNA  corresponding  to  an 
earthquake  in  Kamchatka  (83A)8/17,  A  =  77  km)  recorded  at  the  Global  Digital  Seismic 
Network  (GDSN)  station  KONO  in  Norway  (A  =  63°)  are  plotted  in  Figure  2.1. 

Isolated-wav^orm  approximation 

The  cross-correlation  of  the  single-waveform  isolation  filter  with  the  complete 
synthetic  seismogram  may  be  written  as  the  sum  of  two  terms: 


Czsit)  =  u„(t)^s(t)  =  u„it)s(t+t)dt 


am 

=  j  u„ 


M  a« 

=  j  Um(^)u„(T+t)dT  +  ^  j  Um(T)u, 


,(r+f)  dT 


{n*m) 


u^((u)pe-‘®'d(i>  + 


oo 

^  I  f 

/»  =  0  J 


,(w)  e-""'da)(2.4) 


(n  ^  m) 


The  first  term  in  (2.4)  is  the  autocorrelation  term  of  Ci;j(r)  while  the  second  term  represents 
interference  or  cross-term  contributions.  If  u„{t)  is  isolated  on  the  seismogram  from 
interfering  arrivals,  then  the  autocorrelation  term  will  dominate  the  sum  near  the  peak  of  the 
cross-correlation,  and  we  may  make  an  "isolated-waveform  approximation''  by  neglecting 
the  interaction  terms: 


C;;{r)  »  C33(0 


(2.5) 


where  CuM  is  the  autoccffreladon  of  u„(t).  This  approximation  is  only  valid  for  :  near  t  = 
0,  as  the  cross-teim  contributions  will  be  significant  away  from  the  peak  of  the  correlation 
function.  We  shall  abandon  this  approximation  later  in  this  chapter  and  discuss  the 
contribution  of  the  interference  terms. 

Autocorrelation  function 

Czzit)  is  a  symmetric  function  peaked  at  zero  lag  (Figure  2.2)  whose  real-valued 
Fourier  spectrum  Calico)  is  the  squared  modulus  of  the  complex  Fourier  spectrum  UmiiO) 
(Cuu(o))  =  Um(0i)  Um(oy)  =  Before  proceeding  further,  it  will  be  useful  to  develop 

the  properties  of  this  autocorrelation  function  in  terms  of  Hermite  polynomials.  We  shall 
introduce  them  briefly  here,  deferring  an  extended  discussion  of  their  propenies  to 
Appendices  A  and  B. 

W  -  expand  the  spectrum  Cjjfcu)  on  the  positive  co-axis  in  terms  of  an  unnormalized 
Gaussian,  Ga(j:)  s  exp(-j:%),  multiplied  by  a  sum  over  Hermite  polynomials,  He^fjc): 

CsuC©)  H((0)  =  Gal^l  X  fltHe*  (2.6) 

m  If  \  Of  )  *  *  0)r  / 


where  H(co)  is  the  Heaviside  step  function,  ay  is  a  location  parameter,  and  oy  is  a  scale 
parameter.  This  expansion  is  based  on  the  approximation  that  is  small  near  a)=0. 

The  Hermite  polynomial  of  degree  k  is  defined  by  the  expression 


[*/2) 

Het(jc)  =  1:!  X 

7  =  0 


(-l/2yx>‘-y 

jHk-2j)\ 


(2.7) 
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where  (it/2]  is  the  largest  integer  <  kl2.  Sansone  [1959],  Szego  [1959],  and  Lebedev 
[1965]  give  further  definitions  and  properties;  in  particular,  on  the  interval  the 

functions  (HetU) :  /t  =  0,  1,  2,  ...}  are  complete  and  orthogonal  with  respect  to  the 
Gaussian  weight  Ga(ac).  The  coefficients  in  (2.6)  are  real  and  given  by 


where  ^tp(cty)  is  the  pth  normalized  one-sided  moment  of  Czuico)  about  (0=  cof 


(2.10) 


If  CsuiCD)  is  normalized  such  that  ^(0)  =  1,  then  ao  =  L  If  the  location  parameter  (Of  is 
chosen  to  be  the  center  frequency  of  CjiCco)  0)^=  O)-^i(O)),  then  oi  =  0.  Finally,  if 
the  scale  parameter  Of  is  the  half-width  of  Csuico)  {i.e.,  1  =  then  =  0.  With 

these  choices,  the  zeroth-order  term  of  the  Hermite-polynomial  expansion  represents  the 
Gaussian  approximation  to  Cunioi),  and  the  first  correction  term  is  third-order.  We  shall 
assume  this  representation  throughout  the  thesis. 

The  expansion  described  by  (2.6),  (2.7),  and  (2.8)  is  known  as  a  Gram-Charlier 
series  in  statistics  [Jackson,  1961;  Rietz,  1971]  and  is  used  to  represent  arbitrary 
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distributions  in  terms  of  the  derivatives  of  the  normal  distriburion.  Funher  details  about  the 
representation  of  real  functions  using  Gram-Charlier  series  may  be  found  in  Appendix  A, 
which  catalogs  theorems  for  the  manipulation  of  Hermite  polynomials  and  discusses  the 
higher-order  terms  of  the  expansion. 

This  representation  of  Cjjftu)  has  two  advantages.  First,  the  convenient  Fourier- 
transform  properties  of  Hermite  polynomials  (Hille,  1926]  yield  a  simple  series  expression 
for  its  time-domain  image: 


(2ji)3/2  Of 


*  =  0 


2n 


Ga  {Oft)  X  cos(ayr  +  * 


i  =  0 


^  Ga  (CT/t)  {cos(<iyr)  (1  +  04  (ctyO**  -  os  +  ■  •  •] 

+  sin(fflrr)  [qj  {(Oftf  -a^yf  {(Oftf  -»-•••]}  ^ 


where  Yf  s  Ojloif  is  a  measure  of  the  relative  bandwidth  of  the  signal.  This  expression  has 
the  form  of  a  Gaussian  envelope  with  half-width  o^~*  multiplied  by  harmonic  carrier 
function  and  a  power  series  in  r.  Second,  because  CuS(o>)  is  expected  to  be  peaked  in  the 
pass-band  of  the  instrument  response,  (2. 1 1)  can  usually  be  approximated  by  its  first  few 
terms.  If  terms  of  third  and  higher  order  may  be  neglected,  then  we  obtain  the  standard 
"wave-packet"  approximation  [e.g.,  Bracewell,  1978]  by  neglecting  terms  of  order 

=  £(t)cos^0  (2.12) 


where  £(0  and  <^t)  are  defined  by 
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£(0  =  ^  Gafoyr) 

(2.12a) 

III 

(2.12b) 

In  other  words,  the  autoconelation  function  of  the  isolation  filter  can  be  represented  as  a 
cosinusoidal  "carrier"  modulated  by  a  Gaussian  "envelope."  The  carrier  frequency  is  the 
center  hnequency  of  C^(o)),  ayv  tuid  the  half-width  of  the  envelope  is  the  inverse  of  the 
spectral  half- width.  Of.  Because  equation  (2.12)  corresponds  to  taking  the  spectrum 
Cs;(co)  to  be  Gaussian,  we  refer  to  it  as  the  "Gaussian-wavelet  approximation." 

Figure  2.2  compares  the  actual  autocorrelation  function  computed  from  the 
fundamental-mode  Love  and  Rayleigh  waves  (solid  line)  with  that  obtained  from  the 
Gaussian-wavelet  approximation  (dashed  line).  The  fit  is  quite  good  near  zero  lag, 
degrading  at  tl  s  shoulders  of  the  correlation  functions  due  to  the  non-Gaussian  character  of 
the  spectra.  Since  seismic  signals  do  not  have  narrow-band  Gaussian  spectra  in  general, 
we  enforce  the  Gaussian  approximation  by  convolving  a  series  of  narrow-band  filters  (F,-:  i 
=  1,  ...  ,  I)  with  varying  center  frequencies  ty,  and  half- widths  a,  to  the  broad-band 
ccHTclation  Cjs(f): 


f  As(0  =  ^i(0  *  C3s(t) 


(2.13) 


where  the  FiC^sU)  is  the  filtered  autocorrelation  function.  We  may  represent  an  arbitrary 
filter  by  expanding  Fj(Q))  along  the  positive  axis  in  terms  of  Hermite  polynomials: 


Fi(0))  H(o»  =  y^Ga  (2.14) 


m=0 
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where  the  coefficients are  linear  combinations  of  the  spectral  moments  of  F.(.  oj).  We 
have  worked  out  the  details  of  filtering  with  Gram-Charlier  expansions  in  Appendix  B. 
making  use  of  the  theorems  developed  in  Appendix  A.  In  the  present  application,  we  take 
F,(o))H(q))  to  be  exactly  Gaussian 

F.  ( (o)  H(  (O)  =  Ga  (2.15) 

and  assume  that  F,<Ct))  is  small  near  (0  =  0.  The  expression  for  the  filtered  autocorrelation 
resembles  that  of  the  broad-band  correladon  function,  but  is  written  as  a  power  series  in  yi' 


_J - 


Ga(o-jr)X  bi 

1  =  0 


,1.1 

y^  (£u,  t)  cos  (ct),  r -t- 


(2.16) 


where  <uj'  is  the  weighted  center  frequency 


a!  = 


(2.17) 


and  a/ is  the  weighted  half-width 


.'2 


of-t-o^ 


(2.18) 


Using  the  scale  and  shift  theorems  developed  in  Appendix  A,  we  can  manipulate  the 
Hermite  polynomials  and  compute  an  expression  for  the  b;  coefficients.  The  details  of  this 
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formulation  may  be  found  in  Appendix  B;  the  coefficients  depend  on  the  parameters  of  Cjs 
and  the  filter 


b,  =  I  ”1  y  i  y  , 

'  )  .to 


‘2m+>+/ 


(2m+>f/)!  (-1/2)'" 

1  ^  \ 

(/•+/)!  mi 

\af+a^l 

fa 


19) 


The  sum  over  m  arises  from  the  scale  thetmm  (A.l  1)  and  converges  for  all  values  of  Of 
and  <7i.  The  sum  over  j  proceeds  firom  the  shift  theorem  (A.7),  and  is  well-behaved  as  long 
as  which  is  simply  a  requirement  that  the  filter  center  frequency  lie 

within  the  bandwidth  of  the  signal.  Finally,  the  b/  depend  on  the  ratio  ap-  / 
which  is  always  less  than  1. 

If  X' «  1,  we  may  make  the  Gaussian-wavelet  approximation  by  neglecting  terms 
of  order 


FjCssCO  =  £(r)  cosftKt) 


(2.20) 


where  £(r)  and  0(f)  are  defined  by 


£(„  =  _L^3_GaU^ 

(2i)Wo;<v 


Ga(o;.f) 


(2.20a) 


0(f)  =  m,f 


(2.20b) 


Figure  2.3  illustrates  the  comparison  between  (2.20)  (dashed  line)  and  the  filtered 
autocorrelation  of  the  fundamental-mode  Love  and  Rayleigh  waves  (solid  line)  for  several 
filten. 
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Yi'  is  the  fundamental  control  parameter  in  the  Gaussian-wavelet  approximation 
(2.20).  It  measures  the  nanowness  of  the  spectrum  relative  to  its  center  frequency.  In  the 
case  of  the  unfiltered  autocorreladon  function,  =  jf,  which  is  of  order  0.25  for  our 
fundamental-noode  example.  From  Figure  2.2,  we  see  that  the  Gaussian-wavelet 
approximation  is  quite  good  for  one  cycle  about  the  peak  of  the  but  breaks  down  at 
greater  lag.  We  generally  apply  filters  with  a  fixed  ratio  of  Oj  /  ty,  of  0. 1.  The  resulting 
values  of  y{  are  near  0.1,  which  improves  the  time-domain  fit  of  the  Gaussian-wavelet 
approximation  considerably  (Figure  2.3).  Implicit  in  this  approximation  is  the  assumption 
that  the  applied  filter  may  be  described  by  a  few  of  its  low-order  moments.  The  application 
of  an  extremely  narrow  boxcar  filter  would  not  be  well-described  by  the  Gaussian-wavelet 
approximation. 

Cross-correlation  function 

Now  we  consider  the  cross-correlation  between  the  isolation  filter  and  the  observed 
seismogram,  Cjr,(t)  =  u„(t)  ®  s(r).  If  u^(f)  is  reasonably  well-separated  from  other 
energy  on  the  observed  seismogram,  then  we  may  neglect  the  interaction  terms  near  the 
peak  of  the  cross-correlation  function,  as  we  did  in  the  case  of  the  complete  synthetic 
seismogram: 


C3,(0  -  Ci;.(r)  (2.21) 

Ciuit)  will  not  be  the  same  as  C;;:(t)  (Figure  2.4)  due  to  differences  in  propagation,  which 
we  hope  to  measure,  as  well  as  differences  between  the  actual  and  assumed  source  function 
and  instrument  response,  which  we  ignore,  at  least  for  the  present  discussion.  We  suppose 
the  actual  waveform  has  a  spectrum  that  is  related  to  the  synthetic  u,^  by  a  differential 
response  operator  D^, 
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u„io))  =  D„(co)  u„iO))  (2.22) 

With  this  parameterization,  the  expression  for  the  filtered  cross-correlation  function 
f^iCuuit)  has  the  following  fonn: 


D„(n))  F,(a))  e-‘“» '  da 


(2.23) 


At  this  point  that  we  adopt  a  traveling  wave,  rather  than  standing  wave,  representation  of 
the  seismogram  and  write  the  differential  response  in  the  form  DJia)  =  exp[i&^(a))x], 

where  Dq  is  a  real-valued  constant,  x  is  the  propagation  distance,  and  Sk^  (CO)  s  kjco)  - 
is  the  complex- valued  differential  wavenumber  between  the  mth  observed  and 
synthetic  branches.  Since  we  are  interested  in  measuring  the  differential  dispersion  as  a 
function  of  frequency,  we  expand  the  latter  in  a  Taylor  series  about  the  center  frequency  of 
the  filtered  autocorrelation: 

5k„((o)  X  -  [&m(<»i)  +  (o>-(o\)  Sc„((Oi)  +  ^  (co-cof  dic„((o-)  +  -..]x 

-  m.*^(<u,)  +  (a>-®,.)[5rj‘((»i)  +  i 0)^)1  +  ^(co-cof  StT^ico])  +  •••  (2.24) 


where  the  "superdot"  denotes  the  derivative  with  respect  to  o).  5tJ(ct>i')  =  x  Re{  5fc;„(a),') ) 
/  0)i'  is  the  differential  phase  delay  at  the  center  frequency  oj^' ;  S^((0i')  2  x  Re  { Sk^Co,') ) 
is  the  differential  group  delay;  S^(<0i')  s  x  Im(  A^icOi') )  is  a  differential  amplitude  factor, 
and  5r7  HcOj')  a  x  dk„(o)j')  measures  the  differential  curvature  of  the  dispersion  function 
and  is,  in  general,  a  complex  constant 

We  shall  consider  two  separate  approximations  to  (2.24).  The  first,  when  we 
neglect  terms  greater  than  the  second,  is  a  quadratic-dispersion  approximation.  The 
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second,  when  we  neglect  tenns  greater  than  the  first,  is  a  linear-dispersion  approximation. 
Figure  2.5  displays  the  real  part  of  the  differential  dispersion  between  the  models  EU2  and 
SNA  (solid  line)  with  the  linear  (long  dashes)  and  quadratic  approximations  (short  dashes) 
for  the  fundamental  Love  and  Rayleigh  wave.  In  this  example,  we  shall  show  that  the 
linear-dispersion  approximation  is  generally  sufficient  for  most  applications,  as  long  as  the 
signal  is  sufficicniiy  narrow-band.  However,  we  will  return  to  the  quadratic-dispersion 
appTDximadon  later  in  Chapter  3. 

Quadratic-dispersion  approximadon.  By  neglecting  terms  of  order  higher  than  the  second 
in  (2.24),  we  make  a  quadratic-dispersion  approximation.  With  this  parameterization  of 
differential  wavenumber,  we  solve  for  fjCj*!/): 

f,C:.(r)  =  Re{  — L-r  OJ  Oal  exp[(cr,&i")^/21 

«* 

X  X  Cj  iaz{t-8xg)i  cxpH{a)iU-5rp)-(y}Sta{t-5Tg)+j^)]  }  (2.25) 

j  =  0 

where  the  Cj  coefficients  axe  complex  and  depend  on  the  coefficients  of  the  filtered 
autocorrelation,  the  differential  attenuation,  and  differential  curvature; 

Cy  =  £  (^•'j  (-(TrO*  (2.26) 

1  =  0 


In  this  expression  for  the  filtered  cross-correlation  function,  the  quadratic-dispersion  term 
enters  only  through  the  effective  half-width  a/. 


(2.27) 
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where  df  a  U&if.  If  o  ‘  ^  then  »  o{ ,  allowing  us  to  control  the  effect  of 

2 

quadratic  dispersion  through  the  parameters  of  the  narrow-band  filter.  Of  course,  Sd^  is 

proportional  to  the  epicentral  distance,  which  means  that  the  effect  of  quadratic  disperskm 

2 

will  increase  with  distance.  The  maximum  value  of  Re  { 5f7  )  Irom  EU2-SNA  at  70°  for 
the  fundamental  Love  wave  is  1489  s^  at  22  mHz;  the  maximum  value  for  the  fundamental 
Rayleigh  wave  is  1640  s^  at  38  mHz.  These  values  imply  that  a  y(  of  O.I  or  so  (which  is 
typical  of  the  values  we  employ)  is  sufficient  to  control  the  contribution  of  quadratic 
dispersion  in  this  extreme  case.  A  more  detailed  discussion  of  the  effect  of  quadratic 
dispersion  is  included  in  Appendix  D. 

Unear-dispersion  appraodmadon.  Since  the  effect  of  quadratic  dispersion  can  be  controlled 
by  filtering,  we  may  approximate  (2.24)  by  truncating  the  Taylor  series  expansion  after  the 
first  term,  a  common  assumption  in  seismology  [Dziewonski  et  ai,  1972].  Under  the 
linear-dispersion  approximation,  the  complete  Gram-Charlier  expansion  of  F/C  M  has  the 
following  form: 

FfiiM  =  ^  DJ  e«p((o-;&i")^21  Gafojct-St,")) 

S  coslalu-SrP)  -  a^STait-Sr^  +  j  (2.28) 

/*o 

The  coefficients  dj  depend  on  the  expansion  coefficients  of  the  filtered  autocorrelation  and 
on  the  difTerendal  aoenuadon  parameter 

;=o 
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Figure  2.6  compares  the  analytic  linear  and  quadratic  approximations  (equations  (2.25)  and 
(2.28))  with  the  filtered  cross-correlation  functions  in  the  case  of  the  EU2-SNA 
comparison  (fundamental  mode)  for  various  values  of  y/,  demonstrating  that  the  effect  of 
quadratic  dispersion  may  be  controlled  through  tte  approfmate  choice  of  filter  parameters. 

In  the  situation  where  Yi  «  1,  we  may  make  the  Gaussian  narrow-band 
approximation  by  neglecting  terms  of  third  and  higher  order 

=  E(t)cosC>{t)  (2.30) 


where  £(r)  and  <J(r)  are  defined  by 


E(t)  =  — L 


(2ff)^^ 


-3L_DS‘expf«r;&b‘)^/21  Ga(-^Q^ 


Ga(o;.(r-5r/’))  (2.30a) 


dXO  =  co^it-Sx^  -  o]^5dt-5t^) 


(2.30b) 


As  with  the  autocorrelation,  may  be  represented  as  a  cosinusoidal  "carrier” 

modulated  by  a  Gaussian  "envelope."  The  envelope  function  reaches  a  maximum  at  the 
time  of  the  differential  group  delay  {tg  =  5t^),  a  result  which  is  the  basis  of  cross- 
correlation  techniques  for  the  recovery  of  surface-wave  dispersion,  such  as  the  residual 
dispersion  method  of  Dziewonski  et  al.  [1972]  and  the  phase-matched  filtering  technique  of 
Herrin  and  Goforth  [1977].  The  maximum  of  the  carrier  function,  however,  occurs  at  the 
time  of  the  differential  phase  delay,  with  a  correction  term  for  differential  amplitude  (r^= 
+  Yi^Oii  -  5fJ)  +  0(71**),  with  a  Inn/oif  ambiguity).  The  peak  of  the 

cross-correlation  function  is  determined  by  the  equation: 
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E(t)mt)  =  4>(t)  lindKi) 


:2.31) 


By  linearizing  the  tangent  near  the  peak  of  the  phase  function,  we  find  an  expression  for 
Stc,  the  peak  of  the  cross-correlation  function: 


= 


_  Stg  (St^-StP)  +  2nn  (cn,-  -  5r”) 


'2  ■%  '  '2  c*  '2 

CD,.  -  2  0),  tj;  STa  +  (Tj 


(2.32) 


where  we  have  neglected  terms  of  order  Thus,  to  order  the  peak  of  the  cross- 
correlation  function  occurs  at  the  time  of  the  differential  phase  delay  at  <u,'  [Sipkin  and 
Jordan,  1980;  Jordan,  1980].  However,  if  the  difference  between  ^r^and  is  greater 
than  a  cycle-skipping  problem  will  arise.  Figure  2.7  illustrates  the  dependence  of 
the  cross-correlation  function  upon  these  parameters. 

Cross-correlation  travel  times.  There  has  been  considerable  discussion  in  the  literature 
[Sipkin  and  Jordan,  1976;  Butler,  1977;  Sipkin  and  Jordan,  1980;  Jordan.  1980;  Stark  and 
Forsyth,  1983]  about  the  meaning  of  cross-correlation  travel  times,  i.e.,  differential  travel 
times  determined  by  the  peak  of  the  cross-correlation  function.  At  issue  is  the  approach  of 
using  cross-correlation  to  measure  the  differential  travel  time  between  two  phases  with 
distinct  attenuation  histories.  For  example,  Okal  and  Anderson  [1975]  and  Sipkin  and 
Jordan  [1976]  measured  the  differential  travel  times  of  multiple  ScS  pulses  by  cross- 
correlating  ScSn  with  ScSn-  While  Sipkin  and  Jordan  [1976]  discussed  the  frequency 
dependence  of  travel  time  introduced  by  attenuation  and  noted  that  their  values  represented 
measurements  at  a  specific  reference  frequency,  Butler  [1977]  contended  that  the  travel 
times  measured  by  this  technique  are  biased  by  attenuation  with  respect  to  those  values 
determined  by  visual  inspection  of  the  seismogram. 


The  phase  delay  time  of  a  body  wave  is  a  well-known  function  of  frequency  in  the 
presence  of  attenuation  [Aid  and  Richards,  19801.  To  first  order  in  Q-^-. 

Tp(a))  =  Tp(OJb)  [1  -  47  (2.33) 

KQ  Qlo 

where  cOo  is  the  reference  frequency.  Using  this  relation,  Sipkin  and  Jordan  [19801  and 
Jordan  [19801  showed  that  the  peak  of  the  cross-correlation  function  is  a  measure  of  the 
differential  phase  delay  at  the  center  frequency  of  the  first-arriving  pulse  to  Hist  order,  and 
thus  did  not  require  a  correction  for  the  differential  attenuation.  Their  asymptotic  result  is 
confirmed  by  (2.32).  The  "bias"  discussed  by  Butler  [19771  is  merely  a  measure  of  the 
frequency-dependence  of  travel  time,  since  pulses  with  different  attenuation  histories  will 
have  different  center  frequencies.  TTie  approach  of  creating  a  "synthetic"  waveform  by 
windowing  an  arrival  and  applying  an  appropriate  attenuation  operator  before  cross- 
correlation  [Stark  and  Forsyth,  1983;  Kuo  et  aL,  1987;  Woodward  and  Masters,  1989; 

Sheehan  and  Solomon,  19891  removes  the  ambiguity  of  the  reference  frequency,  but  is  not 
necessary  in  order  to  interpret  cross-correlation  travel  times.  In  our  work,  estimating  the 
reference  frequency  is  part  of  the  processing  operation,  and  we  shall  always  refer  to  a  travel 
time  at  a  particular  reference  frequency. 

Example 

In  order  to  test  our  approach,  we  have  applied  this  methodology  to  a  synthetic 
example  of  an  isolated  fundamental  mode  (Figure  2.8).  In  the  first  step,  we  compute  the 
autoccnreiation  of  u^t),  apply  a  narrow-band  filter,  and  fit  expression  (2.20)  to  the  filtered 
autocorrelation  function  in  order  to  estimate  O),'  and  a,'  (Figure  2.3).  In  the  second  step, 
we  compute  the  cross-correlation  between  <2^(0  and  apply  the  narrow-band  filter, 
and  fit  equation  (2.30)  to  the  filtered  cross-correlation  function  with  to,'  and  tr,'  fixed  in 

I 

■  1 
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order  to  estimate  and  Sr^icOj')  (Figure  2.9).  Steps  one  and  two  are 

performed  iteratively  for  a  series  of  narrow-band  filters.  In  the  final  step,  we  correct 
for  cycle-skipping,  a  problem  alluded  to  in  the  previous  section.  If  the  difference  between 
the  differential  group  and  phase  delays  is  more  than  a  cycle,  our  estimate  of  will 
contain  a  iTWJta  ’  ambiguity.  This  will  introduce  discontinuities  in  the  differential  phase 
function,  which  we  expect  to  be  a  smooth  function  of  frequency  (Figure  2. 10a).  However, 
we  may  use  our  estimate  of  to  predict  the  variation  of  differential  phase  delay  with 
frequency  and  thus  identify  cycle-skipping  offsets: 


(2.34) 


where  we  have  used  the  fact  that  phase  velocity  is  colk  and  group  velocity  is  datidk.  Thus, 
if  we  assume  that  some  value  of  is  not  contaminated  by  cycle-skipping,  we  may  revise 
the  other  est  nates  by  checking  the  numerical  derivative  of  phase  delay  with  the  estimate  of 
group  delay.  In  practice,  we  assume  that  the  lowest  frequency  estimate,  typically  10  mHz, 
is  unaffected  by  cycle-skipping.  This  is  a  reasonable  assumption;  even  in  the  extreme 
example  of  EU2-SNA,  does  not  exceed  100  s. 

Figure  2.106  illustrates  our  estimates  of  and  (squares)  as  a  function 

of  frequency  in  the  isolated  waveform  example  with  the  actual  EU2-SNA  dispersion  and 
attenuation  (solid  line)  after  correction  for  cycle  skipping.  The  estimation  of  the  phase 
delay  is  excellent,  to  within  one  second  of  the  predicted  values.  The  estimation  of  group 
delay  is  also  quite  good.  There  is  greater  error  in  the  estimation  of  than  in  either  the 
phase  or  group  delay,  which  reflects  the  inherent  difficulty  of  amplitude  measurements. 

INTERPRETATION 

We  refer  to  the  parameters  d^,  Si!^,  and  as  generalized  data  functionals.  They 
are  functions  of  model  parameters  (a,  p,  p),  which  are  in  turn  functions  of  position  (r,  9, 


62 


(p).  The  advantage  of  techniques  such  as  the  one  described  in  this  thesis  over  waveform 
inversion  is  that  the  recovered  parameters  may  be  interpreted  using  variational  principles. 
In  particular,  we  make  use  of  Rayleigh's  principle  [Backus  and  Gilbert,  1967;  Woodhouse, 
1976;  Woodhouse  and  Dahlen,  1978],  which  states  that  on  average  the  total  kinetic  energy 
of  the  vth  noinal  mode  is  equal  to  its  total  potential  energy: 


0^  (  [Uiir)  +  Vlir)  +  WUr)]  p(r)  r^dr 
Jo 


[Kv(r)K(r)  +  MyJir)^r)  +  rw(r)]  dr 


(2.35) 


where  o\,  is  the  eigenfrequency;  Ujir),  Vj^r),  and  WJir)  are  the  radial  scalars;  Kjir)K{r)  is 

a 

the  compressional  energy  density;  M^Jr)ix(r)  is  the  shear  energy  density;  dr  is 

the  gravitational  potential  energy;  and  a  is  the  radius  of  the  Earth.  The  mode  index  v  is  a 
function  of  the  radial  order  number,  the  angular  order  number,  and  the  azimuthal  order 
number.  Rayleigh's  principle  is  a  statement  that  the  first  variation  in  eigenfrequency  of  a 
normal  mode  due  to  a  variation  in  the  eigenfunction  is  zero.  This  stationarity  may  be 
exploited  to  calculate  the  eigenfrequency  shift  due  to  small  changes  in  the  model 
parameters' 


ov  2 


(ATvfrXr) 


(2.36) 


where  we  only  consider  penurbations  to  the  radial  distribution  of  isotropic  elastic 
parameters.  SoK  is  the  perturbation  to  eigenfrequency  of  the  vth  normal  mode  at  constant 
wavenumber,  KyJljr)idj)  is  the  Frechei  kernel  for  the  normalized  penurbation  to  bulk 
modulus  5k/k,  M^^r)n(r)  is  the  Fr^chet  kernel  for  the  normalized  perturbation  to  shear 
modulus  Sfi/n,  and  Rv(r)p(r)  is  the  Frfchet  kernel  for  the  normalized  penurbation  to 
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density  Sp/p.  Explicit  expressions  for  the  Frechet  kernels  may  be  found  in  Backus  and 
Gilbert  [1967],  Woodhouse  [1976],  and  Woodhouse  and  Dahlen  [1978]  and  are 
reproduced  in  Appendix  C  for  completeness.  We  may  rewrite  this  formulation  of 
Rayleigh's  principle  in  order  to  make  the  dependence  on  compressional  and  shear  velocity 
more  explicit: 


So)y  _  1 

OK  2 


Sp(r) 


(2.37) 


where  =  p(r)  o?{r)  K^r)  is  the  Frechet  kernel  for  compressional  velocity,  K^(.r)  = 
pii')  (A/v(r)  -  4/3  Kv(.r))  is  the  Frechet  kernel  for  shear  velocity,  and  Kp{r)  = 

p(r)[Rv(r)  +  p(r)-i  {p(r)  MJj)  +  K(r)  Afv(''))l  is  the  Frechet  kernel  for  density.  (2.36)  and 
(2.37)  have  two  important  applications.  First,  these  expressions  may  be  used  to  predict  the 
eigcnfrcquencies  of  a  nearby  model,  from  the  eigenfunctions  and  eigenfrcquencies  of  the 
reference  model,  provided  that  8p,  and  5p  are  small.  Second,  observations  of 
eigenfrequency  shifts  may  be  used  to  calculate  deviations  from  the  reference  model  using  a 
linear  inversion. 

We  may  also  use  Rayleigh's  principle  to  calculate  the  effect  of  attenuation.  If  we 
allow  the  elasdc  parameters  in  (2.35)  to  have  a  small  complex  component,  we  find: 

Qv  =  I  [Afv(r)K(r)9^r)  +  M^r)p{r)qp{r)]dr  (2.38) 

Jo 


where  the  attenuation  pv  =  (2v"‘  of  vth  normal  mode  depends  on  the  bulk  attenuation  <7,^= 
and  shear  attenuation  Pn  =  and  we  have  neglected  the  Bequency-dependent 
variation  of  attenuation  [Backus  and  Gilbert,  1968;  Sailor  and  Dziewonski,  1978;  Masters 
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and  Gilbert,  1983].  If  we  consider  a  perturbadon  to  the  attenuadon  due  to  small  changes  in 
the  bulk  and  shear  attenuations,  we  find: 


Sqv  =  I  {KyA.rXr)q^r) 

Jo 

Tliis  expression,  similar  to  (2.36),  poses  a  linear  relationship  between  perturbations  to  the 
attenuation  and  variations  in  the  anelastic  model  parameters.  (2.39)  may  be  used  to  update 
a  reference  model  by  calculating  new  values  of  q  for  small  changes  in  Sq^  and  SQu,  or  it 
may  be  used  to  invert  observations  of  Sq^  for  perturbations  to  the  model  parameters.  In 
practice,  the  values  of  qx  and  q^i  are  so  poorly  constrained  that  (2.38)  is  generally  used  to 
invert  attenuation  measurements. 

Phase  delay 

The  differential  phase  delay  at  oi,'  arises  from  the  differential  phase  velocity 
between  and  Umit): 


&lx(r) 


+  Mv(r)Hir)q^ir)^^^]dr 


(2.39) 


5r"(a),.)  H  X 


^  dc„{0)) 

c«(<a,)  c^(a>,) 


(2.40) 


where  ?m(0Ji')  is  the  phase  velocity  of  a^(f)  at  to,',  is  the  phase  velocity  of  u„it)  at 

to,',  and  Scm  =  c(o)i')  -  ?((»,•').  In  order  to  apply  Rayleigh's  principle,  we  make  use  of  a 
result  which  converts  our  observation  of  differential  phase  velocity  at  fixed  frequency  to  an 
observation  at  fixed  wavenumber  [Dahlen,  1975]: 
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(2.41) 


where  Um  is  the  group  velocity.  We  may  now  write: 


SrP((0)  = 


[m 


Sa(r) 

cdr) 


A  Hr 


where  the  vth  normal  mode  corresponds  to  the  mth  traveling-wave  branch  at  cu,'.  Figure 
2. 1 1  displays  the  velocity  and  density  kernels  for  the  example  of  the  fundamental-mode 
Love  (a)  and  Rayleigh  (b)  at  four  sample  frequencies.  In  each  diagram,  the  400  km 
discontinuity  and  the  base  of  the  crust  are  marked  by  horizontal  lines.  At  10  mHz,  the 
Love- wave  partials  sample  the  upper  mantle  to  a  depth  of  300  km,  but  become  concentrated 
in  the  crust  with  increasing  frequency.  The  Rayleigh-wave  partials  also  become  localized  at 
shallow  depth  with  frequency,  but  remain  more  sensitive  to  upper-mantle  structure  than  the 
Love-wave  pardals.  In  addition,  the  Rayleigh-wave  kernels  display  some  sensitivity  to 
compressional  velocity  in  the  crust,  a  feature  which  becomes  more  pronounced  with 
frequency. 

We  may  use  these  kernels  to  predict  the  differential  phase  delay,  employing  the 
known  SNA-EU2  velocity  perturbations  in  (2.42).  Figure  2.12  compares  the  measured 
estimates  of  (squares)  with  the  values  predicted  by  integration  of  the  kernels  (filled 
circles).  This  test  of  first-order  perturbation  theory  is  quite  successful,  panicularly 
considering  the  large  difference  between  tlw  models.  The  systematic  overestimation  of  ^ 
is  due  to  the  linearization  of  (2.40),  not  any  limitation  of  Rayleigh's  principle. 
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Group  delay 

If  the  measurements  of  5'^  were  perfect  and  available  at  all  frequencies,  then 
estimates  of  would  be  superfluous  since  the  measurements  of  Sif^  are  sufficient  to 
reconstruct  the  entire  dispersion  curve.  However,  this  is  seldom  the  case,  and  we  wish  to 
make  use  of  the  values  of  differendal  group  delay.  It  is  possible  to  differentiate  (2.35)  with 
respect  to  wavenumber  and  construct  formulae  for  group-velocity  kernels  [Gilbert,  1976b]. 
However,  the  resulting  expressions  are  extremely  complicated  and  we  shall  not  reproduce 
them  here.  We  shall  use  the  estimates  of  differential  group  delay  to  correct  S-^  for  cycle 
skipping. 

Amplitude  delay 

The  differential  amplitude  time  arises  from  both  the  elastic  and  anelastic 

contributions  which  give  rise  to  changes  in  amplitude.  For  example,  5*^(0),')  will  measure 
the  differential  amplitude  effects  associated  with  the  complications  of  triplicated 
waveforms.  In  general,  however,  differential  attenuation  will  dominate  most  clastic 
effects.  In  this  situation,  represents  the  differential  t*  operator  (r*  =  i^/  2Q„) 
between  u„{t)  and  u^it): 

Strioii)  s  ^  (Zmlrnj)  -  rpi(o])q„ia).)] 

-  i  Sq„«o])  (2.43) 

where  is  the  attenuation  of  11^(0  at  m,',  q„  =  Q^((Ui’)  is  the  attenuation 

of  u^(t)  at  0)/,  and  Sq„  =  -  ?«(©,'). 
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SUMMARY  OF  THE  ISOLATED- WAVEFORM  CASE 

Thus  far,  we  have  considered  tlw  case  of  an  isolation  niter  composed  of  a  single 
waveform  and  assumed  that  the  interference  due  to  energy  with  similar  group  velocities 
was  negligible.  We  derived  an  expression  for  the  autocorrelation  of  the  isolation  filter 
based  on  a  Hermite  polynomial  expansion  of  Css(O)),  where  we  assumed  that  Ciisica)  was 
small  near  m  -  0.  The  time-domain  expression  for  the  autocorrelation  has  a  simple  form 
and  may  be  approximated  by  its  first  few  terms.  In  particular,  if  Csi:(Q))  is  Gaussian,  then 
Cssfr)  may  be  described  by  a  cosinusoidal  carrier  modulated  by  a  Gaussian  envelope.  In 
general,  we  wish  to  consider  signals  which  will  not  satisfy  this  constraint  We  have  shown 
that  the  application  o(  a  Gaussian  narrow-band  filter  to  the  broad-band  correlation  function 
enforces  this  approximation,  allowing  us  to  neglect  terms  of  order  greater  than  in  the 
Gram-Charlier  series  expansion.  We  considered  the  cross-correlation  between  u„  and 
Unit)  and  derived  an  expression  for  assuming  a  Taylor  series  expansion  of 

differential  wavenumber  and  neglecting  any  differences  between  the  actual  and  assumed 
source  function  and  instrument  response.  We  investigated  both  the  quadratic  and  linear 
approximations  fm  Skmi<o)  and  concluded  that  the  effect  of  quadratic-dispersion  could  be 
controlled  by  the  application  of  a  narrow-band  filter.  We  demonstrated  that  the  estimates  of 
and  recovered  by  an  implementation  of  this  methodology  are  quite  good. 
Finally,  we  showed  how  5^^  and  may  be  linearly  related  to  model  parameters  by 
Rayleigh's  principle.  While  it  is  possible  to  develop  similar  expressions  fm*  [Gilbert, 
1976b],  we  have  not  made  use  of  them  here.  Instead,  we  use  our  estimates  of  the 
differential  group  delay  to  correct  the  measurements  of  differential  phase  delay  for  cycle 
skipping.  Now  we  shall  relax  the  assumption  of  an  isolated  waveform  and  consider  the 
effect  of  interfering  wavegroups  on  the  estimation  of  and 
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Non-isolated  waveforms 

In  general,  one  cannot  neglect  the  interaction  terms  in  the  computation  of  F^C^t) 
and  F^€us  (0-  Interference  is  particularly  acute  at  low  frequencies,  where  the  application  of 
a  narrow-band  filter  spreads  out  the  energy  of  the  time  series  and  increases  the  interaction 
with  other  waveforms.  In  this  section,  we  develop  explicit  expressions  for  the  interference 
terms  in  F/Cs^it)  and  F/Cssif)  by  carrying  through  the  cross  terms  in  equation  (2.4)  and 
approximate  the  resulting  sums  over  traveling-wave  branches  as  single  Gaussian  wavelets 
characterized  by  average  perturbations  due  to  interfering  arrivals  {Afp,  Atg,  At  a)  and 
average  perturbations  due  to  differences  between  the  reference  model  and  the  Earth  (Stp, 
Stg,  St^).  We  will  formulate  expressions  for  the  average  perturbations  in  terms  of  the 
branch  contributions;  in  particular,  we  seek  expressions  for  the  Frechet  kernels  which 
describe  the  variation  of  the  generalized  data  functionals  with  respect  to  changes  in  the 
nxxiei  paramcten. 

The  complete  synthetic  cross-correlation 

In  the  case  where  the  isolation  filter  is  composed  of  a  single  waveform,  J (r)  = 
the  ftlteied  cioss-oorrelation  between  the  isolation  filter  and  the  synthetic  seismogram 
may  be  written  as  a  sum  over  the  cross-correlations  between  u„{t)  and  the  individual 
traveling-wave  branches  which  comprise  the  synthetic  seismogram,  convolved  with  the 
narrow-band  filter 


=  Fi(0  *  u„(t)  9  2  Unit) 

n 

=  2  J  Um(ca)u„(0))  Fi(0)) 


e"‘"*  deo 


(2.44) 
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In  the  isolated-waveform  approximation,  we  assumed  that  the  autocoaeladon  term  would 
dominate  (2.44)  near  zero  lag.  In  this  section,  we  retain  the  complete  sum. 

In  order  to  solve  equation  (2.44).  we  need  an  expression  which  relates  Un(ci))  and 
S„(o))t  similar  to  the  differential  response  operator  in  (2.22).  We  can  formulate  the  mth 
branch  as  the  product  of  the  excitation  function  A^Cd))#  the  dispersion  function 
exp[()E..,(a))x],  and  the  instrument  response  T(a>): 

UM(a>)  =  Am(a)  exp[ik^(io}x]  Tfo) 

=  |A«(d>)|  |r(m)(  cxp[i(ii„(a>)x  +  ^(o))  +  (piico))]  (2.45) 

where  ^ni(d))  is  the  real-valued  exciution  phase  function,  is  the  real-valued 

instrument  phase  function,  and  lcmi<o)  is  the  complex-valued  wavenumber.  With  this 
parameterization,  the  integral  for  F,CzsU)  assumes  the  form: 

%3<')  =  2!r?  [  (2.46) 


where  measures  the  differendal  dispersion  and  excitadon  phase  between  the  nth  and 
mth  branches: 


d  Vr""(a»)  =  [*„(«)  -  i«(<»)J  X  +  [^(®)  -  ^(m)]  (2.47) 

and  the  phase  contiibudon  from  the  instrument  cancels,  since  it  is  not  a  funcdon  of  branch 
number.  We  expect  the  source  amplitude  spectrum  to  be  a  slowly  varying  function  of 
frequency  and  branch  number  and  assume  that  I  |  I  Xm(<o)  I  1 7(0))  I  Ms  a  peaked 
spectrum  which  is  completely  described  by  a  few  of  its  low-order  romnems.  Near  0)= 
we  describe  this  product  as  a  scaled  version  of  the  autocorrelation  function: 
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\AniQ»\  |A;,.((a)l  ir(fl))l^  =  !a,(g);)1  |A*.(a)i)l  C;3(W)  (2.48) 

This  statement  is  an  approximation  that  the  amplitude  spectrum  changes  scale,  but  not 
shape,  as  a  function  of  branch  number.  For  the  cross-cmrelation  of  a  high  phase-velocity 
branch  with  a  low  phase-velocity  branch,  (2.48)  is  not  a  good  approximation  of  the 
amplitude  spectrum.  However,  most  significant  contributions  to  the  travel-wave  sum  will 
be  from  "nearest-neighbtx'"  branches,  which  will  sadsfy  this  assumption. 

The  phase  spectrum  of  F^Csj(eo),  on  the  otiier  hand,  is  a  rapidly  varying  function  of 
frequency  and  branch  number,  primarily  due  to  the  source-phase  contribution.  We  expand 
Ay^  in  a  Taylor  series  expansion  about  0)=  neglecting  terms  of  order  higher  than  the 
first: 

)  -  (a[  Ax^  +  (0)-  G)')  {Ax^+  iAx^)  (2.49) 

AXp'^  is  the  differential  phase  delay,  is  the  differential  group  delay,  and  is 
the  differential  amplitude  delay  between  the  nth  and  mth  branches  due  to  propagation  and 
source  excitation: 

a  Re[?„(G)j)  -  ?„(o),))x/  -i-  [?„((»,)  -  9«(a)j)l  /  ty]  (2.49a) 

At^((0-)  a  Rc[J„(<o])  -  (2.49b) 

4^r"(<u,)  a  lm[k„(0)i)  -  k^(Q)-)]x  f 2.49c) 
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With  this  parameterization  of  the  amplitude  and  phase  spectrum,  we  may  solve 
(2.44)  for  the  filtered  cross-correlation  between  the  isolation  filter  and  the  complete 
synthetic  seismogram: 

\Vo?+Q^/  - 

X  cos[ai{t-Ax^-a^^Ax^it-Ar^)]  (2.50) 

where  I  I  •  Using  the  Hermite-polynomial  formalism  developed 

in  this  Chapter  and  in  Appendices  A  and  B,  we  may  carry  the  correction  terms  through  our 
treatment  However,  for  the  sake  of  brevity,  we  have  not  done  so. 

Single  wavelet  approximation.  Equadcm  (2.S0)  expresses  F^Cj^t)  as  a  sum  over  Gaussian 
wavelets;  each  one  parameterized  by  a  differential  phase,  group,  and  amplitude  time  delay 
describing  the  interaction  between  two  traveling-wave  branches.  Only  branches  with 
nearly  the  same  group  velocity  at  will  contribute  significantly  to  the  sum,  and  we  expect 
that  the  correlation  function  will  be  dominated  by  the  autocorrelation  term.  Therefore,  we 
approximate  (2  JO)  by  a  single  Gaussian  wavelet,  characterized  by  an  average  perturbadon 
of  amplitude  as  well  as  phase,  group,  and  attenuadon  delays  due  to  the  cross-term 
contributions: 


-  £(r)cosdS(r) 


(2.51) 


where  £(r)  and  ^r)  are  defined  by 


HO  =  -  exp(a?0$/2)  Oa(  Ga(<((>-oi,))  (2.51>) 

(2«w<T,<y 


r 


<D(t)  =  Q>iit-Arp)  -  a-^Ara(t-Atg) 


(2.51b) 


AXp{(o{)  is  an  estiniate  of  the  average  differential  phase  shift  at  a>{,  AXg{Q){)  is  an  estimate 
of  the  average  differential  group  delay,  ^T^Cn),')  is  a  measure  of  the  average  differential 
amplitude,  and  ^  is  a  scale  parameter  introduced  by  the  interfering  waveforms  on  the 
synthetic  seismogram. 

We  can  develop  expressions  for  these  average  perturbations  due  to  interfering 
arrivals  in  terms  of  the  individual  contributions  of  the  traveling-wave  branches.  We 
illustrate  the  approach  in  the  simple  case  without  differential  attenuation  in  order  to  fix 
ideas;  extending  the  methodology  to  include  differential  attenuation  is  straightforward. 
Neglecting  the  effect  of  differendal  attenuation,  we  compare  the  single  Gaussian-wavelet 
approximation  (2.51)  to  the  traveling-wave  sum  (2.50); 

A  Ga(o;-  it  -  AXg))  coslca-  (/  -  AXp)]  Ga((^  (r  -  Ar^))  cos[o),-  (t  -  d?/"*)]  (2.52) 

n 


If  o;' «  coj',  then  the  Gaussian  envelopes  will  be  slowly  varying,  compared  to  the  carrier 
functions,  near  their  peaks.  We  expand  both  envelopes  about  t  =  AXg  and  compare 
expressions  on  a  term-by-term  basis; 

d  cos[(a,  (r-dTp)]  =5^  fl„;„cos[a),  (r-drp"^)]  (2.53) 

n 

X  ~  cos[(uj (r  -  Az^)]  =  0  (2.54) 

n 

where  Ga(oi'  (df,  -  AXg'^)) 

The  zeroth-ordcr  term  is  a  statement  of  the  cosine  averaging  theorem;  a  sum  of 
cosines  oscillating  at  the  same  frequency  but  with  different  amplimde  and  phase  may  be 
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represented  as  a  single  cosine  with  an  average  amplitude  and  phase.  By  rearranging 
(2.53),  we  obtain  expressions  for  A  and  Afp-. 

=  [X  ^"mC0s(G>;4T^l  +  [2  Bf.«sin(ci);dT^)r  (2.55) 


JlB„„sin(ei)iAT^) 

dTp((B,)  =  -^tan"‘  — - 

CO5(0)j  A  Tp~") 


(2.56) 


which  formulate  these  parameters  as  weighted  sums  of  sines  and  cosines  of  the  differential 
phase  delay  between  the  mth  and  nth  branches. 

We  may  also  use  the  cosine  average  theorem  to  obtain  an  expression  for  the  average 
differential  group  delay.  We  represent  (2.54)  as  a  single  cosine  characterized  by  an  average 
amplitude  S  and  phase  Afi,: 


2)  Bnm  (At,  -  coslG);  (t  -  At^]  =  B  co5[co,  (t  -  r*)]  (2.57) 


where  and  Af^  are  defined  by 


B^  =  [E  (Mg-AT^  cosialAx^n  +  C£  B„„  {AXg-Ax^  sin(tu'd?;'")]^(2.58) 


Tfc(<o,)  «  -^tan~‘| 


5]  Bnm  (,AXg-Ax^  sinico.AXp”') 

n 

y  flnm  (AXg-Ax^  COS(Q).  Ax^) 


(2.59) 
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The  first-order  term  of  the  expansion  requires  that  S  cos[ Q),'(r  -  AXf,)]  be  zero  for  all  time. 
Since  there  is  no  single  value  of  zlTj,  which  will  satisfy  this  constraint  for  all  values  of  time, 
we  seek  an  approximate  solution  to  (2.57).  Rather  than  expanding  the  cosine  about  some 
particular  time,  we  determine  the  value  of  which  minimizes  S.  Assuming  that  the 
are  slowly-varying  functions  of  then  we  may  derive  a  simple  expression  for  by 
taking  the  derivative  of  the  expression  (2.58)  with  respect  to  AXg. 


Ax^Q)^) 


CnCt  +  rnSi 


Co  +  ^0^ 


(2.60) 


where  the  coefficients  Cq,  Cj,  io.  and  ij  are  defined  in  terms  of  sums  over  the  differential 
branch  phase  and  group  delays; 


=  S  Bn„cosio)-Ax^) 

n 

Cl  =  B„„cos(0)iAx^)  AXg"" 
n 

^0  =  ^  BnmSinia^Ax^) 

n 

^1  =  ^  B„„$in(0).Ax^)  AXg"' 


Our  expression  for  AT^fru,*)  is  depends  of  sums  of  sines  and  cosines  of  the  differential 
phase  delay  between  the  mih  and  nth  branches,  multiplied  by  the  differential  group  delay 
and  appropriately  weighted. 

We  have  seen  that  the  cross-correlation  between  a  single  waveform  isolation  filter 
and  the  complete  synthetic  seismogram  may  be  described  as  a  sum  over  Gaussian  wavelets 
(equation  2.50)  which  describe  the  individual  branch  correlation  functions.  This  formula 
was  derived  by  assuming  that  the  amplitude  spectrum  of  the  branch  correlation  functions  is 
a  scaled  form  of  the  autocorrelation  spectrum  and  by  approximating  the  differential 


75 


dispersion  between  two  branches  with  a  first-order  Taylor  series  expansion.  We  compared 
(2.50)  to  a  single  Gaussian  wavelet  which  is  characterized  by  an  average  perturbation  to 
amplitude  and  phase  (2.51).  In  the  case  where  differential  attenuation  may  be  neglected, 
we  detennined  expressions  for  die  average  peituibation  to  phase  and  group  delay  due  to  the 
cross-term  contributions,  assuming  that  the  envelope  functions  are  slowly  varying 
compared  to  the  carrier  function.  Aip  and  Atg  are  simple  weighted  sums  of  sines  and 
cosines  of  the  differential  phase  delay  between  the  mth  and  nth  branches. 

The  observed  cross-correlation 

Proceeding  as  we  did  in  the  case  of  the  synthetic  cross-correlation  function,  we 
derive  an  expression  for  the  filtered  cross-conelation  between  ujjt)  and  r(r).  may  be 
written  as  a  sum  over  the  cross-correlations  between  Umif)  and  the  individual  traveling- 
wave  branches  which  comprise  the  observed  seismogram,  convolved  with  the  narrow-band 
filter 


=  Fiif)  *  u„{t)  ®  5^  Unit) 
n 


j  uU(o)  Unito)  Fj{(o)  e-*®'  da 
j  |A«(m)|!M„(a>)|/(a>)7V)f/(Q>)  (2.62) 


where  I  A^ia)  \  is  the  source  excitation  amplitude  of  the  nth  observed  branch,  lia)  is  the 
observed  instrument  response,  and  dy®”  is  the  differential  dispersion  and  the  source  phase 
function  between  the  nth  and  mth  branches: 


dvr'^(ffl)  =  [*„(©) -*«(a))lx  +  [^„(a))-^((a)] 


(2.63) 
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and  (p„  is  the  reai-valued  source  phase  of  the  nth  observed  branch.  As  before,  we  assume 
that  the  differences  between  the  observed  and  synthetic  waveforms  are  due  to  elastic  and 
anelastic  propagation  alone,  i.e.,  we  neglect  any  differences  in  the  source  mechanism  or 
instrument  response:  I  Anioi)  1  =  1  ?[«(<»)  I ;  =»  I{(o)  ~  7(0)).  Under  this  assumption, 
we  may  rewrite  the  expression  for  in  terms  of  a  perturbation  to  A[f/^: 

Aif/'^iO))  =  A\/"^(Q))  +  Skn(0))x  (2.64) 

and  Sk„(o))  =  k^io))  -  Icnio))  is  the  differential  wavenumber  between  the  nth  observed  and 
synthetic  branches.  This  formulation  explicitly  represents  Ay/^  in  terms  of  the  differential 
dispersion  and  source  phase  between  the  nth  and  mih  branches  of  the  synthetic 
seismogram,  plus  a  perturbation  which  accounts  for  the  differences  between  the  reference 
model  and  the  Earth  for  the  nth  branch.  We  expand  Ayf^  in  a  Taylor  series  about  cu=  (!){, 
neglecting  terms  of  order  greater  than  the  first: 

Axif'^io))  =  (0-  (SXp  +  Ax^)  +  (Q)-  tup  ({5xg  +  Ax^  +  i{5Xa  +  Ax^))  (2.65) 

where  6^(C0i')  is  the  differential  phase  delay,  5tJ(tu,')  is  the  differential  group  delay,  and 
^(tujO  is  the  differential  attenuation  delay  between  the  nth  observed  and  synthetic  branch 
at  tu,'  due  to  differences  in  elastic  and  anelastic  propagation,  as  discussed  in  the  isolated 
waveform  approximation. 

With  this  parameterization  of  the  amplitude  and  phase  spectrum,  we  may  solve 
(2.62)  for  the  filtered  cross-correlation  between  the  isolation  filter  and  the  observed 


seismogram: 
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/"A/0  =  — —  —  Ga(-^^=|  X  exp[(a;(5T;+.l^'^))^/21 

(27t)3/2  CT^a;  \ 


(2.66) 


X  Ga (a- (t-STg-At^)  cosffi). {t-Stp-Ax^  -  a^{&Ta+Ax^(t-&Zg-Ax^^ 


Equation  (2.66)  differs  from  (2.50),  the  expression  for  through  the  phase,  group 
and  amplitude  perturbations:  S^,  5t^,  and  5tJ,  which  parameterize  the  differences  between 
the  nth  observed  and  synthetic  waveforms.  If  we  allow  these  perturbations  to  go  to  zero, 
then  we  recover  (2.50). 

Single  wavelet  approximation.  Although  equation  (2.66)  expresses  F,Cus{t)  as  a  sum  over 
Gaussian  wavelets,  we  expect  that  it  will  be  dominated  by  the  autocorrelation  term. 
Therefore,  we  approximate  (2.66)  by  a  single  Gaussian  wavelet,  characterized  by  average 
differential  phase,  group,  and  attenuation  delays  which  depend  on  differences  between  the 
model  and  the  Earth  as  well  as  interference  effects: 

FiCzsit)  »  £(/)cos<*<t)  (2.67) 


where  £(r)  and  <^r)  are  defined  by 

Fit)  =  -Arr  cxv[<T^iSXa+Al,)^a]  Ga(-^f^  I  Gi(a.{t-Sxg-AXg))  (2.67a) 

=  (Oi(t-SXp-AXp)-a^{Snc-^A^{t-&Xg-A\)  (2.67b) 

As  before,  4T^(<a,').  AXg{a{),  and  4 Ta(o)i')  represent  a  measure  of  the  interference. 
SXpi.tof)  is  an  estimate  of  the  average  differential  phase  shift  due  to  the  difference  between 
the  Eanh  and  reference  model  at  (o{,  SXgicOj')  is  an  estimate  of  the  average  differential 
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group  delay,  is  a  measure  of  the  average  differential  amplitude,  and  A  is  a  scale 

parameter. 

Frichet  kernels.  We  can  develop  expressions  fen*  the  generalized  data  functionals,  dtp, 
SVg,  and  Sr^  in  tenns  of  the  individual  contributions  of  the  traveling-wave  branches,  which 
will  allow  us  to  formulate  expressions  for  the  Frdchet  kernels  as  linear  sums  of  the  branch 
parameters.  To  demonstrate  the  approach,  we  shall  derive  a  formula  for  the  Frechet  kernel 
for  STp(Q)i')  in  the  case  of  no  differential  attenuation.  Expanding  the  theory  to  derive 
expressions  for  the  group  and  attenuation  kernels  is  a  direct  extension  of  this  methodology. 

We  compare  the  expression  of  the  averaged  Gaussian  wavelet  (2.67)  with  the 
traveling-wave  sum  (2.66).  where  we  have  neglected  the  effect  of  differential  attenuation: 

A  Ga(o;  (r  -  Stg  -  Atg))  cos[n);  (t-Stp-  AXp)] 

=  X  An„  Ga(a; (r  -  5Xg  -  Ax^)  coslo^  (r  -  Sxp  -  Ax^)] 


If  cr/  «  tu/,  then  the  Gaussian  envelopes  will  be  slowly  varying  compared  to  the  carrier 
function  near  their  peaks.  We  expand  the  envelopes  about  t  =  AXg  +  SXg  and  equate  terms: 

0th:  A  cos(<»j  {t~SXp-  AXp)]  =  X  Bnm  cos[©]  (t-5xp-  Ax^)]  (2.69) 

n 


where  B„„  =  X„„  Gafa/  {AXg  -  AXg'^))  as  before.  We  have  neglected  the  amplitude 
perturbations  in  (2.69),  since  they  will  be  second-order  with  respect  to  the  phase 
perturbations.  By  rearranging  the  terms,  we  find: 


sin(a)i (SXp  +  AXp)]  X  cos[a](SXp  +  Ax^)] 

n 

cos[©.  {SXp  +  dTp)]  X  Bnm  sin[o»j  (SXp  +  Ax^)] 

n 


(2.70) 
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If  we  assume  that  the  first-order  differential  phase  shifts  are  small  (i.e.,  coscu,'5Tp  *  1, 
cosg),'5t^  »  1,  sintUj'^Tp  *  cOi'STp.  sinn),'5t^  =  iOiSif^),  then  we  obtain: 


Stpio)]) 

Sxpia-)  =  -2 - -  (2.71) 


where  P„  is  defined  by 


=  Bn„cos(o'.(ATp-AT^)  (2.72) 

This  equation  expresses  the  average  phase  perturbation  as  a  linear  sum  of  appropriately 
scaled  branch  phase  perturbations;  that  is,  the  average  phase  perturbation  due  to  the  cross- 
correlation  of  a  single  waveform  Um(t)  with  the  observed  seismogram  s(r)  depends  on  all 
the  individual  branch  perturbations  This  remarkably  simple  formula  includes  the 
contribution  of  the  cross-terms  explicitly  through  the  Atp'^. 

IMPLEMEI^ATION 

We  have  developed  software  to  fit  the  average  Gaussian  wavelet  expressions  (2.51 
and  2.67)  to  the  observed  functions  and  F/Cssit)  and  thereby  determine  the  values 

of  SrpiOi'),  STgiOi"),  and  <»,')•  Our  algorithm  is  outlined  in  Figure  2.13.  Here  we 
shall  iHiefly  discuss  the  implementation  of  this  methodology. 

Data  selection 

The  data  presented  in  this  thesis  are  from  the  GDSN.  This  network,  operated  by 
the  U.S.  Geological  Survey,  has  been  active  for  over  ten  years  and  consists  of  over  50 
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contributing  stations  [Peterson  et  al.,  1976,  1980;  Peterson,  1980;  Peterson  and  Hutt. 
1982].  We  identify  events  located  in  the  Western  Pacific  and  Eurasian  continent  with 
moments  greater  than  1.0x10^^  dyne-cm  for  which  centroid  moment  tensors  (CMT) 
[Dziewonski  et  al.,  1981]  are  determined.  Two  hours  of  data  from  selected  events  are 
retrieved  from  the  National  Earthquake  Information  Center  (NEIC)  Network  Day  Tapes 
and  examined  for  glitches,  gaps,  and  non-linearities.  A  raw  seismogram  is  demeaned, 
edited,  and  rotated  into  transverse  and  radial  components  based  on  the  CMT  locadon.  After 
rotation,  a  Hanning  taper  is  applied  in  the  frequency  domain  between  0  and  S  and  between 
40  and  50  mHz. 

Calculation  of  synthetic  seismograms 

A  simple  recipe  for  the  calculation  of  synthetic  seismograms  is  based  on  the 
convolution  of  three  operators: 


sit)  =  Sit)*  Pit)*  RU)  (2.73) 

where  5  is  source  operator,  P  is  the  elastic  and  anelastic  propagation  operator,  and  R  is  the 
receiver  operator.  We  use  normal-mode  summation  [Gilbert,  1971;  Gilbert  and 
Dziewonski,  1975]  to  calculate  our  syntheric  ieismograms.  We  have  calculated  normal¬ 
mode  catalogs  for  the  models  EU2  and  SNA  which  arc  complete  to  50  mHz.  For  SH,  this 
encompasses  8,000  modes;  for  PSV,  more  than  16,000.  Although  time-intensive,  these 
computations  are  only  made  once  for  each  model.  The  attenuation  model  of  Masters  and 
Gilben  [1983]  was  used  to  calculate  the  quality  factor  of  each  mode.  Once  the 
eigenfunctions  and  eigenfrequencies  are  computed,  any  number  of  synthetic  seismograms 
may  be  calculated.  We  use  the  parameters  of  the  Harvard  CMT  solutions  as  the  source 
operator  with  a  step  function  time  dependence.  A  typical  toroidal-noode  seismogram,  one 
hour  in  length  with  one  second  sampling,  may  be  computed  in  under  two  minutes  on  a 
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four-processor  Alliant  FX/40;  a  spheroidal-nxxle  seismogram  in  under  four  minutes.  After 
summation,  the  synthetic  seismograms  are  convolved  with  the  appropriate  instrument 
response  and  filtered  with  a  Harming  taper  between  0  and  5  and  between  40  and  50  mHz. 
Additional  details  about  the  procedure  for  calculating  synthetic  seismograms  may  be  found 
in  Appendix  C. 

Waveform  fining 

We  have  referred  to  the  technique  of  waveform  fitting  several  times  in  this  chapter, 
and  we  shall  now  describe  the  procedure.  In  the  Hrst  step,  we  normalize  the  amplitude  of 
the  correladon  funcdon,  eliminadng  any  informadon  which  may  be  explained  by  a  scale 
parameter.  We  then  esdmate  the  relevant  parameters  (0)^'  and  (7/  forFiCs:;  Atp,  AXg,  and 
Ala  for  FiCul\  and  SXp,  SXg,  and  Sx^  for  FjCus)  by  a  peak-and-tiough  technique.  For 
example,  for  F,Csu>  determined  fr^om  the  locadon  of  the  minima  on  either  side  of  the 
peak  and  ct;'  is  determined  by  their  amplitude  (Figure  2.14).  These  inidal  guesses  are  used 
in  the  appropriate  expression  (equations  2.20,  2.51,  or  2.67)  to  calculate  an  analytic 
correlation  function.  We  compute  the  difference  between  the  observed  and  analytic 
correlation  functions  and  weight  the  residual  with  a  cosine  taper  centered  at  the  peak  of  the 
correlation  function.  This  weighting  scheme  reinforces  our  approximation  that  the 
expansion  of  the  correlation  functions  is  valid  in  the  neighborhood  about  the  peak  of  the 
correlation  funcdon.  The  weighted  residual  is  inverted  for  perturbation  to  the  parameters 
and  the  algorithm  is  repeated  iteratively,  until  the  minimization  criteria  is  satisfied. 

Isolation  filler  and  the  correlation  functions 

In  this  chapter,  we  have  assumed  that7(0  is  conqx>sed  of  a  single  waveform,  such 
as  the  fundamental-mode  surface  wave.  Having  calculated  U^{t),  we  compute  its 
autocorrelation  function  Cssit),  transform  to  the  frequency  domain,  and  apply  a  narrow¬ 
band  filter.  We  estimate  o),'  and  O)'  in  the  time  domain  by  fitting  (2.20)  to  the  correlation 
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function.  The  Altered  autocorrelation  of  the  fundamental-mode  surface  waves  and  resuldng 
fit  are  illustrated  in  Figure  2.3  for  several  Alter  center  frequencies.  The  high  quality  of  our 
At  is  demonstrated  by  the  inability  to  distinguish  the  solid  line  from  the  dashed  line  in 
Figure  2.3. 

We  then  compute  the  cross-correlation  between  Sm(r)  and  5(r)  and  apply  the  narrow 
band  Alter.  With  to,'  and  o; '  Axed,  we  use  equation  (2.51)  to  estimate  dTp(to,'),  47^(0), '), 
and  and  correct  the  estimates  of  phase  delay  for  cycle-skipping  as  described 

earlier.  If  J(t)  is  isolated  from  other  arrivals  on  the  seismogram,  then  these  values  will  be 
near  zero.  If,  however,  the  interference  is  large,  then  these  values  will  be  non-zero. 
Figure  2. IS  illustrates  the  situation  by  comparing  Cs7(f)  and  F,-Cs?(0  for  three  Alters. 
Although  C^it)  is  not  strongly  inAuenced  by  interference  near  zero  lag,  the  arrivals  visible 
between  -400  and  -200  s  affect  F/Cjn  at  low  frequencies.  For  example,  the  best-Aning 
model  in  the  IS  mHz  example  is  biased  by  the  additional  energy,  as  indicated  by  the  misAt 
between  F,Cn  and  the  model.  Figure  2.16  presents  the  values  of  the  apparent  phase, 
group,  and  attenuation  time  shifts  determined  from  the  wavefoim-Atting.  The  estimation  of 
phase  delay  is  quite  robust  with  respect  to  interference,  while  that  of  group  delay  and 
attenuation  are  not  In  particular,  the  estimate  of  differential  group  delay  is  extremely 
sensitive  to  the  presence  of  interfering  energy;  this  may  be  observed  in  Figure  2.1S.  For 
compariscm.  Figure  2.17  displays  the  measured  values  of  Afp  and  (squares)  with  the 

values  predicted  from  our  expressions  (2.S6)  and  (2.60)  (Ailed  circles).  The  prediction  of 
the  average  phase  delay  is  excellent  across  the  entire  frequency  range.  The  prediction  ai  the 
average  group  delay  is  quite  good  for  the  Love  wave,  but  iiuuiifests  some  problems  for  the 
Rayleigh  wave. 

Hnally,  we  compute  the  Altered  cross-conelation  between  the  isolation  filter  and  the 
observed  seismogram.  With  a>,'  and  o-' Axed,  we  use  wavefrmn  Atting  to  estimate  die 
total  phase  shift  5Tp((a,')  +  47^,  the  total  group  shift  +  and  the  total 

attenuation  shift  STj,a>i’)  +  47^,  from  which  we  may  determine  ^p(a>,')>  STgi(Oi),  and 
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SrJcOi'),  and  correct  the  estimates  of  phase  delay  for  cycle  skipping.  Figure  2.18 
compares  the  numerical  crossHxnrelation  function  with  the  model  obtained  by  waveform- 
fitting  equation  (2.67).  These  filtered  cmrelation  functions  also  show  the  influence  of 
interference  at  low  frequencies. 


EXAMPLES 


Complete  synthetic  seismogram 

Figure  2.19  displays  the  estimated  parameter  (squares)  for  the  fundamental-iiKxle 
surface  wave  example.  The  measured  values  of  differential  phase  delay  are  very  stable, 
despite  the  effects  of  interference  at  low  frequencies,  and  the  fit  to  the  exact  values  (solid 
line)  is  excellent  However,  the  estimates  of  group  and  attenuation  delay  are  consideraUy 
less  robust  As  we  saw  in  the  example  of  the  synthetic  cross-correlation  function,  the 
estimates  of  group  delay  are  strongly  biased  at  Hw  frequencies  due  to  interference. 
Although  we  are  primarily  interested  in  phase  information,  this  bias  may  be  a  problem  since 
we  use  the  estimates  of  group  delay  to  cotrea  for  cycle-skipping. 

We  may  use  equation  (2.71)  to  calculate  expressions  for  the  Fr6chet  kernels. 
Figure  2.20  displays  the  fundamental-mode  kernels  for  Love  (a)  and  Rayleigh  (h)  waves  at 
four  frequencies.  These  kernels  are  not  very  different  from  those  in  Figure  2.11  because 
the  estimates  of  differential  phase  delay  are  not  strongly  influenced  by  interference  in  tins 
example.  Hgure  2.21  compares  the  measured  estimates  of  ^  Stg,  and  St^  (squares)  with 
the  values  predicted  by  first-order  perturbation  theory  via  (2.71)  (filled  circles).  The 
comparison  between  the  two  is  quite  good. 

Observed  seismogram 

Figure  2.22  compares  the  observed  seismograms  at  KONO  for  tiie  83/08/17  event 
with  synthetic  seismograms  calculated  from  EU2.  The  comparison  between  die  observed 
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and  synthetic  seismograms  is  good,  although  not  excellent,  on  the  vertical  component. 
There  is  a  greater  discrepancy  between  the  data  and  synthetic  on  the  transverse  component. 
Both  the  fundamental  Rayleigh  and  Love  waves  show  the  effect  of  unmodeled  scattering. 
Figure  2.23  presents  the  results  of  the  parameter  retrieval  algorithm  for  the  generalized  data 
functionals.  It  is  interesting  to  note  that  the  Rayleigh  differential  phase  delay  for  this 
seismogram  is  near  zero  across  the  frequency  range  examined,  suggesting  EU2  is  an 
appropriate  model  for  PSV  propagation  along  this  path.  This  is  not  surprising  since  EU2 
was  derived  from  a  study  of  fundamental  and  higher  Rayleigh  modes  along  this  path. 
However,  the  Love  differential  phase  delay  indicates  that  the  SH  propagation  is  faster  than 
that  predicted  by  EU2.  This  observation  of  apparent  polarization  anisotropy  is  consistent 
with  the  results  of  Cara  et  al.  [1980],  Lev«)ue  and  Cara  [1983],  and  Gee  and  Jordan 
[1988]. 


SUMMARY 

In  this  chapter,  we  have  used  a  Hermite  polynomial  expansion  to  express  the 
autocorrelation  of  the  isolation  filter.  We  have  shown  that  this  expansion  may  be  truncated 
after  the  second-order  term,  provided  that  the  signal  is  peaked  in  the  spectral  domain  and 
may  be  described  by  a  few  of  its  low-order  moments.  Although  not  generally  valid,  this 
condition  may  be  met  by  the  application  of  a  nanow-band  filter.  Using  a  first-tnnder  Taylor 
series  expansion  of  differential  wavenumber  and  neglecting  differences  between  the  actual 
and  assumed  source  function  and  instrument  response,  the  filtered  cross-correlation 
between  an  isolation  filter  and  the  observed  seismogram  may  be  expressed  in  terms  of  time 
parameters  due  to  differences  between  a  reference  model  and  the  actual  Earth  at  cu^'.  These 
time  parameters,  which  we  call  "generalized  seismological  data  functionals,"  represent 
phase,  group,  and  attenuation  time  shifts.  We  have  developed  explicit  expressions  for  the 
effect  of  interference  from  other  wavegroups  and  derived  an  expression  which  relates  the 
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observed  phase  penurbation  to  a  linear  sum  of  the  individual  phase  perturbations  of  each 
traveling-wave  branch. 

We  illustrated  our  methodology  with  the  example  of  fundamental-mode  surface 
waves.  In  these  examples,  the  effect  of  interference  was  manifested  primarily  in  the 
estimation  of  group  delay.  Although  we  are  primarily  interested  in  the  measurement  of  the 
differendal  phase,  we  use  Stg  to  correct  Stp  foe  cycle  skipping.  Errors  in  the  estimates  of 
Stg  may  lead  to  problems  in  resolving  the  2]cn  uncertainty.  In  the  next  chapter,  we  expand 
this  methodology  to  include  a  windowing  operator.  The  application  of  a  windowing 
operator  in  the  time-domain,  prior  to  filtering,  dramatically  reduces  the  effect  of 
interference. 


86 


FIGURE  Captions 


FIGURE  2.1 

Transverse  (left)  and  vertical  (right)  component  synthetic  seismograms  calculated 
from  the  models  EU2  and  SNA  for  a  Kamchatka  event  (83/08/17,  h  =  ll  km) 
recorded  at  the  GDSN  stadon  KONO.  s(t)  is  the  seismogram  calculated  from  EU2; 
sit)  is  the  seismogram  calculated  from  SNA.  /(r)  is  the  isolation  filter  for  the 
fundamental-mode  surface  wave,  calculated  from  EU2.  Notice  the  differences  in 
the  waveforms  predicted  by  the  models,  particularly  in  555.  All  six  syntheuc 
seismograms  were  calculated  by  normal-nxxle  summation  and  are  complete  to  50 
mHz. 


FIGURE  2.2 

Cuuit)  calculated  from  the  fundamental-mode  Love  (left)  and  Rayleigh  (right) 
waves.  Csuit)  is  a  symmetric  function,  peaked  at  zero  lag.  The  dashed  line 
indicates  the  Gaussian-wavelet  approximation  (2.  2)  to  CsiU)-  which  is  quite 
good.  The  center  frequency  of  the  Love  wave  is  23  rnHz  with  h  f-width  6  mHz; 
the  center  frequency  of  the  Rayleigh  wave  is  27  mHz  with  half-wiwth  7  mHz. 


FIGURE  2.3 

FjCuS  (solid  line)  calculated  from  the  fundamental-mode  Love  (left)  and  Rayleigh 
(right)  waves.  The  top  waveform  in  each  box  is  the  unfiltered  correlation  function: 
the  bottom  three  illustrate  filters  with  varying  center  frequencies  (1  =  35,  2  =  25, 
and  3  =  15  mHz).  The  relative  half-width  of  the  applied  Hlter  {y^)  was  0.1  in  these 
examples.  The  dashed  line,  which  is  indistinguishable  from  the  solid  line,  indicates 
Ae  best-fitting  nnodel  of  F,Csz(r)  determined  firmn  waveform  fitting  of  (2.20). 


FIGURE  2.4 

Comparison  between  Cjb(0  (solid  line)  and  C^i(r)  (dashed  line)  for  the 
fundamental-ttKxle  Love  and  Rayleigh  waves.  While  CssiO  is  a  symmetric  function 
about  zero  lag,  Cfafr)  is  not.  Neglecting  errors  due  to  variations  in  the  actual  and 
assumed  source  function  and  instrument  response,  we  noodel  the  differences 
between  these  functions  through  the  differentia  response  operator  D„(o}),  where 
D„{0))  =  Do  exp(/ak^(o>)x]. 


Figure  2.5 

Differential  wavenumber  from  the  models  EU2  and  SNA  (&sna  ~  ^Eua)  ^ 
function  of  frequency  (solid  line)  for  toroidal  (left)  and  spheroidal  (right) 
fundamental  mode.  Hie  long  dashed  line  is  the  linear  approximation  to  differential 
wavenumber,  centered  at  30  mHz;  the  shon  dashed  line  is  the  quadratic 
approximation.  Over  the  entire  band,  Ae  quadratic  approximation  is  superior  to  the 


linear;  however,  the  linear  approximation  is  quite  good  in  a  small  region  about  the 
frequency  of  interest. 

Figure  2.6 

Comparison  between  the  linear  and  quadratic  approximations  as  a 

Ainction  of  the  yi  at  25  mHz  center  fr^uency.  Figure  2.6a  illustrates  the  linear 
approximation  (l^ve  wave  -  left;  Rayleigh  wave  -  right);  Figure  2.66  illustrates  the 
quadratic  approximation.  In  each  box,  the  numerical  correlation  functions  are 
designated  by  a  solid  line;  the  analytic  correlation  functions,  calculated  using  the 
actual  values  from  the  EU2/SNA  differential  wavenumber,  are  designated  by 
dashed  lines  (the  dashed  line  is  not  a  nuxlel  derived  by  waveform  fitting  of  the 
analytic  expression).  The  quadratic  approximation  provides  a  good  fit  to  the 
numerical  correlation  function  for  the  range  of  ){'  investigated  (0.01  -  0.3).  The  fit 
between  the  linear  approximation  and  the  numerical  ctnrelation  functitm  improves 
as  the  filter  becomes  increasingly  narrow. 


FIGURE  2.7 

Illustration  of  the  effect  of  the  differential  time  parameters  on  Ff^Zuif).  The  top 
three  figures  demonstrate  the  effect  of  the  individual  time  parameters  on  the  filtered 
cross-correlation  function  (solid  line)  compared  to  the  filtered  autocorrelation 
function  (dashed  line).  shifts  the  peak  of  the  correlation  function;  Si^  shifts 
the  peak  of  the  envelope;  chanees  the  apparent  center  frequency.  If  shihs 
the  envelope  more  than  one  cycle,  will  contain  a  phase  ambiguity.  The 
combination  of  the  three  parameters  is  presented  in  the  bottom  figure. 


Figure  2.8 

The  fundamental-mode  surface  waves  used  in  the  synthetic,  isolated  wavefcnm 
example.  The  left  pwel  presents  the  Love  waves  calculated  from  EU2  (tq[))  and 
SNA  (bottom);  the  right  panel  presents  the  Rayleigh  wave  calculated  fmm  EU2 
(top)  and  SNA  (bottom). 


Figure  2.9 

FfisJ.t)  (solid  line)  calculated  ftom  the  fundamental-mode  Love  OefO  and  Rayleigh 
(right)  waves.  The  top  wavefcmn  in  each  box  is  the  unfiltered  correlation  function; 
the  bottom  three  illustrate  filters  with  varying  center  frequencies  (1  «  35, 2  =  25, 
and  3^15  mHz).  The  relative  half-width  of  the  applied  filter  (x)  was  0.1  in  these 
examples.  The  dashed  line  indicates  the  best-fitting  model  of  F^zJS)  determined 
by  waveform  fitting  of  (2.30). 


FIGURE  2.10 

Results  of  the  application  of  the  narrow-band  technique  to  the  istdated  waveforms 
in  Figure  2.8.  llw  top  three  panelspresent  the  measu^  values  of  the  "generalized 
seismological  data  functionals”  Si^,  and  S^)  (squares)  widi  the  anual  values 
(solid  line)  for  the  fundamentid  Love  wave;  the  bot^  dm  panels  present  the 


Rayleigh  wave  results.  Figure  2.10(2  illustrates  the  measurcnients  prior  to  the  cycle¬ 
skipping  correction.  Large  discontinuities  are  visible  in  the  estimates  of 
indicating  that  cycle  slapping  is  a  problem.  Figure  2.10b  displays  the 
measurements  after  applying  the  correction.  The  estimates  of  are  excellent, 
with  errors  around  1  s  or  so.  The  estimates  of  Bfl  are  also  quite  good,  with 
somewhat  greater  scatter.  The  estimates  of  Bfl  show  tne  peatest  enor,  which  may 
be  attribute  to  the  inherent  difBculty  fA  estimating  attenuadon. 


Figure  2.ii 

The  Frdchet  kernels  for  differendal  phase  delay  (2.42).  In  the  case  of  an  isolated 
wavefmm,  the  Frfchet  kernel  for  Sr^  at  fixed  fr^uency  is  simply  related  to  the 
Frdchet  kernel  for  Sa>  at  fixed  wavenumber.  Figure  2.1  la  presents  the  Frtehet 
kernels  for  shear-wave  velocity  (solid  line)  and  density  (dashed  line)  for  the 
fundamental  Love  wave  as  a  fiincdon  of  depth.  Hguie  2.1  lb  presents  the  Fidchet 
kernels  for  shear-wave  velocity  (solid  line)  and  density  (dashed  line),  as  well  as  the 
kernel  for  compressional  velocity  (short  dashed  line)  for  the  fundamental  Rayleigh 
wave  as  a  function  of  depth.  In  both  a  and  b,  the  kernels  are  presented  at  four 
frequencies.  The  two  horizontal  dashed  lines  inAcate  the  400  km  discontinuity  and 
the  base  of  the  crust.  While  the  kernels  for  botii  the  Love  and  Rayleigh  waves 
become  localized  at  shallow  depth  with  increasing  frequency,  the  Rayleigh-wave 
kernels  are  consistently  more  sensitive  to  deeper  structure  than  the  Love-wave 
kernels. 


Figure  2.12 

Comparison  between  estimated  by  waveform  fitting  (squares)  and  the 
predictions  from  first-order  perturbation  theory  (filled  circles),  with  the  actual 
values  (solid  line).  The  values  predicted  from  fint-oider  perturbation  theory  were 
obtained  by  integrating  the  kernels  with  the  known  velocity  perturbation  between 
EU2  and  SNA.  The  comparison  is  excellent,  considering  difference  between 
the  models. 


FIGURE  2.13 

Flow  chart  illustrating  the  implementation  of  the  narrow-band  technique,  (a) 
illustrates  the  processing  procedure;  (b)  indicates  the  hierarchy  of  parameters 
recovered  from  the  waveform-analysis  procedure. 


FIGURE  2.14 

Demonstration  of  the  pc^-and-trou^  techi^ue  for  estimating  parameters  oi  the 
filtered  axielation  functions.  The  left  panel  filustrates  tiie  detenmnation  of  and 
or,'  from  FiCsi  and  the  right  panel  illustrates  the  determination  of  the  phase  shift 
BrJafiO,  the  group  shift  STg(a)i%  and  the  total  attenuation  shift  from 

FjCfii.  the  first  stq>,  we  use  die  anqilitudes,  oi  and  oz,  to  estimate  tte  r^tive 
bandwidth  parameter  •  -(2/k^)  In  (-ai).  In  the  second  step,  we  use  the 
location  of  me  peaks  to  estimate  the  cotter  froquency  »  2x  (tz  --  1  ~ 

L  From  consideration  the  cross-ctmelation  frmoion  we  estimate  arid 

BXp.  The  estinaate  is  derived  from  die  location  of  die  secondary  peaks,  t\ 


and  t2',  Stg  =  (l/2jtyi'2)(r2'-  it')  -  (l/0),'/i'2)(l  -  y'^).  The  estimate  of  Sr.  is 
determined  from  the  amplitude  of  the  secondary  peaks,  afand  aV,  STj  - 
ti  '^)  -  (2/6),'^X'2)ln(a2 Vtii  ')1/I2(t2'  -  '))•  FinalW,  the  estimate  of  depends  on 
the  peak  time  of  the  cross-conciadon  function,  OTc,  Sr^^Stc-  y  -  o,  5Ta)(5T^ 
-  Stc).  These  initial  guesses  are  used  in  the  appropriate  Gaussian-wavelet 
expression  to  calculate  the  analytic  correlation  function  for  waveform-fitting 
procedure. 


Figure  2.15 

FiCuj  (solid  line)  calculated  from  the  fundamental-mode  Love  (left)  and  Rayleigh 
(right)  waves.  The  top  waveform  in  each  box  is  the  unfiltcrcd  coirelation  function; 
the  bottom  three  illustrate  filters  with  center  frequencies  of  35,  25,  and  25  mHz. 
The  relative  half- width  of  the  applied  filter  (y)  was  0.1  in  these  examples.  The 
dashed  line  indicates  the  best-fitting  model  of  F,Cu;(t)  determined  by  waveform 
fitting  of  equation  (2.51).  The  unfiltered  correlation  function  is  not  strongly 
influenced  by  interference  at  zero  lag,  but  the  energy  appearing  between  -400  and  • 
200  s  influences  the  filtered  correlation  functions  at  low  frequencies.  This  is 
reflected  as  bias  in  the  estimates  of  the  generalized  data  functionals,  particularly  in 
the  differential  group  delay.  The  estimates  of  AZp,  Atg,  and  Ar^  recovered  from 
waveform  fitting  are  displayed  in  Figure  2.16. 


Figure  2.16 

Estimates  of  AXp,  AXg,  and  Ax^  from  the  waveform  fitting  of  (2.51)  to  f ,Ci7-  If 
the  effect  of  interference  is  small,  then  these  values  will  be  near  zero.  The  top  three 
panels  present  the  measured  values  for  the  fundamental  Love  wave;  the  tettom 
three  panels  present  the  fundamental  Rayleigh  wave  results.  The  estimates  of  AXp 
are  near  zero  for  both  the  Love  and  Rayleigh  wave,  indicating  that  the  phase 
measurements  are  not  strongly  biased.  On  the  other  hand,  the  estimates  of  dr.  at 
frequencies  less  than  20  mHz  arc  non- zero,  particularly  for  the  Rayleigh  wave.  The 
estimates  of  Afg  show  some  variance  frtMn  the  isolated  wavefonn  example  as  well. 


Figure  2.17 

Comparison  of  the  measured  values  of  Ax.  and  Ax.  (quarts)  with  the  values 
predicted  from  the  expressions  (2.56)  and  (2.60)  (filled  circles).  The  prediction  of 
the  average  phase  delay  is  excellent  across  the  entire  frequency  range.  The 
prediction  of  the  average  group  delay  is  quite  good  for  the  Love  wave,  but 
manifests  some  problems  for  the  Rayleigh  wave. 


Figure  2.18 

FjCsf/r)  (so’Jii  line)  calculated  from  the  fundamental-mode  Love  (left)  and  Rayleigh 
(right)  waves.  The  top  waveftmn  in  each  box  is  the  unfiltered  correlation  function; 
the  bottom  three  illustrate  filters  with  center  frequencies  of  35, 25,  and  IS  mHz. 
The  relative  half-width  of  the  applied  filter  (^)  was  0.1  in  thex  examples.  The 
symbols  indicate  the  best-fitting  niodcl  of  F,Csk0  determined  by  waveform  fitting 
of  equation  (2.67).  The  influence  of  interfering  arrivals  may  be  observed  in  the  15 


mHz  example.  The  estimates  of  Stp,  Stg,  and  obtained  from  waveform  fitting 
are  displayed  in  Figure  2.19. 
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RGURE2.19 

Estimates  of  the  differential  phase,  group,  and  attenuation  delays  (squares)  derived 
from  waveform  fitting  of  (2.67)  to  in  the  EU2/SNA  fundamental-mode 

example,  with  the  actual  values  (solid  line).  The  phase  delay  measurements  are 
very  stable  with  respect  to  interference,  while  the  ^up  and  attenuation  delay  are 
biased  at  low  frequencies. 


FIGURE  2.20 

The  Frcchct  kernels  for  differential  phase  delay  (2.71).  Figure  2.20fl  presents  the 
Frechet  kernels  for  shear-wave  velocity  (solid  line)  and  density  (dashed  line)  for  the 
fundamental  Love  wave  as  a  function  of  depth.  Figure  2.20b  presents  the  Frechet 
kernels  for  shear-wave  velocity  (solid  line)  and  density  (dashed  line),  as  well  as  the 
kernel  for  compressional  velocity  (short  dashed  line)  for  the  fundamental  Rayleigh 
wave  as  a  function  of  depth.  In  both  a  and  b,  the  kernels  are  presented  at  four 
frequencies.  The  two  horizontal  dashed  lines  indicate  the  400  km  discontinuity  and 
the  base  of  the  crust.  These  kernels  are  not  very  different  from  those  in  Figure  2. 1 1 
as  the  estimates  of  differential  phase  delay  are  not  strongly  influenced  by 
interference  in  this  example. 


FIGURE  2.21 

Comparison  between  SXp  estimated  by  waveform  fitting  (squares)  and  the 
predictions  from  first-order  perturbation  theory  (filled  circles),  with  the  actual 
values  (solid  line).  The  values  predicted  from  fint-order  perturbation  theory  were 
obtained  by  Integrating  the  kernels  (2.71)  with  the  known  velocity  perturbation 
between  EU2  and  SNA.  The  comparison  is  excellent,  considering  the  differences 
between  the  models. 


FIGURE  2.22 

Comparison  of  the  isolation  filter  7(0  for  the  fundamental-mode  surface  waves  of 
the  Kamchatka  event  with  the  complete  synthetic  seismograms  s(r)  (top)  and  the 
observed  seismograms  s(r)  (bottom).  The  comparison  between  7(r)  and  s(t)  on  the 
vertical  component  (right)  is  more  favorable  than  the  transverse  component  (left). 
The  observed  surface  waves  on  ix>th  components  show  the  effect  of  unmodeled 
interference,  probably  due  to  scanering. 


FIGURE  2.23 

Estimates  of  Sx.,  SXg,  ai  j  SXp  derived  from  waveform  fitting  of  (2.67)  to  F,€ss(t) 
for  the  Kamchatka  event.  The  Rayleigh  differential  phase  delay  for  this 
seismogram  is  near  zero  across  the  frequency  range  examined,  suggesting  EU2  is 
an  appropriate  model  for  PSV  piropagation  along  friis  path.  This  is  not  surprising  as 
EU2  was  derived  from  a  study  of  fundamental  and  higher  Rayleigh  modes  along 


this  path.  However,  the  Love  differential  phase  delay  indicates  that  the  SH 
propagation  is  faster  than  that  predicted  by  EU2.  This  observation  of  apparent 
polarization  anisotropy  is  consistent  with  the  results  of  Aki  and  Kiminuna  11963], 
McEvilly  [1964],  Cara  etal.  [1980],  L6v«jue  and  Cara  [1983],  and  Gee  and  Jordan 
[1988]. 
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Figure  2.9 
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Figure  2.10a 
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Fundamental  Mode  -  Transverse  Component 
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Figure  2.11a 
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Figure  2.13a 
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Figure  2.19 
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CHAPTER  3 


Waveform  analysis  of  Broad-Band  Seismograms 


iNTRODUCnOsi 

The  problem  of  interference,  whether  due  to  wavegroups  from  the  same  event  or 
seismic  noise,  has  plagued  seismologists  for  decades.  For  example,  Aki  and  Kaminuma 
[  1963]  and  McEvilly  [1964]  reported  observations  of  unexpectedly  high  Lx)ve-wave  phase 
velocities.  Their  estimates  of  fundamental-mode  Love  and  Rayleigh  phase  velocities  could 
not  be  explained  by  a  simple  radial  model  of  smooth  variations  in  isotropic  parameters. 
McEvilly  [1964]  and  Kaminuma  [1966]  proposed  smooth  anisotropic  models  to  resolve 
their  observations,  although  Aki  [1968]  and  Hales  and  Bloch  [1969]  demonstrated  that 
isotropic  models  containing  thin  low-velocity  zones  could  satisfy  the  measured  variation. 
However,  Thatcher  and  Brune  [1969]  and  Botne  [1969]  postulated  that  the  anomalous 
Love-wave  phase  velocities  were  caused  by  higher-mode  interference,  rather  than  intrinsic 
anisotropy  or  laminated  Earth  structure,  and  James  [1971]  provided  additional  evidence  for 
this  hypothesis.  Although  the  body  of  evidence  for  some  anisotropy  in  upper  mantle  is 
quite  compelling  [Forsyth,  1975;  Schule  and  Knopoff,  1977;  Yu  and  Mitchell,  1979;  Cara 
et  al.,  1980;  Dziewonski  and  Anderson,  1981;  Kiriewood  and  Crampin,  1981;  L6veque  and 
Cara,  1983;  Nataf  er  al.,  1984;  Silver  and  Chan,  1988;  Gee  and  Jordan,  1988],  the 
significance  of  the  discrepancy  between  Love  and  Rayleigh  phase  velocities  is  still 
contested. 

A  number  of  approaches  to  the  problem  of  interference  have  been  investigated  over 
the  years.  In  situations  where  an  array  of  seisnx>meters  is  available,  this  has  included  a 
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diverse  group  of  sophisticated  techniques  for  frequency- wavenumber  filtering  (Capon, 
1969;  La  Cross  et  al.,  1969;  Mendiguren,  1973;  Gilbert  and  Dzicwonski,  1975;  Nolet, 
1975,  1977;  Cara,  1979;  Cara  et  al.,  1980].  When  an  array  of  seismometers  is  not 
available  or  stacking  is  not  feasible,  the  common  approach  has  been  the  application  of  a 
windowing  operator.  For  example,  the  "time-variable  filtration"  of  Pilant  and  Knopoff 
[1964]  and  the  "moving  window  analysis”  of  Landisman  et  al.  [1969]  are  based  on  a 
window  centered  at  a  particular  group  arrival  time  on  the  observed  seismogram,  whose 
width  varies  with  the  frequency  component  of  interest,  and  the  analysis  is  repeated  for  a 
series  of  group  arrival  times.  A  different  approach  was  taken  by  Herrin  and  Gofonh 
[1977, 1986],  who  combined  a  cross-correlation  methodology  with  a  windowing  operator 
centered  on  the  peak  of  the  correlation  function. 

In  this  chapter,  we  add  a  step  to  our  data  analysis  procedure  in  order  to  reduce  the 
effect  of  interfering  wavegroups  on  Cjjfr)  and  Cjj(r).  Following  the  strategy  of  Herrin 
and  Goforth  (1977,  1986],  we  apply  a  window  of  half-width  centered  at  a  reference 
time  first,  yielding  the  windowed  correlation  functions  WCjj(r)  and  WCf,(0. 
Windowing  the  broad-band  correlation  functions  about  their  peaks  prior  to  narrow-band 
filtering  allows  the  full  bandwidth  to  be  used  to  separate  the  waveform  of  interest  from 
interfering  arrivals,  improving  the  approximation  WCsjiO  “  and  WC;,(r)  = 

WCsitiO-  We  then  apply  a  narrow-band  filter  F^a>)  in  the  fiequency  domain,  producing  the 
filtered,  windowed  correlation  functions  F,WCgj(r)  and  F,WCg,(0.  We  derive  expressions 
for  the  filtered,  windowed  correlation  functions,  first  for  the  case  of  an  isolated  waveform 
and  then  for  the  complete  seismograms,  and  develop  a  formulation  for  the  Fr6chet  kernels 
of  the  recovered  parameters.  Finally,  we  discuss  the  implementation  of  this  methodology, 
continuing  with  our  example  of  fundamental-trxxle  diq)eision. 
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WINDOWING  0PERATC« 

Many  windowing  operators  Wit)  have  been  used  in  the  analysis  of  seismic  data, 
including  the  boxcar,  the  Hanning  taper,  and  the  Gaussian  window.  The  Hanning  taper  is 
particularly  popular,  as  it  eliminates  the  large  spectral  sidelobes  of  the  boxcar  window, 
while  falling  to  zero  within  some  specified  width  oc. 

W(r)  =  cos2a(f-tH.)  (3.1) 

where  is  the  center  of  the  window.  Rather  than  develop  expressions  for  a  specific 
window,  we  represent  a  general  windowing  operator  as  a  Gram-Chailier  series: 

Wit)  =  ^  Ga  ia^t-tj))  (wo  -  h«5  (ou.  it-tw))^  +  W4  (ou-  it-t^))*  -  ■■■]  (3.2) 

where  Wit)  is  real  and  even  and  the  coefficients  w  are  real,  even,  and  depend  on  the 
spectral  moments  of  W(q)).  The  window  is  centered  at  r  =  t^,,  which  we  generally  choose 
to  be  the  peak  of  the  correlation  function,  with  temptnal  half-width  ojj.  As  we  shall  see, 
the  influence  of  the  window  on  the  cOTielation  function  depends  on  the  relative  size  oi 
and  Of.  If  Cm,  is  small  compared  to  Of  (corresponding  to  a  large  wiiKiow),  the  effect  of  the 
window  on  the  correlation  function  will  be  negligible.  If  o^  is  large  compared  to  Of 
(corresponding  to  a  narrow  window),  then  the  effea  of  the  window  will  be  considerable. 
We  have  carried  through  the  Hermite-polynomial  expansions  for  each  of  the  expressions 
below.  In  the  interest  of  brevity,  we  do  not  detail  them  here;  instead,  we  present  the 
Gaussian-wavelet  approximations.  The  complete  expressions  and  coefficients  are 
presented  in  Appendix  E;  the  mathematical  details  of  windowing  widi  Gram-Chailier  series 
are  discussed  in  Af^ndix  B. 
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Isolated  waveform  ajwoximation 

The  autocorrelation  function 

We  recall  that  our  expression  for  the  tnoad-band  autoconeiation  function  was  of  the 

form: 


Cz^t)  =  ^  Ga(cr^f)  cos(oyO  (3.3) 

where  ay  is  the  center  frequency  and  oyis  the  spectral  half-width  of  We  multiply 

Czuit)  by  the  windowing  operator,  assuming  that  the  window  is  centered  at  the  peak  of  the 
autocorrelation  function  (r^  ^  0): 

=  WiOCzif) 

=  ^  Ga(Oj0  cos(ayr)  (3.4) 

where  (r~^  the  effective  half- width  of  the  Gaussian  envelope,  depends  on  cyand  Oy,: 

di  =  ai  of  (3.5) 

While  the  application  of  windowing  operator  nanows  or  limits  the  correlation  function  in 
the  time  domain  by  decreasing  the  effective  half-width,  the  "uncertainty  principle"  of 
Fourier  analysis  [e.g.,  Bracewell,  1978]  results  in  the  broadening  or  spreading  of  the 
signal  in  the  frequency  domain. 

After  windowing,  we  calculate  the  Fourier  transform  of  WC^if)  and  apply  the 
Gaussian  filter  (2.15)  in  the  frequency  domain.  Assuming  that  WC^sioi)  is  small  near  a)= 


0,  wc  return  to  the  time  domain  with  an  expression  for  the  filtered,  windowed 
autocorrelation  function; 


FiWCz^t)s  F,{t)  •  WCs5(f) 
=  E(t)  cos<tKt) 


(3.6) 


where  E(t)  and  <tKt)  are  defined  by: 


E(t)  = 


_1 _ gLnJ  ^L-^] 

(2n)^/^  o-  \V of+a|  j 


Ga(oir) 


(3.6a) 


iKr)  =  tUit 


(3.6b) 


and  the  weighted  center  frequency  cd,'  and  spectral  half-width  <t,’  depend  on  the  window 
half-width  through  o^: 


0),  = 


^  qfg?, 

of+of 


'2  ^  of  o/ 


o?  +  <V 


(3.7) 


(3.8) 


Thus,  the  windowing  operator  affects  the  filtered,  windowed  autocorrelation  function  only 
through  the  effective  center  frequency  and  half-width. 
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The  cross-correlation  function 

In  Chapter  2,  we  considered  both  a  quadratic  and  linear  approximation  to 
differential  wavenumber  and  showed  that  the  effect  of  quadratic  dispersion  could  be 
neglected  as  long  as  the  signal  was  sufficiently  narrow-band.  Here,  we  begin  with  the 
linear  approximation  and  examine  the  constraints  introduced  by  the  windowing  operator. 

In  the  case  of  linear  dispersion,  Csu  depends  on  the  differential  phase,  group,  and 
amplitude  time  parameters; 

CzuU)  =  ^^0  exp[(a^5zf)^/2  +  (0)-Gy)(5rr]  Ga  (cryfr-ST")) 

X  cos[tU;  (t-Stp)  -  (to-  -cOf+afSrrXt-Sv”)]  (3.9) 


where  we  have  expanded  the  differential  wavenumber  about  to-  tu,'  and 

H  and  =  Sx^(cOi').  This  expression  is  more  complicated  than  the 

equation  for  FjC^uU)  in  Chapter  2,  as  the  center  frequency  of  the  broad-band  correlation 
function  is,  in  general,  different  from  that  of  the  applied  filter,  and  (3.9)  contains  terms  that 
account  for  the  frequency  shift.  reaches  its  maximum,  6tc,  when: 


-  OfStg)  (5t^+  iKn/Wj  -StP)  ■+  (0^  -  2 
(Of -2  (Ofof&zX  +  of 


a^)5x: 


(3.10) 


and  the  Inn/cof  accounts  for  the  cycle  skipping  in  the  peak  of  the  cross-correlation 
function.  We  apply  the  windowing  operator  in  the  time  domain,  centering  the  window  on 
the  peak  of  the  cross-ccxTelation  function  it„  s  Sig) : 
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WCzuU)  =  — ^  ^0  expt(cry5C)^/2  + (CO, -ciy )*■«"*]  Ga  (&c-5r^)) 

{2nr  °s 

X  Ga  iOgit-Srg"^)  cos(a),  {r-5r")  -  (ca,  -ay+cy 5r")(r-5rj"')]  (3. 1 1 ) 


Similar  to  the  expression  for  the  windowed  autocorrelation,  the  Gaussian  envelope  of 
WCsuO)  is  characterized  by  a  new  half-width,  <t"*,  which  depends  on  the  spectral  half¬ 
width  of  the  broad-band  autocorrelation  function  and  the  window.  However,  the  envelope 
is  now  centered  at  an  effective  group  delay,  Sr”,  which  is  the  weighted  average  of  the 
window  center  time  and  the  differentiai  group  delay  at  a)/: 

ft,"  =  <^c  +  ajSTf  y 

o2+o? 

We  calculate  the  Fourier  transform  of  the  windowed  function,  apply  the  narrow- 
band  filter,  and  return  to  the  time  domain.  The  filtered,  windowed  cross-correlation  has  the 
form  of  a  Gaussian  window  multiplied  by  a  harmonic  carrier  function: 

f ,WC3,(f)  =  £(0  cosdKO  (3.13) 

where  E[t)  and  arc  defined  by 

E{t)  =  — Ga(o;(r-*i'"))  (3.13a) 

(2jt)5/2  O-tT, 

<D(t)  =  a>,(f~5r/^  -  SXtT  it-Srg'^  (3.13b) 


and  we  have  introduced  E  as  notation  fex-  the  amplitude  of  the  envelope  function: 
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£  =  D5‘exp[(ay.5ra'^^/2  +  (a);-fly)5ClGa(3^(&^-5^^^^^  Ga(-‘ 

'  '  \  yal+aj  I 

F^WCsM  depends  on  the  effective  phase,  group,  and  amplitude  parameters  S-^', 

Sr^): 


Sr: 


(Stc  -  Stg) 


(O; 


ffl 

=  Sxp  + 


<A+Of 

(g.-icOf-ofStr))  {(Of-cifSxa)  d 
a^-lOifOfSXa+o}  oS+Ojf 


{8Xp  +  lTznlo)--5Xg)  (3.14a) 


ajStc  -*• 

<^+Of 

St”+  5  . g^.~,  (&tp^2%nlo)i  -5xg)  (3.14b) 

Of  *  2  (OfCffSXa  +  Of  Of 


s^" 

<^+Of 


(3.14c) 


which  represent  the  actual  generalized  data  functionals  with  correction  terms  which 
accounts  for  the  effect  of  the  windowing  operator.  Common  to  all  three  expressions  is  the 
bandwidth  parameter  [Oy^^KcJ^  +  o^)],  which  measures  the  narrowness  the  window 
relative  to  the  signal  width  of  the  correlation  function.  and  5'f^  contain  two 
additional  parameters.  The  dispersion  parameter  [6^  +  2iin/n),'  -  5t^]  measures  the 
asymmetry  of  the  correlation  function.  The  frequency  parameter  [(m, -(Qy-0|^^5t^))(ay- 
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in  the  case  of  and  [©,' 

IcapfSi^^afyi  in  the  case  of  are  a  measure  of  how  far  away  the  filter  is  fi-om  the 
center  of  the  band 

Wide-window  approximation.  The  critical  parameters  in  determining  the  size  of  the 
correction  term  are  the  measures  of  bandwidth  and  dispersion.  In  general,  the  frequency 
parameter  will  be  of  order  0.5  or  so;  in  the  particular  example  of  the  fundamental-mode 
Rayleigh  wave,  a  filter  centered  at  10  mHz  implies  a  frequency  parameter  of  0.3.  If  the 
cross-correlation  function  is  symmetric,  either  because  we  are  considering  an  undispersed 
arrival  or  because  the  differential  group  delay  is  fortuitously  equal  to  the  difierential  phase 
delay  plus  an  integral  number  of  cycles,  then  the  correction  term  will  be  zero.  If  the 
differential  dispersion  is  large,  the  cross-correlation  function  will  be  asymmetrical,  and  the 
correction  term  depends  on  the  product  of  the  bandwidth  and  dispersion  parameters.  Thus, 
if  the  difierential  dispersion  is  not  large,  we  may  apply  a  narrow  windowing  operator. 
However,  if  the  difierential  dispersion  is  large,  then  we  must  increase  the  window  width  in 
order  to  neglect  the  correction  term.  Because  the  2icn/o>/  term  ensures  that  the  difference 
between  ^  and  will  never  be  greater  than  one  cycle,  the  dispersion  parameter  at  10 
mHz  would  be  100  s  at  worst  In  the  actual  case  of  EU2-SNA,  the  difierential-dispersion 
parameter  is  40  s  at  10  mHz.  We  typically  use  a  window  of  fixed  width  (which  is  a 
function  of  ay)  and  the  resulting  bandwidth  parameter  is  of  order  0.(X)S.  Consequently, 
numerical  analysis  suggests  that  we  may  neglect  the  correction  terms: 


-  SxP 

(3.15a) 

-  SrP 

(3.15b) 

-  K 

(3.15c) 
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which  we  shall  refer  to  as  the  wide-window  approximation. 

Comparing  equation  (3.13)  with  (2.30),  we  see  that  the  addition  of  the  windowing 
operator  does  not  modify  the  cross-correlation  function  considerably,  as  long  we  make  a 
judicious  choice  of  window  parameters.  In  particular,  the  choice  of  window  width 
depends  on  the  amount  of  dispersion.  If  the  wavegroup  is  not  very  dispersed,  then  we 
may  apply  a  narrow  window;  however,  large  dispersion  requires  that  we  open  the  window 
in  order  to  make  the  wide-window  approximation.  If  the  wide-window  approximation 
does  not  apply,  that  is  if  the  product  [ajuaj-  +  a^)]  +  Inn/Oi  -  is  large,  the 

estimates  of  differential  phase,  group,  and  amplitude  will  contain  correction  terms. 

Example 

In  order  to  explore  the  influence  of  windowing  on  the  measurement  procedure,  we 
have  applied  this  methodology  to  the  synthetic  example  of  an  isolated  fundamental-mode. 
First,  we  compute  the  autocorrelation  of  Um(t)  and  determine  ay  and  oyby  fitting  equation 
(3.3)  to  C;;.  In  the  second  step,  we  apply  the  windowing  operator,  typically  a  Hanning 
taper,  transform  the  windowed  autocorrelation  function  into  the  frequency  domain,  and 
apply  the  narrow-band  filter.  We  fit  (3.6)  to  F.WCsjCO  in  order  to  estimate  0),'  and  a,' 
(Figure  3.1).  In  the  third  step,  we  compute  the  cross-correlation  between  u„(t)  and 
apply  the  window  centered  at  the  peak  of  C;«(r),  transfcmn  the  windowed  autocorrelation 
function  into  the  frequency  domain  and  apply  the  narrow-band  filter.  With  o)/  and  a,' 
fixed,  we  fit  (3.13)  to  and  estimate  ^(a>,').  and  5T^(a>,')  (Figure 

3.2).  Once  the  windowed  correlation  functions  are  calculated,  a  series  of  narrow-band 
filters  may  be  applied.  Finally,  the  estimates  of  are  corrected  for  cycle  skipping. 

Figure  3.3  compares  the  esdmated  values  of  and  retrieved  with  this 

technique  (squares)  with  the  actual  values  in  the  EU2-SNA  isolated  fundamental-mode 
example  (solid  line).  The  estimates  of  differential  phase  delay  recovered  with  this 
technique  are  quite  good.  However,  the  difierential  group  delay  measurements  display 
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systematic  errors  and  the  amplitude  measurements  are  scattered.  These  results  are 
disappointing,  especially  when  compared  to  the  isolated  waveform  results  from  Chapter  2 
(crosses). 

We  attribute  this  misfit  to  the  breakdown  of  the  linear-dispersion  approximation  in 
(3.9).  In  the  technique  described  in  Chapter  2,  we  apply  the  narrow-band  Gaussian  filter 
directly  to  the  broad-band  correlation  function .  Tnis  allows  us  to  use  the  linear-dispersion 
approximation  as  a  local  approximation  at  In  this  approach,  the  window  is  applied  to 
the  correlation  function  before  filtering,  introducing  the  requirement  that  the  differential 
dispersion  approximation  to  be  valid  from  cuy  to  tu/,  rather  than  in  a  small  neighborhood 
about  n)/.  In  the  extreme  example  of  EU2  and  SNA,  the  linear-dispersion  approximation 
is  not  valid  over  a  large  frequency  range  (recall  Figure  2.5,  which  compares  the  linear  and 
quadratic-dispersion  approximations  of  the  fundamental-mode  differential  wavenumber) 
and  the  estimates  of  Sr^,  and  are  most  accurate  near  ta=  uy  (ay  for  the  Love 
wave  is  23  mHz;  27  mHz  for  the  Rayleigh  wave).  Thus,  the  application  of  a  windowing 
operator  limits  the  approximation  of  differential  wavenumber. 

Quadradc  dispersion 

Returning  to  the  expansion  of  differential  wavenumber  (2.24),  we  derive  an 
expression  for  FiWC^^it)  in  the  case  of  quadratic  dispersion.  Tr.  requires  carrying  the 
quadratic  term  through  the  operations  of  windowing  and  filtering.  Because  the  quadratic 
term  is  complex-valued,  the  resulting  expression  contains  frequency  and  bandwidth 
parameters  which  are  complex-valued.  We  write  this  formula  as  a  Gaussian  envelope  times 
a  harmonic  function,  where  we  take  the  real  value  of  their  product: 

FiWCzuit)  =  Re  (£(0  exp  [-i<D(.t)] )  (3. 16) 


where  £(t)  and  4Kt)  arc  defined  by: 


Eit)  =  E  Ga(Oi(f-«5r”)) 


(3.16a) 


m  =  cu](r  -  5xp)  -io)]-  i0h~<y}5t^)(t-St”)  (3. 1 6b) 


and  we  have  made  the  wide-window  approximation.  Since  we  are  primarily  concerned 
with  the  time-dependent  properties  of  (3.16),  we  defer  discussion  of  the  envelope 
coefficient  to  Appendix  D.  The  constants  0)^  and  are  complex: 


CO,  = 


<jrcOx  +  (<^+  ahoij 
(^  +  ai+ a} 


(3.17) 


cr2  =  qf  (cr3  +  oj) 

of + 


(3.18) 


The  influence  of  quadratic  dispersion  appears  through  the  parameters  (Oj^  and  Ox,  which 
depend  on  the  differential-quadratic  contribution: 


COx 


aT^(Of+  ofco- 
oT^+ of 


i-i'd 


(3.19) 


oT^Of 

dT^  +  of 


/3  ^ 

f^iss  /  A/J 

J\o  c  ^ 

,-t^  F R 

AC  '  , 


/J  A^- 


AS  . 


133- 


displays  the  results  (circles)  obtained  with  this  technique.  We  have  nearly  eliminated  the 
bias  in  differential  group  delay  due  to  quadratic  dispersion. 

Interpretation 

The  addition  of  the  windowing  operator  does  not  affect  our  interpretation  of  the 
generalized  data  functionals  recovered  by  this  technique  in  the  case  of  an  isolated 
waveform.  In  particular,  the  estimate  of  differential  phase  delay  is  linearly  related  to 
perturbations  in  the  model  parameters,  as  discussed  in  Chapter  2  (equation  (2.42)).  Figure 
3.5a  and  b  display  the  Frdchet  kernels  for  at  four  center  frequencies.  Figure  3.6 
compares  the  estimates  of  51^  obtained  by  waveform  fitting  (open  circles)  with  those 
predicted  by  integration  of  the  kernels  (closed  circles). 

Summary  of  the  isolated  wav^orm  example 

We  introduced  a  windowing  operator  into  our  analysis  procedure  to  reduce  the 
effect  of  interference  on  the  estimation  of  the  generalized  data  functionals.  By  windowing 
the  broad-band  correlation  functions  before  filtering,  we  allow  the  full  bandwidth  of  the 
signal  to  separate  the  waveform  of  interest  We  saw  that  the  windowing  operator  changes 
the  differential-dispersion  approximation  from  a  local  approximation  about  cOj'  to  a  global 
approximation  firom  ay  to  (of.  In  the  example  of  EU2-SNA,  we  found  that  the  linear- 
dispersion  approximation  was  not  valid  at  the  edges  of  the  band.  We  demonstrated  a 
bootstrapping  technique  which  allows  us  to  estimate  the  quadratic  contribution  at  each  point 
along  the  dispersion  curve  and  thus  obtain  unbiased  estimates  of  the  differential  phase, 
group,  and  amplitude  delays.  In  general,  we  suspect  that  quadratic  dispersion  will  not  be  a 
significant  problem  because  our  example  of  the  recovery  of  SNA  dispersion  from  EU2  is 
an  extreme  application  of  this  methodology.  In  general,  we  expect  that  our  refoence  model 
will  be  "closer"  to  the  actual  Earth.  In  the  following  section,  we  shall  examine  the 
effectiveness  of  the  windowing  operator  in  reducing  interference. 
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Cnm  =  A„^cxp[(a^4^"")^/2  +  (fl);-cty)4?n  Gul^ itc-AT^)]  Gar-  7-^' 
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(3.22a) 


and  the  effective  differential  time  parameters  contain  correction  tenns  for  die  window: 
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Equation  (3.22)  describes  the  filtered,  windowed  cross-correlation  between  the  isolation 
filter  and  the  complete  synthetic  seismogram  as  a  sum  over  Gaussian  wavelets;  each  one 
describing  the  interaction  between  two  traveling-wave  branches.  If  we  make  the  wide- 
window  approximation,  then  the  correction  terms  can  be  neglected,  and  the  primary  effect 
of  window  is  the  addition  of  the  Ga[(0’,,o^/<T,)(rc  -  Ax  J^)]  coefficients  in  the  Cm.  which 
penalize  any  cross-terms  which  have  difTerential  group  arrivals  outside  the  window. 
Single-wavelet  approximation.  Since  the  windowing  operator  will  screen  out  most 
interfering  arrivals,  we  may  more  accurately  model  the  sum  as  a  single  Gaussian  wavelet, 
characterized  by  an  average  penurbation  of  amplitude  as  well  as  phase,  group,  and 
amplitude  delays: 
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seismogram  and  the  windowing  operator.  In  the  case  of  the  wide-window  approximation, 
the  correction  terms  in  (3.25a-c)  can  be  neglected. 

We  can  develop  expressions  for  these  average  perturbations  in  terms  of  the 
individual  contributions  of  the  traveling-wave  branches.  We  illustrate  the  approach  in  the 
simple  case  where  there  is  no  differential  attenuation;  extending  the  methodology  to  include 
differential  attenuation  is  straightforward.  We  compare  the  Gaussian-wavelet 
approximation  (3.24)  to  the  traveling-wave  sum  (3.22); 

C  G&l^^itc-ATg)]  G3i(a](t-Arg))  cosio)] (t-Atp)] 

=  1  A„„ Gaj^ (tc-Arr)]  Ga (t-Arr))  cos[g>; (r-/\?7')]  ^  26) 


where  we  have  made  the  wide-window  approximation.  If  a/  «  6),',  then  the  Gamsian 
envelopes  will  be  slowly  varying,  compared  to  the  carrier  functions,  near  their  peaks.  We 
expand  the  envelopes  about  t  =  Atg  and  compare  expressions  on  a  term-by-term  basis. 
From  the  zeroth-order  term,  we  find: 
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From  the  first-order  term,  we  recover 
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Ga(o;.(r-5r/-4T,"^) 

X  cos  [o).(t-STp'‘-ATp'^)  -  a}  (5ra"+4i'“)(/-5T,'‘-4Tj"”)]  (3.32) 


where  the  Cm,  are  defined: 


Cnn.  =  A»mCxp[(ff,(5r;+dTr))^/2  +  ((a;-oy)(5tir+4Tr)l 
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and  the  effective  differendal  time  parameters  contain  correcnon  terms  for  the  windowing 


operator 
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In  the  case  of  the  wide-window  approximation,  the  collection  terms  can  be  neglected. 
Single-wavelet  approximation.  Although  (3.32)  represents  the  filtered,  windowed  cross- 
coneladon  between  UmU)  and  s(t)  as  a  sum  over  many  Gaussian  wavelets,  only  a  few  will 
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Szg  = 
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As  before,  the  correction  terms  can  be  neglected  in  the  wide-window  approximation. 
Frechet  kernels.  We  can  develop  expressions  for  the  generalized  data  functionals,  dtp, 
Stg,  and  in  terms  of  the  individual  contributions  of  the  traveling-wave  branches,  which 
will  allow  us  to  formulate  expressions  for  the  Frechet  kernels  as  linear  sums  of  the  branch 
parameters.  To  demonstrate  the  approach,  we  shall  derive  a  formula  for  the  Frechet  kernel 
for  Stpioji')  in  the  case  of  no  differential  attenuation.  Expanding  the  theory  to  derive 
expressions  for  the  group  and  attenuation  kernels  is  a  direct  extension  of  this  methodology. 
We  compare  the  expression  of  the  averaged  Gaussian  wavelet  (3.34)  with  the  traveling- 
wave  sum  (3.32): 
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where  we  have  made  the  wide-window  approximation.  If  a,' «  a>,',  then  the  Gaussian 
envelopes  will  be  slowly  varying  compared  to  the  carrier  function  near  their  peaks.  We 
expand  the  envelops  about  r  =  AXg  +  SXg  and  neglect  the  amplitude  perturbations,  as  they 
will  be  second-order  compared  to  the  phase  perturbation.  From  consideratimi  of  the  first- 
order  term,  we  find: 
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correlation  function.  The  total  length  of  the  window  is  generally  chosen  to  be  five  times  the 
dominant  period  of  Csj.  which  is  sufficiently  broad  that  we  may  assume  the  wide-window 
approximation.  This  window  width  is  still  adequate  to  eliminate  most  of  the  interfering 
arrivals,  such  as  the  first-higher  Love  mode.  We  transform  the  windowed  correlation 
functions  into  the  frequency  domain  and  apply  the  narrow-band  filter.  Returning  to  the 
time  domain,  we  fit  (3.6)  to  F^/Czz  to  determine  (o{  and  a{  (Figure  3.1).  With  center 
frequency  and  half-width  fixed,  we  fit  (3.24)  to  FiWCjjfr)  to  estimate  ^1?^,  and  ^r^ 
(Figures  3.7  and  3.8).  Finally,  we  use  equation  (3.34)  to  determine  SZp,  and  from 
F}VCui{i)  (Figures  3.10  and  3.1 1).  In  the  last  step,  the  estimates  of  5Zp  are  corrected  for 
cycle  skipping. 

Example  -  complete  synthetic  seismogram 

Figure  3.4  illustrates  our  ability  to  recover  estimates  of  the  generalized  data 
functionals  with  the  broad-band  technique,  in  the  case  of  an  isolated  waveform.  As 
discussed  then,  the  errors  in  the  determination  of  some  these  parameters  are  due  to  the 
inadequacv  of  the  linear-dispersion  approximation  across  the  frequency  band  of  interest. 
We  have  demonstrated  a  procedure  for  estimating  SZg,  and  Sz^  which  reduces  the  bias 
introduced  by  quadratic  dispersion.  We  now  shall  apply  this  methodology'  to  the  complete 
seismograms  in  order  to  evaluate  the  effect  of  windowing  in  terms  of  reducing  interference. 

Figure  3.7  illustrates  the  effect  of  the  windowing  operator  graphically,  by 
comparing  Cjj,  WCjy,  and  F.WCjj  for  three  filters.  Qearly,  the  window  removes  all  the 
interfering  energy,  improving  the  approximation  »  H'Cj'u.  Comparison  of  this 
figure  with  Figure  2.15  is  quite  striking,  which  displays  the  filtered  correlations  without 
windowing.  Figure  3.8  displays  the  values  of  Az^,  4?^,  and  Az^  determined  from 
Fy/Css  (squares)  with  those  determined  from  F,Csy  (crosses).  The  windowing  operator 
has  greatly  reduced  the  bias  introduced  by  interfering  arrivals,  particularly  for  the 
differential  group  delay.  Figure  3.9  compares  the  values  of  AZp  and  AZg  recovered  by 
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APPROXIMATION  OF  DIFFERENTIAL  DISPERSION 

We  have  seen  that  the  application  of  the  windowing  operator  changes  the  linear- 
dispersion  approximation  from  a  local  approximation  near  6)/  to  a  global  approximation 
from  ay  to  O),  '.  We  found  that  the  EU2-SNA  differential  dispersion  does  not  satisfy  this 
approximation  over  a  broad-range  of  frequencies.  One  solution  to  this  problem  is  to  use 
better  starting  models.  EU2-SNA  is  an  extreme  example  with  which  to  test  this  technique. 
An  alternative  solution  is  to  use  the  quadratic  form  of  differential  wavenumber.  While  we 
have  solved  this  problem  (Appendix  D)  for  the  filtered,  windowed  cross-correlation 
function,  we  do  not  believe  that  it  is  necessary  to  fit  the  correlation  functions  for  a  four- 
parameter  model.  Instead,  as  discussed  above,  we  have  developed  a  correction  scheme 
which  allows  the  values  of  SXp,  SXg,  and  St^  estimated  with  the  linear-dispersion 
approximation  to  be  corrected  for  quadratic  dispersion. 

SUMMARY 

We  have  introduced  an  additional  step  in  our  waveform  analysis  procedure  by 
windowing  the  broad-band  correlation  functions  before  filtering.  This  step  reduces  the 
contamination  due  to  interfering  arrivals,  as  illustrated  by  the  complete  synthetic  case, 
although  it  limits  the  application  of  the  linear-di^rsion  approximation.  We  formulated 
analytic  expressions  for  the  cross-correlation  of  the  isolation  filter  with  the  complete 
synthetic  and  the  observed  seismogram  which  model  the  noode-branch  interference  as  a 
sum  over  Gaussian  wavelets,  as  well  as  parameterizing  the  correlation  functions  as  a  single 
Gaussian  wavelet.  We  have  developed  explicit  expressions  for  the  effect  of  interference 
fiom  other  wavegroups  and  derived  an  expression  which  relates  the  observed  phase 
perturbation  to  a  linear  sum  of  the  individual  phase  perturbations  of  each  traveling-wave 
branch. 
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effect  of  quadratic  dispersion  by  an  iterative-fitting  process.  In  this  example,  the 
estimation  of  6^  has  been  greatly  improved  by  the  conecdon  procedure. 

FIGURE  3.5 

The  Fr6chet  kernels  for  the  first-order  perturbadon  in  phase  delay.  Figure  3.Sa 
presents  the  Frfchet  kernels  for  shear-wave  velocity  (solid  line)  x'.a  density  (dashed 
line)  for  the  fundamental  Love  wave  as  a  function  of  depth.  Figure  3.5^  presents 
the  Fr6chet  kernels  for  shear-wave  velocity  (solid  line)  and  density  (dashed  line),  as 
well  as  the  kernel  for  comptessional  velocity  (short  dashed  line)  for  the  fundamental 
Rayleigh  wave  as  a  function  of  depth.  In  both  a  and  b,  the  kernels  are  presented  at 
four  fr^uencies.  The  two  horizontal  dashed  lines  indicate  the  400  km  discontinuity 
and  the  base  of  the  crust  As  observed  in  Chapter  2,  Love  and  Rayleigh  waves  of 
the  same  frequency  average  the  upper  mantle  in  different  ways. 


figure  3.6 

Comparison  between  the  measured  values  of  Si^  (open  circles)  and  the  values 
predicted  from  integration  of  the  Frcchet  kernels  (filled  circles).  The  predicted 
values  compare  favtxably  to  the  actual  EU2-SNA  fundamental-mode  dispersion 
(solid  line)  of  the  Love  wave  (left)  and  Rayleigh  wave  (right). 


Figure  3.7 

FiWC;jit)  for  fundamental  Love  (left)  and  Rayleigh  (right)  waves.  In  each  box, 
the  uppermost  trace  is  the  broad-band  cross-correlation  function,  CsjU)',  the  trace 
imm^ately  below  is  the  windowed  function  Some  interfering  energy  is 

apparent  in  and  is  eliminated  by  the  window.  The  remaining  traces  (solid 
line)  illustrate  dim  filters  with  varying  center  frequencies  (1  =  35, 2  ==  25.  3  =  IS 
mHz)  and  a  fixed  relative  bandwidth  (x-  =  0.1)  applied  to  WCniO^  The  dashed 
line  indicates  the  model  derived  from  waveform  fitting  of  equation  (3.24). 
Comparing  these  correlations  to  Figure  2.15  demonstrates  the  effectiveness  of  the 
windowing  operator  in  reducing  interference.  The  values  of  Afp,  4?.,  and  AXg 
estimated  from  the  waveform-fitting  procedure  are  displayed  in  Figure  3.&. 


FIGURE  3.8 

Estimates  of  AXp,  and  Ax ^  (squares)  recovered  from  waveform  fitting  of 
equation  (3.24)  to  F',VVUu;(r).  The  top  panels  present  the  values  for  the  Love  wave; 
the  bottom  panels  present  the  values  for  the  Rayleigh  wave.  Thesei  estimates  are 
near  zero,  indicating  that  interference  has  been  significantly  reduced  by  the 
windowing  operator.  The  values  estimated  from  (crosses)  in  Chapter  2  are 

included  for  comparison. 


Figure  3.9 

Comparison  between  the  values  of  AXp  and  Ax^  recovered  by  waveform  fitting 
(squares)  with  those  values  predicted  by  (3.28)  and  (3.29)  (filled  circles).  The 
match  between  the  measured  and  predicted  values  is  excellent 
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does  not  alter  the  values  of  Sftp  greatly,  although  it  does  modify  the  estimates  of 
and  Sft^.  In  the  case  of  the  fundamental-mode  Rayleigh  wave,  however,  the  new 
estimates  of  correct  a  cycle-skipping  problem  in  the  differential  phase  delay. 
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Figure  3.4 
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Figure  3.5b 
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Figure  3.9 
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Figure  3.11 
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F^mdaInelltal  Mode  -  Vertical  Component 
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Figure  3.12b 
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analysis  of  broad-band  seismograms.  We  illustrate  the  implementation  with  the  S  and  SSS 
examples  and  discuss  Frdchet  kernels  obtained  from  our  analysis.  These  kernels,  which 
are  very  different  from  the  partial  derivatives  associated  with  the  infinite-frequency 
approximation  of  ray  theory,  provide  new  insight  into  the  way  wavegroups  average  the 
Earth  at  finite  frequencies. 


ISOLATION  Filter  design 

We  motivate  the  discussion  of  isolation  filters  by  considering  the  transverse  and 
vertical-component  synthetic  seismograms  at  KONO  for  the  Kamchatka  event  of  83/08/17 
(Figure  4. 1).  The  transverse-component  seismogram  is  composed  of  four  main  packets  of 
shear-energy:  5,  SS,  SSS,  and  the  fundamental-mode  Love  wave.  At  63*,  the  5-wave 
bottoms  around  16(X)  km  depth  and  is  followed  by  sS  and  ScS.  SS  also  turns  in  the  lower 
mantle,  at  approximately  930  km  depth.  SSS  is  quintuplicated  at  this  distance,  giving  rise 
to  five  arrivals  which  sum  to  a  large-amplitude  pulse,  and  is  sensitive  to  shear-velocity 
structure  throughout  the  upper  mande  and  transition  zone.  It  is  closely  followed  by  the 
fundamental-nKxie  Love  wave,  which  averages  the  structure  of  the  crust  and  uppermost 
mande.  The  vertical-component  waveforms  are  mme  complex,  due  to  P  and  5V  coupling. 
For  example,  the  5-wave  on  the  vertical  component  is  characterized  by  a  low-amplitude 
wavetrain,  rather  than  a  single,  well-defined  arrival.  Part  of  this  complexity  is  explained  by 
the  presence  of  shear-coupled  PL  [Caloi,  1948;  Oliver  and  Major,  1960;  Oliver,  1961; 
Giandler  et  al.,  1968;  Poupinet  and  Wright,  1972;  Jordan  and  Frazer,  1975,  Frazer,  1977] 
and  part  by  converted  arrivals  [Kanasewich  etal.,  1973;  Ward,  1978].  The  difficulty  of 
modeling  shear-coupled  PL  has  led  seismologists  to  abandon  the  PSV  system  [e.g., 
Helmberger  and  Engen,  1974]  in  favor  of  5//-polarized  waveforms,  although  some  recent 
studies  have  attempted  to  utilize  P5V-polarized  waveforms  [Baag  and  Langston,  198Sa, 
198Sb;  Langston  and  Baag,  1986].  The  large-amplitude  phase  on  the  vertical  component  is 
555.  This  pulse-like  arrival,  with  a  group  velocity  between  4.4  and  4.6  km/s,  is 
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The  total  group  delay  of  the  mth  branch,  is  the  sum  of  contributions  from  the 
excitation,  propagation,  and  instrument  response: 

rPi(o)  =  ^P(a))  +  Tgico)  +  lpJ(o>)  (4  3) 

where  Ip^ldoyis  the  excitation  group  delay,  7”  =  Re{dk„ /do)]  is  the  propagation 

group  delay,  and  ^gSd^i  Ida  is  the  instrument  group  delay.  In  general,  the  propagation 
delay  is  the  dominant  term  in  (4.3),  but  occasionally  the  contribution  from  the  excitation 
term  may  be  significant  The  instmment  delay  does  not  depend  on  the  branch  index  and  is 
a  slowly  varying  function  of  frequency. 

It  is  important  to  note  that  Omit)  is  not  a  group-velocity  window  in  the  classical 
sense:  i.e.,  J{t)  is  not  constructed  by  windowing  the  complete  synthetic  seismogram  about 
a  particular  group  arrival  time.  Instead,  we  compute  the  sum  over  traveling- wave  branches 
with  amplitude  coefficients  determined  by  (4.2).  Returning  to  the  seismograms  in  Figure 
4.1,  we  shall  use  this  formulation  to  construct  isolation  filters  for  two  very  different 
wavegroups:  S  and  SSS. 

S  isolation  filter.  At  63',  5  is  bottoming  in  the  relatively  homogeneous  lower  mantle  and 
we  expect  the  pulse  shape  to  be  simple.  This  is  true  on  the  transverse  component,  where  S 
has  a  group  arrival  time  of  tg  =  1 149  s  (corresponding  to  a  group  velocity  of  6.1 1  km/s). 
However,  the  vertical  component  does  not  have  a  single,  strong  arrival  due  to  the 
interference  of  shear-coupled  PL  and  converted  arrivals.  In  order  to  construct  an  isolation 
filter  for  5,  we  chose  the  group  arrival  time  on  the  transverse  component  as  t^.  The  choice 
of  (Tg-'  was  made  after  some  experimentation;  we  found  100  s  to  be  a  reasonable  value.  In 
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the  group-velocity  diagrams  in  Figure  1.4  indicates  that  many  branches  have  Airy-phase 
behavior  at  this  group  velocity,  contributing  to  the  large-ampiitude  arrival.  This 
observation  is  consistent  with  the  numerical  studies  of  Sa  by  Kovach  and  Anderson 
[  1964],  Schwab  et  al.  [1974],  and  Nakanishi  et  al.  [1976]. 

Figure  4.7  illustrates  the  isolation  filters  generated  from  these  amplitude 
coefficients.  On  both  the  transverse  and  venical  components,  the  group  arrival  time 
algorithm  has  reproduced  the  555-wave,  matching  the  cc»nplete  synthetic  in  both  amplitude 
and  phase.  The  periodic  blips  in  the  isolation  filters  are  edge  efiects  caused  by  the  phase- 
velocity  cutoff  at  7  km/s  and  are  analogous  to  truncation  arrivals  in  WKBJ  seismograms. 

FRECHET  Kernels 

Having  demonstrated  our  ability  to  construct  seismologically  useful  and  interesting 
isolation  filters  by  weighted  sums  of  traveling-wave  branches,  we  now  develop  a 
formalism  for  the  interpretation  of  the  generaJiaed  data  functionals  recovered  with  their  use. 
In  particular,  we  derive  expressions  for  their  Frtehet  kernels.  Based  on  the  mathematical 
treatment  developed  in  Chapters  2  and  3,  we  present  formulae  for  the  analysis  of  broad¬ 
band  seismograms.  In  our  analysis,  we  have  assumed  that  the  parameters  of  the  applied 
window  are  judiciously  chosen  such  that  we  may  neglect  any  correction  terms  due  to  the 
window  in  the  estimation  of  the  differential  phase,  group,  and  amplitude  time  parameters. 
In  the  development  below,  we  assume  that  the  are  smoothly-varying,  real  functions 
of  frequency,  although  the  expressions  do  not  depend  on  a  specific  form  of  the  weight 
coefficients. 

Autocorrelation  function 

In  Chapters  2  and  3,  we  considered  an  isolation  filter  composed  of  a  single 
waveform  and  expanded  CmiO  in  a  Gram-Charlier  series  characterized  by  a  center 
frequency  oy  and  spectral  half-width  We  modeled  the  application  of  a  windowing 
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While  the  autocorrelation  is  a  symmetric  function  about  zero  lag,  CjjU)  contains  additional 
cross-terms  and  the  peak  may  be  shifted  away  from  zero  lag.  We  assume  that  the 
amplitude  spectrum  of  Cfs(Q)),  including  Sm(tu),  is  a  slowly  varying  function  of  frequency 
and  branch  number.  Near  o)  =  £U,',  we  approximate  the  amplitude  spectrum  of  the 
individual  branch  cross-correlations  in  terms  of  a  scaled  version  of  the  autocorrelation 
spectrum: 

a,n(o))  |A„(to)|  |A„(to)l  \T(£o)\^  =  Smio)-)  |a„(£u')| 

The  approximation  assumes  that  most  of  the  cross-term  contributions  come  from  nearest- 
neighbor  branches,  whose  spectral  characteristics  are  similar.  As  discussed  in  Chapter  2. 
this  approximation  will  break  down  in  the  case  of  the  cross-correlation  between  a  high- 
phase-velocity  branch  with  a  low-phase  velocity  branch,  because  their  amplitude  spectrum 
will  be  quite  different.  However,  the  differential  group  delay  in  this  case  will  be  large,  and 
the  windowing  operator  will  substantially  reduce  this  contribution  to  the  sum. 

With  this  parameterization  of  the  amplitude  spectrum  and  the  expansion  of  the  phase 
spectrum  in  a  first-order  Taylor  series  (2.49),  we  may  derive  an  expression  for  the  filtered 
cross-correlation  between  the  isolation  filter  and  the  complete  synthetic: 
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where  defined  in  Chapter  3,  depends  on  the  amplitude  coefficients  of  the  mh  and  mth 
branches  at  o>,'. 

This  expression  describes  the  filtered,  windowed  cross-correlation  between  the 
isolation  filter  and  the  complete  synthetic  seismogram  as  a  sum  over  Gaussian  wavelets; 
each  one  describing  the  interaction  between  two  traveling-wave  branches  in  terms  of  a 
differential  phase,  group,  and  amplitude  delay.  We  expect  the  sum  to  be  dominated  by  the 
autocorrelation  terms  (n  =  m)  and  assume  that  it  may  be  approximated  by  a  single  wavelet 
(3.24),  parameterized  by  an  average  perturbation  in  amplitude  and  phase  (C,  J  f^,  At g. 
Ax  a)  due  to  interference.  As  we  did  in  Chapters  2  and  3,  we  can  develop  expressions  for 
these  average  perturbations  in  terms  of  the  individual  contributions  of  the  traveling-wave 
branches.  Illustrating  the  approach  in  the  simple  case  when  there  is  no  differential 
attenuation,  we  find: 
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where  the  coefficients  Cq,  Cj,  %  and  Sj  are  defined  in  terms  of  sums  over  the  differential 
branch  phase  and  group  delays: 
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and  we  recall  the  definition  of  the  Dm  ^tn  Qtapter  3: 

Dm  =  An„  Gal^itc-At^)]  Ga(o-;  (Atg-Ax^))  /  Gal^l^  (tc-4?^)) 

'  /  I  o-g  /  (4.12) 

In  summary,  we  have  formulated  the  cross-correlation  function  between  the 
isolation  filter  and  the  complete  synthetic  seismogram  in  terms  of  a  double  sum  over 
Gaussian  wavelets  which  describe  the  interaction  between  the  traveling- wave  branches. 
We  have  approximated  this  representation  for  F,Cjj(0  as  a  single  Gaussian  wavelet  and 
derived  expressions  for  the  scale  constant  C  and  the  average  phase  and  group  delays  AXp 
and  AXg  in  terms  of  the  individual  branch  contributions.  These  formulae  are  similar  in 
structure  to  those  derived  in  Chapter  3,  as  they  depend  on  weighted  sums  over  sines  and 
cosines  of  Ax^.  They  differ  from  earlier  expressions,  however,  since  the  sum  over  the 
branches  of  the  synthetic  seismogram  is  calculated  for  each  branch  in  the  isolation  filter  and 
weighted  by  the 

The  observed  cross-correlation  function 

We  now  present  an  expression  for  the  frltered,  windowed  cross-correlation  between 
7(t)  and  s(r).  FiWCjsit)  may  be  written  as  a  double  sum  over  the  cross-correlations 
between  of  the  isolation  filter  and  the  u„  which  comprise  the  observed  seismogram, 
where  we  have  ai^lied  the  windowing  operator  at  die  peak  of  Cft  (r^  st^-h  St^): 
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where  Cwn>  defined  in  Chapter  3,  depends  on  the  amplitude  coefficients  of  the  nth  and  mth 
branches  at  Q^‘. 

Although  (4.13)  represents  the  filtered,  windowed  cross-correladon  between  7(0 
and  s(r)  as  a  sum  over  many  Gaussian  wavelets,  only  a  few  will  make  a  significant 
contribution  to  the  correlation  function,  due  to  the  presence  of  the  window.  We  represent 
the  sum  as  a  single  wavelet  (3.34),  characterized  by  perturbations  due  to  interfering 
waveforms  (Atp,  Atg,  Ax  a)  and  perturbations  due  to  deviations  of  the  reference  model 
from  the  Earth  (SXp,  SXg,  Sx^).  We  can  develop  expressions  for  the  generalized  data 
functionals,  SXp,  SXg,  and  Sx^,  in  terms  of  the  individual  contributions  of  the  traveling- 
wave  branches,  which  will  allow  us  to  formulate  expressions  for  the  Fr6chet  kernels  as 
linear  sums  of  the  branch  parameters.  As  an  example  of  the  approach,  we  present  the 
formula  for  the  Fr6chet  kernel  for 
{(Oi)  in  the  absence  of  differential  attenuation; 
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where  the  are  defined  by 
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This  equation  expresses  the  average  phase  perturbation  as  a  linear  sum  of  appropriately 
scaled  branch  phase  perturbations,  that  is,  as  a  linear  sum  of  the  individual  Frechet  kernels 
at  the  reference  frequency  tu,'.  In  Chapters  2  and  3,  each  represented  the  interaction 
between  the  single  branch  of  the  isolation  filter  and  the  nth  branch  of  the  synthetic 
seismogram.  In  the  general  formulation  of  (4.1),  P^  is  a  sum  over  the  branches  of  the 
isolation  filter. 


IMPLEMENTATION 

We  have  developed  a  software  package  for  the  design  of  isolation  filters.  This 
package  allows  us  to  construct  J{t)  for  particular  values  of  and  0'o~^  accounting  for  the 
source,  propagation,  and  instrument  contributions.  In  addition,  we  may  apply  phase  and 
group-velocity  limits  as  well  as  identify  those  modes  which  satisfy  additional  criteria,  such 
as  certain  ratios  of  shear-to-compressional  energy.  Once  a  set  of  coefficients  are 
determined,  the  filter  is  constructed  by  normal-mode  sutnmation.  For  the  types  of  filters 
discussed  thus  far,  the  number  of  modes  involved  in  the  sum  is  substantially  less  than  the 
total  mode  set,  and  isolation  filters  may  be  calculated  quite  efficiently.  Once  the  isolation 
filter  is  determined,  the  processing  proceeds  as  described  in  Chapter  3.  Reniming  to  the 
seismograms  in  Figure  4. 1,  we  illustrate  this  formalism  with  the  isolation  filters  for  5  and 
SSS. 

S  isolation  filter 

Correlation  functions.  In  the  first  step,  we  calculate  the  autocorrelation  of  the  isolation 
filter  and  apply  the  windowing  operator  and  the  narrow-band  filter.  Figure  4.9  displays 
Cjj{t\  WCffit),  and  F^WCjjit)  for  several  values  of  o),-.  The  autocorrelation  of  the 
isolation  filter,  as  defined  in  (4.4),  is  a  symmetric  function  which  may  contain  cross-term 
contributions  away  from  zero  lag.  In  this  example,  the  autocorrelation  function  of  the 
transverse  component  5-wave  is  concentrated  near  the  peak,  while  the  vertical-conqxxient 
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function  is  not.  However,  the  windowing  operator  eliminates  most  of  the  cross-term 
contributions  away  from  zero  lag,  allowing  us  to  apply  the  Gaussian-wavelet 
approximation  to  F^Cjj(t).  We  use  (3.6)  to  estimate  to,'  and  <t/  by  waveform  fitting  and 
the  resulting  models  are  plotted  with  dashed  lines. 

Having  determined  tu,'  and  from  F^Cjjit),  we  compute  the  cross-correlation 
between  and  J(r).  Figure  4.10  ctMnpares  Cjyfr),  WCjjit),  and  F-^Cj;{f)  for  several 
values  of  O),-.  G)nsiderabie  cross-term  energy  is  apparent  near  zero-lag  on  the  correlation 
funedons,  pardculaiiy  on  the  vertical  component  where  Cjs(t)  does  not  have  the  same 
sidelobe  structure  as  Cjjit).  Most  of  the  interference  is  eliminated  by  the  windowing 
operator  and  we  use  the  single-wavelet  approximadon  of  FiWCjsit)  (3.24)  to  esdmate  the 
average  differendal  phase,  group,  and  amplitude  time  delays  due  to  interference.  The 
results  obtained  from  waveform  fitdng  are  displayed  in  Figure  4.1 1.  The  values  of  these 
parameters  are  near  zero,  indicadng  that  the  window  has  successfully  removed  most  of  the 
interference.  The  filled  circles  indicate  the  values  of  AXp  and  AXg  predicted  from  the 
analytic  expressions  (4.9)  and  (4.10).  The  comparison  between  the  measured  and 
predicted  values  of  AXp  is  within  a  second  or  so  on  both  the  transverse  and  vertical 
components,  except  at  the  very  lowest  frequency.  While  the  predicted  values  of  AXg  on  the 
transverse  component  are  within  a  few  seconds  of  the  measured  values,  with  the  greatest 
error  occurring  at  the  lowest  frequency,  the  vertical-component  results  are  puzzling. 
Although  the  measured  values  of  AJg  mimic  the  dispersion  of  the  predicted  values,  they  are 
offset  by  12  to  IS  s  in  the  range  from  10  to  20  mHz. 

This  behavior  is  due  to  the  breakdown  of  the  wide-window  approximation.  The 
vertical-component  correlation  function  is  not  as  localized  as  the  transverse  component 
correlation  function  and  consequently  is  wore  sensitive  to  the  width  of  the  window.  It  is 
apparent  from  comparison  of  Figures  4.9  and  4. 10  that  Cjj  ^  Cjj,  even  for  a  single  cycle 
about  the  maximum.  Elimination  of  the  sidelobe  structure  by  the  windowing  operator 
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causes  the  measurement  procedure  to  underestimate  the  effect  of  interference. 
Experimentation  has  shown  that  better  agreement  may  be  obtained  with  a  wider  window. 

Finally,  we  calculate  the  cross-coneiation  between  7(f)  and  s(t).  Figure  4.12 
illustrates  Q^f),  WCjfjOh  and  for  several  values  of  o),-.  While  the  transverse- 

component  correlation  functions  has  the  simple  structure  of  a  Gaussian  wavelet,  the 
vertical-component  correlation  function  does  not  As  in  Figure  4.10,  considerable  cross- 
term  energy  is  apparent  in  the  broad-band  correlation  function  and  is  removed  by  the 
windowing  operator.  The  dashed  line  indicates  the  best  model  derived  ftom  waveform 
fitting  of  (3.34)  and  Figure  4.13  displays  the  values  of  SXp,  Stg,  and  Sr^  recovered  from 
this  operation.  The  solid  line  indicates  the  actual  values  for  the  EU2-SNA  comparison. 
The  transverse-component  5-wave  behaves  like  a  classical  body  wave,  i.e.,  it  is  not 
dispersed,  and  the  recovered  parameters  match  the  values  predicted  from  a  simple  travel¬ 
time  calculation.  The  vertical-component  arrival  is  dispersed,  however,  with  values  of  SXp 
which  are  a  smoothly  varying  function  of  frequency. 

Frichet  kernels.  We  may  use  the  expression  for  the  first-oider  phase  perturbation  (4. 14)  to 
calculate  the  Frichet  kernels  for  the  5-wave  isolation  filters.  Figure  4.14  presents  the 
transverse  (a)  and  vertical  {b)  component  kernels  for  velocity  and  density  perturbations  at 
four  sample  frequencies.  The  horizontal  dashed  Hims  indicate  the  Moho,  the  400  km 
discontinuity,  and  the  670  km  discontinuity.  The  solid  line  is  the  shear-velocity  kernel;  the 
shorter  dashed  line  is  the  compressional-velocity  kernel.  The  longer  dashed  line  marks  the 
density  kernel 

The  5//-polarized  shear-velocity  kernels  denoonstrate  that  the  5-wave  travel  time 
represents  a  smoothed  average  of  lower-mantle  structure.  This  averaging  becomes 
localized  near  the  bottoming  depth  of  5  with  increasing  fluency,  corresponding  to  the 
high-frequency  turning-point  singularity.  At  this  distance,  5  travels  nearly  vertically 
through  the  upper  mantle  and  is  relatively  insensitive  to  stnicture  there.  The  denaty  Ixmel 
has  low  amplitude  in  the  lower  mantle,  but  oscillates  about  zero  in  the  transition  zone  and 
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upper  mantle.  This  oscillation  is  matched  in  the  shear-velocity  kernel  and  is  a  function  of 
the  reference  frequency.  While  the  velocity  kernels  for  an  individual  branch  are  non- 
posidve  everywhere  (as  they  are  for  classical  travel  tiine),  the  shear  kernels  in  this  figure 
bectMne  positive  in  several  places.  This  positivity  is  due  to  the  infraction  of  interfering 
wavegroups. 

The  /*5V-poiarized  kernels  are  an  interesting  comparison  to  the  SH  figure.  The 
shear-velocity  kernels  at  30  and  40  mHz  kernels  are  quite  similar  for  toroidal  and 
spheroidal  modes,  while  the  10  and  20  mHz  kernels  are  very  different  Specifically,  the  10 
and  20  mHz  /*5V-polarized  shear-velocity  kernels  display  considerably  more  sensitivity  to 
upper-mantle  structure  than  the  SH  kernels.  This  additional  sensitivity  is  due  to  the 
presence  of  shear-coupled  PL  and  convened  energy  in  the  5  wavetrain.  The  difference  is 
less  pronounced  at  higher  frequencies  because  the  5-wave  energy  (which  has  a  center 
frequency  of  33  mHz)  dominates  the  wavetrain. 

The  compressional-velocity  kernels  indicate  that  the  measure  nents  of  phase  delay 
made  with  an  5-wave  isolation  filter  contain  infonnation  about  the  P-wave  velocity  in  the 
upper  mantle.  This  sensitivity  is  exhibited  at  all  frequencies,  becoming  progressively  more 
pronounced  with  increasing  frequency.  In  fact,  the  comparison  of  the  density  and 
compressional-velocity  kernels  indicate  that  the  measureirtcnts  at  30  and  40  mHz  are 
sensitive  to  the  reflection  coefficient  at  4(X)  km  depth.  Woodhouse  and  Dziewonski  [  1986] 
inverted  P5V-polarized  waveforms  for  5V  structure  and  observed  a  correlation  between  the 
lower-mantle  shear  velocities  and  independent  models  of  upper-mantle  ccnnpressional- 
velocity.  They  concluded  that  the  SV  waveftmns  contained  significant  amounts  of  /*-wave 
energy.  Our  methodology  provides  us  with  the  means  of  interpreting  the  compressional- 
energy  contribution  to  the  5V  waveform. 

We  may  compare  the  measurements  oS  difFetential  phase  delay  (squares)  with  the 
values  predicted  from  the  integration  of  the  Fiicbet  kernels  with  the  velocity  penurbttions 
between  EU2  and  SNA  (filled  circles)  (Rgure  4. IS).  The  comparison  for  the  SH 
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measurement  is  very  good,  with  phase  estimates  recovered  to  a  second  or  so,  except  for  the 
lowest  frequency.  The  PSV  comparison  is  good  for  frequencies  above  25  mHz,  but 
shows  soiiK  "tears"  between  the  measured  and  predicted  values  at  lower  frequencies.  We 
attribute  these  errors  to  the  breakdown  in  the  wkle-witKiow  approximadon  described  in  the 
comparison  of  the  measured  and  prediaed  values  of  At g. 

Example.  We  have  applied  this  methodology  to  recover  estimates  of  the  differendal  phase 
delay  for  5  between  EU2  and  the  Earth  from  the  Kamchatka  seismograms  (Figure  4.16n). 
Figure  4.16b  displays  the  values  of  the  generalized  dau  functionals  estimated  by  our 
procedure.  The  estimates  of  Stp  are  quite  consistent  for  the  SH  and  PSV  observations, 
with  values  around  9  s.  This  agreement  between  the  transverse  and  vertical  component 
measurements  is  surprising  in  the  light  of  the  EU2-SNA  comparison  (Figure  4.15).  The 
vertical-component  measurements  in  the  EU2-SNA  example  display  dispersion,  achieving 
the  transverse-component  values  only  at  the  highest  frequencies.  We  infer  from  this 
comparison  that  the  dispersion  of  shear-coupled  PL  must  be  sensitive  to  upper-mantle  shear 
structure  and  that  EU2  is  a  good  model  for  propagation  across  northern  Eurasia. 

The  value  of  9  s  is  an  unexpectedly  large  differential  travel  time  for  direct  S. 
Examination  of  other  seismograms  for  this  event  reveals  similarly  large  shifts,  suggesting 
that  this  variation  may  be  due  in  part  to  differences  between  the  actual  and  assumed  source 
centroid  time,  rather  than  differences  between  EU2  (which  uses  the  lower  mantle  from 
PREM  [Dziewonski  and  Anderson,  1981])  and  the  Earth  (the  centroid  time  shift  for  this 
event  is  13. 1  s  from  the  origin  time  reported  by  the  National  Earthquake  Information  Center 
in  their  Preliminary  Determination  of  Epicenters  (PDE)  [Dziewonski  et  ai,  1984]). 

SSS  isolation  filter 

Correlation  functions.  We  begin  by  calculating  the  {uitocorrelation  of  the  isolation  filter  and 
applying  the  windowing  and  filtering  operators  (Inguie  4.17).  Since7(r)  is  localized  in  the 
time  domain  on  both  components,  Cjjit)  is  concentrated  near  zero  lag.  The  wsveftxm 
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fitting  of  the  Gaussian-wavclet  approximation  produces  estimates  of  ta,'  and  a,'  which 
match  the  filtered,  windowed  autocorrelation  function  extremely  well. 

In  the  next  step,  we  cross-correlate /(/)  and  s(t).  Figure  4.18  illustrates  CtjO), 
WCjsit),  and  the  values  of  the  avoage  phase,  group,  and  amplitude  parameters 

recovered  by  this  methodology  (squares)  arc  displayed  in  Figure  4. 19.  The  values  of  AXp 
and  Ax g  predicted  from  (4.9)  and  (4.10)  are  displayed  with  filled  circles.  The  comparison 
of  the  measured  and  predicted  values  of  Ax^  and  Alg  is  excellent  on  the  vertical 
component,  agreeing  to  within  Is.  On  the  transverse  component,  the  predicted  values  of 
AXp  have  similar  dispersion  as  the  measured  values;  for  example,  the  theory  predicts  the 
large  excursion  at  10  mHz.  However,  the  10  and  IS  mHz  measurements  differ  by  several 
seconds  from  the  predicted  values.  The  comparison  of  the  measured  and  predicted  values 
of  AXg  is  less  satisfactory,  with  the  variation  between  the  observed  and  predicted  values 
reaching  10  s. 

The  cross-correlation  betwee  Jit)  and  s(t)  is  illustrated  in  Figure  4.20,  along  with 
WCjsit)  and  FiWCjsit),  and  the  estimates  of  8Xp,  5Xg,  and  Sx^  recovered  from  the 
wavefoim-fitting  procedure  are  displayed  in  Figure  4.21.  On  the  vertical  component,  the 
estimation  of  SXp  shows  little  or  no  dispersion,  while  the  transverse  component 
measurements  display  some  frequency  dependence. 

Frichet  kernels.  As  we  did  in  the  example  for  5,  we  may  use  the  expression  for  the  first- 
order  phase  perturbation  (4.14)  to  calculate  the  Frechet  kernels  for  the  555-wave  isolation 
filters.  Figure  4.22  presents  the  transverse  (a)  and  vertical  ib)  component  kernels  for 
velocity  and  density  perturbations  at  four  sample  frequencies,  with  the  same  conventions  as 
Figure  4.14. 

The  5//-polarized  kernels  indicate  that  555  is  extremely  sensitive  to  shear  velocity 
in  the  upper  mantle  and  transition  zone.  In  addition,  this  sensitivity  is  strongly  frequency 
dependent,  due  to  the  interaction  of  the  triplication  branches.  For  example,  the  emergence 
of  the  reflection  from  the  400  km  discontinuity  may  be  observed  in  the  30  and  40  mHz 
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kernels.  Because  of  the  strong  frequency  dependence,  these  four  measurements  yield  four 
independent  constraints  on  shear-velocity  structure. 

The  5//-polaiized  shear-velocity  kernel  at  38  mHz  becomes  positive  at  the  670  km 
discontinuity.  This  positivity  reflects  the  interaction  of  two  traveling-wave  branches  which 
are  sensitive  to  the  change  in  velocity  across  the  discontinuity. 

Comparison  between  the  SH  and  PSV  shear-velocity  kernels  is  quite  favorable. 
Although  there  are  some  differences  between  the  mode  types,  the  kernels  appear  to  be 
averaging  structure  in  the  same  way.  In  particular,  SSS  does  not  display  any  sensitivity  to 
compressional  velocity  in  this  frequency  range. 

We  compare  the  measured  estimates  of  Sx^  to  those  predicted  by  integration  of  the 
Frdchet  kernels  in  Figure  4.23.  The  comparison  is  very  favorable,  except  for  the  lowest 
frequency  measurement  on  the  transverse  component 

Example.  We  have  used  the  SSS  isolation  filter  to  recover  estimates  of  the  generalized  data 
functionals  on  the  observed  seismogram  (Figure  4.24u  and  b).  The  estimates  of  Stp,  Stg, 
and  SXg  on  the  vertical  component  are  very  stable.  In  particular,  the  measurement  of 
differential  phase  delay  does  not  display  any  dispersion,  with  values  ranging  between  4  to 
6  s.  The  estimates  of  SXp  from  the  vertical  component  are  very  stable  as  well,  hovering 
around  30  s.  However,  the  estimates  of  SXg  and  6Xg  display  considerably  more  scatter. 
The  large  discrepancy  between  the  SH  and  PSV  measured  times  may  be  understood  by 
examining  Figure  4.24<2,  which  compares  the  isolation  filter  with  the  observed  and 
synthetic  seismograms.  While  SSS  is  a  clear  arrival  on  the  vertical-component  record,  it 
does  not  appear  as  a  large  amplitude  pulse  on  the  transverse-component  record.  This 
variation  in  waveforms  may  be  due  to  transition-zone  heterogeneity. 

DISCUSSION 

In  this  Chapter,  we  have  outlined  an  approach  for  constructing  isolation  filters 
based  on  the  weighting  of  traveling-wave  branches.  However,  our  technique  for  the 
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recovery  of  generalized  data  functionals  does  not  depend  on  method  of  computation.  For 
example,  we  could  have  considered  an  isolation  filter  calculated  from  some  other 
convenient  algorithm.  Our  method  is  hybrid  in  the  sense  that  the  isolation  filter  may  be 
calculated  by  any  procedure  and  need  not  be  exact  The  complete  synthetic  seismogram 
allows  us  to  correct  for  errors  in  the  isolation  filter  as  well  as  the  presence  of  interference. 

While  many  ray-theoretical  techniques  have  been  developed  specifically  for  the 
calculation  of  body-wave  seismograms,  we  have  chosen  to  construct  our  isolation  filters  by 
weighted  sums  of  traveling-wave  branches  for  several  reasons.  For  example,  the  WKBJ 
method  [Chapman,  1978;  Dey-Sakar  and  Chapman,  1978;  Chapman  and  Orcutt,  1985)  is 
very  popular  for  its  efficient  and  rapid  computation  of  body  waves.  We  investigated  the 
WKBJ  algorithm  in  some  detail  and  detennined  that  it  was  not  adequate  for  our  needs.  In 
particular,  we  found  that  the  problems  in  modeling  triplication  structure,  such  as  the  failure 
to  model  low-frequency  reflections  and  wave  interactions  with  interfaces,  were  exacerbated 
by  le  number  of  surface  reflections.  More  importantly,  it  is  difficult  to  use  WKBJ  for 
modeling  PSV  propagation  because  of  the  large  number  of  rays  which  contribute  to  arrivals 
such  as  shear-coupled  PL.  Although  some  progress  has  been  made  in  combining 
reflectivity  codes  with  WKBJ  in  order  to  adequately  model  PSV  propagation  [Baag  and 
Langston,  1985<i,  19856;  Langston  and  Baag,  1986),  considerable  work  remains  to  be 
done. 

On  the  other  hand,  our  approach  allows  us  to  account  for  the  complications  of  PSV 
propagation  explicitly.  In  the  example  of  the  5-wave  isolation  filter,  we  summed  all 
traveling-wave  branches  with  the  appropriate  group-velocity  weighting.  However,  we 
could  have  easily  constructed  an  isolatitxi  filter  which  did  not  contain  any  /*-wave  energy 
by  suppressing  modes  with  a  low  ratio  of  SfP  energy.  In  either  case,  the  construction  of 
the  Frtehet  kernels  includes  the  effects  of  PSV  propagation.  Thus,  our  approach  allows  us 
to  handle  the  problems  typically  associated  with  polarization. 
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We  have  also  shown  that  this  parameter-retrieval  methodology  is  applicable  to  a 
wide-range  of  seismic  phases.  We  considered  purely  ray-like  arrivals  such  as  5  to  purely 
mode-like  arrivals  such  as  the  fundamental-mode  Love  and  Rayleigh  waves,  as  well  as 
phases  which  exhibit  both  ray-like  and  mode-ilke  behavior  such  as  SSS. 

MODE-RAY  dualfty 

llie  reladonship  between  modes  and  rays,  usually  referred  to  as  mode-ray  duality, 
has  received  considerable  attention  over  the  years.  It  is  generally  recognized  that  normal 
modes  and  rays  represent  two  separate,  but  complementary,  representations  of  the 
seismogram.  Many  investigators  have  tackled  the  problem  of  establishing  a  relationship 
between  modes  and  rays  [Ben  Menahem,  1964;  Brune,  1964;  Anderssen  and  Cleary,  1974; 
Anderssen  et  aL,  1975;  Gilbert,  1975;  Lapwood,  1975;  Anderssen,  1977;  Woodhouse, 
1978;  Nolet  and  Kennett,  1978;  Kennett  and  Woodhouse,  1978;  Kennett  and  Nolet,  1979]. 
One  approach  has  focused  on  the  propcnies  of  high-frequency  modes  at  low-angular  o~der 
[Anderssen  and  Cleary,  1974;  Anderssen  et  aL,  1975;  Gilbert,  1975;  Lapwood,  1975; 
Anderssen,  1977]  and  has  produced  relations  between  the  asymptotic  eigenfrequency 
spacing  and  vertical  rays  ScS  and  PKIKP.  Another  approach  has  focused  on  the  propenies 
of  high-frequency  modes  at  high-angular  order  [Perkeris,  1965;  Woodhouse,  1978;  Nolet 
and  Kennett,  1978;  Kennett  and  Woodhouse,  1978;  Kennett  and  Nolet,  1979]  and  has  led 
to  the  development  of  constructive -interference  conditions  for  the  equivalence  between 
modes  and  rays.  For  example,  Nolet  and  Kennett  [1978]  used  a  stationary-phase 
argument  to  show  that  normal-mode  summation  will  produce  pulse-like  arrivals  when  the 
group  velocity  is  stationary  with  respect  to  angular  order. 

Despite  the  extensive  theoretical  intetest  in  the  relationship  between  modes  and 
rays,  there  has  not  been  much  effort  to  use  normal-modes  to  calculate  body-wave  arrivals. 
As  far  as  we  know,  the  isolation  filters  displayed  in  Figures  4.5  and  4.7  represent  the  first 
efforts  to  create  body-wave  arrivals  from  standing-wave  sums. 
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Summary 

In  this  chapter,  we  explored  the  general  form  of  the  isolation  filter  as  a  sum  over 
traveling-wave  branches  convolved  with  the  weight  coefficients  9^(r).  We  considered  a 
method  for  constructing  isolation  filters  for  wavegroups  based  on  the  summation  of 
traveling-wave  branches  with  weight  coefficients  designed  to  "window  "  about  a  particular 
group  arrival  time  and  illustrated  this  approach  with  S  and  555.  We  developed 
expressions  for  FjWCjjit),  F^WCjj(f),  and  in  terms  of  sums  over  traveling- 

wave  branches.  We  have  approximated  these  sums  as  a  single  Gaussian  wavelet  and 
derived  expressions  for  the  average  peiturbadons  due  to  interfering  arrivals  {AXp,  Atg, 
ArJ.  We  have  also  derived  a  simple  expression  for  the  first-order  phase  pemu-bation  due 
to  differences  between  the  reference  model  and  the  Earth. 
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Tables 


Table  4.  l  parameters  of  the  the  group  arrival  windows  -  83/08/17 


Phase 

ro(s) 

<To~*(s) 

Phase  vel. 

Comments 

S 

sss 

1149. 

1589. 

100. 

111. 

3.  <  c  <  13. 

3.  <  c  <  7. 

fundamental  mode  excluded 
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FIGURE  Captions 


FIGURE  4.1 


Transverse  and  vertical  component  synthetic  seismograms,  calculated  from  the 
reference  model  EU2,  fw  the  83/08/17  Kamchakta  event  (h  =  77  km)  at  the  GDSN 
station  KONO  (A  ~  63*)  Vertical  lines  mark  the  group  arrival  times  of  the  phases 
HisciiiWid  in  the  text  and  were  picked  by  eye  on  the  transverse  component 


FIGURE  4.2 

Frequency  vs.  angular  order  ((o-l)  for  toroidal  (a)  and  spheroidal  (b)  modes, 
calculated  from  the  noodel  EU2  with  the  S;h(<^)  for  the  fund^ental-noode  surface 
waves.  The  branch  running  from  the  lower  right-hand  corner  to  the  upper  right- 
hand  comer  of  each  diagram  corresponds  to  fundamental  mode  (n  =  0,  where  n  is 
the  radial  order  number).  The  size  of  the  circles  indicates  the  amplitude  coefficients 
of  the  isolation  filter,  from  zero  to  one.  In  the  case  of  the  fundamental-mode 
surface  waves,  only  the  coefficients  of  the  n  =  0  branch  are  non-zero.  Figure  4.3 
displays  the  isolation  filters  calculated  from  the  convolution  of  these  amplitude 
coefficients  with  the  traveling- wave  branches. 


FIGURE  4.3 

Transverse  and  vertical  component  seismograms,  corresponding  to  the  isolation 
filter  7(0  complete  synthetic  s{t)  calculated  from  the  model  EU2.  An 

isolation  filter  for  the  fundamental-mode  surface  wave  is  calculated  by  summing  all 
the  normal  modes  for  the  traveli..g-wave  branch  n  =  0  with  2^(tu)  =  1 . 


FIGURE  4.4 

Frequency  vs.  angular  order  (o>-/)  for  toroidal  (a)  and  spheroidal  (b)  modes, 
calculate  from  the  model  EU2  with  the  %i(m)  for  S.  The  amplitude  coefficients 
were  calculated  from  (4.2)  with  parameters  =  1 149  s  and  =  100  s  and  a 
phase-velocity  cutoff  of  13  km/s.  Both  the  toroidal  and  spheroidal  coefficients 
form  a  wedge  between  phase  velocities  of  7  and  1 1  km/s.  llte  highest  amplitudes 
on  the  t(m)idal-mode  diagram  occur  in  a  well-defined  region,  with  a  smoothly- 
scalloped  transition  to  lower  amplitudes.  The  scalloping  is  due  to  the  presence  of 
discontinuities  in  EU2.  The  structure  of  the  spheroidal-inode  diagram  appears  more 
chaotic,  which  high  and  low  amplitudes  mingled  within  the  wedge.  However,  the 
low-ampliti^  modes  align  along  cross-cutting  branches,  which  correspond  to  P- 
waves  in  the  upper  mantle.  Figure  4.5  displays  the  isolation  filters  calculated  from 
these  amplitude  coefficients. 
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Figure  4.5 

Transverse  and  vertical  component  sdsmograms,  corresponding  to  the  isolation 
filter  7(0  and  the  complete  synthetic  s(t)  calculated  from  the  model  EU2.  The 
isolation  filter  for  S  on  the  transverse  component  is  quite  good,  reproducing  the 
amplitude  and  phase  of  the  arrival  on  the  complete  synthetic.  The  venical 
component  filter  does  not  form  a  single,  weil-defin^  arrival;  instead,  it  reproduces 
the  low-amplitude  wavetrain  on  the  complete  synthetic. 


FIGURE  4.6 

Frequency  vs.  angular  order  (a>-/)  for  toroidal  (a)  and  spheroidal  (b)  modes, 
calculated  from  the  model  EU2  with  the  the  for  SSS.  llie  1st  through  8th 
higher-mode  branches  dortunate  the  isolation  filter  for  SSS,  with  an  excellent 
correspondence  between  toroidal  and  spheroidal  modes.  The  group  arrival  time 
was  chosen  to  be  1589  s  and  the  window  half-width  was  Ills.  We  removed  any 
fundaroental-nxxle  energy  which  satisfied  this  criteria  and  applied  a  phase-velocity 
cutoff  of  7  km/s.  Figure  4.7  illustrates  the  isolation  filters  constructed  from  these 
amplitude  coefficients. 


Figure  4.7 

Transverse  and  vertical  component  seismograms,  corresponding  to  the  isolation 
filter  7(0  and  the  complete  synthetic  s(t)  calculated  from  the  model  EU2.  The 
isolation  filters  for  SSS  are  quite  good,  reproducing  the  amplitude  and  phase  of  the 
arrival  on  the  complete  synthetic.  Both  the  transverse  and  vertical  component  filters 
contain  periodic  arrivals  which  ctxtespond  to  edge  effects  introduced  by  the  phase- 
velocity  cutoff. 


Figure  4.8 

The  broad-band  autocorrelation  of  the  5-wave  isolation  filter  for  the  transverse  (left) 
and  vertical  (right)  components.  Cjjr(t)  (solid  line)  is  a  symmetric  function, 
centered  at  zero  lag.  The  dashed  line  indicates  the  best-fitting  Gaussian  wavelet. 
Values  of  oy  and  cy  are  33  and  9  mHz  for  the  transverse  component  and  28  and  14 
mHz  fmr  the  vertical  component  respectively.  Because  the  5//-polarized  isolation 
filter  is  localized  in  the  time  domain,  its  autocorrelation  function  is  concentrated  near 
zero  lag  and  the  Gaussian-wavelet  approximation  provides  a  good  fit  near  the  p^. 
However,  the  /*5V-polarized  isolation  filter  is  not  localized  in  the  time  domain  and 
consequently  its  autocorrelation  is  not  concentrated  near  zero  lag.  C/yfr)  contains 
large-amplitude  pe^  several  cycles  away  from  its  maximum  and  the  Gaussian- 
wavelet  approximation  cannot  m^l  this  behavior. 


Figure  4.9 

C77(r),  W  and  F.-W  Cjj(,t)  for  the  transverse  (left)  and  vertical  (right) 
components  at  several  center  frequencies  (1  »  35;  2  =  25;  3  »  15  mHz).  The 
autocorrelation  functions  are  symmetric  about  zero  lag,  but  contain  cross-term 
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contributions  due  to  branch-branch  interacdons.  The  windowing  operator  reduces 
the  cross-term  contiibudon  to  the  autocorteladon,  improving  the  Gaussian-waveiet 
appioximadon.  The  dashed  line  (which  overlays  the  solid  line)  indicates  the  model 
obtained  by  fitting  equation  (3.6)  to  the  filtered,  windowed  autocorrelation 
functions. 


Figure  4.io 

Cjsit),  W Cjsit),  and  F,W C-p(t)  for  the  transverse  (left)  and  vertical  (right) 
components  at  several  center  fluencies  (1  =  35;  2  =  25;  3  =  IS  mHz).  The 
windowing  operator  reduces  the  cross-term  contribution  to  the  complete  synthetic 
ciDss-coirela^,  improving  the  Gaussian-waveiet  approximation.  The  dashed  line 
indicates  the  model  obtain^  by  fitting  equation  (3.24)  to  the  filtered,  windowed 
cross-correlation  functions.  The  estimates  of  the  parameters  AXp,  Ax.,  and  Ax^ 
recovoed  from  the  waveform-fitting  procedure  are  displayed  in  Figure  4^1 1. 


Figure  4.11 

Estimates  of  the  parameters  AXg,  and  recovered  from  the  waveform  fitting 

of  FiWCjsO)  (squares)  for  the  transverse  (top)  and  vertical  (bottom)  component 
seismograms  and  the  S  isolation  filter.  The  values  of  these  parameters  are  near 
zero,  indicating  that  most  of  the  influence  of  interference  has  t«en  removed  by  the 
windowing  operator.  The  filled  circles  indicate  the  values  of  AXp  and  dr^  predicted 
from  the  analytic  expressions  (4.9)  and  (4.10).  The  comparison  between  the 
measured  and  predicted  values  of  dr ^  is  within  a  second  or  so  on  both  the 
transverse  and  vertical^cotnponents,  except  at  the  very  lowest  ft  .xjuency.  While  the 
predicted  values  of  dr^on  the  transverse  component  are  within  a  few  seconds  of 
the  measured  values,  with  the  greatest  error  occurring  at  the  lowest  frequency,  the 
vertical-component  results  are  puzzling.  Although  the  measured  values  of  AXg 
mimic  the  dispersion  of  the  picketed  values,  they  are  offset  by  12  to  15  s  in  the 
range  from  10  to  20  mHz.  This  offset  is  due  to  the  breakdown  of  the  wind- 
window  approximation. 


figure  4.12 

Cjs(t),  and  Fy/Cj^t)  for  several  center  frequencies.  The  windowing 

operator  reduces  the  cross-term  contribution  to  the  observed  cross-correlation, 
improving  the  Gaussian-waveiet  approximation.  The  dashed  line  indicates  the 
model  obtained  by  fitting  equation  (3.34)  to  the  filtered,  windowed  cross¬ 
correlation  functions.  The  estimates  of  8Xp,  5Xg,  and  Sx^  recovered  from  the 
waveform  fitting  are  displayed  in  Figure  4. 13. 


Figure  4.13 

Estimates  of  the  parameters  &tp,  &Xg,  and  recovered  from  the  waveftmn  fitting 
of  FiWCjAO  (squares)  for  the  transverse  (top)  and  vertical  (bonom)  component 
seismograms  and  the  5  isolation  filto*.  Hie  solid  line  indicates  the  actual  values 
calculate  for  the  EU2/SNA  comparison.  On  the  transverse  component,  the  5- 
wave  bdiaves  as  a  classical  body  wave,  i.e.,  it  is  not  dispersed,  and  the  recovered 
parameters  match  the  true  values.  The  transverse-compment  arrival  is  dispersed. 
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however,  and  the  recovered  phase  delays  are  a  smoothly-varying  function  of 
frequency. 

FIGURE  4.14 

Transverse  (a)  and  vertical  (ft)  component  Frcchet  kernels  calculated  for  the  first- 
order  perturbation  in  phase  delay  (4. 14)  at  four  sample  frequencies.  The  horizontal 
dashed  lines  indicate  the  Moho,  the  400  km  discontinuity,  and  the  670  km 
discontinuity.  The  solid  line  is  the  shear-velocity  kernel;  the  shorter  dashed  line  is 
the  compressional-velocity  kernel.  The  longer  dashed  line  marks  the  density 
kernel,  (a)  The  5^-polari:^  shear-velocity  kernels  denaonstrate  that  the  5-wave 
travel  time  represents  a  siiKX>thed  average  of  lower-mantle  structure.  This 
averaging  becomes  localized  near  the  bottoming  depth  of  5  with  increasing 
frequency,  corresponding  to  the  high-frequency  turning-point  singularity.  The 
shear  kernels  in  this  figure  become  positive  in  several  places,  due  to  the  interaction 
of  interfering  wavegroups.  (b)  Tbe  /*5V-polarized  kernels  are  an  interesting 
comparison  to  the  SH  figure.  The  shear-velocity  kernels  at  30  and  40  mHz  kernels 
are  quite  similar  for  toroidal  and  spheroidal  modes,  while  the  10  and  20  mHz 
kernels  are  very  different.  The  compressional-velocity  kernels  indicate  that  the 
measurements  of  phase  delay  made  with  a  5-wave  isolation  filter  contain 
information  about  the  /*-wave  velocity  in  the  upper  mantle. 


FIGURE  4.15 

Comparison  between  the  measurements  of  differential  phase  delay  (squares)  and  the 
values  predicted  from  the  integration  of  the  Frtfchet  kernels  with  the  velocity 
perturbations  between  EU2  and  SNA  (filled  circles).  The  comparison  for  the  SH 
measurement  is  very  good,  with  phase  estimates  recovered  to  a  second  or  so, 
except  for  the  lowest  frequency.  The  PSV  comparison  is  good  for  frequencies 
above  25  mHz,  but  shows  some  "tears"  between  the  measured  and  predict^  values 
at  lower  frequencies.  We  attribute  these  errors  to  the  breakdown  in  the  wide- 
window  ap^ximation  described  in  the  comparison  of  the  measured  and  predicted 
values  of  Atg. 


FIGURE  4.16 

Application  of  this  methodology  to  recover  estimates  of  the  differential  phase  delay 
for  5  between  EU2  and  the  Earth  from  the  Kamchatka  seismograms,  (a) 
Comparison  between  the 7(0  and  sit)  (upper  pair)  and 7(0  and  sit)  (lower  pair)  for 
the  transverse  fieft)  and  vertical  (right)  component  records,  ib)  &titnated  values  of 
the  generalized  data  functionals  recovered  by  our  procedure.  The  estimates  of  &rp 
are  quite  consistent  for  the  SH  and  PSV  observations,  with  values  around  9  s. 


Figure  4.17 

Cjjit),  WCjjit),  and  FiWCjjit)  of  555  for  the  transverse  (left)  and  vertical  (right) 
components  at  several  center  frequencies  (1  »  35;  2  =  25;  3  =  15).  The 
autocorrelation  functions  are  symmetric  about  zero  lag,  but  contain  cross-term 
contributions  due  to  branch-branch  interactimis.  The  windowing  operator  reduces 
the  cross-term  contribution  to  the  autocorrelation,  improving  the  Gaussian-wavelet 


approximation.  The  dashed  line  (which  overiays  the  solid  line)  indicates  the  model 
obtained  by  fitting  equation  (3.6)  to  the  filtered,  windowed  autocorrelation 
functions. 
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Figure  4.18 

CjsU),  ^ Cjsit),  and  Cp(t)  for  the  transverse  Ccft)  and  vertical  (right) 
components  at  several  center  n^uencies  (1  -  35;  2  =  25;  3  =  15).  The  windowing 
operator  reduces  the  cross-term  contribution  to  the  complete  synthetic  cross- 
correlation,  improving  the  Gaussian-wavelet  approximation.  The  dashed  line 
indicates  the  model  obtained  by  fitting  equation  (3.24)  to  the  filtered,  windowed 
cross-conelation  functions.  The  estimates  of  the  parameters  Aip,  AH.,  and 
recovered  fiom  the  wavefcxm  fitting  are  displayed  in  Figure  4. 19. 


FIGURE  4.19 

Estimates  of  the  parameters  Atp,  Atg,  and  At„  recovered  fiom  the  waveform  fitting 
of  FiWCjjit)  (squares)  for  the  transverse  (top)  and  vertical  (bottom)  component 
seismograms  and  the  SSS  isolation  filter.  The  values  of  these  parameters  are  near 
zero,  indicating  that  most  of  the  influence  of  interference  has  been  removed  by  the 
windowing  operatm.  The  filled  circles  indicate  the  values  of  AZp  and  Atg  predicted 
from  the  analytic  expressions  (4.9)  and  (4.10).  The  comparison  of  the* measured 
and  predicted  values  of  At.  and  Atg  is  excellent  on  the  vertical  component, 
agreeing  to  within  Is.  On  the  transverse  component,  the  predicted  values  of  dr. 
have  similar  dispersion  as  the  measured  values;  for  example,  the  theory  predicts  the 
large  excursion  at  10  mHz.  H  )wever,  the  10  and  15  mHz  measurements  differ  by 
several  seconds  fiom  the  predicted  values.  The  comparison  of  the  measured  and 
predicted  values  of  Atg  is  less  satisfactory,  with  the  variation  between  the  observed 
and  predicted  values  reaching  10  s. 


FIGURE  4.20 

CjsO),  WCjsiO,  and  FiWCjsit)  for  several  center  frequencies.  The  windowing 
operator  reduces  the  cross-term  contribution  to  the  observed  cross-correlation, 
improving  the  Gaussian-wavelet  approximation.  The  dashed  line  indicates  the 
mt^el  obtained  by  fitting  equation  (3.34)  to  the  filtered,  windowed  cross¬ 
correlation  functions.  The  estimates  of  5tp,  5tg,  and  5Xa  recovered  from  the 
waveform  fitting  are  displayed  in  Figure  4.21. 


FIGURE  4.21 

Estimates  of  the  parameters  Sftp,  Stg,  and  St^  recovered  fiom  the  waveform  fitting 
of  FiWCj^t)  (squares)  for  the  transverse  (top)  and  vertical  (bottom)  component 
seismograms  and  the  SSS  isolation  filter. 


FIGURE  4.22 

Transverse  (a)  and  vertical  (b)  component  Fr€chet  kernels  calculated  for  the  first- 
order  perturbation  in  phase  delay  (4.14)  at  four  sample  frequencies.  The  horizontal 
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dashed  lines  indicate  the  Moho,  the  400  km  discontinuity,  and  the  670  km 
discontinuity.  The  solid  line  is  the  shear-velocity  kernel;  the  shorter  dashed  line  is 
the  compressional-velocity  kernel.  The  longer  dashed  line  marks  the  density 
kernel.  The  5//-polarized  kernels  indicate  that  SSS  is  extremely  sensidve  to  shear 
velocity  in  the  upper  mantle  and  transition  zone.  In  addition,  this  sensitivity  is 
strongly  ftequency  dependent,  due  to  the  interaction  of  the  triplication  branches. 
Comparison  between  the  SH  and  PSV  shear-velocity  kernels  is  quite  favorable. 
Although  there  are  sonoe  differences  between  the  mode  types,  the  kernels  appear  to 
average  structure  in  the  same  way.  In  particular,  555  does  not  display  any 
sensidvity  to  compressional  velocity  in  this  frequency  range. 


FIGURE  4.23 

Comparison  between  the  measurements  of  differendal  phase  delay  (^uares)  and  the 
values  predicted  fix>m  the  integration  of  the  Fr6chet  kernels  with  the  velocity 
perturbations  between  EU2  and  SNA  (filled  circles'^.  The  comparison  is  very 
favorable,  except  for  the  lowest  frequency  measurement  on  the  transverse 
component. 


FIGURE  4.24 

Applicadon  of  this  methodology  to  recover  estimates  of  the  differendal  phase  delay 
for  555  between  EU2  and  the  Eanh  from  the  Kannchatka  seismograms,  {a) 
Comparison  between  the  7(t)  and  s  (r)  (upper  pair)  and  J (t)  and  s{t)  (lower  pair)  for 
the  transverse  (left)  and  verdcal  (right)  component  records,  (b)  IBdmated  values  of 
the  generalized  data  funcdonals  recovered  by  our  procedure.  The  esdmates  of  Sr^, 
SXg,  and  jn  the  venical  component  are  very  stable.  In  particular,  the 
measurement  of  differential  phase  delay  does  not  display  any  dispersion,  with 
values  ranging  between  4  to  6  s.  The  estimates  of  St^  from  the  vertical  component 
are  very  stable  as  well,  hovering  around  30  s.  However,  the  esdmates  of  oXg  and 
display  considerably  more  scatter.  The  large  discrepancy  between  the  Sn  and 
PSV  measured  times  may  be  understood  by  examining  Figure  4.2Aa,  which 
compares  the  isolation  filter  with  the  observed  and  synthetic  seismograms.  While 
555  is  a  clear  arrival  on  the  vertical-component  record,  it  does  not  appear  as  a  large 
amplitude  pulse  on  the  transverse-component  record.  This  variation  in  waveforms 
may  be  due  to  transition-zone  heterogeneity. 
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Chapter  5 


Future  work  and  Conclusions 


Introduction 

Cross-correlation  has  a  long  history  in  seismological-data  processing,  from  the 
"phase-equalization"  technique  of  Aki  [i960}  for  recovery  of  the  source  function  to  the 
"phase-matched  filtering"  approach  of  Herrin  and  Goforth  [1977,  1986}  for  the 
reconstruction  of  group  velocity  curves.  Synthetic  seismograms  have  been  used  in 
conjunction  with  cross-correlation  to  measure  differential  travel  times  [Han,  1975;  Han  and 
Butler,  1978;  Butler,  1979],  differential  dispersion  [Dziewonski  etai,  1972;  Herrin  and 
Goforth,  1977, 1986]  and  to  isolate  wavegroups  for  waveform  inversion  [Lemer-Lam  and 
Jordan,  1983,  1987], 

Our  methodology  is  most  similar  to  the  approach  of  Lemer-Lam  and  Jordan  [1983, 
1987].  They  applied  isolation  filtering  techniques  to  isolate  individual  wave  groups  prior  to 
inversion  and  applied  a  windowing  operator  to  minimize  the  contamination  of  interfering 
energy.  They  used  the  cross-correlation  with  the  complete  synthetic  seismogram  to  model 
wave  effects  such  as  caustic  phase  shifts,  diffraction,  physical  dispersion,  and  interfering 
arrivals.  However,  they  inverted  the  difference  between  the  observed  and  synthetic 
correlation  functions  for  model  perturbations,  while  we  have  developed  an  analytic 
representation  of  the  correlation  function  in  terms  of  a  few  simple  parameters. 

Our  characterization  of  the  cross-correlation  functions,  based  on  an  expansion  of 
Hermite  polynomials,  is  a  powerful  approach.  This  formulation  allows  us  to  express  an 
arbitrary  spectrum  in  the  form  of  a  Gaussian  with  higher-order  terms  which  depend  on  the 


normalized  moments  of  the  spectrum.  We  may  carry  these  terms  through  our  processing 
procedure  and  evaluate  their  contribution.  Based  on  a  first-order  Taylor  series  expansion 
of  differendal  wavenumber,  we  have  shown  that  the  filtered  wi  idowed  cross-correlation 
function  may  be  approximated  as  a  harmonic  carrier  modulated  by  a  Gaussian  envelope, 
parameterized  by  a  center  frequency  6)/  and  spectral  half-width  o-',  penurbations  due  to 
interfering  arrivals,  AZp,  and  and  time  shifts  owing  to  differences  between  the 
reference  model  and  the  actual  Earth,  SXp,  SXg,  and  Sx^.  In  those  situations  when  the 
differential  quadratic  term  is  large,  we  have  developed  a  processing  procedure  which 
allows  us  to  estimate  the  quadratic  contribution. 

We  have  developed  a  general  formalism  for  isolation  filters  in  terms  of  weighted 
sums  of  traveling-wave  branches.  This  representation  is  completely  general  and  allows  us 
to  compute  isolation  filters  for  body-wave  phases  by  designing  the  2^(0))  to  select  modes 
on  the  basis  of  group  arrival  time.  We  demonstrated  that  this  methodology  is  successful  in 
the  computation  of  isolation  filters  for  S  and  SSS.  While  we  can  use  a  ray-theoretical 
technique  such  as  WKBJ  for  the  calculation  of  the  isolation  filters  (since  the  isoladon  filters 
need  not  be  exact),  our  formalism  is  complete  and  allows  us  to  model  phenomena  such  as 
shear-coupled  PL  and  converted  phases. 

This  approach  is  completely  general.  It  allows  us  to  analyze  arbitrary  waveforms 
on  three-component  data  over  a  broad  range  of  frequencies  with  a  self-consistent,  uniform 
methodology. 

Before  concluding,  we  wish  to  discuss  several  problems  in  Earth  structure  to  which 
our  waveform-analysis  procedure  may  be  readily  applied. 
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FUTURE  WORK 


Upper-mantle  structure 

In  Chapter  1,  we  motivated  the  development  of  this  technique  by  introducing  the 
EU2-SNA  discrepancy  (Figure  1.1).  In  the  past,  the  methods  applied  to  ^//-polarized 
waveforms  (e.g.,  the  ray-theoretical  methods  of  Grand  and  Helmberger  [1984])  have  been 
very  different  from  the  methods  applied  to  /’5V-polarizcd  waveforms  (e.g.,  the  mode- 
theoretical  methods  of  Lemer-Lam  and  Jordan  [1983]).  This  has  made  the  comparison  of 
the  results,  especially  discrepancies  among  models,  difficult  to  evaluate.  Our  methodology 
for  waveform  analysis  permits  a  unified  treatment  of  body  waves  and  surface  waves  from 
all  three  components  of  ground  motion.  The  preliminary  results  reported  by  Gee  and 
Jordan  [1988  (Appendix  F)]  suggest  that  at  least  some  of  the  EU2-SNA  discrepancy  is 
associated  with  large-scale,  large-amplitude  polarization  anisotropy  in  the  uppermost 
mantle.  Although  this  conclusion  is  hardly  surprising  given  the  reported  evidence  from 
surface  waves  for  polarization  anisotropy  in  the  continental  upper  mantle  [e.g.,  Crampin 
and  King,  1977;  Cara  et  al.,  1980;  Dziewonski  and  Anderson,  1981;  Lev^ue  and  Cara, 
1983,  1985;  Nataf  et  al.,  1986],  the  large  shear-wave  splitting  in  Northern  Eurasia  was 
observed  using  techniques  similar  to  those  discussed  here.  An  obvious  application  of  this 
methodology  is  to  obtain  further  constraints  on  the  nature  of  this  apparent  anisotropy 
(Figure  5.1).  In  particular,  we  shall  focus  on  the  question  of  how  much  of  the  splitting  is 
due  to  true,  intrinsic  anisotropy  caused  by  crystal  alignment  and  how  much  is  due  to  fine- 
scale  layering  and  lateral  heterogeneity.  The  Fr6chet  kernels  examined  in  Chapter  4  suggest 
that  SH  and  FSV-polarized  wave^'orms  average  Earth  structure  in  fundamentally  different 
ways,  at  least  at  low  frequencies.  Thus,  a  discrepancy  in  SH  and  PSV  travel  times  is  not 
diagnostic  of  polarization  anisotropy.  The  solution  to  these  problems  lies  in  the  careful 
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formulation  of  the  inverse  problem.  In  particular,  we  plan  to  engage  in  hypothesis  testing 
in  order  to  determine  whether  our  observations  require  polarization  anisotropy. 

Transition-zone  heterogeneity 

We  will  also  continue  the  development  of  the  technique  to  handle  the  more  subtle 
observations  associated  with  fine-scale  upper-mantle  structure.  For  example,  because  the 
triplicated  body-wave  arrivals  interfere  strongly,  their  individual  travel  times  cannot  be 
easily  measured  using  single  isolation  filters.  However,  we  may  construct  an  isolation 
filter  for  the  complete  triplication  and  measure  the  resulting  frequency-dependent  travel 
times.  As  demonstrated  by  the  SSS  example  in  Chapter  4,  we  can  recover  several, 
independent  constraints  on  velocity  structure  from  a  single  waveform.  We  plan  to  use  this 
technique  to  study  lateral  variations  in  the  mid-mantle  transition  zone.  We  are  particularly 
interested  in  the  relative  amplitude  of  the  topography  on  the  400-km  and  650-lcm 
discontinuities  and  whether  it  is  anticorrelated,  as  would  be  expected  if  these  features  were 
phase  transitions  with  Clapeyron  slopes  of  opposite  signs.  This  research  will  yield 
information  very  different  from,  and  complementary  to,  the  data  obtained  on  discontinuity 
structure  from  5//-polarized  mantle  reverberations  by  Revenaugh  and  Jordan  [1987, 
1989]. 

Core-mantle  boundary  and  outer-core  structure 

The  structure  of  the  core  and  the  core-mantle  boundary  has  been  the  subject  of 
much  recent  interest  [Creager  and  Jordan,  1986;  Ritzwoller  et  al.,  1986, 1988;  Morelli  and 
Dziewonski,  1987;  Giardini  et  al.,  1987;  Young  and  Lay,  1987a].  A  wide-range  of 
resources  have  been  brought  to  bear  on  the  problem,  including  high-frequency  P-wave 
travel  times  [Creager  and  Jordan,  1986;  Morelli  and  Dziewonski,  1987],  anomalously  split 
cigenfrequencics  [Ritzwoller  et  al.,  1986, 1988;  Giardini  et  al.,  1987],  and  S//-polarized 
waveforms  [Lay  and  Helmberger,  1983;  Young  and  Lay,  1987a;  Revenaugh,  1989]. 
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TTiese  recent  results  add  to  the  large  literature  on  the  fine  structure  of  the  outer  core  and 
core-mantle  boundary  (see  Cleary  [1974]  and  Young  and  Lay  [1987b]  for  extensive 
reviews). 

There  is  still  considerable  uncertainty  sunounding  the  velocity  gradients  in  D”.  The 
question  of  whether  shear- wave  velocity  increases  or  decreases  at  the  base  of  the  mantle  is 
still  debated  [Cleary  et  al.,  1967;  Cleary,  1969;  Bolt  et  al.,  1970;  Hales  and  Robens,  1970; 
Mitchell  and  Helmberger,  1972;  Mondt,  1977;  Okal  and  Geller,  1979;  Doombos  and 
Mondt,  1979a,  1979b;  Mula,  1981;  Doombos,  1983;  Lay  and  Helmberger,  1983;  Bolt  and 
Niazi,  1984;  Young  and  Lay,  1987 a].  Most  of  the  work  supporting  a  decrease  in  shear 
velocity  has  been  carried  out  on  the  frequency-dependent  amplitude  decay  and  apparent 
phase  velocity  of  5diff.  The  difficulty  with  these  approaches  is  that  ray-theoretical  methods 
breakdown  in  the  deep  shadow  of  the  core-mantle  boundary.  Our  methodology  provides 
us  with  the  tools  to  analyze  Si\f{  and  recover  estimates  of  its  differential  phase,  group,  and 
amplitude  time  par-uneters  as  a  function  of  frequency.  Figures  5.2-5,4  illustrate  some 
preliminary  results  on  the  analysis  of  Sdiff.  We  have  developed  a  simple  relationship 
between  the  generalized  data  functionals  and  the  model  parameters,  and  the  interpretation  of 
results  from  Sdiff  and  SKS  in  terms  of  core-mantle  boundary  and  outer  core  structure  will 
be  straightforward. 

Inner-core  structure 

As  a  final  example,  we  consider  a  very  specific  problem:  how  do  we  determine  the 
average  shear  velocity  of  the  inner  cote?  This  is  a  geophysically  interesting  problem  that 
has  proven  to  be  difficult  to  solve  by  standard  seismological  techniques.  Body  waves  widi 
inner-core  shear-wave  legs  have  not  been  reliably  observed  (although  see  Julian  et  al.’s 
[1973]  discussion  of  array-based  searches  for  PKJKP).  The  best  information  on  inner- 
core  shear  velocities  currently  comes  fiom  the  eigenffequencies  of  a  few  low-degree 
spheroidal  modes  [Dziewonski  and  Gilbert,  1973],  but  these  observations  may  be 
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compromised  by  anomalous  splitting  [Masters  and  Gilbert,  1981;  Ritzwoller  era/.,  1986; 
Giardini  etai,  1987]. 

We  consider  two  earth  models,  CORE  1 1,  which  we  take  to  be  the  reference  model, 
and  a  version  of  this  model,  CORE  1 1',  that  has  the  shear  velocities  of  the  inner  core 
reduced  by  10%  (Figure  5.5).  (CORE  1 1  is  an  unpublished,  transversely  isotropic  structure 
that  fits  the  spherically  averaged  eigenfrequencies  compiled  by  the  UCSD  group  [Widmer 
et  al„  1988;  G.  Masters,  personal  communication,  1988].)  Figure  5.6  shows  three  time 
series  calculated  at  the  IDA  station  PFO  for  the  1982  Banda  Sea  earthquake  between  0  and 
1(XX)  minutes  after  the  origin  times  (a)  and  a  high-pass  filtered  version  of  the  interval  from 
200  to  800  minutes  (b).  The  first  is  the  reference  synthetic  s(t)  computed  by  complete 
normal-mode  summation  from  CORE  1 1;  the  third  models  an  "observed"  seismogram  for 
CORE  11'. 

The  middle  traces  in  Figure  5.6  correspond  to  an  isolation  filter  /(r)  computed  from 
CORE  1 1  by  summing  only  those  modes  that  have  5%  or  more  of  their  shear  energy 
concentrated  in  the  inner  core.  These  modes,  of  which  there  are  about  1000  whose 
frequencies  are  in  the  band-pass  of  the  IDA  instrument,  are  illustrated  on  an  (O-l  diagram  in 
Figure  5.7.  The  amplitude  of  any  individual  mode  in  /(/)  is  very  small  at  the  earth’s 
surface;  for  many,  such  as  the  inner-core  Stoneley  modes,  it  is  infinitesimal.  However, 
their  summed  response  has  a  significant  amplitude,  especially  at  higher  frequencies;  in 
fact,  by  high-pass  filtering,  we  can  obtain  an  isolation  filter  with  an  RMS  amplitude  of 
about  30%  of  the  total  response  (Figure  5.6b).  No  particularly  significant  wave  groups  are 
obvious  in  this  time  interval  because  the  response  is  distributed  over  many  mode  branches. 

Figure  5.8  displays  the  correlation  functions  Cj;it),  and  Cy/t)  (a)  and  their 
windowed  versions  together  with  their  analytical  Gaussian  approximations  (b).  CyjLt) 
closely  resembles  Cj^t)  and  has  its  peak  very  near  zero  lag,  indicating  that  the  distention 
due  to  interference  by  other  modes  is  small.  The  envelope  of  CyJ^f),  on  the  other  hand,  is 
shifted  towards  positive  lag  by  about  120  s  by  the  reduced  inner-core  shear  velocity. 
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Although  at  the  time  of  this  writing  we  have  not  yet  computed  the  Frechet  kernel  for  the 
phase-delay  functional  5Xp  associated  with  this  observation,  the  large  group  delay  evident 
in  the  lowermost  trace  of  Figure  5.8  indicates  that  measurements  based  on  this  isolation 
filter  are  reasonably  sensitive  to  the  inner-core  shear  velocity. 

CONCLUSIONS 

In  this  thesis,  we  have  presented  a  waveform-analysis  procedure  for  recovering 
amplitude  and  phase  information  from  complex  seismograms.  This  methodology  is  similar 
to  waveform  inversion  in  that  it  makes  use  of  the  ability  to  calculate  synthetic  seismograms 
from  realisdc  Earth  models.  Unlike  waveform-inversion  techniques,  which  invert  the 
difference  between  an  observed  and  synthetic  seismogram  for  structural  penurbations,  we 
use  synthetic  seismograms  to  recover  information  corresponding  to  well-defined  scalar¬ 
valued  functions  of  Earth  structure:  phase  delays,  group  delays,  anenuation  times,  and  their 
generalizations.  While  the  more  classical  approach  to  measuring  such  kinematic  properties 
is  often  confounded  by  wave  effects  such  as  caustic  phase  shifts,  diffraction,  physical 
dispersion,  and  interfering  arrivals,  the  use  of  complete  synthetic  seismograms  allows  use 
to  model  these  phenomena  explicitly. 

Our  approach  is  based  on  the  analytic  representation  of  the  cross-correlatitMis 
between  an  isolation  filter  and  the  complete  synthetic  and  observed  seismograms.  We 
process  these  correlation  functions;  first  by  applying  a  windowing  operator  to  reduce  the 
effects  of  interfering  arrivals  and  second  by  applying  a  narrow-band  filter.  We  have 
developed  expressions  for  the  processed  autoccxTclation  function  the  processed 

cross-correlation  between  the  isolation  filter  and  the  complete  synthetic  F^Cjsit),  and  the 
processed  cross-correlation  between  the  isolation  filter  and  the  observed  seismogram 
FiWCj^t).  By  using  a  waveform-fitting  algorithm,  we  may  estimate  the  effective  center 
frequency  and  spectral  half-width  (o),',  Oi),  the  penurbations  due  to  interference 
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(4Tp(ct),').  ATg(o)i'),  and  the  perturbations  due  to  differences  between  the 

reference  model  and  the  Eanh  (Srpio),'),  S'Cgioii'),  SVaid)')). 

We  illustrated  our  methodology  with  several  types  of  isolation  filters,  spanning  the 
range  from  fundamental-mode  surface  waves  to  body-wave  arrivals.  In  particular,  we 
outlined  an  approach  for  constructing  isolation  filters  based  on  the  weighting  of  traveling- 
wave  branches.  However,  our  technique  for  the  recovery  of  generalized  data  functionals 
does  not  depend  on  method  of  computation.  For  example,  we  could  have  considered  an 
isolation  filter  calculated  from  some  other  convenient  algorithm.  Our  method  is  hybrid  in 
the  sense  that  the  isolation  filter  may  be  calculated  by  any  procedure  and  need  not  be  exact. 
The  complete  synthetic  seismogram  allows  us  to  correct  for  errors  in  the  isolation  filter  as 
well  as  the  presence  of  interference. 

The  observables  Stp,  &Cg,  and  Sr^  arc  functionals  of  eanh  structure.  In  the  case  of 
an  isolated  waveform,  the  Frechet  kernels  arc  known  [Backus  and  Gilben.  1967; 
Woodhouse,  1976;  Woodhouse  and  Dahlen,  1978].  We  have  developed  formulas  for  the 
Fr6chet  kernels  for  the  general  form  of  /(r),  which  express  the  observed  perturbation  as  a 
linear  sum  of  the  individual  perturbations  of  each  traveling-wave  branch.  Hence,  once  the 
generalized  data  functionals  have  been  measured  and  their  uncertainties  determined  as  a 
function  of  frequency  (and  source-receiver  position)  by  fitting  the  Gaussian  narrow-band 
expressions  to  FfWCjsit),  they  may  be  easily  inverted  for  structural  models  using  standard 
linearized  methods. 

Over  the  last  decade,  seismologists  hat^  made  spectacular  progress  in  elucidating 
the  three-dimensional  structural  variations  of  the  Earth.  However,  only  a  small  fraction  of 
the  information  available  from  existing  seismograms  has  been  used  for  this  purpose  and 
many  important  geophysical  questions  related  to  the  details  of  earth  structure  remain 
unanswered.  While  the  growth  of  three-component,  broad-band  global  digital  arrays  such 
as  Geoscope,  Network  of  Autonomously  Registering  Stations  (NARS),  and  Global 
Seismic  Network  (GSN)  will  allow  seismologists  to  make  further  progress  on  these 
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problems  in  the  1990’s,  the  process  may  be  greatly  accelerated  by  the  development  of 
techniques  which  make  better  use  of  the  existing  data.  We  think  the  procedures  developed 
in  this  thesis  will  contribute  significantly  in  this  area. 
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RGURE  Captions 


Figure  5.1 

Example  of  apparent  shear-wave  splitting  in  SS  recorded  at  the  GDSN  station 
KONO  from  an  event  in  the  Hindu  Kush  (84A)7A)1,  h  =  199  km,  A  =  45°].  The 
upper  boxes  present  the  observed  seismogram,  the  conq>lete  synthetic  seismogr^, 
and  the  isolation  filter  for  SS  (left  -  transverse  component;  right  -  vertical 
component).  In  this  example,  the  synthetic  seismogram  and  the  isolation  filter  are 
calculated  from  the  model  SNA.  The  bottom  boxes  illustrate  the  resulting 
correlation  functions  (solid  line),  Cjjit),  and  Cys(t)f  with  the  model  derived 
from  waveform  fitting  (symbols),  ^e  bn^-band  correlation  functions  indicate  a 
differential  shift  between  the  SH  and  FSV'polarized  waveforms. 


FIGURE  5.2 

Record  section  from  an  event  in  Tonga  (82/12/20,  A  =  10  km],  recorded  at  the 
Regional  Seismic  Test  Network  (RSTN)  stations  in  North  America.  The  solid  line 
indicates  the  observed  seismogram;  the  dashed  line  is  the  complete  synthetic 
seismogram  calculated  from  the  model  EU2.  In  order  of  increasing  distance,  the 
stations  are  RSSD  (A  =  95°),  RSNT  (A  =  99°),  RSNT  (A  =  99°),  RSON  and 
RSCP  (A  =  104°),  and  RSNY  (A  =  115°). 


FIGURE  5.3 

We  constructed  isolation  filters  for  Sdjff  using  the  technique  described  in  Chapter  4 
and  estimated  the  differential  time  parameters  as  a  function  of  frequency.  This 
figure  illustrates  the  differential  phase  delay  at  six  center  frequencies,  from  IS  to  40 
mHz,  as  a  function  of  distance.  These  parameters  represent  raw  values  SXp  and 
have  not  been  conected  fOT  station  statics. 


FIGURE  5.4 

Shear-velocity  (u)  and  density  (A)  kernels  at  four  center  frequencies.  Horizontal 
dashed  lines  indicate  the  Moho,  the  400  km  discontinuity,  the  6S0  km 
discontinuity,  the  top  of  D”,  and  the  core-mantle  boundary.  The  length  of  the 
dashes  indicate  the  distance:  from  95°  (shortest  dashes)  to  1 1 5°  (solid  line).  Notice 
how  the  shear-velocity  kernels  become  increasingly  localized  in  D"  with  increasing 
distance.  We  think  that  the  application  of  our  waveform-analysis  procedure  will 
allow  us  to  obtain  fundamentally  new  information  about  the  structure  at  the  core- 
mantle  boundary. 


FIGURE  5.5 

Shear  velocity  as  a  function  of  depth  Rm*  models  CORE  1 1  (solid  line)  and  GORE 
1  r  (dashed  line).  CORE  1 1  is  a  transversely  isotropic  structure  which  represents 
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the  smallest  perturbation  to  PREM  [Dziewonski  and  Anderson,  19811  that  satisfies 
the  the  spherically-averaged  eigcnfrcquencies  compiled  by  the  UCSD  group  {G. 
Masters,  personal  communication.  1988].  CORE  1 1’  is  a  version  of  CORJE  1 1 
with  shear  velocities  in  the  inner  core  reduced  by  10%.  In  our  inner  core 
experiment,  CORE  1 1  is  used  as  the  reference  model.  The  upper  curve  in  each 
mtadel  is  the  SH  velocity,  whereas  the  lower  curve  is  the  SV  velocity. 


FIGURE  5.6 

Timeseries  calculated  from  CORE  1 1  and  CORE  1 1’  for  an  event  in  the  Banda  Sea 
(82/06/22,  /i  =  473  kml  recorded  at  the  IDA  station  PFO  (4  =117°)  between  0  and 
1000  (a)  and  200  and  800  minutes  (6)  after  the  rarigin  time.  The  fiiret  is  the 
reference  synthetic  s(t)  computed  by  complete  nonnal-mode  summation  fixjm 
CORE  11;  the  third  models  an  "observed"  seismogram  for  CORE  1 1'.  The  second 
is  an  isolation  filter  /(/)  computed  from  CORE  1 1  by  summing  only  those  modes 
that  have  5%  or  more  of  their  shear  energy  concentrated  in  the  inner  core. 


FIGURE  5.7 

Frequency  (m)  vs.  angular  order  (/ )  diagram  for  the  transversely  isotropic  model 
CORE  1 1 .  This  figure  represents  a  subset  of  the  spheroidal-mode  catalog  to  50 
mHz.  Modes  with  greater  than  5%  of  their  shear  energy  concentrated  in  the  inner 
core  are  indicated  with  large  circles. 


FIGURE  5.8 

The  correlation  functions  C-/}(t).  CjAO,  and  C-0)  (o)  and  their  filtered,  windowed 
versions  (b)  together  with  their  analytical  Gaussian  approximations  (symbols)  are 
displayed.  C7T(r)  closely  resembles  C/jKr)  and  has  its  peak  very  near  zero  lag, 
indicating  that  the  distortion  due  to  interference  by  other  modes  is  small.  The 
envelope  of  C/^r),  on  the  other  hand,  is  shifted  towards  positive  lag  by  about  120  s 
by  the  reduced  inner-core  shear  velocity.  Although  at  the  time  of  this  writing  we 
have  not  yet  computed  the  Frfehet  kernel  for  the  phase-delay  functional  5Xp 
associate  with  this  observation,  it  appears  that  measurements  based  on  this 
isolation  filter  should  yield  dau  that  are  reasonably  sensitive  to  the  inner-core  shear 
velocity. 
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APPENDIX  A 

PROPERTIES  OF  HERMITE-POLYNOMIAL  EXPANSIONS 

Infinite  series  techniques  are  a  good  psychological  restorative  because  they 
can  give  a  scientist  who  is  stall^  on  a  problem  a  sense  of  forward  progress 
as  he  or  she  computes  the  terms. 

CM.  Bender  and  S.A.  Orszag,  1978 

iNTRODUcncw 

Hermite  polynomials  are  a  member  of  the  family  of  classical  orthogonal 
polynomials  which  includes  Chebyshev,  Gegenbauer,  Jacobi,  Laguerre,  and  Legendre. 
Although  they  bear  the  name  of  Charles  Hermite  [1864],  they  were  first  used  by  Laplace  in 
1805  in  his  Treatise  on  Celestial  Mechanics.  General  discussions  of  their  definition  and 
properties  may  be  found  in  Hille  [1926],  Szego  [1926],  Palama  [1937],  Sansone  [1959], 
and  Lebedev  [  1965).  Hermite  polynomials  occur  in  mathematical  physics  as  solutions  to 
time-independent  Schrodinger  equation  for  a  single  harmonic  oscillatOT  and  in  statistics  ftv 
the  representation  of  distributions  over  the  interval  [-«»,  H-  In  the  following  sections,  we 
shall  present  some  useful  properties  of  Hermite  polynomials  and  develop  the  representation 
of  real  functions  using  the  Gram-Charlier  expansion. 

Properties  of  Hermite  polynomials 


Definition 

Hermite  polynomials  may  be  derived  from  the  coefficients  of  the  power  series 
expansion  of  e“'*^  *  in  r: 
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^-t^n  +  xt 


=  I  ^  Het(x) 
*  =  0 


(A.l) 


Het(jr)  is  the  Hermite  polynomial  of  degree  k  and  e  *  •*'  is  known  as  the  generating 
function.  The  He^(x)  form  a  complete  set  over  the  interval  [-<»,  «]: 


HetU)  =  e^'/2 


(-ir 


Ldx* 


[*/2] 

J=0 


(-]/2y  x^-y 

Jl(k-2j)! 


(A.2) 


where  [k/2]  is  the  largest  integer  <  k/2,  and  arc  orthogonal  with  respect  to  a  Gaussian 
weight  function: 


1 


Ga  (X)  HcjU)  He  J;t)  dx  =  'fin  kl  Si,„ 


(A.3) 


where  Gafa:)  is  defined: 


Ga(x)  * 


(A.4) 
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The  first  few  poJynomials  are  summarized  in  Table  A.l  and  plotted  in  Figure  A.l.  The 
He;^(j:)  are  related  to  the  H^U),  which  are  also  known  are  Hermite  polynomials,  through  a 
simple  scaling  [Abramowitz  and  Stegun,  1972]; 

He*(z)  =  (A.5) 

The  HjtU)  nomenclature  is  more  common  in  mathematical  physics;  the  He^U)  designation 
is  more  prevalent  in  probability  and  statistics. 

Symmetry  theorem 

A  Hermite  polynomial  is  even  or  odd  depending  on  degree: 

Het(-x)  =  (-l)*Het(x)  (A.6) 


Proof:  let  x  =  -y  in  (A.2) 


Het(-y) 


',=0 


[*/2] 


=  (-!)*  WX 

y=0 


JHk-2j)\ 


=  (-!)*  He*(y) 


The  parity  of  the  Hermite  polynomials  is  demonstrated  in  Figure  A.  1. 
Argument  shift  theorem 


A  Hermite  polynomial  may  be  shifted  with  respect  to  a  location  parameter,  xq*. 
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where 
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dm-iiyi-yo)”" 


(A.  10) 


According  to  this  coroilaiy,  a  sum  over  Hermite  polynomials  may  be  rewritten  in  terms  of  a 
sum  over  shifted  Hermite  polynomials,  with  coefficients  which  have  a  power  series 
dependence  on  the  shifted  locadon  parameter. 

Argument  scale  theorem 

A  Hermite  polynomial  may  be  adjusted  with  respect  to  a  scale  parameter,  a: 


(-l/2)%^-l)”* 

mHk-2m)\ 


Hct_2„U) 


(A.ll) 


Proof,  let  X  =  y/a  in  (A.2) 


y”.  i'„W 

[*/2]  «  t(*-2in)/2)  ,  , 

=  _L  y  (-mna^ir  y  (-l/2yyt-2^-2; 

'  ^  ml  jl{k-2m-2jV. 


m=  0 

W2] 


=  t!  -J-  s 

m!  (1-2)71)!  *  " 


m=  0 


In  other  words,  the  rescaled  Hemiite  kth  polynonoial  depends  on  the  sum  of  the  unsealed 
polynomials  up  to  degree  k.  More  generally,  it  may  be  shown; 
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He* 


[i/21 

I 

m  =  0 


(-m)” 

, 2\ 

a  — o 

m\(k-2m)\ 

(A.12) 


A  corollary  of  the  scale  theorem  states: 


(A.  13) 

/  =  0  i=0 


where 


Cl 


=  (M I 


*2m^l 


m  =  0 


(2m-(-/)!  (-1/2)'" 

kiml 

I 

(A.  14) 


Similar  to  the  shift  theorem,  the  scale  theorem  states  that  a  sum  over  Hermite  polynomials 
may  be  rewritten  as  a  sum  over  scaled  Hermite  polynomials,  with  coefficients  which  have  a 
power-series  dependence  on  the  scale  parameters. 

Fourier  transform  theorem 

The  Hermite  polynomials  have  the  following  Fourier  transform  pair  [Hille,  19261; 


I 


Ga  (I)  (-if)*  c““  dt  =  On  (ffl)  He*(a))  (A.15) 


±\ 

lit) 


Ga  (<y)  He*(a))  e~'“'da)  =  ^^Ga  (r)  (-if)* 


(A.  16) 


where  Ga(fo)  is  not  the  Fourier  transform  of  Ga(f),  but  is  defined  according  to  (A.4). 
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Summary 

We  have  intrcxluced  Hermite  polynomials  and  presented  some  of  their  propenies. 
In  panicular,  we  have  enumerated  the  symmetry,  shift,  and  scale  theorems,  as  well  as  the 
Fourier  transform  pair.  The  shift  and  scale  theorems  will  be  used  extensively  in  Appendix 
B;  the  Fourier  transform  theorem  will  be  applied  throughout  the  thesis.  We  shall  now 
demonstrate  the  usefulness  of  Hermite  polynomials  in  the  representation  of  real  functions. 

REPRESENTATION  OF  REAL  FUNCTIONS:  GRAM-CHARLIER  SERIES 

Consider  the  inverse  Fourier  transform  of  a  real  funcdon  g(t) 

^0=^1  (A.17) 

Since  g(t)  is  real,  g(0))  will  have  Hcrmitian  symmetry,  g(-tu)  =  g*i<o)  (where  •  denotes 
complex  conjugate),  and  we  may  write 

m 

g(0  =  ^  Re  ( J  do) }  (A.  18) 


where  H(ci))  is  the  Heaviside  step  function.  We  expand  g(o>)  along  the  positive  axis  in 
terms  of  an  unnormalized  Gaussian  multiplied  by  a  scries  of  Hermite  polynomials: 


(A.  19) 
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where  o)g  is  a  location  parameter  and  Cg  is  a  scale  parameter.  In  statistics,  an  expansion  of 
this  form  is  known  as  a  Gram-Charlier  series  [Jackson,  1961;  Rietz.  1971],  The 
coefficients  may  be  determined  by  multiplying  each  side  of  (A.  19)  by  Yit„{{o>-03g)lag), 
integrating  over  the  interval  [— «>,  «*],  and  applying  the  orthogonality  condition: 

^  I  S( «»)  He*  da>  f  A.20) 

0 


Substituting  the  definition  of  the  Hermite  polynomials  (A. 2)  into  this  expression,  we  see 
that  the  coefficients  depend  on  the  spectral  moments  of  g(cD) 


[W2] 

=  I 


(-1/2)'” 

m\{k-2m)\ 


fA.2I) 


Table  A. 2  contains  expressions  for  the  first  seven  coefficients.  If  the  spectrum  is 
normalized  such  chat  ^(0)  =  I,  then  go=  I-  If  the  location  parameter  cOg  is  chosen  to  be 
the  center  frequency  of  g(o))  (i.e.,  ODg  -  Oj^i(O)),  then  gi  =  0.  Finally,  if  the  scale 
parameter  Og  is  the  half-width  of  g(0))  (i.e.,  1  =  M2(^g))f  then  g2  =  0.  With  this 
parameterization,  the  zeroth-order  term  of  the  expansion  is  the  Gaussian  approximation  of 
g((0)  and  the  first  correction  term  is  third  order.  We  assume  this  representation  in  the 
thesis. 
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If  we  substitute  our  new  expansion  for  gi(o)  into  this  expression  and  apply  the 
orthogonality  condition: 


8k 


=  X _ L 


-  (o-oig  o>-{Og  ^  j 


/  =  0 


=  fk 


(A.27) 


Thus,  the  coefficients  of  a  Hermite-polynomial  expansion  are  uniquely  detenaintd. 

Figure  A. 2  compares  gico)  (solid  line)  with  the  partial  sums  of  the  Gram-Charlier 
series  (dashed  line)  for  K  from  2  to  5  in  the  case  of  the  autocorrelation  of  the  ASRO 
impulse  response.  Although  the  spectrum  is  strongly  peaked,  it  is  asymmetrical.  The 
second  partial  sum  produces  the  best-fitting  Gaussian  to  g{(o)  by  matching  the  first  three 
moments.  The  addition  of  the  third-order  term  improves  the  fit  by  shifting  the  peak  and 
tailoring  the  flanks.  The  fourth-order  term  docs  not  change  the  partial  sum  noticeably  as 
most  of  the  misfit  is  in  the  odd-order  terms.  With  the  addition  of  the  fifth  term,  the  fit  on 
the  flanks  of  the  autocorrelation  function  is  better  than  the  fit  to  the  peak.  Figure  A.3 
displays  the  residual  (gico)  -  gidico-iOg  )/crg))  for  the  first  five  terms  in  detail.  While  the 
addition  of  the  third-order  term  reduces  the  residual  everywhere,  the  fourth  and  fifth 
residuals  illustrate  that  the  Gram-Charlier  series  is  fitting  the  flanks  of  the  spectrum  as  well 
as  the  peak.  This  may  be  seen  fiom  the  expression  for  the  minimization  criterion 
(A.23),  where  the  inverse  Gaussian  factor  results  in  an  equal  weighting  of  the  spectrum. 
Figures  A.4  and  A.5  present  similar  plots  for  the  autocorrelation  of  the  fundamental-mode 
Love  wave  displayed  in  Figure  2.2.  This  function  is  more  narrow-band  and  more 
symmetrical  than  the  autocorrelation  of  the  ASRO  impulse  response.  It  is  clear  from  Figure 
A.4  that  the  autocorrelation  of  the  Love  wave  is  well-fit  by  the  third  partial  sum.  The 
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addition  of  the  founh  term  improves  the  fit  to  the  peak,  while  the  addition  of  the  fifth  term 
minimizes  the  misfit  at  the  flanks  at  the  cost  of  degrading  the  fit  near  the  peak.  Figure  A.5 
emphasizes  the  point  that  the  “jC  minimization  criterion  requires  that  the  fit  improve 
uniformly  across  the  band. 

Using  our  Gram-Charlier  expansion,  the  integral  for  git)  may  be  written: 


e  ‘“'do)}  (A.28) 


One  of  the  advantages  of  representing  a  function  in  terms  of  Hermite  polynomials  is  ease 
with  which  one  may  move  between  the  time  and  frequency  domains.  We  may  solve  this 
integral  using  the  Fourier  transform  theorem  (A.15-A.16): 

git)  =  -L  Ga(<r,f)  Re  ( e~‘*V  £  yt  i-icOgt)^  )  (A.29) 

*  =  o 

where  jg  =  Og  l(Og  is  a  measure  of  the  relative  bandwidth  of  g(to).  (A.29)  is  the  canonical 
form  of  a  Gram-Charlier  representation  of  a  real  time  series  and  recurs  frequently  in  this 
thesis. 

If  git)  is  an  even  function,  then  the  coefficients  gg  are  teal: 


gU)  =  ^  Ga  iOgt)  X  gk  Yg  ioigt)^ cositogt  +  kJ^) 
271  _  2 

*  =  0 
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Ga  iCgt)  { cos( cngt)  [  1  +  ^4  y*  ( o>gt)*  -geYfi.  +  •  -I 

+  sin(  eogt)  [gjYli o>gtf  -gsYH +■••])  (a.30) 
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where  we  have  normalized  the  spectrum  and  chosen  (i)g  and  <Tg  such  that  =  1  and  gi  =  g2 
=  0.  The  terms  multiplying  the  cosine  represent  corrections  to  the  envelope,  while  the  sine 
terms  are  corrections  to  the  phase. 

Figure  A.6  compares  g{t)  (solid  line)  with  the  Gram-Charlier  partial  sums  (dashed 
line)  for  K  oil  through  5  for  the  example  of  the  autocorrelation  of  the  ASRO  impulse 
response.  Unlike  the  expansions  in  the  spectral  domain,  the  addition  of  terms  in  the  time- 
domain  improves  the  fit  in  a  localized  region.  This  may  be  seen  more  clearly  in  Figure 
A. 7,  which  displays  the  residual  for  the  second  through  fifth  partial  sums.  The  residual 
decreases  rapidly  near  zero  lag  with  the  addition  of  the  higher  order  terms.  Figures  A.8 
and  A.9  are  parallel  plots  for  the  autocorrelation  of  the  Love  wave.  The  improvement  of 
the  fit  to  git)  near  zero  lag  with  the  addition  of  higher  order  terms  may  be  understood  in 
terms  of  the  Taylor  series  expansion  of  g(t)  about  zero  lag.  The  relationship  between  a 
Taylor  series  expansion  in  the  time  domain  and  the  spectral  moments  is  well-known  in  time 
series  analysis:  an  expansion  of  g(t)  in  terms  of  its  low  order  moments  in  the  frequency 
domain  is  equivalent  to  its  Taylor  series  expansion  about  zero  in  the  time  domain. 


g(0  =  g(0)+g(0)r  +  g(0)~+-- 


2 

=  -i-Re  iMo(O) -t-MiiO)  7gHQ>gO+M2(0)  +  -  -  } 


2n 


=  ^Rc  {  iMoidfg)  +  piiiOg)  Yg  HfOgO  +^2(Q>«)  y|-  -h---]  )(a.31) 


While  the  Gram-Charlier  series  is  not  equivalent  to  the  Taylor  series  expansion,  it  is  a 
series  whose  coefficients  are  determined  by  the  one-sided  spectral  moments  of  the  function. 
The  addition  of  higher  order  terms  consequently  improves  the  fit  near  zero  lag. 
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Conclusions 

In  this  Appendix  we  have  introduced  Hennite  polynomials  and  discussed  some  of 
their  useful  properties.  Furthermore,  we  have  examined  in  detail  the  Gram-Charlier 
expansion  of  a  real  function.  We  have  seen  that  the  coefficients  of  the  expansion  arc 
uniquely  determined  by  the  one-sided  moments  of  gia)  and  that  the  time-domain  image 
may  be  written  as  a  power  series  in  Yg*  where  is  a  measure  of  the  relative  bandwidth  of 
g{(o).  Finally,  we  have  illustrated  that  the  addition  of  higher  order  terms  in  the  frequency 
domain  improves  the  fit  uniformly  across  the  band,  which  proceeds  from  the 
minimization  criterion,  while  enhancing  the  fit  near  zero  in  the  time  domain,  which  may  be 
understood  in  terms  of  the  Taylor  series  expansion  of  g(t)  about  zero.  This  propcny  makes 
Gram-Charlier  expansions  ideal  for  representing  correlation  functions. 


Tables 


i 


ALS  OF  DEGREE  0  - 
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Table  a.2  -  Coefrcients  of  the  Gram-Charlier  series  for  /t  =  o  -  6 

k  gk 

0  Ho(o)g) 

1  Hiioig) 

3  -3^1(<U,)] 

4  ^  [nAoJg)  -  6n2i(Og)  +  3/io(o>p] 

5  ^  [Hsi(i)g)  -  10M3(Q>P  +  15^i(Q),)] 

6  ^  [/i6(0),)  -  15M4(©j)  +  45ir2(0>,)  -  15Mo(Wj)] 

The  one-sided  normalized  moments  ^(O)^  are  defined  by  equation  (A.22) 


i 
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FIGURE  Captions 


Figure  A.  1 

Hct(j:)  /  k\  is  plotted  for  degrees  0  to  6. 


Figure  a.2 

This  figure  illustrates  the  comparison  between  g(n>)  and  gi(((Q>-Q>^)/o'P  for  the 
autocorrelation  of  ASRO  impulse  response.  A  Hanning  filter  has  been  applied 
between  0  and  5  and  between  40  and  ^  mHz.  Although  the  spectrum  is  strongly 
peaked  (y^  =  0.5),  it  is  asymmetrical.  The  second  partial  sum  produces  the  best- 
fitting  Gaussian  to  g(oi)  by  matching  the  first  three  moments.  The  addition  of  the 
third  order  term  improves  the  fit  by  shifting  the  peak  and  tailoring  the  flanks.  The 
fourth  partial  sum  does  not  change  the  partial  sum  maricedly  as  most  of  the  misfit  is 
in  the  odd-order  terms.  With  the  addition  of  the  fifth  term,  the  fit  on  the  flanks  of 
the  autocorrelation  function  is  better  than  the  fit  to  the  peak. 


Figure  A.3 

The  residual  between  g{oj)  and  the  Gram-Charlicr  series  is  plotted  for  the  second 
through  the  fifth  partial  sums  The  addition  of  successive  terms  of  the  panial  sum 
improves  the  fit  uniformly  across  the  band,  a  result  of  the  inverse  Gaussian 
weighting  in  the  minimization  criterion. 


Figure  a.4 

This  figure  illustrates  the  comparison  between  gico)  and  g  K({o>-o)g)Ja^  for  the 
autocorrelation  of  the  fundamental-mode  Love  wave  displayed  in  Figure  2. 1 .  This 
function  is  more  narrow-band  (y^  =  0.3)  and  more  symmetrical  than  the 
autoccnrelation  of  the  ASRO  impulse  response.  It  is  clear  flrxn  this  figure  that  the 
autocorrelation  of  the  Love  wave  is  well-fit  by  the  third  partial  sum.  The  addition 
of  the  fourth  term  improves  the  fit  to  the  peak,  while  the  addition  of  the  fifth  term 
minimizes  the  misfit  at  the  flanks  at  the  cost  of  degrading  the  fit  near  the  peak. 


figure  A.5 

The  residuals  between  g(m)  and  the  Gram-Chaiiier  series  are  plotted  for  the  second 
through  the  fifth  partial  sums  in  the  case  of  the  autocorrelation  of  the  fundamental¬ 
mode  Love  wave  The  addition  of  successive  terms  of  the  partial  sum  improves  the 
fit  unifoHrmly  across  the  band,  a  result  of  the  inverse  Gaussian  weighting  in  the 
minimization  criterion. 
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Figure  a.6 

This  figure  illustrates  the  comparison  between  g{t)  and  Gram-Charlier  partial  sums 
for  the  auuxroneladon  of  the  ASRO  impulse  response.  The  addition  of  higher  order 
terms  improves  the  fit  near  zero  lag. 


figure  A.7 

This  figure  demonstrates  the  residual  between  git)  and  Gram-Charlier  partial  sums 
for  the  autocorrelation  of  the  ASRO  impulse  response.  The  addition  of  higher  order 
terms  improves  the  fit  near  zero  lag. 


FIGURE  A.8 

This  figure  illustrates  the  comparison  between  git)  and  Gram-Charlier  panial  sums 
for  the  autocorrelation  of  the  fundamental-mode  Love  wave.  The  addition  of  higher 
order  terms  improves  the  fit  near  zero  lag. 

Figure  a.9 

This  figure  demonstrates  the  residual  between  git)  and  Gram-Charlier  partial  sums 
for  the  autocorrelation  of  the  fundamental-mode  Love  wave.  The  addition  of  higher 
order  terms  improves  the  fit  near  zero  lag. 
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APPENDIX  B 


Signal  Processing  Operations  and  Gram-Charlier  Series 


iNTRODUCnCMM 

The  multiplication  of  a  windowing  operator  and  the  convolution  of  a  filter  are 
standard  practices  in  time-series  analysis.  In  this  appendix,  we  demonstrate  that  the  effects 
of  windowing  and  filtering  on  a  function  may  be  simply  expressed  in  terms  of  its  Gram- 
Charlier  series.  For  generality,  we  shall  consider  a  real  function  g(t)  with  an  arbitrary  time 
shift  f  -  tf 

oo 

g(t)  =  :^  Ga  iOgit-tg))  Re  {  e’'^"'*)  X  gn  7i  i-io>g{t -  f,))" )  (B.l) 

2lt  ^  „ 


where  the  expansion  coefficients  are  defined  in  the  usual  way: 


(B.2) 


As  before,  we  assume  that  cOg  is  the  center  frequency  of  g(a))  and  a,  is  the  half-width.  The 
coefficients  gn  may  be  complex. 
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SIGNAL  prcx:essing  operations 


Filtering 

In  these  days  of  high-speed  workstations,  the  application  of  a  filtering  operator  is 
usually  calculated  as  a  multiplication  in  the  frequency  domain.  A  number  of  different  filters 
are  used  in  seismological  applications,  which  we  may  model  using  a  Hermite-polynomial 
expansion.  In  order  to  frx  ideas,  we  begin  with  the  special  case  of  a  Gaussian  filter  before 
developing  the  general  result. 

Gaussian  Filter.  We  assume  a  Gaussian  filter  f  i(G)),  characterized  by  a  center  frequency 
and  half-width  o;: 


F,(g))  H(G))  = 


I 

lf27C  a, 


Ga 


lcO~CDi 


(B.3) 


We  define  p((u)  to  be  the  product  of  F,((u)  and  g(co),  where  we  assume  no  interactions 
between  positive  and  negative  frequencies.  In  other  words,  we  assume  that  the  products 
Ga((G>-(u,)/cr,)  C^({(cH■o)g)/ag)  and  Ga((6>faJ!i)/Oi)  Gi{{a>-a>g)/Og)  are  small  and  may  be 
neglected.  Thus  the  inverse  Fourier  transform  for  p(t)  depends  on  the  product  of  the 
Gaussians  multiplied  by  the  sum  over  Hermite  polyntmiials: 
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pit)  =  — ^Rc  { 


«=0 


=  -l-^-J^Gaf-^i^]Rc  ( 
i2n)^  \V af+cj ) 


(B.4) 


nsO 


where  the  filtered  funcdon  pia)  depends  on  a  new  center  frequency  ay,  and  half-width  Op. 


COp 


a}  Q}g  +  a}  eoj 
a}  +  a} 


g?  g| 

ff?+a2 


(B.5) 


(B.6) 


and  we  assume  that  pica)  has  been  normalized  such  that  ^(0)  =  1 . 

To  solve  this  integral  using  the  Fourier  transform  properties  of  Heimite 
polynomials,  we  must  rewrite  the  Heimite-polynomial  sum  in  (B.4)  in  terms  of  (Op  and  Op. 
We  first  apply  the  scale  theorem  from  Appendix  A  to  express  the  Hermite  polynomial  in 
terms  of  the  new  scale  parameter  oy,: 


2 

/=o 


<^P 


I  «-He„| 

heO 


0>-0)g 

g» 


(B.7) 


where 
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Ol 


M  y  (2m+Di(-]ar 

(Tj  ^  l\m\ 

*  m=0 


m  =  0 


(2ffH-/)!(-l/2)"* 

limi 


(B.8) 


The  coefficients  oi  are  well-behaved  for  all  values  of  O/  and  Og.  We  now  apply  the  shift 
theorem  from  Appendix  A  in  order  to  change  the  location  parameter  to  the  Hermite 
polynomials  to  the  center  frequency  of  the  filtered  function,  dip-. 


i  =  0 


<0-Q>p 

Op 


(B.9) 


where 


Now  our  integral  is  in  the  canonical  form  and  we  may  apply  the  transform  theorem; 


pit)  = 


(2rc)^ 


,Ga(-^W  (  Gate)  I  | 

«■  W(Tp+<Tg)  '  '*  =  0  ^ 


oo 

■^^Ga[-^^^|  G&iapit-tg))  Rc  /’i  7^  i-io)p(t-tg))‘‘  ) 

*  '  Wch<J}j  k=Q 


(B.ll) 


where 


=  (If  i  ("^1  ^ 

*7=0  *  m: 

=  /  V 

lV;^l77o^>n  erf. 


^2m+7+k 


(2/n+/+/fc)!  (-1/2)'"  |g|-CT;r 

0+A:)!  /n!  \  tXg  I 


^  ^  2m+j+k 


i2m+j-^k)\  (-1/2)” 
(A+^)!  m! 


oT+as 


(B.12) 


With  the  application  of  the  shift  and  scale  theorems  from  Appendix  A,  we  have  derived  an 
expression  for  the  coefficients  of  the  filtered  function  pit)  which  depends  on  the  filter 
parameters.  The  sum  over  m  arises  from  the  scale  theorem  and  converges  for  all  values  of 
<jg  and  o;-.  The  sum  over  j  proceeds  from  the  shift  theorem,  and  is  well-behaved  as  long  as 
Og  i(Oi  ~(Og  )  <  iCg^a,^).  This  is  simply  a  requirement  that  the  filter  not  be  applied  outside 
of  the  bandwidth  of  the  signal.  Finally,  the  pg  depend  on  the  ratio  (<t,-2  / 
which  is  always  less  than  1.  Therefore,  the  coefficients  of  the  Gram-Chariier  series  for  p(t) 
are  well-behaved. 

Full  Gram-Charlier  Expansion.  The  Gaussian  filter  is  a  special  case  of  the  general 
expansion  of  F,(Ci))  on  the  positive  axis  in  terms  of  Hermite  polynomials: 
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F,m  H(«)  =  j=L_Ga(“^)  I 
nizai  ' 


(B.13) 


where  the  coefficients  are  defined  in  the  usual  way: 


(B.14) 


In  this  case,  the  integral  for  p(f)  depends  on  the  product  of  the  two  expansions; 


p(0  = -l--L-Ga(-^)Re  ( 


RsO 


X  y  /m  He„fe^) do)  )  (B.  1 5) 


m  =  0 


As  before  we  must  scale  and  shift  the  arguments  of  the  Hermite  polynomials  in  order  to 
solve  the  integral.  We  know  from  the  section  on  the  Gaussian  filter 


t=o 


I  =  I 


»=0 


a>-(u- 


(B.16) 


where  the  are  defined  in  (B.12).  Performing  the  same  operations  on  the  second 
Hermite-polynomial  sum,  we  find: 


/=o 


<^P 


Z  /nHe, 

m=0 


Oi  I 


(B.17) 
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(2m-f-j+/)!  (-1/2)"'  jof-a^ 
(/+/)!  m!  \  of 


af+ail  j  =  o^-'  '\  of+o-| 


^  ^2m+j+l 


i2m+j+l)l  (-1/2)'” 

1  f 

(j+l)\  m! 

\of+o|/ 

(B.18) 


and  the  integral  now  has  the  form; 


r~ 

=  -^ - L_  Ga  Re  {  Ga  (^1  £  p*  He* 

(2jt)^  (V trf+o^ )  '  ^  '  t 


ei  He  do) }  (B.  19) 


In  the  previous  section,  we  olved  the  integral  using  the  Fourier  transform  properties  of 
Hermite  polynomials.  Here,  however,  we  rearrange  the  series  in  order  to  employ  the 
orthogonality  relation: 


Pit)  =  -L-^Gaf-^i=^]Ga(o),(r-r,))Re 

{2jt)2  iVof+^j 


X  Ga  ^  I  He I  He tfm } 


(B.20, 
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where  =  (Dp  -  ia^{t  -  Cg).  The  coefficients  qt  and  d*  may  be  written  in  powers  of  (- 

iCTpit  -  ig)): 

n  =  0  '  ^ 

fn  =  0 

In  order  to  write  the  expression  for  p(r)  in  the  standard  form  of  a  time-domain  expansion  of 
a  Gram-Charlier  series,  we  make  use  of  the  product  theorem  for  infinite  series: 

S  S  c*r*  (B.23) 

i=0  msO  t=0 

k 

C*=  S  Om^-m  (B.24) 

m- 0 
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Equations  (B.25)  and  (B.26)  describe  the  applicadon  of  a  general  filter  to  a  funcdon 
expanded  with  Hermite  polynomiais.  It  differs  from  the  expression  for  the  Gaussian  filter 
only  in  its  coefficients.  In  pardcular,  both  expressions  have  a  power  series  dependence  on 
Yp.  Since  (Op  is  the  center  frequency  and  Op  is  the  half-width  of  p(G)),  the  first  correcdon 
term  is  third  order.  Thus,  if  7}, «  1,  we  may  neglect  terms  of  third  and  higher  order  and 
p(f)  may  be  described  by  a  cosinusoidal  carrier  with  frequency  cOp  modulated  by  a  Gaussian 
envelope  with  half-width 

pit)  =  E(t)  cosCKt)  (B.27) 


where  the  envelope  and  carrier  funcnon  have  the  form: 


EU)  = 


Ga 


coroj. 


(2jt)3/2  O-jCT.- 


Ga  iOpU-tg)) 


(B.27a) 


<J5(0  =  (Og(t-tg) 


(B.27b) 


where  Pq  is  po  in  the  case  of  a  Gaussian  filter  and  sq  in  the  general  case  of  an  arbitrary 
filter. 

Windowing 

Seismologists  are  typically  concerned  with  the  applicadon  of  windows  in  the  dme 
domain.  We  consider  an  arbitrary,  symmetric  window  W(t),  centered  at  r  =  r*  with  half¬ 
width  We  expand  Wit)  in  a  Gram-Charlier  series: 

Wit)  =  Ga(o;v(t-0)  {wq-  W2icfwit-tw))^  +  w^io^it-tw))* — )  (B.28) 
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with  expansion  coefficients  that  are  real  and  even 


(B.29) 


Defining  h(i)  to  be  the  product  of  W(t)  and  g(f),  we  seek  an  expansion  for  h(t)  in  the  form 
of  the  rime-domain  representation  of  a  Gram-Charlicr  series: 


hit)  =  — L-Ga(ou,(r-rH.))  Ga(tTg(r-r^))  w^H'ou.  (r-C)/ 

m=0 

mcvcn 


X  Re  {  e"‘"«<'  ^  1  (B.30) 


=  — ^-C1a(^^~(^»,-^g))  GaCcr^t-r^) 
(2rt)‘  ^  <^h  ’  - 


/n=  0 
mevcn 


X  Re  {  e-“-.('-'*)  £  gki-iOg(t-ig)t  )  (B.31) 


where  the  envelope  is  characterized  by  a  new  half-width  o)^~i  and  a  new  center  rime  r^: 


ol=  al  +  <j2 


(B.32) 


c^tg  +  aity, 
^  - : — : — 


Og  +  oi 


(B.33) 
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In  order  to  write  (B.31)  in  the  canonical  form,  we  must  express  the  power  series 
expansions  in  powers  of  (f  -  [),j.  To  do  so,  we  employ  a  translation  theorem  for  infinite 
series: 


jfc  =  0  m  =  0 


=  Z 


1B.34) 


(B.35) 


Applying  this  theorem  to  each  of  the  series  expansions  in  (B.31): 


hit)  =  — Gaia^t-Q) 


(27t)‘  '  '  . 

X  Re  I  c-“A(‘-‘.)  £  r,(a*(r-^))'  £  x^(a*(t-f*))'} 

1  =  0  j=0 


(B.36) 


where: 


t  =  0 


(B.37) 
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I 


m+j 

m 


w 


nr' ^ 


m  =  } 
meven 


(B.38) 


Making  use  of  the  product  theorem  for  infinite  series  (B.23  and  B.24),  we  rewrite  the 
windowed  function: 


hit)  =  -J— Ga(^^(r«,-tj))  Ga(a^r-g) 

X  Re  {  e-'^-'*>e-'^-'‘>  £  /i*  y^HcOf^it-t^))''  }  (B.39) 

i  =  0 


where  yh  =  <Jh/  o)g  and 


hk  =  (B.40) 

»i=  0 

which  is  in  the  canonical  form  for  a  time-domain  representation  of  a  Gram-Charlier  series. 

We  have  considered  the  application  of  a  windowing  operator  centered  at  time  to  a 
function  with  a  Gaussian  envelope  centered  at  time  tg.  If  is  not  equal  to  tg,  the 
windowed  function  will  be  centered  at  the  weighted  averaged  time  t/,. 

Conclusions 

In  this  appendix,  we  have  developed  expressions  for  the  standard  time-series 
operations  of  filtering  and  windowing.  Both  applications  may  be  represented  as  simple 
Gram-Charlier  series. 
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APPENDIX  C 


Normal-Mode  Potpourri 


Introduction 

In  this  appendix  we  discuss  various  aspects  of  nonnal-mode  seismology,  from  co-l 
diagrams  to  Rayleigh's  principle  to  synthetic  seismograms,  and  some  details  about  our 
calculations.  This  appendix  is  not  intended  to  be  a  comprehensive  survey  of  normal-mode 
theory;  it  serves  to  clarify  some  references  made  to  normal-mode  results  in  the  text.  The 
results  presented  here  are  well-known  and  have  been  culled  from  a  variety  of  sources, 
including  Backus  and  Gilbert  [1968],  Gilbert  (1971,  1976a],  Gi  bert  and  Dziewonsld 
[1975],  Woodhouse  [1976],  Woodhouse  and  Dahlen  [1978],  and  Gilbert  [1980]. 

Computation  of  a  normal  mode  Catalog 

The  differential  equations  governing  the  displacements  of  a  self-gravitating  Earth 
form  a  sixth-order  system  of  equations  in  the  case  of  spheroidal  modes  in  a  solid;  a  second- 
order  system  in  the  case  of  toroidal  modes.  Woodhouse  [1988]  recendy  described  the 
solution  of  these  equations  in  some  detail.  We  use  the  program  MINEOS,  due  to  G. 
Masters  and  based  on  a  program  originally  written  by  F.  Gilbert.  This  program  solves  the 
system  of  equations  using  a  Runge-Kutta  technique. 

In  our  implementation  of  this  program,  we  typically  specify  an  earth  nnodel  in  terms 
of  the  compressional  velocity,  the  shear  velocity,  and  the  density  (transversely  isotropic 
models  are  a  simple  generalization)  at  a  number  of  depths.  In  order  to  avoid  spatial 
aliasing,  we  generally  have  chosen  a  10  km  spacing  of  the  tiKxiel  knots.  The  work  in  this 
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thesis  is  based  on  normal-mode  catalogs  which  were  calculated  to  SO  mHz  (although  we 
have  calculated  toroidal-mode  catalogs  to  100  mHz).  For  toroidal  modes,  this 
encompasses  more  than  SQOO  modes;  for  spheroidal  modes,  more  than  16000  modes.  The 
resulting  eigenfuncdons  require  some  300  Mbytes  of  disk  space.  After  calculation  of  the 
Frechet  kernels  (see  below),  we  form  a  stripped  set  of  eigenfunctions.  This  stripped  set  is 
ordered  by  depth,  with  all  eigenfuncdons  truncated  at  800  km  depth  (since  eanhquakes 
rarely  occur  at  depths  greater  than  800  km).  The  final  mode  tables  require  approximately 
60  Mbytes  disk  space. 


MODELS 

In  order  to  facilitate  comparisons  between  the  models  EU2  and  SNA,  we 
considered  only  variadons  in  shear  velocity  between  the  base  of  the  crust  and  400  km  depth 
(EU2  and  SNA  arc  vinually  indistinguishable  within  the  transidon  zone  (Figure  1.1)). 
Thus  the  eigenfuncdons  and  eigenirequencies  for  each  model  were  calculated  with  identical 
compressional  velocity  and  density  structures.  At  depths  greater  than  750  km,  the  elastic 
parameters  were  taken  from  PREM  [Dziewonski  and  Anderson,  1981].  The  Q  model  of 
Masters  and  Gilbert  [1983]  was  used  to  calculate  the  effect  of  attenuation  on 
eigenfrequency,  with  an  assumed  center  frequency  of  35  mHz.  Tables  C.l  and  C.2  list  the 
elastic  parameters  of  the  models  used  in  our  normal-nxxle  computadons;  Table  C.3  lists  the 
anelastic  parameters. 


a-l  Diagrams 

Each  normal  mode  is  completely  specified  by  a  triplet  of  numbers:  the  radial  order 
(n),  the  angular  order  (/).  and  the  azimuthal  order  (m).  In  a  spherically-symmetric  earth, 
the  2/  1  azimuthal-order  numbers  are  degenerate.  For  mioidal  modes,  each  radial-cmler 

number  corresponds  to  a  particular  traveling-wave  branch  and  properdes  such  as  energy 
density  vary  smoothly  along  a  branch.  For  spheroidal  modes,  the  connection  is  more 
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complicated  because  a  given  radial-crder  number  may  contain  more  than  one  traveling- 
wave  branch  and  properties  such  as  energy  density  change  discontinuously  across  a 
branch.  The  lowest  radial-order  number  (n  =  0)  is  the  fundamental  mode  and  runs  from  the 
lower  left-hand  comer  to  the  upper  right-hand  comer  of  the  diagram.  For  the  calculations 
in  this  thesis,  we  used  the  mantle-wave  branches  (”R"  modes  in  Okal's  [1978] 
classification)  of  the  spheroidal-mode  table.  These  branches  were  identified  as  mantle 
modes  by  selecting  all  modes  with  phase  velocities  less  than  13.2S  Icm/s  (which 
corresponds  to  the  core-grazing  ray)  and  then  removing  the  Stoneley  branches  (see  Figure 
1.3). 


Rayleigh'S  Principle 


Rayleigh's  principle  [Backus  and  Gilbert,  1967;  Woodhouse,  1976;  Woodhousc 
and  Dahlen,  1978]  states  that  on  average  the  total  kinetic  energy  of  the  vth  normal  mode  is 
equal  to  its  total  potendal  energy: 


Oivi  WUr)  +  VUr)  +  WUr)]  p(r)  r^dr  =  (  [Ky{r)K{r)  +  +  ry(,r)]dr  (C.l) 

Jo  Jo 


where  (Oy  is  the  eigenfrequency;  Uy/ir),  Vyjir),  and  WJir)  arc  the  radial  scalars;  Kyjir)tdr)  is 
the  compressional-energy  density;  M^r)pt{r)  is  the  shear-energy  density;  is 

the  gravitational  potential  energy;  and  a  is  the  radius  of  the  Earth.  The  mode  index  v  is  a 
function  of  the  radial-order  number,  the  angular-order  number,  and  the  azimuthal-order 
number  {UJir)  s  „f/7(/’))-  This  notation  (which  follows  that  of  Gilben  [1980])  assumes 
the  displacement  u  may  be  written  as  a  sum  of  vector  spherical  harmonics: 


“  *•  i 

u(r,d,^=  XXX  ^r{r)PnA^)  +  „vr{r)Br{A,^)  +  nWrir)Cr{A,^)  (C.2) 

»i-l  m>-/ 
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where  the  P^,  B'l,  and  C”  are  defined  in  tenns  of  Legendre  polynomials; 

=  r 

=  rV,  (C.3) 

L  CTiAA)  =  X  (r  YnA4)) 

and  s  /  (/  +  1).  This  definition  of  and  C7  is  adopted  from  Gilbert  [1980]  and  differs 
from  that  chosen  by  Gilben  and  Dziewonski  [1975],  Woodhouse  [1976],  and  Woodhouse 
and  Dahlen  [  1978]  by  the  scaling  factor  L  The  disagreement  about  the  nomialization  of  the 
vector  spherical  harmonics  has  created  considerable  confusion  among  students  of  normal¬ 
mode  seismology;  I  have  chosen  the  notation  of  Gilbert  [1980]  in  order  to  simplify  the 
expressions  for  the  energy  densities.  With  this  choice,  the  radial  eigenfunctions  satisfy  the 
following  normalization; 

0^  f  [t/S(r)  +  V5(r)  +  Wl{r)]  fXf)  r^dr  =  1  (C.4) 

Jo 


(C.5b) 
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is  the  appropriate  normalization. 

Rayleigh's  principle  is  a  statement  that  the  cigcnfiequcncies  arc  stationary  with 
respect  to  a  variation  in  the  eigenfunctions.  This  stationarity  may  be  exploited  to  calculate 
variations  in  the  eigenfrequencies  due  to  small  changes  in  the  model  parameters: 


^  =  GSm  +0(l|6iii||^ 

OK 


If^Ur)  K(r) 


SK(r) 

K[r) 


+  Afv(r)^r) 


^r) 

M(r) 


+  RUr)p(r) 


Sp(r) 

P(r) 


]dr 


(C.6) 


where  G  is  the  Frechet  derivative  of  eigenfrcquency  with  respect  to  the  model  parameters, 
5m  is  the  perturbation  to  the  model  parameters  and  Scoy  is  the  penurbation  to 
eigenfrcquency  of  the  vih  normal  mode  at  constant  wavenumber.  K^r)K(.r)  is  the  Frechet 
kernel  for  the  normalized  penurbation  to  bulk  modulus  Sk/k,  \fv(r)nir)  is  the  Frechet 
kernel  for  the  normalized  perturbation  to  shear  modulus  S^i/n,  and  Ry(r)p{r)  is  the  Frechet 
kernel  for  the  normalized  penurbation  to  density  5p/p.  In  this  formulation,  we  have 
considered  only  perturbations  to  the  radial  distribution  of  isotropic  elastic  parameters. 
These  kernels  have  the  following  form: 

Ky  =  {rd,Uy  +  F)^  (C.7a) 

My  =  ^QrdrUy  -  rf  +  (r9XVv+  Wy)  -  {Vyt-  Wy)  +  LUy)^ 

+  (/-IXWKVv^  +  Wy^)  (C.7b) 

Ry  =  -0)2(C/3+  ^3+  W^y)  +  2r2£/v(a^^+47ipGf/v-gr->F) 

+  2rLVy<f>y  -Sncf  F  Uypr-'‘dr  (C.7c) 
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F  =  2Uv  -  LV^  (C.ld) 

where  <p^r)  is  the  peiturbation  to  graviudonal  potential,  G  is  the  gravitational  constant,  and 
g  is  the  acceleration  due  to  gravity. 

In  this  formuladon,  we  have  neglected  the  perturbation  in  eigenfrequency  due  to 
changes  in  the  position  of  discontinuities.  The  complete  (correct)  expressions  may  be 
found  in  Woodhouse  and  Dahlen  [1978].  The  foimulas  for  the  Frechet  kernels  in  the  case 
of  transverse  isotropy  may  be  found  in  Anderson  and  Dziewonski  [1981]. 

Calculation  of  Synthetic  Seismogra.ms 

We  may  write  a  synthedc  seismogram  as  a  sum  over  all  normal  modes: 

s(t)  =  X  “v(r)  (C.8) 

V 

where  each  standing  wave  may  be  written: 

uUO  =  Mv(r.r) 

=  a^r,t)  *  Cyit)  (C  9) 

where  each  wavegroup  depends  on  the  receiver  position  r  =  (a.  A,  the  source  position 
^0=  (^o.  0. 0),  and  time  t,  and  we  have  adopted  the  epicentral  coordinate  system.  Oy 
contains  both  the  source  and  receiver  terms  and  we  refer  to  it  as  the  excitation  coefficient, 
Cy  represents  the  propagation  operator,  and  *  denotes  convolution.  Following  Gilbert 
[1971]  and  Gilbert  and  Dziewonski  [19^],  we  shall  discuss  the  contributions  of  these 
operators  to  the  calculation  of  synthetic  seismograms. 


Exciianon  operator:  Oy 
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The  excitation  coefficient  may  be  expressed  as  the  pnxluct  of  both  the  source  tenn 
and  the  receiver  term; 

a^r,t)  =  \ifv(ro,t)  Syir)  (C.IO) 

'Fy  is  the  source  exciution  coefficient  and  contains  the  spatial  and  temporal  dependence  of 
the  source  and  is  the  eigenfunction  at  the  receiver.  'Fy  may  be  written  as  a  volume 
integral  over  the  source  region: 

•/'‘•--j  (CII) 

where  /(ro,i)  is  the  external  force  causing  the  excitation  of  the  normal  modes  and  Sy(ro)  is 
the  eigenfunction  at  the  source  depth.  In  this  study,  we  have  assumed  a  step  funcbon  dme 
dependence  of  the  external  force,  which  allows  us  to  write  the  excitation  coefficient  as  the 
double  dot  prxxluct  between  the  moment  tensor  A/  and  the  strain  tensor 

yfv  =  M :  Ey(ro)  (C.12) 

Exact  expressions  for  the  Oy  may  be  found  in  Gilbert  and  Dziewonsld  [1975].  We  use  the 
Harvard  CMT  [Dziewonsld  et  at.,  1981}  soludons  to  calculate  our  synthetic  seismograms. 
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Propagcaion  Operator.  Cy 

The  hannonic  time  dependence  of  the  synthetic  seismogram  depends  on  a  transient 
term  which  behaves  like  a  sum  over  decaying  cosinusoids  plus  a  static  offset  term  which 
satisfies  the  initial  conditions: 

c^t)  =  H(0  [cos(nM)  cxp(^  r)  -  1]  (C.  1 3) 

where  H(i)  is  the  Heaviside  step  function.  In  general,  we  neglect  the  static  offset  term  and 
consider  only  the  transient  term. 

Summation 

We  have  calculated  normal-mode  catalogs  for  the  models  EU2  and  SNA  which  are 
complete  to  50  mHz.  For  SH,  this  encompasses  8,000  modes;  for  PSV.  more  than 
16,000.  Although  time-intensive,  these  computations  are  only  made  once  for  each  model. 
Once  the  eigenfunctions  and  cigcnfrequcncies  arc  computed,  any  number  of  synthetic 
seismograms  may  be  calculated.  After  summation,  the  synthetic  seismograms  are 
convolved  with  the  appropriate  instrument  response  and  filtered  with  a  Harming  tapxr. 

Traveling-Wave  Representation 

The  representation  above  is  a  standing-wave  representation.  However,  it  is 
desirable  to  express  a  seismogram  as  a  sum  over  traveling-wave  groups.  In  Chapter  2,  we 
wrote  down  an  expression  for  synthetic  seismograms  as  a  sum  over  traveling-wave 
branches: 


sit)  =  X  ^nit) 

n 


(C.14) 
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where  n  refers  lo  the  branch  index,  rather  than  the  radial-order  number  (in  the  case  of 
toroidal  modes,  these  arc  equivalent).  Each  branch  may  be  written  as  a  sum  over  angular 
order  / 


ie  n 

=  AMj-)  Pr(<^osA)  cMJ)  (C.15) 

/€  n 


where  is  the  excitation  coefficient  =  A„  P^(cosA),  c„  represents  the  propagation 

operator,  and  we  have  assumed  a  step-function  time-dependence  of  the  source.  The  sum 
over  azimuthal-order  number  is  implicit  within  the  following  expressions.  Following 
Gilbert  [1976a],  we  may  obtain  a  traveling-wave  representation  by  employing  the  Poisson- 
sum  formula  to  convert  the  sum  over  discrete  angular  order  to  an  integral  over 
wavenumber 


= 


(-1)"  A^k-m,r) 


PX_j/2(cos4)  CrlX~m,t)  dX 


(C.16) 


where  s  is  the  orbital  index  of  the  traveling-wave  group  and  A  =  /  +  1/2  is  the  surface 
spherical  wavenumber.  Following  Aki  and  Richards  [1980]  and  Lener-Lam  and  Jordan 
[1983],  we  shall  employ  the  following  asymptotic  form  of  P^\ 


2 cos[A4  -  5- +  °!^  ] 

'iiAsinzl'  ^  ^ 


{CM) 
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which  is  valid  for  large  angular  order  (analysis  has  shown  that  (C.17)  is  good 
approximation  voP^  for  angular  order  as  low  as  10  [Lemer-Lam  and  Jordan,  19831).  By 
manipulating  the  asymptotic  expressions,  we  may  write; 
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where  0J„  and  are  functions  of  wavenumber.  To  conclude  this  appendix,  we  present 
formulas  for  the  excitation  coefficient  and  phase  term  in  (C.22).  We  draw  upon  the 
notation  of  Dahlen  [1980]: 

2 1  (C.23a) 

Z2  =  [3rV(r«)  +  rs^aUiro)  -  V(r«))l[Af,^in^  +  (C.23b) 

^3  ^i'oW(ro)[MQ^m2^  +  l/2{Mgg-M^fp)cos2^]  (C.23c) 

2,4  =  (^)  [^rW(ro)  -rs^Wiro)][Mr^osq  (C.23d) 

Is  =(^rA'-?‘VV(r^)lWt,^cos2^  -l/2(W«,-A/^^)sin2^]  (C.23c) 

where  we  have  dropped  the  subscripts  on  U,  V,  and  W.  Mn,  Mqb,  A/rft  Mrip,  and 
are  the  six  components  of  the  moment  tensor  M.  We  may  now  write  down 
expressions  for  the  excitation  coefficient  and  phase  term  for  the  transverse,  vertical,  and 
radial-component  seismograms: 

Transverse  componera  {toroidal  modes) 

1^.1  = 

'  sind' 

<tt„  =  arctan(23  /  I*) 


(C.24) 
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Vertical  component  (spheroidal  modes) 


U'J  =  i  U(a)  (-!-)■« 

'  %inA' 

<r>„  =  arctan(5^2  >  (Si“S3)) 


(C.25) 


Radial  component  (spheroidal  modes) 

lA„|  =  ^  V(.)  [(I,-l3)^ 

\  sitiAl 

<P„  =  -  arctan((Xi-S3)  /S2) 

We  make  use  of  these  expressions  for  the  excitar  amplitude  and  phase  in  Chapter  2. 

CONCLUSIONS 

In  this  Appendix,  I  have  presented  some  results  from  normal-mode  seismology  in 
order  to  clarify  various  aspects  of  my  thesis  and  discussed  my  implementation  of  specific 
procedures.  While  the  theoretical  results  documented  here  are  available  in  the  literature,  a 
full  treatment  with  a  self-consistent  notation  is  more  difficult  to  obtain. 


(C.26) 
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Table  C.l  Model  EU2 


R  (n) 


j>  (:<g/m*'3)  Vp  (m/s)  Vs  (m/s) 


0. 

13088.50 

50000. 

13087.96 

100000  . 

13086.32 

150000  . 

13083.60 

200000. 

13079.79 

250000. 

13074 .69 

300000. 

13068.90 

350000  . 

13061.83 

400000  . 

13053.66 

450000. 

13044.41 

500000. 

13034 . 06 

55-CCC - 

*  j  1'  ^  1 . 0  3 

5CC00C. 

13010.11 

650000. 

12996.50  • 

'00000  . 

12981 . 81 

750000  . 

12966.02 

sooooo . 

12949 . 14 

?500GC. 

12931.19 

900000. 

12912.13 

950CC0. 

12891.99 

1000000. 

12870.76 

1050000. 

12848.44 

1100000. 

12825.03 

1150000. 

12800.54 

1200000. 

12774 . 95 

1221500. 

12763.61 

1221500  . 

12166.33 

1250000. 

12151 . 57 

12  0  0000  . 

1212^ .55 

1350000. 

12097.55 

1400000. 

12069.23 

1450000. 

12040.01 

1500000  . 

12009.88 

1550000. 

11978.82 

1600000  . 

11946.81 

1650000 . 

11913.84 

1700000. 

11879.89 

1750000. 

11844.95 

1800000  . 

11809.00 

1850000. 

11772 . 02 

1900000 . 

11734.01 

1950000 . 

11694 . 93 

2000000. 

11654.78 

2050000. 

11613.54 

2100000. 

11571.19 

2150000. 

11527.72 

2200000. 

11483.11 

2250000. 

11437.35 

2300000. 

11390.42 

2350000. 

11342.30 

2400000. 

11292.98 

2450000. 

11242.45 

2500000. 

11190.67 

2550000. 

11137.65 

2600000. 

11083.36 

2650000. 

11027.79 

27C0OCC. 

10970 . 92 

2750000 . 

10912.73 

2800000. 

10853.22 

11237.30 

3626.46 

11236.91 

3626.19 

11235.74 

3625.37 

11233.79 

3624.02 

11231.07 

3622.12 

11227.56 

3619.69 

11223.27 

3616.71 

11218.20 

3613.19 

11212.36 

3609.12 

11205.73 

3604.52 

11198.33 

3599.37 

11190.14 

3593  .  c5 

11181 .18 

3557.45 

11171.43 

3580.69 

11160.91 

3573 . 37 

11149.60 

3565.52 

11137.52 

3557 . 12 

11124.66 

3548.13 

11111.02 

3538.71 

11096.59 

3528 . 63 

11081.39 

3513.12 

11065.41 

3507.02 

11048.65 

3495.37 

11031.11 

3483.18 

11012.79 

3470.45 

11004.67 

3464.61 

10355.54 

0.00 

10338.97 

0.00 

10309.58 

0.00 

10279.76 

.-V 

*  .  .  «/ 

10249.46 

0.00 

10218.66 

0.00 

10187.30 

0.00 

10155.36 

o.co 

10122.78 

0.00 

10089.54 

0.00 

10055.59 

0.00 

10020.90 

0.00 

9985.41 

0.00 

9949.11 

0.00 

9911.93 

0.00 

9873.85 

0.00 

9834.83 

o.co 

9794.83 

0.00 

9753.80 

0.00 

9711.72 

0.00 

9668.53 

0.00 

9624.20 

0.00 

9578.69 

0.00 

9531.96 

0.00 

9483.97 

0.00 

9434.69 

o.co 

9384.06 

0.00 

9332.06 

0.00 

9278.65 

0.00 

9223.78 

0.00 

9167.41 

0.00 

9109.51 

0.00 

9050.04 

0.00 
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2350000 . 

10792.36 

2  S  0  0  0  0  0  . 

10730.13 

2950000 . 

10666.53 

3000000. 

10601.53 

3050000. 

10535.12 

3100000. 

10467.29 

3150000 . 

10398.01 

3200000. 

10327.27 

3250000. 

10255.06 

3300000. 

10181.36 

3350000. 

10106.15 

3400000  . 

10029.42 

3450000  . 

9951.15 

3480000  . 

9903.44 

348U0C0 . 

5566.46 

3500000  . 

5556.43 

3550000. 

5531.41 

3600000. 

5506.44 

3628000. 

5491.48 

3630000. 

5491.48 

3650000. 

5481 . 51 

3700000. 

5456.60 

3750000. 

5431.71 

3800000 . 

5406.84 

3850000. 

5381.97 

3900000. 

5357.09 

3950000. 

5332.19 

4000000. 

5307.27 

4050000. 

5282.31 

4100000. 

5257 . 32 

4150000. 

5232.27 

4200000. 

5207.16 

4250000  . 

5181.93 

4300000  . 

5156.72 

4350000. 

5131.38 

4400000  . 

5105.93 

4450C00  . 

5080.39 

4500000. 

5054.72 

4550000  . 

5028.94 

4600000. 

5003.02 

4650000 . 

4976.97 

4700000 . 

4950.76 

4750000. 

4924.39 

4800000. 

4897.86 

4850000. 

4871.15 

4900000. 

4844.25 

4950000. 

4817.16 

5000000. 

4789.87 

5050000. 

4762.36 

5100000. 

4734 . 63 

5150000. 

4706.67 

5200000. 

4678.48 

5250000. 

4650.03 

5300000. 

4621 . 33 

5350000. 

4592.36 

5400000. 

4563.11 

5450000. 

4533.58 

5500000. 

4503.76 

5550000. 

4473.64 

5596000. 

4445.64 

5621000. 

4410.00 

5646000. 

4401.25 

5671000. 

4392.50 

5696000. 

4383.75 

5711000. 

4380.00 

5713000. 

4048.90 

5736000. 

4019.91 

5771000  . 

3975.80 

5821000. 

3912.78 

5871000. 

3849.77 

3983.95 

0.00 

3926.21 

0.00 

5861.78 

c.co 

8795.62 

0.00 

8727.69 

0.00 

8657.95 

o.co 

3586.36 

0.00 

=  512.88 

0.00 

8437.47 

0.00 

£360.10 

0.00 

8280.72 

0.00 

8199.29 

0.00 

8115.78 

0.00 

8064.65 

0.00 

13700.80 

7242.45 

13695.89 

7242.65 

13683.72 

7243.12 

13671.71 

7243.54 

13664.57 

7243.76 

13664.56 

7243.72 

13640.31 

7234. 5B 

13580.16 

7211 . 87 

13520.64 

7189.32 

13461.67 

7166.50 

13403.16 

7144 . 58 

13345.05 

7122.34 

13287.25 

7100.15 

13229.69 

7077 . 99 

13172.30 

7055.83 

13114.98 

7033.63 

13057.67 

7011 .38 

13000.29 

6989.05 

12942.76 

6966.61 

12885.01 

6944. C4 

12826.95 

6921.29 

12768.51 

6898.37 

12709.62 

6875.22 

12650.19 

6851.83 

12590.15 

6828.17 

12529.42 

6804.21 

12467.92 

6779.53 

12405.58 

6755.29 

12342.32 

6730.28 

12278.06 

6704.87 

12212.73 

6679.02 

12146.24 

6652.72 

12078.52 

6625.93 

12009.50 

6598.63 

11939.09 

6570.79 

11867.22 

6542.38 

11793.81 

6513.38 

11718.79 

6483.77 

11642.07 

6453.50 

11563.58 

6422.57 

11483.25 

6390.93 

11400.99 

6358.57 

11316.72 

6325.45 

11230.38 

6291 . 56 

11141.88 

6256.86 

11058.41 

6224.16 

10962.00 

6200.00 

10884.25 

6126.67 

10806.50 

6053.33 

10728.75 

5980.00 

10701.00 

5910.00 

10303.96 

5531.71 

10206.82 

5481.48 

10059.00 

5405.  C3 

9847.83 

5295.83 

9636.65 

5186.62 

5921CCC  . 

3  S  6  .  T  £ 

597067C . 

j "2  4 . 1 c 

5970670  . 

3541.09 

6016000. 

3513.63 

6061000  . 

3436.37 

6106000  . 

3459.11 

6151000. 

3431 . 35 

6151000  . 

3431.35 

6186000. 

3412.42 

6221000 . 

3392.99 

6256000. 

3373.55 

6271000. 

3365.23 

6271000. 

3365.23 

6311000. 

3336.95 

6335157 . 

3319.87 

6335157. 

3000.00 

63510CQ. 

3000.00 

6351000. 

2740.00 

6368000. 

2740.00 

6368000. 

2000.00 

6371000  . 

2000.00 

9425.48 

5377.41 

9215.70 

4968.53 

8646.91 

4735.51' 

8519.50 

4633.85 

8393.03 

4632.52 

8266.56 

4581.19 

8140.08 

4529.83 

8185.55 

4527.3= 

8185.55 

4527.3= 

8185.55 

4527 .33 

8185.55 

4527.38 

8185.55 

4527.33 

8185.60 

4505.56 

8185.60 

4505.55 

8185.60 

4505.55 

6777.60 

3342.33 

6777.60 

3842.30 

6077.60 

3438.16 

6077.60 

3438.16 

2977.60 

1416.32 

2977.60 

1416.32 
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Table  C.2  Model  SNA 


R  (m) 

p  ()tg/m»*3) 

0. 

13088.50 

50000. 

13087.96 

100000, 

13086.32 

150000. 

13083.60 

200000. 

13079.79 

250000. 

13074.89 

300000. 

13068.90 

350000. 

13061.83 

400000. 

13053.66 

450000. 

13044.41 

500000. 

13034.06 

5500C0. 

13022.63 

600000. 

13010.11 

650000. 

12996.50 

700000. 

12981 . 81 

750000. 

12966.02 

800000. 

12949.14 

S500CC. 

12931.19 

900000. 

12912.13 

950000. 

12891.99 

1000000 . 

12870.76 

1050000. 

12848.44 

1100000. 

12825.03 

1150000. 

12800.54 

1200000. 

12774.95 

1221500. 

12763.61 

1221500. 

12166.33 

1250000. 

12151.57 

1300000. 

12124.99 

1350000. 

12097.55 

1400000. 

12069.23 

1450000. 

12040.01 

1500000. 

12009.88 

1550000. 

11978.82 

1600000. 

11946.81 

1650000. 

11913.84 

1700000. 

11879.89 

1750000. 

11844.95 

1800000. 

11809.00 

1850000. 

11772.02 

1900000. 

11734.01 

1950000. 

11694.93 

2000000. 

11654.73 

2050000. 

11613.54 

2100000. 

11571.19 

2150000. 

11527.72 

2200000. 

11483.11 

2250000. 

11437.35 

2300000. 

11390.42 

2350000. 

11342.30 

2400000. 

11292.98 

2450000. 

11242.45 

2500000. 

11190.67 

2550000. 

11137.65 

2600000. 

11083.36 

2650000. 

11027.79 

2700000. 

10970.92 

2750000. 

10912.73 

2800000. 

10853.22 

Vp  (m/s) 

Vs  (m/s) 

11237.30 

3626.46 

11236.91 

3626.19 

11235.74 

3625.37 

11233.79 

3624 . C2 

11231.07 

3622.12 

11227.56 

3619.69 

11223.27 

3616.71 

11218.20 

3613.19 

11212.36 

3609.12 

11205.73 

3604.52 

11198.33 

3599.37 

11190.14 

3393.69 

11181.18 

3587 . 46 

11171.43 

3580.69 

11160.91 

3573.37 

11149.60 

3565.32 

11137.52 

3557.12 

11124 . 66 

3548.19 

11111.02 

3533.71 

11096.59 

3528.68 

11081.39 

3518.12 

11065.41 

3507.02 

11048.65 

3495.37 

11031.11 

3483.18 

11012.79 

3470.45 

11004.67 

3464.81 

10355.54 

0.00 

10338.97 

0.00 

10309.58 

O.CO 

10279.76 

0.00 

10249.46 

0.00 

10218.66 

0.00 

10187.30 

0.00 

10155.36 

0.00 

10122.78 

0.00 

10089.54 

0.00 

10055.59 

0.00 

10020.90 

0.00 

9985.41 

0.00 

9949.11 

0.00 

9911.93 

0.00 

9873.85 

0.00 

9834.83 

0.00 

9794.83 

0.00 

9753.80 

0.00 

9711.72 

0.00 

9668.53 

0.00 

9624.20 

0.00 

9578.69 

0.00 

9531.96 

0.00 

9483.97 

0.00 

9434.69 

0.00 

9384.06 

0.00 

9332.06 

0.00 

9278.65 

0.00 

9223.78 

0.00 

9167.41 

O.CO 

9109.51 

C.OO 

9050.04 

0.00 

•**  2  c  A  A 

:  3792 . 35 

capo  os 

C  .  10 

;3cococ . 

10730. 13 

9925 . 21 

; .  10 

2950000  . 

10666.53 

8861.78 

0 .00 

5000000. 

10601 . 53 

8795.62 

o.co 

5050000. 

10535.12 

8727.69 

c.oo 

3100000. 

10467.29 

8657.95 

c.oo 

3150000. 

10398.01 

8586.36 

0.00 

3200000 . 

10327.27 

3512.38 

0 . 00 

5250000. 

10255.06 

8437.47 

c.oo 

3300000. 

10181.36 

8360.10 

0.00 

3350000. 

10106.15 

8280.72 

0.00 

3400000. 

10029.42 

8199.29 

0.00 

3450000. 

9951.15 

8115.78 

0.00 

3480000. 

9903.44 

8064.65 

0.00 

3480000 . 

5566.46 

13700.80 

7242.45 

3500000. 

5556.43 

13695.89 

7242.65 

3550000. 

5531.41 

13683.72 

7243.12 

3600000. 

5506.44 

13671.71 

7243.54 

3628000. 

5491.48 

13664.57 

7243.76 

3630000. 

5491.48 

13664.56 

7243.72 

3650000. 

5481.51 

13640.31 

7234.58 

3700000 . 

5456.60 

13580.16 

7211.87 

3750000. 

5431.71 

13520.64 

7189.32 

3800000. 

5406.84 

13461.67 

7166.90 

3850000. 

5381.97 

13403.16 

7144 .58 

3900000. 

5357.09 

13345.05 

7122.34 

3950000. 

5332.19 

13287.25 

7100.15 

4000000. 

5307.27 

13229.69 

7077.99 

4050000  . 

5282.31 

13172.30 

7055.83 

41C00CC. 

5257.32 

13114.98 

7033.63 

4150000. 

5232.27 

13057.67 

7011.38 

4200000. 

5207.16 

13000.29 

6989.05 

4250000. 

5181.98 

12942.76 

6966.61 

4300000  . 

5156.72 

12885.01 

6944.04 

4350000. 

5131.38 

12826.95 

6921.29 

4400000. 

5105.93 

12768.51 

6898.37 

4450000. 

5080.39 

12709.62 

6875.22 

4500000. 

5054.72 

12650.19 

6851.83 

4550000. 

5028.94 

12590.15 

6828.17 

4600000. 

5003.02 

12529.42 

6804.21 

4650000. 

4976.97 

12467.92 

6779.93 

4700000. 

4950.76 

12405.58 

6755.29 

4750000. 

4924.39 

12342.32 

6730.28 

4800000. 

4897.86 

12278.06 

6704.87 

4850000  . 

4871.15 

12212.73 

6679.02 

4900000. 

4844.25 

12146.24 

6652.72 

4950000. 

4817.16 

12078.52 

6625.93 

5000000. 

4789.87 

12009.50 

6598.63 

5050000. 

4762.36 

11939.09 

6570.79 

5100000. 

4734.63 

11867.22 

6542.38 

5150000. 

4706.67 

11793.81 

6513.38 

5200000. 

4678.48 

11718.79 

6483.77 

5250000. 

4650.03 

11642.07 

6453.50 

5300000. 

4621.33 

11563.58 

6422.57 

5350000. 

4592.36 

11483.25 

6390.93 

5400000. 

4563.11 

11400.99 

6358.57 

5450000. 

4533.58 

11316.72 

6325.45 

5500000. 

4503.76 

11230.38 

6291.56 

5550000. 

4473.64 

11141.88 

6256 , 86 

5596000. 

4445.64 

11058.41 

6224 . 16 

5621000. 

4410.00 

10962.00 

6200.00 

5646000. 

4401.25 

10884.25 

6126.67 

5671000. 

4392.50 

10806.50 

6053.33 

5696000. 

4383.75 

10728.75 

5980.00 

5711000. 

4380.00 

10701.00 

5910.00 

5713000. 

4048.90 

10303.96 

5531.71 

5736000. 

4019.91 

10206.82 

5481.48 

5771000. 

3975.80 

10059.00 

5405.03 

5921000. 

3912.78 

9847.83 

5295.83 

5871000. 

3849.77 

9636.65 

5186.62 
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: 52 1 C  r  C  . 

3T86.75 

9425.43 

5  077 .41 

597067:  ! 

3724 .15 

9215.70 

4966.93 

5970670. 

3541.09 

8646.91 

4760.00 

5996CC0. 

3525.75 

6575.71 

4765.00 

60160C0. 

3513.63 

8519.50 

4757.00 

6046000  . 

3495.46 

6435.19 

4740.00 

6061COO. 

3486.37 

8393.03 

4723 . CO 

6106000. 

3459.11 

8266.56 

4635.00 

6121000. 

3450.02 

8224.40 

4670.00 

6151000. 

3431.85 

8140.08 

4638.00 

6151000. 

3431.85 

8185.55 

4638.00 

6171000. 

3420.75 

8185.55 

4630.00 

6186000. 

3412.42 

8185.55 

4678.00 

6196000  . 

3406.87 

8185.55 

4710.00 

6221000. 

3392.99 

3185.55 

4775.00 

6256000. 

3373.55 

8185.55 

4775.00 

6271000. 

3365.23 

8185.55 

4775.00 

6271000. 

3365.23 

8185.60 

4775.00 

6296000. 

3347.56 

8185.60 

4775.00 

6311000. 

3336.95 

8185.60 

4784 . 00 

6321000. 

3329.88 

8185.60 

4790.00 

6335157. 

3319.87 

8185.60 

4800.00 

6335157. 

3000.00 

6777.60 

3842.30 

6351000. 

3000.00 

6777.60 

3842.30 

6351000. 

2740.00 

6077.60 

3438.16 

6368000. 

2740.00 

6077.60 

3438.16 

6368000. 

2000.00 

2977.60 

1416.32 

6371000. 

2000.00 

2977.60 

1416.32 

Table  C.3  Q  nodel 


?,  (!ct.)  la  Qb 


o.co 

3666 

183300 

1221.50 

3666 

133300 

999599999 

999999959 

InSO.CO 

599959959 

999999999 

3480. CO 

3  04 

15210 

5711 .00 

304 

15210 

5713.00 

264 

13180 

5970.67 

264 

13180 

5970.67 

118 

5898 

6371.00 

118 

5898 

304 


APPENDIX  D 

Quadratic  Dispersion 


iNTRODUCnCW 

In  Chapter  2  we  derived  expressions  for  the  cross-correlation  between  an  isolation 
filter  and  an  observed  seismogram  based  on  a  Taylor  series  expansion  of  differential 
wavenumber.  In  the  case  of  the  filtered  cross-correlation  Ffijf,  we  showed  that  the 
quadratic  terms  could  be  controlled  by  the  narrow-band  filter  and  thus  safely  neglected.  In 
the  case  of  the  filtered,  windowed  cross-correlation,  however,  the  application  of  the 
windowing  operator  changes  the  expansion  of  differential  wavenumber  from  a  local 
approximation  at  <o,'  to  a  global  approximation  over  the  band  (tu,'  -  cty).  We  shall 
investigate  this  effect  in  greater  detail  in  this  appendix. 

Quadratic  Dispersion 

In  the  case  of  quadratic  dispersion,  the  Taylor-series  expansion  for  differential 
wavenumber  has  the  following  fomi; 

5k„{a>)x  »  (&«(«.) +  +  5f„(o>.)  +  •  •  •]  x 

-  io-Stp(Q)])  +  +  +  •■•  (D.l) 

where  the  "supeidot"  denotes  the  derivative  with  respect  to  ox  a  x  Re{  Sk^icOi') ) 

/  oJt'  is  the  differential  phase  delay  at  the  center  frequency  o;^’ ;  5tJ(oi,')  *  x  Re  { Sk^icOi") ) 
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is  the  differential  group  delay;  5r^(ct),')  h  x  Im{  is  a  differential  amplitude  factor, 

and  (5t7  *(<!>,')  =  measures  the  differential  curvature  of  the  dispersion  fu.'icrion 

and  is,  in  general,  a  complex  constant. 

ANALYSIS  OF  NARROW-BAND  SEISMOGRAMS 

In  Chapter  2,  we  developed  an  analysis  technique  for  narrow-band  seismograms. 
In  the  case  of  quadratic  dispersion,  our  expression  for  F,Ci„(r)  has  the  form: 

=  Re{  — i—  Ga  )  exp[(a,(5rr)721  Ga  (a.it-o'r;")) 

'  (27t)3/2  <T.O)r  \^^^| 

X  ^  CjCcTiO-StP))' expH(ci}^(t-ST^)- (jiSrr(r-STP)+j^)]  }  (D.2) 
;  =  0 

where  the  Cj  coefficients  are  complex  and  depend  on  the  coefficients  of  the  filtered 
autocorrelation,  the  differendal  anenuadon.  and  differential  curvature: 

1  =  0 


In  this  expression  for  the  filtered  cross-correlation  function,  the  quadratic  dispersion  term 
enters  only  through  the  effective  half-width  a,: 


Ot  = 


(D.4) 


where  If  ^ «  <ff,  then  a,  -  a{ ,  allowing  us  to  control  the  effect  of 

A 

quadratic  dispersion  through  the  parameters  of  the  narrow-band  filter.  Of  course,  5r7* 


L. 
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proponional  to  the  cpiccntral  distance,  which  means  effect  of  quadratic  dispersion  will 
increase  with  distance.  The  maximum  value  of  Re{5T7^)  from  EU2-SNA  at  70°  for  the 
fundamental  Love  wave  is  1489  s^  at  22  mHz;  the  maximum  value  for  the  fundamental 
Rayleigh  wave  is  1640  s^  at  38  mHz.  These  values  imply  that  a  x'  of  0.1  or  so  is 
sufficient  to  control  the  contribution  of  quadratic  dispersion  in  this  extreme  case. 

ANALYSIS  OF  BROAD-BaND  SEISMOGRAMS 

As  we  discussed  in  Chapter  3,  the  addition  of  a  windowing  operator  in  our 
processing  scheme  limits  the  approximation  of  differential  dispersion.  In  particular,  our 
approximation  in  (D.l)  is  no  longer  an  expansion  in  the  neighborhood  of  o),-',  instead,  the 
approximation  spans  the  band  (ci)/  -  ay).  Using  our  Hermite-polynomial  expansion,  we 
derive  an  expression  for  the  case  of  quadratic  dispersion.  This  requires 

carrying  the  quadratic  term  through  the  operadons  of  windowing  and  filtering.  Because  the 
quadratic  term  is  complex-valued,  the  resulting  expression  contains  frequency  and 
bandwidth  parameters  which  are  complex-valued.  We  write  this  formula  as  a  Gaussian 
envelope  times  a  harmonic  function,  where  we  take  the  real  value  of  their  product: 

=  Re  {£(0  exp  H<*>(0])  (D.5) 

where  £(r)  and  are  defined  by: 

m.  (D.5a) 

£(/)  =  £  Ga  (a, 

tJHr)  =  a)j(r  -  <5^  -  (a>,  -  (D.5b) 

and  we  have  made  the  wide-window  approximation.  The  envelope  coefficient  has  the 
fom: 
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£  =  — L 


Re  (-Ok^DS*  Ga  Ga|^(5r,-<5rj"))  Ga  (D.5c) 

\V aha^  I  '  IVor+cTy/ 


The  constants  OJj.oi  and  Cy  arc  complex; 


^  o^Q^t  +  (o^-t-o;)o), 
o?  +  ffi  +  oi 


1  _  <jr(q^  -t- 


af+oi+ai 


Oy  “ 


The  influence  of  quadratic  dispersion  appears  through  the  parameters  cu,  and  cr,,  which 
depend  on  the  differential  quadratic  contribution: 

OP^£i}f+  c^co, 

<Ox  =  - ^ ^ 

Oj*2+ 


oT^  +  Of 

4  .. 


(D.IO) 


where,  as  we  recall  from  Qiaptcr  2,  07  a  i/5^  and  5t7  (GiiO  ^  x  5i„,(ci),0.  y«<  a 

2  2  2 

/5t7  is  a  measure  of  the  effect  of  quadratic  dispersion.  If  y^  «  I ,  the  contribution  of 
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quadratic  dispersion  will  be  negligible.  This  was  the  case  in  Chapter  2,  where  the 
application  of  the  narrow-band  filter  ensured  that  the  spectral  half-width  of  the  correlation 
funcdon  was  small. 

Since  we  may  parameterize  the  effect  of  quadratic  dispersion  on  FjlVCijfr)  exacdy, 
we  could  use  the  complete  expression  for  quadratic  dispersion  in  our  waveform-fitting 
algorithm  and  invert  for  the  quadratic  term  at  each  gjj',  in  addition  to  Sif^,  and  In 
Chapter  3,  we  described  a  procedure  through  which  we  could  estimate  the  contribution  of 
quadratic  dispersion.  Using  this  approach,  we  obtained  unbiased  estimates  of  the 
generalized  data  functionals.  In  the  future,  we  anticipate  developing  a  different  correction 
scheme  for  quadratic  dispersion.  In  particular,  we  wish  to  develop  an  approach  which  will 
not  affect  the  measurement  procedure.  We  anticipate  using  the  quadratic  expression  (D.5) 
in  conjunction  with  our  estimate  of  the  peak  of  the  cross-correlation  function  to  derive 
correction  terms  for  the  effect  of  quadratic  dispersion.  Such  corrections  could  be  applied 
after  the  measurements  were  made. 
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APPENDIX  E 


Gram-Charlier  Expansions 


INTRODUCTION 

In  Chapters  2  and  3,  we  developed  a  number  of  expansions  using  Gram-Charlicr 
series.  In  general,  we  did  not  include  explicit  expressions  for  the  coefficients  because  of 
the  their  complexity.  In  this  appendix,  we  summarize  the  various  Gram-Charlier 
expansions  discussed  in  this  thesis  and  include  expressions  for  their  coefficients.  The 
expressions  presented  here  are  those  for  an  isolated  waveform;  those  for  the  complete 
seismog  ims  arc  algebraically  more  complex,  but  hardly  more  enlightening.  In  this 
appendix,  we  have  dropped  the  dependence  on  the  branch  index  m. 

COEFnCIENTS  OF  THE  GRAM-CHARLIER  SERIES 

Autocorrelation  of  the  Isolation  Filter 

The  expansion  of  the  autocorrelation  function,  CufO,  of  the  isolation  filter  is  given 
in  Chapter  2  (2.11): 

Qi<0  =  ^  Ga  (OTy^r)  2  a*  (W/O*  cos(ayr  +  * CE-D 
t  =  o 


where  the  are  real: 


0 
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(E.2) 


If  Cuu(^)  is  normalized  such  that  ^fo(0)  =  1,  then  ao  =  1.  If  the  location  parameter  oy  is 
chosen  to  be  the  center  frequency  of  CjiIcd)  (i.e..  C0f==  Cffli{0)),  then  a\  =  0.  Finally,  if 
the  scale  parameter  is  the  half-width  of  CjiCfl))  (i.e.,  1  =  tliioif)),  then  a:  =  0.  Thus, 
with  these  choices,  the  zeroth-order  term  of  the  Hexmitc-polynomial  expansion  is  the  best¬ 
fitting  Gaussian,  and  the  first  correction  term  is  third-order.  Yf  =  a f  I  cOf  measures  the 
relative  bandwidth  of  the  autocorrelation  function. 

Cross-Correlation  of  an  Isolated  Waveform  -  Quadratic  Dispersion 

The  cross-correlation  function,  C;u,(0,  of  an  isolated  waveform  in  the  case  of 
quadratic  dispersion  may  be  written  in  the  following  form: 

Cauii)  =  exp(o§5ra/2 -»•  Ga(Oi(r-5To)) 

Z.K  Of 

«• 

S  (cH,(r-5Tp)*  expH(o>,(i-5T;»)  -  io).-(t^+a}6TaXt-STg)  +  k  f)](E.3) 

t  =  0  ^ 


where  the  bkixc  complex  and  defined: 


(-1/2) 


(m-;)/2 


((m-7)/2)! 


(E.4) 


and  (m-»/2  assumes  only  integer  values,  y,  s  <V(a,,  where  tr,  and  arc  defined  in 
(D.9)  and  (D.IO). 
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Cross-Correlation  of  an  Isolated  Waveform  -  Linear  Dispersion 

The  cross-correlation  function,  CzuM,  of  an  isolated  wavefoim  in  the  case  of  linear 
dispersion  was  discussed  in  Chapters  2  and  3  and  may  be  written  in  the  following  form: 

Ci;„(r)  =  ^^0  cxp(afSTal2  +  {o)--Qi^)S^)  Gaiafit-dXg)) 

m 

^  cgyf  {(Dfit-Sxgyf  cos(fi)](r-5i^)  -  i<Oi-(Of+<^STa)it-Stg)  +  A:  S-)  (E-5) 

*  =  o 

where  the  ct  are  real  and  defined: 

Ck=  t, 

l=k 

As  in  the  case  of  the  autcorrelation  function,  the  expansion  parameter  is 
Filtering  Operator 

The  general  filtering  operator,  is  defiiKd  in  Chapter  2  (2.14): 

rdm)  H«!.)  =  ;^G.(S^)  ±  (E-7) 

0 

where  the may  be  complex: 

* 


(E.8) 
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We  assume  that  /o  =  1  and  fi=f2  =  0. 

Filtered  Autocorrelation  Function 

The  expression  for  the  autocorrelation  function  convolved  with  a  Gaussian  filter, 
FiCuuU),  is  defined  in  Chapter  2  (2.16): 

^  Ga  a]  y.  {coficosito-t  +  / (E.9) 


where  the  a/  arc  real 


o;  =  I  (7) 


msl 


\  <^i 


m!  ((i-m)/2)! 


Or-o} 


\(k-m)l2 


'2 


(E.IO) 


and  {k-m)l2  assumes  only  integer  values,  y^  measures  the  relative  bandwidth  of  the 
filtered  autcorrelation;m,'  and  a{  are  defined  in  (2.17)  and  (2. 18). 

Filtered  Cross-Correlation  Function  -  Quadratic  Dispersion 

The  expression  for  the  filtered  cross-correlation  F^Cs^iO  is  given  in  Chapter  2  for 
the  case  of  quadratic  dispersion  (2.25); 


F,CJit)  =  Re{  — l_-a_Do  Ga  -^^1  exp«^STa/2)  Ga  (a,{f-5T,)) 
(2r)3/2  <T/<Ti  W^l 


X  b]  (oi(r-^g))'  expH(6)'(f-5^)  -  afSTait-STg)  +>  |)]) 
/=0 


(E.11) 


where  the  bj  are  complex  and  defined; 
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i=j 


(E.12) 


The  diffcrentaial  quadratic  tcrni  enters  these  expressions  through  which  is  defined  in 
(2.27). 

Filtered  Cross-Correlation  Function  -  Unear  Dispersion 

The  expression  for  the  filtered  cross-correlation  is  given  in  Chapter  2  for  the  cae  of 
linear  dispersion  (2.28): 


F,CJit) 


— 1—  Do Stall)  Ga ( Ga  {t-Stg)) 

«• 

X  ^'j  a  io)]{t-STg)i  cos(6)j(r-5ip)  -  a^Stait-Stg)  +>  ^)  (E.13) 

/  =  0 


where  the  Cj  arc  real: 


c; =£<■;({) 

i=j 


(E.14) 


Windowing  Operator 

The  expansion  of  the  windowing  operator  W{t)  is  given  in  Chapter  3 


f 
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Wit)  =  GaiaUt-tw))  £  w„i-iaUt-tw))''  (E.15) 

2lZ 

n=0 

neven 


and  the  coefficients  are  real: 


1V«»)  He.(^)  J<.) 


(E.16) 


We  assume  that  wq  =  1  and  =  0. 

Windowed  Autocorrelation  Function 

The  expansion  of  the  windowed  autoconelation  function  of  the  isolated  waveform, 
WCssit),  is  of  the  form: 


WC„it)  =  —1—  Ga(cTjf)  X  Pi  cos(ci^t  +  /^) 


(2jt)2 


1=0 


where  is  effective  half-width  of  the  windowed  autocorrelation  oj-)  and 

we  have  assumed  that  ty,  is  zero  on  the  case  of  the  autocorrelation.  yg  =  Og!  tOf  is  a 
measure  of  the  relative  bandwidth  of  the  windowed  correlation  function.  The  p,  are 
defined: 


P,=  t 

n  =  0 

neven 


(E.18) 
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The  Windowed  Cross-Correlation  Function 

The  expansion  of  the  windowed  cross-correlation  function,  WCc^iO,  has  the 
following  form  in  the  case  of  linear  dispersion: 

=  -L-Doex^[af6t:/2  +  i(o-cOf)STa\Gsi{^^i&c-Srg)\  G^«jgit-Srg)) 

(Zrtr  '  ’ 

**  '  /  # 

Z  *7/  cosi(ol(t-Stp)-(Q)]-a)f+ofSta)(t-STg)  +  l^))  (E19) 

1=0 


where  the  <7,  are  defined: 

=  [£  ('/)H'„(-0"^(5r'-&,rH  £  {^\b^Hr-^{STg-6tg)"^‘'\E.20) 

,=0  «=>  ^  m=H  OgH 

neven 


SXg  is  defined  in  (3.12);  we  have  assumed  that  the  windowing  operator  is  centered  at  the 
peak  of  the  cross-correlation  functions,  t„  =  5t^ 

The  Filtered  Windowed  Autocorrelation  Function 

The  expansion  of  the  filtered,  windowed  autocorrelation  function  of  the  isolation 
filter  is  given  in  Chapter  3  for  the  case  of  the  Gaussian  filter  (3.6): 


FiWCJ^t)  = 


(271)5/2  CiO, 


Ga(- Ga (o; t)  Z  {a)^ t)  cos(ffl[ t  +  k f )(E.21) 


where  the  df^  are  defined: 
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j=k  \  a.  JHil-mi 


(E.22) 


and  (/  -J)/2  assumes  only  integer  values.  Cfl^'  and  are  defined  in  (3.7)  and  (3.8). 

The  Filtered  Windowed  Cross-Correlation  Function  -  Linear  Dispersion 

The  expansion  of  the  filtered,  windowed  cross-correlation  function  is  given  in 
(3.13)  for  the  case  of  linear  dispersion  and  a  Gaussian  filter 


Fi  WCg^it)  =  — Dq  exp  { of  Sri /I  +  (to  -cty)^a  1  Ga 

(271)3/2  OiOg  ‘  ^ 


expH((to](r-5rp)  -  <r]^5ii(/-<5r,))] ) 


(E.23) 


where  the  e^  are  defined: 


j\  W-j)/2)l 


{E.24) 


and  (/  -y)/2  assumes  only  integer  values.  The  effective  differential  time  parameters  are 
defined  in  (3.14). 

CONCLUSKWS 

In  this  Appendix,  we  have  presented  expressions  for  the  complete  Gram-Charlier 
expansions  of  Cn^f),  Cg«(r),  W(t),  WC^{t\  W'Cg«(r),  Fi(<o),  F/Csnit),  and  F,Cg„(r).  We 
obtained  these  expressions  by  representing  the  autocorrelation  of  the  isolation  filter,  the 
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windowing  operator,  and  the  filter  in  a  Gram-Charlier  scries.  Manipulation  of  the  Hermite- 
polynomial  expansions  is  algebraically  complex,  but  conceptually  simple.  We  have  made 
extensive  use  of  the  theorems  presented  in  Appendices  A  and  B  in  order  to  derive  these 
formulae. 
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APPENDIX  F 


POLARIZATION  ANISOTROPY  AND  FlNE>SCALE  STRUCTURE  OF  THE 

Eurasian  Upper  Mantle 


Saying  there  are  two  kinds  of  continents  is  like  saying  that  there  are  two 
kinds  of  women. 


T.H.  Jordan,  DARPA  Seismic  Symposium,  May,  1985 


Note 

This  appendix  was  published  as  a  short  note  in  Geophysical  Research  Letters  in 
Au^st  1988.  The  notation,  equation  numbers  and  ftgure  numbers  have  not  been 
revised  fc^  consistency  in  this  thesis.  This  paper  presents  results  ^m  a  study  of 
multipi  y  reflected  shear  waves  and  fundamental-mode  surface  waves  for  two  stable 
continental  paths  in  Eurasia.  The  differential  travel  times  used  in  this  study  were 
not  measured  using  the  waveform-fitting  algorithm  described  in  the  last  secdon,  but 
were  determined  from  the  peak  of  the  cross-correlation  function  and  corrected  for 
differential  dispersion  and  attenrcumi. 


abstract 

We  have  observed  shear- wave  splitting,  with  (t^tr^svV^sv 
period  records  of  multiply  reflected  S  waves  bottoming  in  the  upper  mantle  beneath  the 
Russian  and  Siberian  platforms.  The  dispersion  of  Love  and  Rayleigh  waves  over  these 
paths  shows  discrepancies  of  comparable  or  larger  magnimde  with  respect  to  smooth, 
isotropic  (SI)  structures,  consistent  with  a  model  of  the  uppermost  mantle  having 
significant  apparent  vertical  anisotropy.  When  combined  with  evidence  from  Sn 
observations  for  the  frequency  dependence  of  shear  velocity,  these  data  suggest  a  fine-scale 
("rough")  structure  beneath  stable  Eurasia  which  can  be  represented  by  a  random  field 
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whose  two-point  correlation  function  has  a  characteristic  vertical  wavenumber  much  larger 
than  its  characteristic  horizontal  wavenumber.  Wc  fit  the  data  with  a  rough,  isotrooic  (RI) 
model  having  an  rms  shear  velocity  fluctuation  that  varies  from  14%  in  the  uppermost 
mantle  to  zero  at  400-km  depth.  These  fluctuations  are  larger  than  the  variation  in 
isotropically  averaged  parameters  expected  for  even  a  diverse  assemblage  of  upper-mantle 
uitrabasic  rocks,  which  wc  take  to  be  evidence  for  some  sort  of  intrinsic  (local)  anisotropy. 
Our  observation  that  the  shear-wave  splitting  is  significantly  smaller  for  paths  along  the 
Alpine-Himalayan  front  suggests  that  the  large-scale  variations  in  the  stochastic  parameters 
of  a  rough,  anisotropic  (RA)  model  may  be  related  to  continental  deep  structure. 

INTRODUCTION 

Although  seismological  studies  have  begun  to  illuminate  the  fine  structure  of  the 
upper  mantle,  very  little  can  yet  be  said  to  quantify  the  spatial  distribution  of  wave-speed 
heterogeneity  and  anisotropy.  A  particularly  interesting  region  for  the  study  o'  small-scale 
structure  is  the  continental  upper  mantle,  where  comparisons  between  data  and  the 
predictions  of  smooth,  isotropic  (SR  eanh  models  reveal  several  discrepancies: 

Love-Rayleigh  (LR)  discrepancy.  The  problems  of  satisfying  the  dispersion  of  Love  and 
Rayleigh  waves  by  SI  structures  is  well  documented  [McEvilly,  1964;  Cara  et  ai,  1980; 
Leveque  and  Cara,  1983].  The  discrepancy  appears  to  be  global  in  nature,  and  some  form 
of  radial  anisotropy  (our  preferred  term  for  the  type  of  anisotropy  whose  contraposidve  is 
transverse  isotropy)  is  usually  invoked  to  explain  it  [e.g.,  Anderson  and  Dziewonski, 
1982].  The  significance  of  the  LR  discrepancy  for  the  continents  has  been  debated  [James, 
1971;  MitcheU,  1984]. 

SNA-EU2  eUscrepancy.  Structures  of  the  upper  mvitle  beneath  stable  cratons  derived  from 
waveform  matches  to  S//-polarizcd  waves,  specifically  the  SNA  model  of  Grand  and 
Helmberger  [1984],  have  consistently  higher  v^  values  in  the  upper  400  km  than  structures 
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derived  from  /'SV-polarized  waves,  specifically  the  EU2  model  of  Lemer-Lam  and  Jordan 
[1987].  Lemer-Lam  and  Jordan  argue  that  the  EU2-SNA  discrepancy  cannot  be  entirely 
explained  by  path  difierences  and  must  involve  polarization  anisotropy  in  the  continental 
upper  mantle. 

Sn  discrepancy.  The  apparent  velocides  of  high-frequency  (~1  Hz)  Sn  waves  on  both 
horizontal  and  vertical  components  are  typically  100-300  nVs  higher  than  the  average  shear 
velocity  V5  of  the  uppermost  mantle  derived  from  low-frequency  (-.01  Hz)  Rayleigh 
waves.  Although  not  systematically  treated  in  the  literature,  this  problem  is  evident  in  the 
comparison  of  the  Sn  velocities  of  Heustis  et  al.  [1973]  with  Rayleigh- wave  models  such 
as  EU2  (Figure  1). 

In  this  paper,  we  report  some  new  observations  of  shear-wave  splitting  for 
multiple-5  waves  bottoming  beneath  Eurasia  that  are  relevant  to  these  discrepancies,  and 
we  attempt  to  explain  them  in  terms  of  a  stochastic  model  of  fine-scale  upper-mantle 
structure. 


OBSERVATIONS 

We  have  measured  the  travel  times  (both  phase  and  group  delays)  of  direct  and 
multiply  reflected  5  waves  and  fundamental-  and  higher-mode  surface  waves  on  40  three- 
component  records  from  the  Global  Digital  Seismic  Network  (GDSN)  stations  KONO  and 
GRFO  for  two  corridors  across  Eurasia  (Hguxe  2).  The  northern  Eurasia  corridor  is  nearly 
identical  to  that  used  in  deriving  EU2;  it  includes  the  marginal  basins  and  active  foldbelts 
east  of  the  Verkhoyansk  suture,  as  well  as  the  stable  cratons  of  the  Siberian  and  Russian 
platforms.  The  southwestern  Eurasia  coiridor  iitcludes  two  paths,  one  crossing  the  central 
pan  of  the  Russian  platform  from  Hindu  Kush  events  to  KONO,  and  one  traversing  the 
southwestern  margin  of  the  platform  along  the  Alpine-Himalayan  front  to  GRFO.  Large 
variations  in  55  travel  times  are  observed  across  the  transition  from  the  Russian  platform  to 
the  Alpine-Himalayan  otogenic  belt,  the  latter  yielding  times  delayed  by  as  much  as  20-30  s 
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[Rial  et  al.,  1984],  Grand  and  Helmberger  [1985]  find  that  SNA  satisfies  the  data  front  SH 
body  waves  propagating  across  the  central  Russian  platform. 

Our  technique  for  measuring  travel  times  is  based  on  the  ability  to  synthesize 
complete  seismograms  by  normal-mode  summation  [Gee  and  Jordan,  manuscript  in 
preparation].  A  narrow-band  isolation  filter  for  a  particular  wave  group,  such  as  a  body- 
wave  pulse  or  a  fundamental-mode  surface  wave,  is  computed  by  a  convenient  method  (we 
use  both  ray  and  mode  theoretic  algorithms)  and  cross-correlated  with  both  the  observed 
seismogram  and  the  complete  normal-mode  synthetic  for  an  apptopriate  source  location  and 
mechanism.  The  difference  between  the  peak  times  of  the  observed  and  synthetic  cross- 
correlation  functions  is  measured  and  corrected  for  differential  dispersion  and  attenuation  to 
obtain  the  differential  phase-delay  time  At  at  the  center  frequency  /o  of  the  isolation  filter. 
At  thus  measures  the  difference  between  the  true  arrival  time  and  the  tiKxlel-predicted  time 
at /q.  This  phase-isolation  technique  provides  a  self-consistent  methodology  for  measuring 
the  travel  times  of  complex  wave  group  ?  on  three-component  seismograms.  The 
complications  handled  by  the  technique  include  caustic  phase  shifts,  interference  among 
multiple  arrivals,  dispersion,  attenuation,  and  differences  in  polarization. 

For  the  body-wave  data  presented  in  this  paper,  the  center  frequencies  of  the 
isolation  filters  range  from  25-30  mHz,  and  their  bandwidths  from  8-10  mHz;  the  standard 
errors  of  measurement  are  typically  1-2  s,  excluding  the  bias  due  to  unmodeled 
interference.  The  surface  waves  were  measured  in  the  band  10  S/q  <  25  mHz  using 
isolation  filters  mth  bandwidths  of  O.IS/q,  yielding  an  experimental  precision  of  *-0.1/0 
or  about  5  s  for  a  20-mHz  observation. 

Examples  of  seismograms  on  which  these  measurements  have  been  made  are 
presented  in  Figures  3  and  4.  The  best  match  between  data  and  synthetics  is  obtained  by 
using  EU2  as  the  reference  model  for  computing  the  isolation  filters  and  complete 
synthetics  for  the  northern  Eurasia  corridor  and  SNA  for  the  southwestern  Eurasia  corridor 
(although  the  results  of  the  data  analysis  are  essentially  independent  of  this  choice).  EU2 


provides  a  good  fit  to  the  Rayleigh  waves  and  PSV-polarized  waveforms  of  multiply 
reflected  S  phases  for  the  nonhem  Eurasia  corridor,  but  is,  too  slow  for  the  Love  waves 
and  5//-polarized  phases  with  turning  points  in  the  upper  mantle  (Figure  3).  SNA  is 
generally  consistent  with  the  waveforms  and  travel  times  of  5//-polaiized  body  phases  for 
paths  to  KONO  across  the  Russian  platform,  but  is  too  fast  for  the  PSV-polarized  SS 
phases  with  turning  points  in  the  upper  mantle  (Hgure  4). 

On  the  other  hand,  the  path  to  GRFO  along  the  southwestern  margin  of  the  Russian 
platform  does  not  show  this  polarizadon  difference;  the  observed  travel  times  exceed  those 
predicted  by  SNA  by  about  15  s  on  both  components,  consistent  with  the  SH  observations 
of  Rial  et  al.  [1984].  Shifting  the  synthetics  by  this  amount  aligns  the  SH  and  PSV 
waveforms  equally  well.  Therefore,  the  data-synthetic  comparisons  indicate  strong  shear- 
wave  splitting  for  the  northern  Eurasia  and  central  Russian  platform  paths,  but  not  for  paths 
along  the  Alpine-Himalayan  front. 

To  quantify  the  polarization  difference  in  the  data-model  residual  for  a  specific 
source-receiver  pair,  we  define  an  't^patent  splitting  time"  by 

dr  =  dr^  -  dty,^ 

where  phase-delay  time  measured  for  a  particular  wave  gn.  v".  on  the  transverse 

component  and  Atp^y  is  the  phase-delay  time  for  the  corresponding  wave  group  on  the 
vertical  component  In  the  case  of  body  waves,  we  employ  the  standard  phase  notation  as 
a  subscript;  e.g.,  dT55  is  the  difference  between  the  travel-time  residual  for  an  SS  arrival  on 
the  transverse  component  and  its  residual  on  the  vertical  component  For  surface  waves, 
however,  we  choose  dr^^  to  be  the  Love-wave  phase  delay  and  dtp^y  to  be  the  Rayleigh- 
wave  phase  delay  at  the  same /o  and  let  Atm  denote  the  difference.  Hence,  the  values  of 
dr  for  body  waves  are  essentially  independent  of  die  reference  model  (to  the  extent  that  it 
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correctly  predicts  the  interference  effects),  while  the  values  of  depend  on  the 
differential  dispersion  between  Love  and  Rayleigh  waves  of  the  reference  nxxicl. 

Figure  5  summarizes  the  data  for  northern  Eurasia  (circles)  and  the  Russian 
platform  (crosses).  The  apparent  splitting  time,  expressed  as  a  percentage  of  the  total  PSV 
travel  time,  is  plotted  against  the  horizontal  slowness  of  the  wavegroup  computed  from  the 
EU2  reference  model.  The  northern  Eurasia  body  wave  data  include  observations  of  5, 
SSS,  SSSS,  and  SSSSS  between  60*  and  90*.  The  cluster  of  points  with  ray  parameters 
between  .09  and  .12  s/km  are  S  waves  that  bottom  in  the  lower  mantle  and  do  not  exhibit 
any  significant  splitting.  However,  the  multiply  reflected  S  waves  which  turn  in  the  upper 
mantle  and  transition  zone,  such  as  SSS  from  65*  to  75*  and  SSSS  from  75*  to  85*.  are 
split  with  values  of  Ar  up  to  12  s.  For  the  body  waves,  the  largest  values  of  the  ratio 
Axhpsv  are  the  Russian  platform  observations  of  SS  in  the  range  43*  to  46*.  The  LR 
discrepancy  for  northern  Eurasia,  which  has  a  mean  value  of -1.8%  ±  .08%,  is  somewhat 
larger  in  m.ngnitude  than  that  for  the  Russian  platform  (  -1.1%  ±  .09%).  There  is  an 
indication  of  systematic  variations  in  AXifi  with  frequency,  but  the  present  data  set  is 
inadequate  to  quantify  the  effect 

As  shown  in  Figure  5,  the  apparent  splitting  times  for  the  northern  Eurasia  and 
Russian  platform  paths  vary  s\  stematically  with  horizontal  slowness:  phases  most  sensitive 
to  velocity  penurbations  in  the  uppermost  mantle  display  the  greatest  apparent  splitting. 
For  comparison,  we  also  plot  the  apparent  splitting  times  computed  from  two  models:  (1) 
Dziewonski  and  Anderson's  [1981]  radially  anisotropic  earth  model  PREM,  modifled  to 
have  an  EU2  crust,  and  (2)  an  isotropic,  finely  layered  stochastic  model  which  we  now 
describe. 


INTERPRETATION 

The  body-wave  measurements  are  very  consistent  with  the  shear-wave  splitting 
computed  from  PREM.  However,  the  surface-wave  observations  show  a  smaller  LR 
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discrepancy  than  predicted  by  this  radially  anisotropic  structure.  It  is  certainly  possible  to 
derive  a  smooth,  anisotropic  (SA)  structure  that  fits  the  data  by  relatively  small 
perturbations  to  the  five  elastic  moduli  profiles  that  characterize  PREM.  We  defer  this 
exercise  to  a  later,  more  detailed  report.  However,  we  find  it  interesting  to  note  that  most 
aspects  of  the  data  can  be  fit  by  a  rough,  isotropic  (RI)  model  whose  deviations  from  an  SI 
structure  are  given  by  a  single  function  of  depth. 

We  consider  a  stochastic  model  of  the  upper  mantle  m  =  [A,  n,  p]  in  which  the 
variation  of  isotropic  clastic  constants  and  density  with  vector  position  x  =  [jcj,  X2,  Xj]  is  a 
small  penurbation  to  a  horizontally  layered  structure  m(X3),  where  X3  is  depth.  In  any 
particular  layer,  we  write  this  small  perturbation  as  the  produa  of  a  constant  triplet  [£1,  Sp, 
4p]  and  a  homogeneous,  scalar- valued,  Gaussian  random  field /(x)  with  zero  mean  and 
autocovariance  funcdon 


9/x)  =  </lx+x')Ax’))  =  e 


(2) 


Such  a  random  field  is  fractal  with  Hausdorff  dimension  7/2;  the  two-dimensional  version 
of  (2)  has  proven  useful  in  the  study  of  seafloor  morphology,  where  the  parameters  (i,) 
are  the  characteristic  wavenumbers  of  the  abyssal  hills  [Goff  and  Jordan,  1988]. 

We  assume  the  characteristic  venical  wavenumber  is  large  compared  to  the  two 
horizontal  wavenumbers:  -  ifcj  «  *3;  i.e.,  the  depth  variations  have  much  shoner  scale 
lengths  than  the  geographic  variations.  Then,  fm-  waves  of  length  / »  a  theoretical 
argument  due  to  Backus  [1962]  may  be  extended  to  show  that  the  medium  responds  like  a 
homogeneous,  radially  anisotropic  solid.  In  the  special  case  where  the  root-mean-square 
(rms)  perturbations  are  described  by  a  single,  small  fluctuation  parameter  e  =  £1/ A  =  Sp/p 
«  1,  Backus's  averaging  procedure  yields  to  0(^), 
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=  v^d-e^).  =  v/(l-AVe^ 

^SV  '^5  SH 

77  =  1  -  idlX-^d)£^ 


(3) 


where  as  k  +  l^i. 

These  equations  allow  us  to  calculate  an  SA  model  [vpif,  vpy,  v^h,  v^,  77]  that  is 
equivalent  to  the  RI  model  [vp,  V5,  £]  in  the  long-wavelength  limit  An  example  is  given  in 
Table  1 .  In  deriving  this  structure,  we  took  vpy  and  Vgy  from  EU2  and  computed  vpif, 
and  77  from  the  values  of  e  listed  in  the  table.  We  found  that  the  LR  discrepancy  could 
be  satisfied  by  an  uppermost  mantle  with  £  =  .28.  This  yields  a  long-wavelength  SH~SV 
velocity  difference  of  4.2%  for  a  ray  angle  of  90°(horizontal  path),  which  accounts  for 
most  of  the  SNA-EU2  discrepancy  (Figure  1).  The  SH-SV  difference  described  by  (3)  is  a 
strong  function  of  ray  angle,  becoming  negative  for  angles  steeper  than  about  52®. 
Consequently,  to  explain  the  magnitude  of  the  shear-wave  splitting  observed  for  rays  with 
bottoming  depths  in  the  transition  zone,  it  was  necessary  to  maintain  a  relatively  large  value 
of  £  to  depths  greater  than  2(X)  km.  In  our  example  structure,  £  decreases  linearly  from  .22 
at  220  km  to  zero  at  400  km.  Given  the  scatter,  the  nKxiel  is  consistent  with  most  of  the 
observations,  although  it  predicts  a  somewhat  smaller  amount  of  splitting  than  is  observed 
for  rays  bottoming  near  the  670-km  discontinuity  for  the  northern  Eurasian  paths. 

This  modeling  exercise  establishes  the  magnitude  of  the  velocity  heterogeneity 
needed  to  explain  the  splitting  data  by  an  Rl  mechanism.  It  is  large:  a  value  of  e  =  .28 
corresponds  to  a  14%  rms  fluctuation  in  the  isotropic  wave  speeds.  This  exceeds, 
probably  by  a  substantial  amount,  the  variation  in  isotropically  averaged  parameters 
expected  for  even  a  diverse  assemblage  of  upper-mantle  ultrabasic  rocks.  We  take  this  to 
be  evidence  for  some  sort  of  intrinsic  (i.e.,  local)  anisotropy,  for  example,  the  alignment 
of  olivine  crystals.  In  future  modeling  work,  we  intend  to  generalize  the  Gaussian 
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stochastic  description  represented  by  (2)  to  include  the  tensor  properties  of  local  anisotropy; 
i.e.,  we  will  consider  rough,  anisotropic  (RA)  structures. 

In  such  a  stochastic  description,  the  qualitative  difference  between  SA  and  RA 
structures  is  reduced  to  a  quantitative  difference  in  the  characteristic  wavenumbers  (ij). 
The  long-wavelength  splitting  data  presented  in  this  paper  do  not  constrain  these 
wavenumbers.  However,  the  fact  that  the  first  arrival  times  from  shon-period  Sn  waves 
yield  high  apparent  velocities  is  evidence  that  the  characteristic  vertical  scale  of  the 
heterogeneity,  lies  between  the  lengths  of  the  long-period  and  shon-period  waves, 
say  between  100  km  and  10  km.  In  addition  to  giving  apparent  anisotropy  at  long 
wavelengths,  characteristic  scale  lengths  in  this  intermediate  range  provide  high-velocity 
"micropaths"  at  short  wavelengths  [cf.  Flatte,  1979],  which  could  account  for  the  Sn 
discrepancy.  This  hypothesis  is  consistent  with  the  thinking  of  Fuchs  and  Schultz  [1976], 
who  have  suggested  that  an  RA  structure  is  needed  to  account  for  the  "shingling"  of  P 
arrivals  observed  on  long  refraction  profiles  in  Europe. 

In  conclusion,  it  appears  that  stochastic  descriptions  of  fine-scale  heterogeneity  can 
potentially  explain  the  LR,  Sn,  and  SNA-EU2  discrepancies,  as  well  as  other  aspects  of 
wave  propagation  in  the  continental  upper  mantle.  Our  observation  that  the  shear-wave 
splitting  is  significantly  smaller  for  paths  along  the  AIpine-Himalayan  front  than  for 
cratonic  paths  suggests  that  the  large  scale  variations  in  the  stochastic  parameters  may  be 
related  to  continental  deep  structure. 
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Tables 


Table  1.  RI  and  equivalent  SA  models  for  Eurasian  paths. 


Depth 

(km) 

e 

''PH 

(km/s) 

Vpy 

(kza/s) 

vstf 

(k^s) 

(km/s) 

TJ 

40-100 

.28 

8.48 

8.19 

4.69 

4.51 

0.85 

100-200 

.22 

8.36 

8.19 

4.64 

4.53 

0.90 

220 

.22 

8.32 

8.14 

4.64 

4.53 

0.90 

400 

0 

8.65 

8.65 

4.74 

4.74 

1.00 

All  values  linearly  interpolated  between  220  and  400  km. 
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FIGURE  Captions 


FIGURE  1 

Shear  velocity  as  a  function  of  depth  for  continental  models  EU2  and  SNA. 
Stippling  indicates  the  range  of  regional  Sn  velocities  t^ical  of  continental  cratons 
[Heustis  et  al.,  1973].  The  dash^  line  labeled  EU2’  is  the  SH  velocity  structure 
coiresponding  to  the  RI  model  in  Table  1. 


FIGURE.2 

Azimuthal  equidistant  projection  centered  on  KONO,  illustrating  the  source-receiver 
geometry.  Triangles  are  earthquake  locations;  octagons  are  receiver  locations. 
Shields  and  stable  platforms  (shaded)  are  from  Jordan  [1981], 

FIGURE  3. 

Comparison  of  transverse  and  vertical  component  seismograms  from  northern 
Eurasian  paths  with  EU2  synthetics,  (a)  Shear-wave  splitting  in  SSSS  at  GRFO 
for  the  01  Feb  84  Sea  of  Oidiotsk  event.  Observed  seismograms  shifted  by  +2.5  s 
to  align  »he  SSSS  pulse  on  the  vertical  component;  At^sss  6  s.  (b)  LR 
discrepai  :y  at  KONO  for  the  25  Aug  83  Kyushu  event.  Observed  seismograms 
shifted  by  +3.2  s  to  align  the  Rayleigh  wave;  Atm  is  39  s  for/o  =  20  mhz. 


FIGURE  4. 

Example  of  shear-wave  splitting  in  55  for  a  path  crossing  the  Russian  platform 
from  the  01  Jul  84  Hindu  Kush  event.  The  traces  for  GRFO  have  been  shifted  by 
+2.5  s  and  the  traces  for  KONO  have  been  shifted  by  +1.5  s  to  align  the  55  pulses 
with  the  SNA  synthetic  on  the  transverse  component.  ATss  is  5  s  for  KONO,  but 
less  than  1  s  for  GRFO. 


FIGURE  5. 

The  ratio  Atltp^  as  a  function  of  horizontal  slowness  for  the  dau  and  models 
discussed  in  this  study.  Circles  are  measurements  from  the  nonhem  Eurasia 
ctmidor,  and  crosses  fi^  the  Russian  platfonn  path.  The  zero  line  ctm-esponds  to 
the  isotropic  reference  model  EU2.  Calculated  values  from  PREM,  mo^fied  to 
have  an  ^2  crust,  are  indicated  by  solid  lines.  Shon  dashed  lines  latxled  EU2' 
are  calculated  from  the  RI  model  in  Table  1. 


Figure  2 
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Abstract 

Four  families  that  include  a  specifically  language- 
impaired  (SLI)  boy  were  studied  to  test  the  hypothesis  that 
developmental  language  disorders  are  biologically 
transmittable  and  to  further  describe  the  neuroanatomical 
correlates  of  the  disorder.  A  majority  of  the  parents  and 
siblings  of  the  SLI  boys  also  experienced  communication 
difficulty  (i.e.,  difficulty  with  speech,  language,  or 
academic  skills) .  Evidence  of  communication  difficulty  was 
paired  on  an  individual  basis  with  neuroanatomical  data 
obtained  through  quantitative  analysis  of  magnetic  resonance 
imaging  (MRI)  scans.  Atypical  perisylvian  asymmetries  were 
documented  in  a  majority  of  the  parents  (p  <  .05)  and  were 
closely  associated  (p  =  .84)  with  a  history  of  communication 
difficulty.  These  findings  provide  evidence  that  the 
disorder  is  biologically  transmittable.  In  addition, 
language-disordered  siblings  of  SLI  boys  also  had  atypical 
perisylvian  asymmetries.  This  finding  suggests  that 
atypical  perisylvian  asymmetries  reflect  biological  factors 
that  place  some  families  at  risk  for  language  impairment. 

Measures  of  seven  additional  cerebral  regions  established 
that  areas  outside  the  perisylvian  are  often  atypical  in 
size.  These  measures  demonstrate  that  neuroanatomical 
effects  were  bilateral  and  widespread.  Thus,  the 
neuroanatomical  profile  for  developmental  language  disorder 


differs  from  the  profile  typically  associated  with  cases  of 
acquired  language  disorder,  which  typically  result  from 
damage  to  the  left  perisylvian  area  in  a  premorbidly  normal 
brain.  In  contrast,  neuroanatomical  correlates  of 
developmental  language  disorder  reflect  a  probable 
disturbance  of  prenatal  brain  development. 
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CHAPTER  I 
Introduction 

Neuroanatomical  background 

Neuroanatomical  studies  provide  information  into  the 
biological  foundations  of  developmental  language  disorders. 
Two  types  of  neuroanatomical  studies  are  available:  autopsy 
and  imaging.  Autopsy  studies  offer  the  best  opportunity  for 
detailed  study  of  both  gross  anatomy  and  the  underlying 
cellular  architectonics.  However,  with  autopsy  studies,  the 
behavioral  features  of  a  disorder  are  necessarily  described 
retrospectively.  Thus,  adequate  documentation  of  behavior 
is  often  unavailable.  In  contrast,  noninvasive  in-vivo 
imaging  studies  afford  the  opportunity  to  study  the  cerebral 
anatomy  of  subjects  whose  behavioral  strengths  and  deficits 
can  be  documented.  This  advantage  is  offset  by  the 
relatively  poor  resolution  of  imaging  studies.  Current 
imaging  capabilities  are  only  capable  of  detecting  lesions 
or  developmental  abnormalities  that  are  sufficiently 
widespread  that  they  alter  gross  anatomy.  Therefore,  while 
imaging  studies  can  be  used  to  document  an  apparent 
departure  from  the  typical  size  or  configuration  of  an 
anatomical  region,  autopsy  examination  is  necessary  to 
determine  whether  changes  in  the  cellular  architecture  has 
produced  the  effect. 
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Neuroanatomical  studies  have  established  a  strong 
relation  between  certain  acquired  language  disorders  in 
adults  and  lesions  of  the  left  perisylvian  cortex  (see 
Rubens,  1984  for  a  review) .  Preliminary  evidence  from 
neuroanatomical  studies  of  subjects  with  a  developmental 
disorder  involving  impaired  language  suggests  a  brain- 
language  relation.  Alterations  in  both  the  cellular  and 
gross  anatomy  have  been  noted.  Landau,  Goldstein,  and 
Kleffner  (1960)  documented  a  bilateral  gross  degeneration  of 
the  insulae  and  operculae  along  with  polymicrogyri  in  the 
posterior  sylvian  region  in  a  multiply  handicapped  boy  whose 
major  behavioral  deficit  was  a  severe  language  disorder. 
Subcortical  degeneration  of  the  cerebral  peduncles  and 
geniculate  nuclei  were  also  noted  in  this  child. 

Alterations  of  both  cellular  and  gross  anatomy  were  also 
noted  in  a  study  of  four  males  with  developmental  dyslexia 
(Galaburda,  Sherman,  Rosen,  Aboiwtz,  &  Geschwind,  1985) .  In 
at  least  three  of  the  four  subjects,  the  dyslexia  was 
associated  with  speech  or  language  difficulties.  Autopsy 
revealed  cortical  ectopias,  which  were  most  numerous  in  the 
left  perisylvian  area  in  all  four  subjects.  One  subject 
also  had  polymicrogyri  in  the  posterior  sylvian  region.  The 
plana  temporale,  which  typically  is  larger  in  the  left  than 
in  the  right  hemisphere  (Chi,  Dooling,  &  Gilles,  1977a; 
Geschwind  &  Levitsky,  1968;  Wada,  Clarke,  &  Hamm,  1975; 
Witelson  &  Pallie,  1973),  was  symmetrical  in  all  four 
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subjects. 

Perisylvian  symmetry  has  also  been  documented  in  an 
autopsy  study  of  a  girl  who  had  a  severe  expressive  language 
disorder  along  with  attention  deficit  disorder  (Cohen, 
Campbell,  &  Yaghmai,  1988).  The  atypical  symmetry  was 
accompanied  by  a  single  dysplastic  region  in  the  left 
frontal  opercular  region.  A  comparable  finding  occurred  in 
an  magnetic  resonance  imaging  (MRI)  study  of  four  boys  with 
specific  language  impairment  (SLI) ,  each  of  whom  had  an 
expressive  impairment  involving  grammatical  morphemes 
(Plante,  Swisher,  Vance,  &  Rapscak,  1990) .  The  perisylvian 
areas  of  two  of  the  boys  were  symmetrical,  whereas  a 
reversed  (right  >  left)  asymmetry  was  noted  for  a  third. 

In  summary,  both  autopsy  and  imaging  studies  draw 
attention  to  a  variety  of  perisylvian  findings.  Frank 
abnormalities  at  the  cellular  level  occurred  bilaterally  in 
some  subjects  (Galaburda  et  al,  1985;  Landau  et  al,  1960) 
and  unilaterally  in  one  (Cohen  et  al,  1988).  When  atypical 
asymmetries  were  documented,  these  resulted  from  a  variety 
of  left-right  perisylvian  configurations.  In  the  subjects 
described  as  having  dyslexia,  symmetry  resulted  because  the 
left  planum  temporale  was  of  the  expected  size,  while  the 
right  planum  was  atypically  large  (Galaburda  et  al,  1985). 

A  similar  finding  was  also  noted  for  one  SLI  boy  (Plante, 
Swisher,  &  Vance,  1989).  In  this  child,  the  right 
perisylvian  area  was  larger  than  average  while  the  left  was 
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of  the  expected  size.  Additional  SLI  boys  with  atypical 
perisylvian  asymmetries  had  different  perisylvian 
configurations.  One  boy  had  a  right  perisylvian  area  that 
was  average  size  whereas  the  left  was  smaller  than  expected. 
Another  had  left  and  right  perisylvian  areas  that  were  both 
smaller  than  average  (Plante  et  al,  1990). 

The  nature  of  these  neuroanatomical  findings  indicates 
the  abnormalities  occurred  during  the  course  of  prenatal 
brain  development  (Galaburda  et  al,  1985;  Plante  et  al, 

1989) .  For  example,  polymicrogyri  can  be  experimentally 
induced  by  lesioning  the  mammalian  brain  during  the  period 
of  cell  migration.  The  extent  of  gyral  abnormality  is 
related  to  the  time  of  lesion,  with  the  more  extensive 
abnormalities  resulting  from  an  early  time  of  lesion  (Dvorak 
&  Feit,  1977;  Dvorak,  Feit,  &  Jurankova,  1978).  Cortical 
ectopias  are  also  thought  to  occur  during  the  period  of  cell 
migration  as  the  result  of  misplaced  migratory  neurons 
(Caviness,  Evrard,  &  Lyon,  1978;  Sherman,  Galaburda,  & 
Geschwind,  1983) .  The  presence  of  atypical  cerebral 
asymmetries  also  suggests  a  prenatal  effect.  The  normal 
left  >  right  pattern  of  perisylvian  asymmetries  first 
appears  during  the  third  trimester  (Chi  et  al,  1977a). 

After  this  time,  the  left  >  right  pattern  of  plana  asymmetry 
predominates  in  infants  and  children  (Chi  et  al,  1977a; 

Wada,  et  al  1975;  Witelson  &  Pallie,  1973)  and  adults 
(Geschwind  &  Levitsky,  1968;  Wada  et  al,  1975;  Witelson  & 
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Pallie,  1973). 

Several  autopsy  studies  have  addressed  the  Issue  of 
possible  gender  differences  in  the  pattern  of  asymmetry. 

Most  studies  have  not  found  gender  differences  for  size  of 
the  right  and  left  plana  temporale  or  the  degree  of 
asymmetry  of  cerebral  structures  (Chi  et  al,  1977a,  Koff, 
Naeser,  Pieniadz,  Foundas,  &  Levine,  1986;  HeShane,  Risse,  & 
Rubens,  1984;  Wada  et  al,  1975).  Two  studies  (Bear,  Schiff, 
Saver,  Greenberg,  &  Freeman,  1986;  Wada  et  al,  1975)  report 
that  subgroups  of  subjects  who  have  an  atypical,  right  > 
left  asymmetry  tend  to  have  more  female  than  male  members. 

Atypical  asymmetries  have  been  documented  for  regions 
that  extend  beyond  the  perisylvian  areas.  Rosenberger  and 
Hier  (1980)  used  computerized  tomography  (CT)  in  a  study  of 
learning-disabled  subjects.  These  subjects  all  had  verbal 
intelligence  test  scores  that  were  lower  than  their 
performance  scores.  Some  subjects  also  had  a  history  of 
"delayed  speech."  Approximately  one  half  of  the  subjects 
with  a  history  of  "delayed  speech"  also  had  a  reversed 
(right  >  left)  asymmetry  of  the  occipital  poles.  A  third  of 
the  remaining  learning-disabled  subjects  also  had  a  reversed 
asymmetry  pattern. 

Using  magnetic  resonance  imaging  (MRI) ,  Jernigan  et  al 
(1987)  studied  specifically  language-impaired  (SLI) 
children.  In  approximately  half  of  the  children,  an 
atypical  pattern  of  asymmetry  (right  >  left)  was  noted  for  a 
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cerebral  region  bounded  by  the  sylvian  fissure  anteriorly 
and  the  occipital  poles  posteriorly.  Plante  et  al  (1990) 
documented  atypical  asymmetries  (left  >  right)  of  the 
cerebral  hemispheres  in  three  of  four  SLI  boys.  These 
studies  suggest  that  the  developmental  effects  producing 
atypical  neuroanatomical  patterns  in  language-disordered 
children  may  be  relatively  widespread.  The  anatomical  areas 
that  contribute  to  this  atypical  hemispheric  asymmetry  have 
not  yet  been  identified. 

A  description  of  the  relative  effects  on  neuroanatomy 
would  provide  further  insight  into  the  mechanism (s)  that 
produced  the  atypical  neuroanatomical  patterns.  Studies  of 
language-disordered  children  reveal  neuroanatomical 
variability  across  subjects.  Such  inter-subject  variability 
may  reflect  etiological  differences.  Alternatively, 
anatomical  variation  may  be  related  to  interactions  between 
the  causal  ^ gent  and  the  stage  of  brain  maturation  in  any 
given  subject  (Plante  et  al,  1989).  The  gyral 
configurations  of  the  perisylvian  area  mature  relatively 
late  (Chi,  Dooling,  &  Gilles,  1977b).  A  finding  that  late- 
developing  structures  are  most  often  atypical  in  size  would 
suggest  the  time  of  greatest  neuroanatomical  effect  occurs 
during  late  gestation.  If  the  probability  that  a  structure 
will  be  atypical  increases  in  parallel  with  the  general 
maturational  gradient  for  gyri,  intersubject  heterogeneity 
might  actually  reflect  differences  in  the  onset  and  severity 
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of  the  causal  agent (s) .  Thus,  differences  in 
neuroanatomical  effect  would  represent  a  range  of  one 
biological  effect  that  occurs  at  different  times  during 
development. 

Evidence  for  transmission  of  language  disorders 

The  atypical  neuroanatomical  findings  in  language- 
disordered  individuals  may  be  the  result  of  an  agent  that  is 
transmitted  through  families.  If  this  is  true,  the  parents 
and  siblings  of  language-disordered  children  should  show  the 
neuroanatomical  effect  as  well.  Although  such  a 
transmittable  neuroanatomical  effect  has  yet  to  be 
demonstrated  in  the  families  of  language-disordered 
children,  there  is  behavioral  evidence  that  the  disorder 
runs  through  families.  Early  evidence  of  familial 
tendencies  toward  developmental  language  disorders  came  from 
reports  of  selected  families  that  include  multiple  cases  of 
a  speech  or  language  disorder  (Arnold,  1961;  Samples  &  Lane, 
1985)  . 

This  familial  tendency  has  been  substantiated  by  studies 
examining  groups  of  language-disordered  children  and  their 
families.  Several  studies  have  relied  on  questionnaires 
completed  by  a  parent  of  language-disordered  and  control 
children,  detailing  the  language  and  academic  histories  of 
all  family  members  (Bishop  &  Edmundson,  1986;  Neils  &  Aram, 
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1986;  Tallal,  Ross,  &  Curtiss,  1989a  &  b;  Tomblin,  1989). 
These  studies  report  that  if  a  child  is  language  disordered, 
more  language  or  learning  problems  are  reported  for  first- 
degree  relatives  than  if  a  child  is  not  language-disordered, 
Tomblin  (1989),  reported  that  51%  of  the  impaired  probands 
had  at  least  one  language-impaired  relative.  A  relative  was 
considered  language  disordered  only  if  he  or  she  had 
received  speech  or  language  therapy.  Tallal  et  al  (1989a  & 
b) ,  using  a  criterion  of  self-report  of  language  disorder, 
reading  difficulties,  or  academic  failure  to  indicate  signs 
of  impairment  found  that  77%  of  SLI  probands  had  at  least 
one  impaired  relative.  Fathers  reported  some  form  of 
impairment  more  often  than  mothers  (Neils  &  Aram,  1986; 
Tallal,  et  al,  1989a;  Tomblin,  1989).  However,  there  is 
some  evidence  to  suggest  that  impaired  mothers  have  more 
language-disordered  children  than  do  impaired  fathers  or 
control  parents  (Tallal  et  al,  1989a).  Across  studies, 
language-disordered  probands  have  more  impaired  brothers 
than  sisters  (Neils  &  Aram,  1986;  Tallal,  et  al,  1989a; 
Tomblin,  1989) .  This  may  be  confounded  by  a  skewed  sex 
ratio  favoring  boys  in  families  of  language-impaired 
children  (Tallal  et  al,  1989b). 

The  questionnaire  method  may  include  a  reporting  bias 
favoring  families  that  already  include  a  language-disordered 
child.  These  families  are  likely  to  be  more  sensitive  to 
the  signs  of  disordered  language  than  other  families.  It  is 
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possible  that  the  results  of  the  familial  studies  reflect 
inflated  estimates  in  the  families  of  language-disordered  ^ 

children,  and  underestimates  the  prevalence  of  language 
disorder  in  the  families  of  controls.  Standardized  testing 
provides  a  more  objective  method  of  assessing  the  prevalence 
of  disordered  language  than  does  self  report.  Standardized 
testing  was  used  to  determine  differences  in  language  skills 
for  noirmal  and  reading-impaired  children  and  their  families 
(DeFries,  Singer,  Foch,  &  Lewitter,  1978)  .  Reading-impaired 
children,  as  a  group,  performed  poorly  relative  to  controls 
on  measures  of  language.  Parents  and  siblings  of  reading- 
impaired  children  obtained  lower  test  scores  for  reading, 
spelling,  and  language-based  measures  than  did  controls. 

Language  skills  showing  significant  differences  between 
groups  included  grammatical  closure,  auditory  memory,  and 
verbal  analogies.  Thus,  a  familial  tendency  towards  poor 
language  skills  has  been  documented  using  objective  as  well 
as  subjective  methods. 

In  any  group  of  language-disordered  children,  not  all 
will  have  a  family  history  for  the  disorder.  Byrne, 

Willerman,  and  Ashmore  (1974)  adapted  a  model  originally 
used  to  describe  distributions  of  mentally  retarded  children 
and  suggested  that  there  may  be  two  groups  of  language- 
disordered  children  which  can  be  Identified  by  factors  such 
as  severity  and  family  history.  They  found  that  children 
with  moderately  impaired  language  skills  generally  had  a 
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lower  socioeconomic  level  and  more  language-disordered 
relatives  than  children  with  severely  impaired  language 
skills.  They  suggest  that  the  moderately  impaired  children 
were  more  likely  to  represent  the  extremes  of  the  normal 
distribution  for  language  skills.  Furthermore,  they 
suggested  the  children  with  severe  language  impairment  may 
represent  a  biologically  different  population,  in  which  the 
disorder  is  more  likely  to  be  secondary  to  acquired  lesions 
or  trauma. 

The  findings  of  this  study  should  be  interpreted  with 
caution.  The  measure  used  to  document  language  impairment 
in  these  children  was  the  Illinois  Test  of  Psvcholinauistic 
Abilities  (Kirk,  McCarthy  &  Kirk,  1968).  Of  this  battery's 
eight  subtests,  only  two  appear  to  reflect  skills  that  are 
weak  in  language  impaired  children  (Fundudis,  Kolvin,  & 
Garside,  1979) .  The  remaining  six  subtests  probably  reflect 
general  cognition.  Therefore,  the  authors  may  have 
inadvertently  been  testing  distributions  of  children  with 
moderate  and  severe  cognitive  skill  deficits  rather  than 
language  skill  deficits.  A  later  study  that  hypothesized  an 
association  between  the  severity  of  a  language  disorder  and 
family  history  failed  to  confirm  such  a  relationship  (Neils 
&  Aram,  1986) . 

Implications  of  a  transmittable  effect 

Factors  such  as  trauma  or  stroke  are  unlikely 
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explanations  for  multiple  cases  of  impairment  within  a 
family.  A  family  tendency  towards  language  or  learning 
disorders  suggests  a  genetic  contribution  to  the  disorder 
although  the  available  data  does  not  clearly  conform  to 
classic  models  of  genetic  transmission  (Neils  &  Aram,  1986; 
Tallal  et  al,  1989a;  Tomblin,  1989).  Tomblin  (1989)  points 
out  that  rearing  practices  that  restrict  language 
development  cannot  be  ruled  out  when  multiple  family  members 
have  poor  language  skills.  However,  rearing  practices  would 
not  explain  the  atypical  neuroanatomical  findings  in  SLI 
children.  An  environmental  factor,  such  as  a  toxin,  can 
affect  multiple  family  members.  To  date,  there  is  no 
evidence  to  implicate  any  toxin  as  a  common  cause  of 
developmental  language  disorders.  Both  parents  and  children 
would  have  to  be  exposed  to  the  same  toxic  effects  in  utero 
to  explain  similar  neuroanatomical  findings  across 
generations. 

A  fourth  explanation  proposes  hormonal  effects  on 
development  (Geschwind  &  Behan,  1982;  Plante  et  al,  1989; 
Tallal  et  al,  1989b).  A  hormonal  explanation  is  consistent 
with  the  constellation  of  behavioral  and  biological 
characteristics  associated  with  developmental  language 
disorders.  A  hormonal  effect  could  explain  transmission 
through  families  (cf.  Perakis  &  Stylianopoulou,  1986)  as 
well  as  the  atypical  sex  ratio  in  families  of  language- 
impaired  children  (Tallal  et  al,  1989b).  Subjects  with 
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developmental  disorders  involving  gonadal  hormones  tend  to 
have  poor  language  skills  and  learning  difficulties 
(McCardle  &  Wilson,  1987;  Perlman,  1973).  Gonadal  hormones 
are  known  to  influence  brain  development  in  animals,  and  may 
explain  the  anatomical  effects  seen  in  language- impaired 
subjects  (Galaburda  et  al,  1985;  Plante  et  al,  1990). 

If  a  transmittable  factor  produces  language  impairment 
and  also  alters  brain  development,  the  relatives  of 
language-impaired  probands  should  also  have  a  high  rate  of 
atypical  cerebral  configurations.  Preliminary  evidence 
supports  this  hypothesis.  Atypical  brain  configurations 
have  been  noted  in  the  normally  developing  twin  sister  of  a 
language-impaired  boy  (Plante  et  al,  1989).  Atypical 
perisylvian  asymmetries  were  also  found  in  a  male  who 
reported  having  a  brother  who  had  received  language  therapy. 
This  individual  was  one  of  a  group  of  males  who  had  agreed 
to  have  an  MRI  scan  as  part  of  a  research  program  (Plante, 
unpublished  data) .  A  more  systematic  study  of  the  siblings 
of  language-disordered  children  is  needed  to  verify  these 
preliminary  findings.  Atypical  neuroanatomical  findings  in 
parents  of  language-disordered  children  would  strengthen  the 
argument  that  a  transmittable  effect  contributes  to 
developmental  language  disorders. 

The  consistency  of  neuroanatomical  configurations  across 
subjects  is  also  potentially  Important.  A  consistent 
pattern  of  findings  across  subjects  who  share  the  same 
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behavioral  diagnosis  would  suggest  a  single  effect  is 
operating  on  the  developing  brain.  In  a  previous  study 
(Plante  et  al,  1990),  atypical  cerebral  asymmetries  were 
found  across  subjects,  with  some  degree  of  individual 
variability  noted.  This  variability  may  represent  a  range 
of  one  biological  effect,  or  separate  effects  operating 
across  subjects.  When  subjects  consist  of  first-degree 
relatives  (parents  and  their  children) ,  their  biological 
backgrounds  can  be  considered  highly  similar.  Should  such 
subjects  show  atypical  cerebral  configurations,  inter¬ 
subject  heterogeneity  is  more  likely  to  reflect  a  range 
produced  by  one  biological  effect  rather  than  separate 
effects  across  family  members. 

Statement  of  Purpose  and  Significance 

This  study  will  describe  the  neuroanatomical  profiles  in 
families  containing  a  specifically  language-impaired  boy,  in 
order  to  assess  the  type  and  frequency  of  atypical 
anatomical  profiles.  The  presence  of  atypical  cerebral 
configurations  in  parents  of  specifically  language-impaired 
boys  would  support  the  theory  that  this  type  of  language 
impairment  is  the  result  of  a  biological  factor  that  is 
transmitted  through  families.  The  neuroanatomical  profiles 
among  first-degree  relatives  will  help  to  establish  a  range 
that  is  likely  to  reflect  a  single  biological  agent. 


The 
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identification  of  neuroanatomical  regions  that  are 
frequently  atypical  will  provide  insight  into  the  nature  of 
the  presumed  biological  agent. 

Research  Questions 

The  study  is  designed  to  answer  the  following  research 
questions: 

1.  Do  atypical  perisylvian  asymmetries  occur  in 

parents  of  SLI  boys? 

2 .  To  what  extent  are  atypical  perisylvian  asymmetries 

associated  with  evidence  suggesting  a  language 
disorder  in  the  parents  of  SLI  boys. 

3.  What  is  the  range  of  cerebral  effect  as  seen 

among  first-degree  relatives? 

4.  What  neuroanatomical  regions,  in  addition  to  the 
perisylvian  areas,  are  atypical  in  individuals  with 
a  personal  or  family  history  of  language 
impairment. 
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CHAPTER  2 
Method 


Subn  ects 

Members  of  four  families  that  include  at  least  one  boy 
with  SLI  (the  proband)  participated  in  this  study.  A  brief 
description  of  each  family  follows. 

Family  1: 

A  46-year-old  father  and  39-year-old  mother,  along  with 
three  male  children  (ages  12; 10,  7;0,  and  5;4)  are  the 
members  of  Family  1.  All  family  members  consider  themselves 
to  be  right  handed,  although  the  parents  report  left 
handedness  among  their  blood  relatives.  All  three  sons  were 
diagnosed  as  language  impaired  and  were  enrolled  in  therapy 
programs  at  the  time  of  study.  The  mother  reported  the 
oldest  son  was  born  two  months  prematurely  and  spent  his 
first  month  in  an  intensive  care  unit.  He  was  identified  as 
language  impaired  when  he  entered  first  grade.  He  has  a 
history  of  poor  articulation  skills  and  difficulty  with 
expressive  language.  At  the  time  of  study,  he  was 
experiencing  difficulty  with  reading  and  writing  as  well  as 
with  expressive  language  skills.  He  was  taking  Ritalin  at 
the  time  of  study  to  manage  hyperactivity.  The  second  son's 
birth  was  described  as  unremarkable  but  he  required  surgery 
to  correct  an  imperforate  anus.  He  has  undergone  additional 
surgery  on  the  scrotum  and  testicles  and  has  had  tests  to 
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evaluate  bladder  control.  He  was  enrolled  in  therapy  for 
impaired  language  and  poor  articulation  at  age  three  years. 
These  skills  were  still  impaired  at  the  time  of  study.  The 
youngest  son,  the  proband,  was  delivered  three  weeks 
prematurely  and  required  oxygen  after  birth.  He  was 
enrolled  in  language  therapy  at  age  three  years.  His 
articulation  skills  were  age  appropriate.  His  expressive 
language  skills  were  significantly  below  the  level  expected 
of  a  child  his  age. 

Both  parents  report  that  they  had  language/learning 
problems  as  children  similar  to  what  they  have  observed  in 
their  sons.  The  father  repeated  first  grade  and  entered  the 
military  service  after  grade  nine.  He  later  received  a  high 
school  diploma  and  was  employed  as  a  materials  handler  at 
the  time  of  study.  The  mother,  a  housewife,  has  a  high 
school  diploma  and  completed  two  years  of  post-secondary 
education.  The  father  has  four  additional  sons  from  two 
previous  marriages.  Two  of  these  sons  have  developmental 
disabilities.  Both  parents  have  nephews  who  have  been 
diagnosed  as  learning  disabled.  Both  parents  report  twins 
(fraternal  and  identical)  among  their  blood  relatives. 

Family  2; 

Family  2  includes  a  37-year-old  father  and  a  31-year- 
old  mother  along  with  their  two  sons  (ages  6; 10  and  5;0)  and 
a  daughter  (age  2;0).  The  father  is  left  handed;  all  other 
family  members  are  right  handed.  The  mother  reported  each 
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of  her  pregnancies  were  unremarkable.  The  first-born  son 
appeared  to  be  developing  normally  at  the  time  of  study. 

The  daughter  was  too  young  to  participate  in  this  study,  but 
also  appeared  to  be  developing  language  normally.  The 
second-born  son,  the  proband,  was  diagnosed  as  SLI  and  was 
enrolled  in  a  therapy  program  at  the  time  of  this  study.  He 
was  being  treated  for  a  severe  articulation  disorder  and 
impaired  language.  His  family  first  became  concerned  about 
his  speech  and  language  development  when  he  was 
approximately  two  years  of  age. 

Neither  parent  reported  childhood  difficulties  with 
language  or  academic  skills.  The  father  completed  a  college 
degree  and  was  employed  as  an  engineer.  He  reported  that  he 
had  "stuttered”  until  age  five  years.  He  also  reported  his 
sister  had  stuttered  as  well.  The  mother  completed  a 
college  degree  and  was  a  housewife  at  the  time  of  study.  No 
developmental  disorders  were  reported  among  the  mother's 
relatives.  The  mother  reported  fraternal  twins  among  her 
relatives. 

lF.ain.llY_3.I 

The  third  family  includes  a  father  (age  57) ,  a  mother 
(age  39),  two  daughters  (ages  11;5  and  8;6),  and  one  son 
(age  9; 6)  who  served  as  the  proband  for  this  family.  The 
mother  reported  her  pregnancies  were  unremarkable.  General 
health  of  all  children  is  reported  to  be  unremarkable.  The 
oldest  daughter  appeared  to  be  developing  normally.  The 
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proband  has  a  history  of  speech  and  language  impairment. 

His  mother  first  noticed  a  problem  with  language  development 
when  he  was  approximately  age  two  years.  He  started 
receiving  therapy  for  poor  articulation  and  impaired 
language  at  age  three  and  was  enrolled  in  a  school  serving 
"dyslexic"  students  at  the  time  of  study.  The  youngest 
daughter  was  receiving  tutoring  for  reading  in  school  and 
was  being  evaluated  for  language  impairment  at  the  time  of 
study.  She  declined  participation  in  this  study  because  of 
apprehension  about  being  inside  the  MRI  scanner. 

The  father  reported  he  had  difficulties  with  speech  and 
language  development  similar  to  those  he  observes  in  his 
son.  The  father  reported  his  own  speech  was  hard  to 
understand  until  age  six  and  he  subsequently  had  difficulty 
learning  to  read  in  school.  He  reported  that  he  does  not 
enjoy  reading.  He  completed  nine  years  of  schooling  and  was 
employed  as  a  bus  driver.  He  has  a  brother  who  also  had 
difficulty  with  speech  and  language  development  and  has  twin 
sons  from  an  earlier  marriage.  The  mother  completed  nine 
years  of  school  and  managed  a  small  business  at  the  time  of 
study.  She  was  born  prematurely  by  approximately  6  weeks. 
She  reported  that  she  had  a  "lisp"  as  a  young  child.  She 
reported  no  problems  with  language  or  academic  skills. 

EflmilY-4 1 

The  fourth  family  Includes  a  father  (age  46) ,  mother 
(age  42),  a  son  (the  proband,  age  8; 2)  and  daughter  (age 


25 


6; 2).  All  family  members  consider  themselves  to  be  right 
handed.  The  mother  reported  that  pregnancy  and  birth  for 
each  child  was  unremarkable.  Both  children  had  a  history  of 
middle-ear  infections,  but  general  health  has  otherwise  been 
unremarkable.  The  proband  has  a  history  of  delayed  speech 
onset  (first  words  appeared  at  approximately  19  months)  and 
was  diagnosed  as  SLI.  He  was  enrolled  in  a  school  serving 
"dyslexic"  children  at  the  time  of  study.  According  to 
standardized  testing,  the  daughter  had  significantly  delayed 
articulation  skills  for  her  age.  Although  she  performed 
well  on  most  language  tests,  she  was  verbally  reticent.  An 
analysis  of  spontaneous  language  revealed  mildly  impaired 
expressive  language  skills  and  word-finding  problems.  She 
was  not  receiving  speech  or  language  services  at  the  time  of 
study.  The  parents  had  experienced  one  miscarriage  prior  to 
the  birth  of  their  first  child. 

The  mother  considered  herself  dyslexic  and  reported  she 
had  used  "baby  talk"  as  late  as  kindergarten.  She  recalled 
having  some  difficulty  learning  in  grade  school  and  reported 
that  reading  takes  her  a  "long  time"  and  is  "tiring."  She 
also  reported  that  she  had  a  unilateral  hearing  loss  as  a 
child  and  attended  a  school  for  deaf  and  blind  children  for 
first  grade.  She  reported  that  she  "out  grew"  the  hearing 
loss.  She  passed  a  pure-tone  screening  test  at  the  time  of 
study.  The  mother  has  a  high  school  diploma  and  completed  a 
year  of  post-secondary  education.  She  was  a  housewife  at 
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the  time  of  study.  The  father  reported  he  had  difficulty 
learning  to  read  and  reports  he  does  not  enjoy  reading.  He 
holds  a  masters  degree  and  was  teaching  at  the  college  level 
at  the  time  of  study.  The  father  reported  that  his  brother 
had  difficulty  with  speech  and  language  and  considers  him  to 
be  dyslexic.  The  mother  has  a  nephew  who  is  receiving 
educational  services  for  dyslexia. 

Subject  recruitment  and  selection 

Subjects  were  recruited  by  soliciting  referrals  of  boys 
with  SLI  from  agencies  and  professionals  serving  such 
children  in  the  Tucson  area.  The  term  SLI  was  defined  to 
the  referral  sources  as  a  language  impairment  in  the  absence 
of  deficits  in  cognitive,  sensory,  motor,  and  social- 
emotional  functioning. 

After  referral  to  the  study,  a  diagnosis  of  SLI  was 
confirmed  through  standardized  testing  and  clinical 
judgement.  A  battery  of  standardized,  norm-referenced  tests 
was  administered  to  each  proband.  The  results  of 
standardized  testing  are  reported  in  Table  1.  The  test 
battery  is  described  in  Appendix  A.  The  standardized  tests 
chosen  were  those  that  reflected  the  skill  areas  of  typical 
strengths  (nonverbal,  semantics)  and  weakness  (morpho- 
syntactic,  speech  articulation)  that  characterize  SLI  in 
children.  The  manuals  provided  sufficient  information  so 
that  a  z-score  could  be  calculated.  They  were  relatively 
strong  psychometrically  compared  with  other  available 


instruments  (McCauley  &  Swisher,  1984) ,  or  had  proven 
utility  in  identifying  language-impaired  children  All  tests 
were  administered  by  a  certified  speech-language  pathologist 
or  a  graduate  student  under  the  supervision  of  a  speech- 
language  pathologist.  Test  score  reliability  was  calculated 
on  a  point-to-point  basis  for  all  scorable  test  items. 

Median  point-to-point  reliability  was  97  percent  with  a 
range  between  75  and  100  percent  agreement. 

For  children  7;ll  years  and  younger,  a  spontaneous 
language  sample  was  obtained  for  analysis.  A  twenty-minute 
play  session  with  the  child  and  an  examiner  was  used  to 
gather  the  language  sample.  Children  were  given  a  choice  of 
activities  and  toys  to  play  with  during  this  time.  The  play 
session  was  video  taped  and  a  corpus  of  the  child's 
spontaneous  language  was  transcribed  from  video  tape.  Four 
minutes  of  each  child's  language  scmple  was  selected  at 
random  to  assess  transcription  reliability.  Point-to-point 
reliability  for  transcribed  words  ranged  between  98  and  99 
percent  for  the  samples  obtained.  A  corpus  of  sentences 
were  analyzed  using  Developmental  Sentence  Scoring 
(DSS) (Lee,  1974).  For  all  but  one  child  (sibling  1  in 
Family  4),  the  sentences  included  in  the  analysis  were  50 
consecutively  occurring  sentences  that  were  spoken  after  the 
first  five  minutes  of  the  play  session  had  elapsed.  The 
remaining  child  had  so  few  sentences  that  utterances  from 
the  first  five  minutes  had  to  be  included  to  obtain  a  sample 
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of  47  sentences.  Point-to-point  reliability  for  scorable 
irems  on  the  DSS  ranged  between  71  and  96  percent. 
Disagreements  in  scoring  were  resolved  through  joint  review 
of  the  items  in  question. 

To  be  selected  for  study,  a  proband  had  to  demonstrate 
a  significant  impairment  (lower  5  percent  of  the  normative 
sample)  in  the  comprehension  or  use  of  the  morpho-syntactic 
components  of  language  in  the  presence  of  normal  nonverbal 
skills  (upper  93  percent  of  the  normative  sample) .  In 
addition,  to  be  selected  for  study,  each  proband  had  to  pass 
a  hearing  screening  at  the  time  of  testing.  A  passing 
performance  consisted  of  reliable  responses  to  20  dB  HL  pure 
tones  for  at  least  three  of  the  following  frequencies;  500, 
1000,  2000,  and  4000  Hz.  No  selection  criteria  were  set  for 
performance  on  tests  of  vocabulary  or  articulation,  or  for 
the  language  sample  analysis. 

Two  speech- language  pathologists  not  otherwise 
connected  with  this  study  were  asked  to  review  compiled 
records  for  each  potential  proband.  Records  included  past 
evaluations  and  therapy  reports;  tests  of  morpho-syntactic 
skills  administered  as  part  of  this  study  were  excluded. 

Each  proband  was  judged  language  impaired  by  both  speech- 
language  pathologists. 

When  a  potential  proband  was  identified,  the  family  was 
then  invited  to  participate  in  this  study.  Families 
selected  met  three  additional  characteristics:  children  were 
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monolingual  English-speakers,  both  biological  parents  were 
willing  to  participate,  and  family  members  had  no  known 
neurological  or  developmental  conditions  that  are  known  to 
alter  brain  morphology  from  normal  (e.g.  stroke,  trauma, 
seizures) .  Nineteen  potential  probands  were  referred  to  the 
study.  Four  were  rejected  because  their  language  skills 
were  not  significantly  impaired.  Three  had  other 
handicapping  conditions  (e.g.  attention  deficit,  hearing 
loss)  in  addition  to  impaired  language.  Two  had  a  history 
of  seizures  and  one  was  excluded  because  his  mother  had  a 
history  of  seizures.  Two  qualified  as  SLI  but  were  excluded 
from  the  study  because  the  proband  or  a  parent  was  unable  to 
complete  the  MRI  scan  due  to  claustrophobic  reactions. 

Three  did  not  have  both  biological  parents  available  for 
study.  The  subjects  of  the  present  study  are  the  first  four 
consecutive  families  that  were  not  excluded  on  the  bases 
described  above. 

When  a  family  was  selected,  a  case  history  was  taken 
for  each  family  member.  Case  histories  covered  medical, 
birth,  developmental,  educational,  and  family  background  in 
addition  to  speech  and  language  history  (see  Appendix  B) . 
Information  concerning  the  personal  and  family  history  for 
the  mothers  and  the  fathers  in  each  family  are  reported  in 
Table  2. 


Behavioral  documentation  for  siblings 

The  battery  of  standardized  tests  described  in  Appendix 


Family  history  characteristics  as  reported  by  the  parents  of • language-disordered  boys. 
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A  was  used  to  describe  verbal  and  nonverbal  skills  in  the 
siblings  of  each  proband.  The  results  of  standardized 
testing  for  these  subjects  are  provided  in  Table  1. 

Procedures 

Subjects  were  scanned  in  the  axial  plane  through  the 
full  volume  of  the  cerebral  cortex.  The  slice  angle  was 
standardized  for  each  subject  by  aligning  the  slice  angle 
parallel  to  the  frontal  and  occipital  poles  from  a  sagittal 
prescan  view.  Scans  were  gathered  on  a  Toshiba  0.5  Tesla 
magnet.  A  spin-echo  scan  sequence  (TR  2800,  TE  90)  was  used 
that  produces  good  distinctions  between  grey  and  white 
matter. 

Scans  from  the  subjects  were  compared  with  a  group  of 
comparison  scans  from  volunteers  who  were  without  a  history 
of  language  impairment.  These  scans  (11  from  males,  6  from 
females)  were  selected  from  a  data  bank  (Plante,  unpublished 
data)  of  volunteers  for  whom  case  history  information  was 
available.  Selected  scans  were  all  those  from  males  and 
females  who,  according  to  self-report,  lack  a  personal  or 
family  history  of  developmental  disorders,  twinning,  or 
neurological  conditions  that  are  known  to  alter  brain 
morphology  from  normal.  The  characteristics  of  the 
individuals  from  whom  these  scans  were  obtained  are 
described  in  Table  3.  Scans  included  an  axial  view  set  at  a 
similar  angle  as  the  scans  from  subjects  in  this  study. 


Table  3 . 

Characteristics  of  comparison  group. 


35 


Personal  background: 

Gender  11  males,  6  females 
Ages:  20  to  47;  median  =  29 

Handedness:  right  handed  in  all  cases 
Birth  history: 

Mother's  age  at  birth:  20  -  38  years;  median  =  24 

Birth  order:  1-6;  median  =  2 

Maternal  miscarriages;  3  for  male  subjects 

1  for  female  subjects 


Pregnancy  risk  factors: 

father  smoked  in  3  case  for  females 
mother  smoked  in  1  case  for  females 
males  were  not  asked  this  question 

Birth  risk  factors:  1  male  was  premature  by  8  weeks 

Family  history: 

Left  handedness:  2  males 

1  female 

Developmental  disorders:  none  reported 

(this  was  a  selection  criterion) 

Twinning;  none  reported 

(this  was  a  selection  criterion) 


Education: 

years  of  education:  14-21  years  (college) 

median  =  16  years  (bachelor's  degree) 

special  school  services: 

1  male  (gifted  &  talented  program) 

1  female  (articulation  therapy  for  "r"  only) 

grade  school  failure:  none  reported 

reading  difficulty:  none  reported 
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Scans  were  clinically  evaluated  by  a  neuroradiologist 
prior  to  quantitative  analysis.  No  parenchymal  lesions  were 
reported  for  any  subject.  One  comparison  scan  from  a  female 
control  was  noted  to  have  two  punctate  regions  of 
hyperintensity  in  the  centrum  semiovale  on  the  T2-weighted, 
axial  image.  These  were  not  visible  on  a  Tl-weighted 
coronal  scan.  The  scans  were  dummy  coded  by  a  research 
assistant  so  that  those  measuring  the  scans  were  unaware  of 
the  subject  identity  or  language  status.  Scans  were 
measured  by  five  assistants  who  were  not  familiar  with  the 
subjects  or  hypotheses  under  study  and  me. 

MRI  films  from  these  scans  were  computer  digitized  and 
measured  using  JAVA  software  (Jandel  Scientific,  1988)  .  The 
instrumentation  used  for  quantitative  analysis  is  provided 
in  Appendix  C.  A  calibration  figure  of  300  mm^  was  used  to 
establish  the  degree  of  measurement  error  attributable  to 
the  resolution  of  the  computer  system  and  human  error  under 
optimal  conditions.  The  mean  value  obtained  for  this  figure 
was  300.62  mm^  with  a  standard  error  of  0.16  mm^. 

Measurement  error  under  optimal  conditions  was  approximately 
0.6  percent. 

A  series  of  regional  brain  volumes  was  obtained  for 
each  subject  and  control  scan.  Measures  were  developed 
based  upon  both  neuroanatomical  divisions  visible  on  the  MRI 
scans  and  consideration  of  the  time  of  development  for 
cortical  regions  (cf.  Chi  et  al,  1977b)  The  procedures  for 
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measuring  each  region  are  given  in  Appendix  D.  These 
regions  are  illustrated  in  Figures  1  and  2.  All  regional 
measures  are  expressed  as  a  proportion  of  total  brain  size 
to  stabilize  the  values  for  differences  in  head  sizes  across 
sub j  ects . 

A  quotient  reflecting  the  degree  of  asymmetry  or 
symmetry  was  calculated  for  each  pair  of  homologous  cerebral 
areas  measured.  This  quotient  corresponds  to  the  right 
regional  volume  divided  by  the  left.  Asymmetries  (right  > 
left  or  left  >  right)  and  symmetry  (left  =  right)  are 
classified  with  reference  to  the  intertester  measurement 
error  for  each  measure.  Perfect  symmetry  results  in  a 
quotient  of  1.00.  When  measurement  error  is  taken  into 
account,  asymmetry  can  be  defined  as  values  that  exceed 
values  of  1.00  +/-1.64  SE  for  quotient  values. 

Measurement  reliability  was  assessed  using  a  Pearson 
product-moment  correlation  for  each  anatomical  measure 
completed.  Reliability  was  assessed  for  every  scan 
completed  for  a  family  member  and  for  at  least  20  percent  of 
all  comparison  scans  (selected  at  random) .  Acceptable 
reliability  was  defined  as  an  r-squared  value  of  .70  (r  = 
.84)  and  above  for  a  series  of  measures.  The  r  values  for 
each  neuroanatomical  region  are  provided  in  Table  4. 

A  pilot  study  of  three  SLI  boys  who  served  as  subjects 
in  a  previous  study  (Plante  et  al,  1990)  indicated  that 
certain  of  these  brain  regions  were  most  likely  to  be 


Figure  1.  Sagittal  reconstruction  of  slices  comprising  area  measures 


ramarginal/angular  area;  Occip  -  occipital  area 
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atypical  (see  Appendix  E) .  These  include  an  asymmetry  of 
the  perisylvian  area  as  well  as  proportional  volumes  of  the 
superior,  middle,  and  inferior  frontal  areas,  superior  and 
middle  temporal  areas,  occipital  areas, 
supramarginal/angular  areas,  and  perisylvian  areas. 


Chapter  III 
Results 
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Comparison  scans 

Prior  to  comparisons  with  probands  and  their  family 
members,  the  anatomical  measures  for  males  and  females  were 
tested  for  gender  differences.  No  significant  (p  <.10,  two- 
tailed  test)  differences  for  scans  from  male  and  female 
members  of  the  comparison  group  were  found  for  either 
proportional  volumes  or  for  degree  of  asymmetry. 
Consequently,  all  comparison  scans  were  grouped  together  for 
comparison  with  probands  and  their  family  members.  The 
proportional  volumes  for  each  regional  measure  in  the 
comparison  group  are  reported  in  Table  4.  These  values  will 
serve  as  the  reference  for  evaluating  proportional  volumes 
from  the  scans  of  family  members.  The  asymmetries  for  each 
region  are  reported  in  Table  5.  In  eight  of  the  nine  areas 
measured,  no  consistent  asymmetry  was  detected  for  a 
majority  of  the  comparison  scans.  The  perisylvian  area  was 
the  one  exception  (M  =  0.92,  SD  =  0.06).  In  a  majority  (n  = 
10)  of  comparison  scans,  a  left  >  right  asymmetry  was 
documented,  which  is  the  predicted  asymmetry  based  on 
previous  studies  (Chi,  Dooling,  &  Gilles,  1977b;  Geschwind  & 
Levitsky,  1968;  Wada,  Clarke,  &  Hanun,  1975;  Witleson  & 
Pallie,  1973).  Because  a  left  equals  right  (L  R) 
configuration  was  the  less  frequent  configuration,  it  will 


Table  4. 

Regional  volumes  from  comparison  scans. 
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be  referred  to  as  "atypical.”  Likewise,  because  right  > 
left  configuration  was  not  seen  in  the  comparison  group, 
this  configuration  will  also  be  referred  to  as  "atypical." 

Subject  scans 

Perisvlvian  asymmetries 

Table  6  displays  the  perisylvian  quotients  obtained  for 
individual  members  of  each  family.  As  for  comparison  scans, 
quotients  of  1.00  +/-0.05  correspond  to  a  judgement  of 
symmetry. 

Parents 

Atypical  perisylvian  asymmetries  were  documented  in 
seven  of  the  eight  parents  (M  =  1.04,  SD  =  0.10).  The 
probability  of  these  asymmetries  occurring  by  chance,  based 
on  the  rate  of  perisylvian  symmetry  among  comparison,  scans 
is  .016.  The  difference  between  the  distributions  of 
perisylvian  asymmetries  from  parent  and  comparison  scans  was 
statistically  significant  as  well  (t  =  3.73,  df  =  23;  p  < 
.01).  This  finding  reflects  the  fact  that  the  perisylvian 
asymmetry  distribution  from  comparison  scans  ranged  from  L  > 
R  (n=ll)  toL=R  (n=7)  configurations,  whereas  the 
parents  had  a  range  of  configurations  that  extended  from  L  > 
R  (n  =  1)  through  L=R  (n=4)  toR>L  {n*3). 

Probability  levels  calculated  separately  for  mothers 
and  for  fathers  are  useful  to  evaluate  whether  either 
mothers  or  fathers  alone  produce  a  statistically  significant 


Table 


45 


0) 

"O 

3 

iH 

u 

c 

•H 

V 

la 

x: 

-p 

(fl 

(U 


VO 


c 

o 

•H 

4J 

rH  rH  rH  pH 

iH  rH 

rH  «-H  rH  rH 

rH  rH 

rtJ 

<0  ^  iO  fO  ^ 

ITJ  <0  rH  rH 

nS  (0  (d  fl) 

fl)  rH  flj  rH 

O 

u  u  o  o  « 

0  U  IQ  <0 

u  0  0  0 

0  iQ  0  Id 

•H 

•H  -H  -H  -H  o 

•r^.H  0  0 

•fH  •ri  -iH 

-H  0  -H  0 

(M 

Ou  O4  Cu  Ou**^ 

O4  D**'^  "P 

cu  cu  cu  cu 

Di'H  0U*H 

•H 

>,  >1  >,  >,  a 

>i  >i  CU  a 

>i  >1  >i  >1 

a  >1  a 

n 

+J  4J  -P  4J  >1 

4J  p)  >,  >, 

p)  p)  4J  4J 

p>  >»p»  >1 

Ul 

(0  «  (0  «  4J 

(0  flj  p)  p) 

fl)  fl)  flS  flj 

(0  pi  10  pi 

(0 

u 

it 

>1  c 

P  o 

0)  4J 

B  <0 
p  M 

PI  P)  P]  P)  O' 

ca 

P)  PI  P)  P) 

P)  «  PI  Ci 

&  3 

A  A  II  II  A 

II  A  A  A 

A  II  II  II 

II  A  A  A 

Ul  O' 

<  -H 

0:  0;  c<  0:  P] 

P3  0;  p]  k] 

Pi  Pi  K  K 

CC  P]  Oi  hJ 

c 

0 

u 

4J 

c 

V 

•H 

VO  a\  If)  <N  n 

\0  VO  CM  iH 

VO  in  rH 

OV  CO  0  rH 

4J 

0  fH  ov  0  CO 

OV  i-H  CO  OV 

0  0  ov  0 

0>  CO  rH  CO 

0 

•  «  •  • 

•  •  •  • 

•  •  •  • 

3 

a 

rH  H  0  rH  0 

0  H  0  0 

rH  rH  0  rH 

0  0  H  0 

CM 

1  1 

CP  cr-o 

tJi'O 

tPTJ 

•a  O' 

P  P  c  c  c 

P  P  c  c 

P  P  C  C 

P  P  c  c 

(U  0)  -H  -H  lO 

Q)  Q)  -H  10 

V  V  -p  lO 

0)  0)  IQ  -H 

£  X  r-t  rH  ^ 

JS  XZr-t  Xi 

ja  J3  H  n 

JZ  £  J3  r-l 

^  PI  4J  ja  u  0 

(M  P>  pl  J3  0 

n  p>  p)  ja  0 

pi  pi  0  ja 

0  (0  •r4  -rH  Vi 

0  (0  -H  M 

0  lO-H  P 

0  10  P  -H 

>1  e  iH  Ul  01  Q< 

>1  e  IP  n  tt 

>1  e  <M  01  cu 

>i  e  iM  cu  M 

rH 

iH 

rH 

rH 

•H 

•H 

•p 

•H 

e 

e 

e 

B 

iQ 

IQ 

10 

[L, 

[p 

b 

a 

II 

ij 


* 


i 


asymmetries  of  within  1.00  +/-0.05  are  classified  as 
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finding.  All  mothers  had  atypical  perisylvian  asymmetries 
(p  =  .029;  two  having  a  L  =  R  configuration  and  two  having  a 
R  >  L  configuration.  Fathers  in  Families  1,  2,  and  3  also 
had  atypical  perisylvian  asymmetries  (p  =  .279) . 

Conditional  probabilities  (Fleiss,  1981)  describe  the 
degree  to  which  atypical  perisylvian  asymmetries  are  likely 
to  be  found  in  mothers  and  in  fathers  whose  spouses  have  the 
trait.  Although  the  sample  studied  here  is  small,  this 
probability  provides  an  estimate  of  the  degree  of 
concordance  for  perisylvian  asymmetries  among  parents  that 
may  be  useful  in  future  studies.  Because  all  mothers  had 
atypical  perisylvian  asymmetries,  the  conditional 
probability  for  atypical  perisylvian  asymmetries  in  mothers 
when  fathers  have  the  trait  is  1.00.  The  probability  of  a 
father  having  atypical  perisylvian  asymmetry  when  the  spouse 
has  the  trait  is  .75. 

Probands  and  Siblings 

Two  probands  also  had  atypical  perisylvian 
configurations  (one  each  L  =  R,  R  >  L) .  These  probands 
belonged  to  families  3  and  4.  Because  proband-1  was  the 
subject  of  another  study  (Plante  et  al,  1990),  his 
perisylvian  configuration  (L  >  R)  was  known  prior  to  his 
inclusion  in  this  study.  Therefore,  he  was  excluded  in  all 
probability  calculations  involving  the  perisylvian  areas. 

The  remaining  three  probands  are  too  few  in  number  to 
produce  statistically  significant  probability  levels. 
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Four  of  the  five  siblings  also  had  atypical  perisylvian 
configurations  (L  =  R  in  all  cases) .  No  probability  level 
is  given  for  this  rate  because  the  sibling  data  are 
dependent. 

An  over-all  conditional  probability  for  offspring  of 
parents  with  atypical  perisylvian  asymmetry  was  calculated. 
This  probability  describes  the  degree  to  which  atypical 
perisylvian  asymmetries  in  parents  are  associated  with  the 
same  trait  in  children.  When  at  least  one  parent  has  an 
atypical  perisylvian  asymmetry,  the  likelihood  of  at  least 
one  offspring  having  the  trait  is  .75.  The  likelihood  of 
the  proband  having  the  trait  is  .66.  (Proband-l  has  been 
excluded  from  this  calculation.) 

Proportional  volumes 

Proportional  volumes  (displayed  in  Tables  7-10)  were 
obtained  for  eight  cerebral  areas  in  the  left  and  right 
hemisphere  in  order  to  document  the  pattern  of  cortical 
involvement.  Proportional  volumes  for  the  perisylvian  area 
are  useful  in  that  they  illucidate  the  nature  of  atypical 
perisylvian  asymmetries.  Proportional  volumes  in  additional 
cerebral  regions  describe  the  extent  to  which  atypical 
effects  on  the  brain  can  be  found  outside  the  perisylvian 
areas.  The  proportional  volumes  for  each  subject  were 
converted  to  z-scores  so  that  they  may  be  evaluated  relative 
to  the  range  seen  in  the  comparison  group. 
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Bolded  values  are  those  for  which  z  equals  or  exceeds  +/-1.96  (q  <  .05, 
two-tailed  test) 
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Underlined  values  are  those  for  which  z  equals  or  exceeds  +/-1.64  (e  <  *10# 
two-tailed  test) 

Bolded  values  are  those  for  which  z  equals  or  exceeds  +/-1.96  (e  <  .05, 
two-tailed  test) 
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With  the  use  of  a  stringent  criteria  for  deviance  (e  < 
.05,  two-tailed  test),  no  more  than  one  deviant  z-score  was 
obtained  for  any  area  in  the  left  or  right  hemisphere  in 
comparison  scans.  For  family  members,  at  least  one  deviant 
z-score  was  documented  for  every  region  measured,  with  the 
exception  of  the  supramarginal/angular  gyrus  area.  The 
number  of  family  members  with  deviant  z-scores  exceeded,  by 
at  least  one,  the  number  of  deviant  z-scores  in  the 
comparison  group  for  the  perisylvian,  superior  temporal,  and 
middle  temporal  areas. 

The  right  perisylvian  areas,  for  members  of  three 
families  (1,  3,  &  4),  were  significantly  larger  (e  <  .05, 
two  tailed)  than  those  from  comparison  scans.  The  left 
perisylvian  was  significantly  larger  than  in  the  comparison 
scans  for  members  of  two  families  (1  &  4).  No  statistical 
comparison  can  be  made  for  these  data  due  to  data  dependency 
among  family  members. 

For  the  middle  temporal  area,  z-scores  for  at  least  one 
member  of  each  family  were  significantly  different  compared 
with  the  distribution  of  the  comparison  group.  In  all 
cases,  deviant  z-scores  were  obtained  bilaterally.  In  most 
cases,  the  middle  temporal  areas  were  significantly  smaller 
than  those  obtained  from  comparison  scans.  Family  1 
included  two  members  for  whom  this  area  was  significantly 
larger  than  expected  while  one  member  showed  the  opposite 
effect  (significantly  smaller) . 
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For  the  superior  temporal  area  and  the  superior  frontal 
area,  members  of  two  families  had  significantly  deviant  z- 
scores  unilaterally  or  bilaterally.  This  number  of  subjects 
exceeds  the  number  in  the  comparison  group  by  one  for  both 
areas. 

The  use  of  a  less  stringent  requirement  for  deviancy  (p 
<  .10,  two-tailed  test),  increased  the  discrepancy  between 
number  of  deviant  z-scores  found  for  subjects  and  in  the 
comparison  group  for  each  of  the  areas  identified  above. 

This  discrepancy  in  the  z-score  distributions  between 
subjects  and  comparisons  provides  converging  evidence  for  a 
stable  neuroanatomical  effect  in  the  areas  identified. 

Neuroanatomical  variability  within  families 

Marked  variability  was  noted  for  the  neuroanatomical 
profiles  within  each  of  the  families.  Figure  3  illustrates 
that  the  range  of  perisylvian  quotients  in  each  family 
overlapped  the  range  documented  in  the  comparison  group.  In 
addition,  at  least  one  quotient  that  was  outside  the  range 
in  the  comparison  group  was  documented  in  every  family.  In 
three  of  the  families,  the  range  seen  in  biologically 
related  individuals  exceeded  the  range  documented  for  the 
unrelated  individuals  who  served  as  comparisons.  The  ranges 
of  perisylvian  asymmetries  obtained  for  the  four  families 
were  not  markedly  different. 

Similarly,  there  was  notable  variability  for  the  rates 
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of  deviant  proportional  volumes  among  family  members,  as 
seen  in  Tables  7-10.  In  areas  were  deviant  z-scores  from 
subjects  exceeded  those  from  the  comparison  group,  deviant 
scores  tended  to  be  distributed  across  the  different 
families. 

Association  of  atypical  neuroanatomv  and  impaired  language 

Perisvlvian  asymmetries 

Figure  4  illustrates  the  family  constellations  of 
perisylvian  findings  (typical  or  atypical)  in  relation  to 
indications  of  language  impairment  in  each  family  member. 
Several  measures  are  available  to  describe  the  association 
between  atypical  perisylvian  asymmetries  and  evidence  of 
impaired  language.  This  association  will  be  considered 
separately  for  parents  and  for  children  because  different 
methods  were  used  to  determine  history  of  childhood  language 
impairment  in  these  to  groups  of  subjects. 

Parents 

Parents  were  considered  to  have  a  history  of  early 
communication  difficulty  if  they  self-reported  any  of  the 
following  characteristics:  early  speech  or  language 
difficulty,  difficulty  with  reading,  or  academic  failure 
(cf.  Tallal,  Ross,  &  Curtis,  1989a  &  b) .  One  method  that 
describes  the  relation  between  these  factors  and  perisylvian 
asymmetry  is  a  measure  of  the  relative  "sensitivity" 

(Fleiss,  1981,  p.  6)  of  a  history  of  communication 
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difficulty  as  an  indicator  of  the  presence  of  atypical 
perisylvian  asymmetries  in  parents.  The  conditional 
probability  that  describes  sensitivity  is  .86. 

The  converse  of  the  sensitivity  of  a  measure  is  it's 
"specificity"  (Fleiss,  1981,  p.  6)  .  A  proportional 
probability  for  specificity  describes  the  degree  to  which 
atypical  perisylvian  asymmetries  are  specific  to  individuals 
with  a  history  of  communication  difficulties.  When  parents 
who  reported  communication  difficulties  are  compared  with 
comparisons  who  lack  such  a  history,  the  specificity  level 
is  .59. 

A  third  method  to  describe  the  relation  between 
atypical  perisylvian  asymmetries  and  a  history  of 
communication  difficulty  is  a  "proportion  of  attributable 
risk"  (Fleiss,  1981,  p,75).  This  statistic  estimates  the 
proportion  of  the  probability  of  having  a  given  condition 
that  can  be  attributed  to  the  presence  of  a  precursor 
condition.  It  is  used  to  estimate  the  degree  to  which  early 
communication  difficulty  is  attributable  to  the  presence  of 
atypical  perisylvian  asymmetries  in  the  combined  set  of 
parents  and  the  comparison  group.  The  proportion  of 
attributable  risk  estimated  from  both  the  parents  and  the 
comparison  group  is  .74.  This  value  probably  underestimates 
attributable  risk  in  parents  of  language-impaired  children 
due  to  the  fact  that  the  rate  of  the  risk  factor  (atypical 
perisylvian  asymmetries)  is  significantly  higher  in  this 
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population  than  in  the  normal  population  (Fleiss,  1981,  p. 
76)  . 

Siblings 

Most  of  the  siblings  studied  had  impaired  language  as 
documented  by  standardized  testing.  Three  of  the  siblings 
with  impaired  language  also  had  atypical  perisylvian  areas 
(families  1  &  4) .  A  fourth  sibling,  in  family  3,  had 
atypical  perisylvian  asymmetry  without  a  documented  language 
impairment.  The  statistical  procedures  used  with  parents  to 
describe  the  relation  between  language  impairment  and 
atypical  perisylvian  asymmetries  require  independent 
selection  of  cases.  Therefore,  they  cannot  be  applied  to 
data  from  siblings. 

Proportional  volumes 
Parents 

The  mother  in  Family  1  had  deviant  z-scores  in  the 
superior  frontal  gyrus  region  and  in  the  middle  temporal 
gyrus  region.  This  parent  also  had  a  history  of 
communication  difficulty.  The  conditional  probability  of 
deviant  z-scores  in  either  area  given  a  history  of 
communication  difficulty  is  .14.  No  other  region  was  tested 
using  conditional  probabilites  because  deviant  scores 
occurred  with  equal  frequency  in  parent  and  comparison 
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scans. 
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Probands  and  Siblings 

For  the  middle  temporal  gyrus  region,  one  proband  (in 
Family  1)  and  four  siblings  (one  in  each  family)  had 
significantly  deviant  z-scores.  Three  of  the  siblings  also 
had  a  documented  language  impairment.  For  the  superior 
temporal  gyrus  region,  one  proband  (in  Family  2)  had  a 
deviant  z -score.  No  language  impairment  was  documented  for 
this  child.  One  sibling  (in  Family  2)  without  documented 
language  impairment  also  had  a  deviant  z-score  in  the 
superior  frontal  gyrus  region. 
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CHAPTER  4 
Discussion 


Perisvlvian  findings 

Atypical  perisylvian  asymmetries  were  documented  in  seven 
of  eight  parents  of  SLI  boys.  This  statistically 
significant  finding  establishes  that  a  neuroanatomical 
effect  previously  associated  with  SLI  in  boys  (Plante  et  al, 
1990)  is  also  found  among  the  parents  of  such  children.  The 
majority  of  these  parents  also  had  children  with  atypical 
perisylvian  asymmetries.  Thus  atypical  perisylvian 
asymmetries  appeared  in  two  generations  within  families  that 
have  a  history  of  language  disorder. 

In  five  cases,  the  atypical  perisylvian  asymmetries 
occurred  because  the  right  perisylvian  areas  were  larger 
than  expected,  in  relation  to  total  brain  size  while  the 
left  perisylvian  area  was  of  the  expected  proportional  size. 
For  these  subjects,  this  perisylvian  configuration  did  not 
vary  with  the  type  of  atypical  perisylvian  asymmetry;  a 
large  right  perisylvian  area  occurred  in  the  presence  of 
both  right  >  left  and  right  =  left  perisylvian  asymmetries. 

A  sixth  subject  had  perisylvian  areas  that  were  larger  than 
expected  bilaterally,  which  produced  perisylvian  symmetry. 
One  subject  had  a  left  perisylvian  area  that  was 
disproportionately  large  while  the  right  was  of  the  expected 
size.  In  this  subject,  this  pattern  produced  the  typical 
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left  >  right  asymmetry.  Larger  than  typical  volumes  provide 
strong  evidence  that  an  effect  altered  cerebral  development, 
rather  than  damaged  a  brain  that  had  developed  normally. 

This  pattern  of  results  has  been  previously  reported  for  an 
SLI  boy  (Plante  et  al,  1989)  and  for  four  males  who  had 
developmental  dyslexia  (Galaburda  et  al,  1985).  In  the 
present  study,  this  pattern  occurred  for  both  parents  and 
children  who  had  atypical  perisylvian  asymmetries.  Thus 
atypical  perisylvian  findings,  which  differed  in  degree  of 
asymmetry  across  subjects,  were  qualitatively  similar  in 
terms  of  proportional  volume. 

Perisvlvian-lanauaae  relations 

The  assumption  that  perisylvian  abnormalities  are  linked 
to  developmental  language  disorders  is  supported  from  both 
data-based  and  theoretical  positions.  Models  based  on 
anatomical  correlates  of  acquired  language  disorders 
highlight  the  importance  of  left  hemisphere  perisylvian 
structures  (e.g.  Geschwind,  1979) .  As  discussed  above, 
previous  reports  have  linked  developmentally  impaired 
language  to  disturbances  to  the  cellular  architectonics 
(Cohen  et  al,  1988;  Galaburda  et  al,  1985)  and  in 
alterations  of  gross  anatomy  (Cohen  et  al,  1988;  Galaburda 
et  al,  1985;  Plante  et  al,  1989;  Plante  et  al,  1990)  in  the 
perisylvian  areas. 

The  relation  between  developmental  language  disorders  and 
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atypical  perisylvian  configurations  is  further  supported  by 
the  self-reported  histories  of  the  parents  who  were  studied. 
Most  parents  reported  problems  indicative  of  early 
communication  difficulty  and  possible  language  disorder. 
Communication  difficulty  was  defined  as  a  reported  childhood 
difficulty  with  speech  or  language,  academic  failure,  or 
difficulty  with  reading  (cf.  Tallal  et  al,  1989a  &  b) .  When 
parents  reported  such  difficulty,  the  probability  of  their 
having  atypical  perisylvian  configurations  was  relatively 
high  (.86),  indicating  that  such  a  history  is  a  sensitive 
indicator  of  the  presence  of  an  atypical  brain. 

Because  some  individuals  who  did  not  report  a  history  of 
communication  difficulty  also  had  atypical  perisylvian 
asymmetries,  this  neuroanatomical  marker,  as  measured  by 
MRI,  cannot  be  considered  specific  to  language  disorder 
alone.  However,  the  relation  is  sufficiently  strong  as  to 
suggest  that  the  atypical  perisylvian  asymmetries  represent 
a  risk  factor  that  increases  the  likelihood  (p  =  .74)  that 
an  individual  will  experience  difficulty  with  communication 
skills.  These  data  suggest  that  perisylvian  asymmetries 
reflect  biological  factors  that  place  some  families  at  risk 
for  language  disorder.  The  notion  of  familial  risk  is 
supported  by  the  multiple  cases  of  language  disorder  within 
families  as  well  as  the  indications  of  similar  problems  in 
parents  and  their  children. 
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Language  disorder  as  a  transmitted  effect 

The  results  of  this  study  are  consistent  with  the 
hypothesis  that  a  transmittable,  biological  effect 
contributes  to  the  expression  of  a  developmental  language 
disorder.  Support  for  this  hypothesis  requires  a 
demonstration  that  the  behavioral  and  biological 
characteristics  both  occur  across  generations  within 
families,  and  both  are  associated  within  individual  members 
of  families.  Finding  atypical  perisylvian  asymmetries  in 
parents  and  their  children  establishes  that  this  biological 
marker  occurs  across  generations  in  families  affected  by 
language  disorder.  Likewise,  indications  of  impaired 
language,  based  on  testing  in  children  and  self  report  in 
adults,  also  occurred  across  generations  in  these  families. 
Finally,  the  rate  of  both  the  biological  and  behavioral 
factors  suggests  that  a  proportion  of  the  risk  for 
communication  difficulty  can  be  attributed  to  the  presence 
of  atypical  perisylvian  asymmetries.  Thus,  atypical 
perisylvian  asymmetries  have  been  linked  with  the  behavioral 
disorder  in  the  present  study  and  both  appear  to  be 
transmitted  from  parents  to  children  in  the  families  of  SLI 
boys. 

The  results  of  this  study  confirm  and  extend  previous 
behavioral  studies  that  examine  the  issue  of  transmission  of 
language  disorder  through  families.  The  high  prevalence  of 
early  communication  difficulties  among  the  parents  is 
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consistent  with  previous  studies  that  used  self  report  of 
communication  difficulty  to  establish  the  prevalence  of 
possible  language  disorder  among  parents  of  language- 
impaired  children  (Byrne  et  al,  1974;  Neils  &  Aram,  1986; 
Tallal  et  al,  1989a  &  b;  Tomblin,  1989).  The  findings  of 
the  present  study  extend  previous  reports  by  pairing  self 
report  with  a  neuroanatomical  correlate  of  language  disorder 
which  is  unknown  to  the  parents.  The  relatively  high 
agreement  between  neuroanatomical  and  behavioral  features 
provide  converging  evidence  that  the  high  rate  of 
communication  difficulties  reported  for  parents  is  not  the 
sole  result  of  over-reporting  by  parents. 

Previous  studies  have  suggested  that  fathers  of  language- 
impaired  children  are  more  likely  than  mothers  to  indicate 
signs  of  disorder  in  themselves  (Neils  &  Aram,  1986;  Tallal 
et  al,  1989a  &  b) .  In  this  study,  one  more  father  than 
mother  reported  signs  of  communication  difficulties.  In 
contrast,  one  more  mother  than  father  had  atypical 
perisylvian  asymmetries.  Because  the  majority  of  mothers 
and  fathers  had  both  atypical  perisylvian  asymmetries  and 
behavioral  indicators  of  language  disorder,  this  study  does 
not  provide  clear  evidence  concerning  the  mode  of 
transmission  of  these  features.  The  relatively  high 
concordance  between  spouses  for  atypical  perisylvian 
asymmetries  in  this  small  sample  indicates  future  studies 
must  have  a  relatively  large  sample  size  in  order  to  asses 


65 

the  relative  contribution  to  the  transmission  of  language 
disorder  by  either  mothers  or  fathers. 

Like  the  high  rate  of  communication  difficulty  among  the 
parents  studied,  the  high  rate  of  language  disorder  among 
the  siblings  of  SLI  boys  is  not  unusual,  according  to 
reports  in  the  literature  (Bishop  &  Edmundson,  1986;  Neils  & 
Aram,  1986;  Tallal  et  al,  1989a  &  b;  Tomblin,  1989).  Unlike 
previous  studies  of  familial  constellation  of  language 
disorder,  in  the  present  study  language  impairment  in 
siblings  was  determined  by  standardized  testing  rather  than 
by  parental  report.  Siblings  who  evidenced  significantly 
impaired  language  also  had  atypical  perisylvian  asymmetries. 
Thus,  the  data  for  siblings,  who  were  not  selected  for  study 
on  the  basis  of  language  scores,  suggest  that  the  presence 
of  language  disorder  is  predictive  of  the  presence  of 
atypical  perisylvian  asymmetries. 

In  one  sibling's  case,  atypical  perisylvian  asymmetries 
were  documented  in  the  absence  of  evidence  for  impaired 
language.  This  dissociation  was  previously  documented  in  a 
normally  developing  twin  of  an  SLI  boy  (Plante  et  al,  1989). 
A  percentage  of  individuals  without  a  personal  history  of 
impaired  language  also  have  atypical  perisylvian 
asymmetries.  The  presence  of  atypical  perisylvian 
asymmetries  without  a  documented  language  disorder  suggest 
that  atypical  perisylvian  asymmetries  are  not  in  themselves 
sufficient  for  the  expression  of  language  disorder,  but  are 
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compatible  with  the  notion  of  familial  risk. 

A  neuroanatomical  effect  that  occurs  across  generations 
within  the  same  family  is  unlikely  to  be  the  result  of 
accidental  events  such  as  trauma  or  toxins.  The  kind  of 
evidence  that  would  advance  trauma  or  toxins  as  potential 
explanations  of  the  perisylvian  effects  was  lacking  in  this 
group  of  subjects.  For  example,  brain  damage  would  be 
expected  either  to  leave  visibly  detectable  evidence  (e.g. 
parenchymal  lesions,  ventricular  enlargement) ,  or  measurable 
decreases  in  the  perisylvian  volumes  due  to  tissue  loss.  No 
evidence  of  damage  was  reported  during  routine  clinical 
examination  of  MRI  scans.  More  importantly,  perisylvian 
volumes  were  not  smaller  but  larger  than  usual  in  many 
cases.  As  mentioned  previously,  this  is  the  opposite  effect 
that  damage  would  be  expected  to  produce. 

Although  not  tested  exhaustively,  toxins  appear  to  be  an 
unlikely  explanation  as  well.  A  toxin  would  have  to  act 
during  prenatal  development  to  explain  the  perisylvian 
findings.  Responses  to  case  histories  identified  only  one 
potential  toxin,  parental  exposure  to  cigarette  smoke,  that 
occurred  across  families.  Since  this  factor  occurred  in  the 
comparison  group  as  well,  it  cannot  be  considered  unique  to 
language “disordered  individuals.  The  likelihood  of  an 
unreported,  environmental  toxin  accounting  for  the 
perisylvian  findings  is  reduced  by  the  fact  that  parents  and 
offspring  in  each  family  were  born  in  different  parts  of  the 
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country . 

Tomblin  (1989)  has  hypothesized  that  multiple  cases  of 
language  disorder  within  families  might  be  explained  by  poor 
rearing  practices.  The  present  findings  are  incompatible 
with  this  hypothesis  as  atypical  perisylvian  asymmetries 
reflect  prenatal  effects.  Although  environmental  input  will 
influence  cellular  connections  (see  Cowan,  1979  for 
examples) ,  input  does  not  change  gyral  configurations  at  the 
level  of  gross  anatomy.  Thus,  less  than  optimal  language 
experiences  could  not  account  for  the  atypical  neuroanatomy 
observed.  The  presence  of  a  prenatal  neuroanatomical  effect 
rules  out  parental  rearing  practices  as  a  potential  causal 
factor,  although  they  may  be  maintaining  factors  in  the 
expression  of  developmental  language  disorder  in  some  cases. 

Range  of  neuroanatomical  effect 

Variability  of  neuroanatomical  findings  across  language- 
disordered  children  may  signal  a  range  of  effect  produced  by 
a  single  cause,  or  different  causes.  Because  of  the 
similarity  among  genetically  related  family  members  for 
biological  background,  the  range  of  neuroanatomical  findings 
among  family  members  is  likely  to  reflect  the  effects  of 
similar  biological  factors.  Considered  in  this  context,  the 
range  of  neuroanatomical  findings  within  the  families 
studied  can  serve  as  a  benchmark  for  evaluating 
neuroanatomical  heterogeneity  across  unrelated  language- 
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impaired  individuals.  It  is  therefore  notable  that  the 
ranges  for  perisylvian  quotients  among  related  family 
members  were  broader  than  the  range  seen  in  the  comparison 
group  for  three  of  the  four  families  studied.  This  suggests 
that  relatively  similar  biological  backgrounds  are 
associated  with  substantial  neuroanatomical  variability. 

The  perisylvian  quotients  did  not  appear  to  be  sensitive 
to  the  degree  of  language  disorder  across  members  of  the 
four  families.  For  example,  the  sibling  in  Family  3,  who 
lacks  a  documented  language  disorder,  has  a  higher  quotient 
than  either  of  the  probands  in  Families  1  and  2.  Part  of 
the  reason  for  the  apparent  insensitivity  of  the  degree  of 
perisylvian  asymmetry  to  the  degree  of  behavioral  disorder 
is  related  to  the  limits  of  MRI  as  a  tool  for  documenting 
neuroanatomical  effects.  As  mentioned  in  the  introduction, 
MRI  detects  only  deviations  in  gross  anatomy.  This 
characteristic  of  MRI  can  result  in  effects  that  seem 
counter-intuitive.  For  example,  in  many  of  the  subjects 
studied,  the  proportional  volumes  for  the  left  perisylvian 
areas  were  of  the  expected  size  while  the  right  tended  to  be 
significantly  larger  than  expected.  This  pattern  of 
findings  has  been  previously  documented  for  the  perisylvian 
area  in  an  SLI  boy  (Plante  et  al,  1989)  and  for  the  plana 
temporale  in  dyslexic  subjects  (Galaburda  et  al,  1985). 

This  pattern  appears  to  be  contradictory  to  the  brain- 
language  relations  documented  in  cases  of  acquired  language 
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disorders  which  are  associated  with  unilateral  lesions  of 
the  left  perisylvian  area.  However,  microscopic  examination 
of  the  brains  of  dyslexics  revealed  cellular  disturbances 
predominantly  in  the  left  perisylvian  area  (Galaburda  et  al, 
1985)  .  Thus,  examination  of  gross  anatomy,  the  level 
detectable  with  MRI,  implicated  the  opposite  side  of  the 
brain  compared  with  examination  of  cellular  anatomy  in  the 
same  subjects.  The  implications  of  this  limitation  of  MRI 
as  a  tool  is  that  many  forms  and  combinations  of  cellular- 
level  effects  will  not  produce  a  detectable  effect  at  the 
level  of  gross  anatomy.  This  limitation  probably  also 
contributes  to  the  apparent  range  of  neuroanatomical  effects 
among  family  members. 

Pattern  of  cerebral  involvement 

The  idea  of  a  range  of  neuroanatomical  effect  is  again 
reflected  by  the  data  indicating  neuroanatomical  involvement 
outside  of  the  perisylvian  areas.  Although  in  every  family, 
atypical  proportional  volumes  were  obtained  for  every 
member,  the  areas  so  identified  varied  across  family 
members.  Some  cerebral  areas  were  more  frequently  deviant 
than  others  across  both  individual  subjects  and  across 
families.  These  included,  along  with  the  perisylvian  areas, 
the  superior  frontal,  superior  temporal,  and  middle  temporal 
areas. 

The  most  frequently  obtained  deviant  proportional  volumes 
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were  for  the  left  and  right  middle  temporal  area.  This  area 
tended  to  be  smaller  than  expected,  compared  with  control 
scans.  In  all  cases,  when  deviant  scores  were  obtained, 
they  were  obtained  bilaterally.  This  is  clear  evidence  of 
bilateral  involvement  in  the  subjects  studied.  This  is  not 
unexpected,  as  an  effect  on  the  developing  brain  is  likely 
to  affect  both  the  left  and  right  hemispheres.  Indeed, 
autopsy  studies  of  individual  with  disorders  that  included 
impaired  language  have  revealed  bilateral  cellular-level 
abnormalities  (Galaburda  et  al,  1985;  Landau  et  al,  1960). 

Other  deviant  proportional  volumes  were  obtained  in  the 
superior  temporal  area  and  superior  frontal  area.  In  both 
cases,  both  disproportionately  large  and  disproportionately 
small  volumes  were  obtained  across  subjects.  Such  scores 
were  obtained  unilaterally  and  bilaterally.  Findings  in 
spatially  disparate  regions  such  as  the  superior  frontal  and 
perisylvian  areas  provide  evidence  of  widespread  cerebral 
involvement  associated  with  developmental  language  disorder. 
This  neuroanatomical  feature,  like  bilateral  involvement  is 
not  unexpected  since  an  in-utero  effect  is  likely  to  affect 
all  brain  areas,  to  varying  extents. 

Because  gyral  patterns  are  determined  during  the  prenatal 
period  of  cell  migration  (see  Cowan,  1979  for  an  overview  of 
cerebral  development) ,  disturbances  in  the  size  or 
configuration  of  gyri  are  likely  to  reflect  an  alteration  in 
cerebral  development.  The  fact  that  neuroanatomical  areas 
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were  both  significantly  larger  and  smaller  than  expected 
across  family  members  may  reflect  an  interaction  between  the 
stage  of  brain  development  and  the  agent (s)  producing  the 
neuroanatomical  effect  (Galaburda  et  al,  1985;  Plante  et  al, 
1989) .  It  is  also  the  case,  as  discussed  previously,  that 
certain  combinations  of  adverse  developmental  effects  will 
not  result  in  a  cerebral  effect  that  is  detectable  at  the 
level  of  gross  anatomy. 

An  effect  that  occurs  early,  relative  to  gyral 
development,  would  be  expected  to  interfere  with  the  period 
of  cell  genesis  and  migration  for  that  gyrus.  If  cell 
genesis  or  migration  is  limited,  the  predicted  effect  would 
be  a  smaller  than  usual  gyral  volume.  An  effect  that 
interferes  primarily  with  the  next  stage  of  cerebral 
development,  programed  cell  death,  would  result  in  gyral 
regions  that  are  abnormally  large.  In  the  normally 
developing  brain  many  more  cells  are  generated  and  migrate 
than  are  needed.  Excess  cells,  including  misplaced  and 
nonfunctional  cells,  are  eliminated  during  a  period  of  cell 
death  (see  Cowan,  Fawcett,  O'Leary,  &  Stanfield,  1984  for  a 
review  of  regressive  events  in  neurogenesis) .  As  stated 
previously,  the  strongest  evidence  from  this  study  for  an 
eflect  that  interacts  with  brain  development  comes  from  the 
finding  of  disproportionately  large  cerebral  areas  as  in  the 
perisylvian  areas.  Such  a  finding  could  not  be  explained  by 
damage  to  a  brain  that  had  otherwise  developed  normally,  but 
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is  consistent  with  a  failure  of  regressive  events.  The 
presence  of  neuronal  ectopias  documented  in  dyslexic 
subjects  (Galaburda  et  al,  1985)  also  suggests  a  failure  of 
the  regressive  events  that  normally  eliminate  heterotopic 
cells.  In  addition,  the  presence  and  location  of  such  cells 
suggest  an  effect  operated  on  cell  migration  as  well  as  cell 
survival. 

Given  evidence  for  a  developmental  effect,  the  areas  that 
were  most  often  atypical  in  the  subjects  studied  can  be  used 
to  hypothesize  about  the  course  of  altered  cerebral 
development.  One  approach  is  to  consider  the  regions  where 
a  neuroanatomical  effect  was  documented  relative  to  the  time 
course  of  gyral  development.  According  to  data  presented  by 
Chi  and  colleagues,  (1977b) (see  Figure  5),  the  gyral  regions 
most  frequently  implicated  in  this  study  are  neither  the 
earliest  or  latest  to  appear.  The  superior  temporal  gyrus 
was  first  identified  in  25-50%  of  the  brains  studied  during 
the  23  week  of  gestation.  The  superior  frontal  gyrus  and 
middle  temporal  gyrus  followed  at  25  and  26  weeks 
respectively.  The  perisylvian  area  covers  several  regions 
that  are  first  identified  between  23  to  31  weeks. 

An  inter-hemispheric  difference  exists  for  development  of 
three  of  these  four  areas.  In  each  case,  the  gyri  appear 
later  in  the  left  hemisphere  than  in  the  right.  Only  one 
other  cerebral  region  has  such  a  inter-hemispheric 
difference  in  the  course  of  development.  This  is  the  area 
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of  the  supramarginal  and  angular  gyri,  which  first  appears 
at  28  weeks  gestation.  It  has  been  suggested  that  such 
left-right  differences  leave  areas  of  the  left  hemisphere 
more  vulnerable  to  adverse  effects  on  development,  compared 
with  the  homologous  areas  in  the  right  hemisphere  (Geschwind 
&  Behan,  1982).  It  is  also  possible  that  the 
interhemispheric  difference  in  the  time  of  development 
increased  the  probability  that  alterations  in  cerebral 
development  would  result  in  an  effect  detectable  by  MRI  in 
one  or  the  other  hemisphere. 

Unlike  the  majority  of  areas  that  were  most  often  atypical 
in  the  family  members  studied,  no  left-right  difference  in 
development  was  reported  by  Chi  et  al  (1977b)  for  the  middle 
temporal  gyrus.  The  pattern  of  deviant  proportional  volumes 
for  this  area  presents  clear  evidence  of  a  bilateral  effect 
on  brain  development.  Findings  for  this  area  were  always 
similar  across  hemispheres  within  any  given  subject.  This 
similarity  across  hemispheres  is  consistent  with  the  fact 
that  these  areas  develop  at  the  same  rate  and  should  be 
equally  affected  by  any  adverse  effects. 

Hormones  as  a  contributing  agent 

One  potentially  transmittable  factor,  which  may  or  may  not 
be  genetically  mediated,  i?  gonadal  hormones.  As  reviewed 
in  the  introduction,  a  variety  of  studies  of  language-  and 
learning-disabled  subjects  suggest  a  hormonal  role  in  the 
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origins  of  these  disorders  (Galaburda  et  al,  1985;  Geschwind 
&  Behan,  1982;  Plante  et  al,  1989;  Tallal  et  al,  1989b). 
Likewise,  the  action  of  gonadal  hormones  may  explain  the 
cerebral  effects  and  certain  aspects  of  background  history 
in  the  subjects  of  this  study. 

One  indicator  of  a  possible  hormonal  role  in  the 
transmission  of  language  disorders  is  the  high  prevalence  of 
dizygotic  twinning  (cf.  Milham,  1964)  among  the  families 
studied.  This  familial  characteristic  has  also  been 
documented  in  previous  studies  of  individuals  with  impaired 
language  skills  (Galaburda  et  al,  1985;  Plante  et  al,  1989; 
Plante  et  al,  1990).  The  presence  of  dizygotic  twinning  in 
the  family  history  suggests  ambient  conditions  existed  that 
increased  the  likelihood  that  family  members  were  exposed  to 
high  levels  of  gonadal  hormones  in  utero.  The  same  ambient 
conditions  would  also  place  other  siblings  at  risk  for 
developmental  disorders  commonly  associated  with  impaired 
language.  Such  conditions  would  explain  the  prevalence  of 
language  and  learning  disorders  among  the  siblings  of  the 
probands . 

In  the  absence  of  evidence  for  lesion-induced  alterations 
of  asymmetries,  a  hormonally-mediated  change  in  brain 
development  is  an  attractive  explanation  for  the  atypical 
anatomical  findings.  Experimental  manipulations  of  either 
endogenous  or  exogenous  hormone  levels  alter  neuronal 
volumes  in  the  developing  brain  (Diamond,  Dowling,  & 
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Johnson,  1981;  Dodson,  Shryne,  &  Gorski,  1988,  Gorski, 
Gordon,  Shryne,  &  Southam,  1978;  Jacobson,  Csernus,  Shryne, 

&  Gorski,  1981;  Pappas,  Diamond,  &  Johnson,  1978;  Pfaff, 
1966;  Sandhu,  Cook,  &  Diamond,  1986).  Cortical  hormone 
receptors  are  present  during  the  prenatal  period  in  monkeys 
(Handa,  Connolly,  &  Resko,  1988;  Pomerantz,  Fox,  Sholl, 

Vito,  &  Goy,  1985;  Sholl  &  Kim,  1989;),  and  in  rats 
(MacLusky,  Lieberburg,  &  McEwen,  1979;  McEwen,  Plapinger, 
Chaptal,  Gerlach,  &  Wallach,  1975).  These  conditions 
provide  an  opportunity  for  hormones  to  influence  cortical 
development. 

One  way  in  which  gonadal  hormones  are  known  to  influence 
brain  development  is  by  increasing  survival  of  cells  (Bloch 
&  Gorski,  1988a  &  b;  Dodson  et  al,  1988;  Gorski  et  al,  1978; 
Jacobson  et  al,  1981;  Matsumoto  &  Arai,  1976)  and  cellular 
connections  (Yu,  1989) .  Because  the  presence  of  5  alpha- 
reductase  (which  is  critical  to  the  conversion  of  one  type 
of  testosterone  to  an  estrogen  prior  to  cellular  uptake) 
increases  over  the  course  of  gestation  in  monkeys  (Resko, 
Connolly,  &  Roselli,  1988),  the  greatest  hormone  influence 
in  these  areas  would  be  expected  during  late  gestation.  A 
late  hormone  effect  would  be  predicted  to  influence  cell 
survival  more  than  cell  proliferation  or  migration.  The 
data  from  these  animal  studies  demonstrate  the  potential  for 
gonadal  hormones  to  increase  cortical  volumes  during  the 
prenatal  period.  Thus,  animal  models  are  available  that 
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might  be  applicable  to  the  effects  demonstrated  in  the  human 
subjects  of  the  present  study. 

Implications  for  brain-behavior  relations  in  SLI 

Current  models  of  brain-language  relations  reflect 
information  available  from  the  results  of  lesions  to  the 
premorbidly  normal,  mature  brain  (e.g.  Geschwind,  1979) . 
These  models  typically  emphasize  the  importance  of  left 
perisylvian  areas  structures  and  the  connecting  pathways 
between  these  structures  and  others  in  cases  of  acquired 
language  disorder.  Studies  of  acquired  language  disorders 
in  children  (see  Aram  &  Whitaker,  1988  for  a  review)  appear 
to  support  the  applicability  of  such  models,  again 
emphasizing  the  importance  of  perisylvian  structures  in 
cases  of  acquired  language  disorder.  However,  a  model  of 
developmental ly  disordered  brain-language  relations  has  not 
yet  been  put  forward.  For  purposes  of  this  discussion,  a 
"developmental"  disorder  will  refer  to  disordered  behavior 
that  occurs  subsequent  to  an  alteration  of  brain 
development.  The  data  from  this  study  indicate  a  model  of 
developmental ly-disordered  language  would  have  both 
similarities  and  differences  with  models  based  on  cases  of 
acquired  language  disorder. 

Like  models  based  on  acquired  language  disorders,  a  model 
for  developmental  language  disorders  would  emphasize  the 
importance  of  the  perisylvian  areas.  In  this  and  previous 


78 


studies,  individuals  with  developmental  disorders  that 
included  impaired  language  had  either  cellular  level 
pathology  (Cohen  et  al,  1988;  Galaburda  et  al,  1985;  Landau 
et  al,  1960)  or  alterations  in  the  normal  pattern  of 
asymmetry  for  this  area  (Cohen  et  al,  1988;  Galaburda  et  al, 
1985;  Plante  et  al,  1989;  Plante  et  al,  1990).  Because 
asymmetries  of  the  perisylvian  area  reflect  an  asymmetry  in 
the  underlying  cytoarchetectonic  organization  (Galaburda  & 
Sanides,  &  Geschwind,  1978),  a  disturbance  of  the  asymmetry 
is  likely  to  reflect  altered  cytoachetectonics  (e.g. 
Galaburda  et  al,  1985).  This  disturbance  may  be  responsible 
for  the  increased  difficulty  language-disordered  children 
have  in  developing  the  skills  that  other  children  seem  to 
master  with  relative  ease.  Therefore,  although  the 
language-disordered  subjects  studied  to  date  lack  evidence 
of  acquired  brain  damage  to  the  perisylvian  area,  a 
developmental  alteration  of  this  cerebral  region  appears 
capable  of  placing  these  individuals  at  increased  risk  for 
the  disorder. 

The  importance  of  the  perisylvian  area  in  contributing  to 
the  expression  of  a  language  disorder  can  be  evaluated 
relative  to  other  areas  of  abnormality  that  were  documented 
in  language-disordered  individuals.  Only  one  autopsy  study 
documented  extra-perisylvian  effects  but  in  a  child  with 
multiple  handicaps  (Landau  et  al,  1960).  This  calls  into 
question  the  degree  to  which  such  findings  can  be  considered 


correlates  of  a  language  disorder.  The  present  study  is  the 
first  imaging  study  to  examine  specific  cerebral  areas  in 
addition  to  perisylvian  structures.  Although  other  cerebral 
regions  were  identified  as  atypical,  no  one  area  was  as 
consistently  associated  with  evidence  of  a  language  disorder 
as  was  the  perisylvian. 

The  extra-perisylvian  findings  provide  a  point  of 
departure  between  models  of  acquired  and  developmental 
language  disorders  and  their  basis  in  the  brain.  In 
acquired  language  disorders,  unilateral  damage  to  the  left 
perisylvian  area  is  sufficient  for  the  expression  of  a 
language  disorder.  The  evidence  from  this  study,  and  an 
autopsy  report  (Galaburda  et  al,  1985),  suggest  both 
widespread  and  bilateral  involvement  is  typical  in  cases  of 
developmental  language  disorder.  It  is  unknown  whether  the 
widespread  and  bilateral  damage  is  a  prerequisite  for  the 
expression  of  the  language  disorder  or  merely  an  artifact  of 
the  interaction  of  the  causal  agent (s)  with  the  course  of 
brain  development.  It  is  possible  that  the  widespread  and 
bilateral  involvement  is  one  factor  limiting  the  brain's 
ability  to  compensate  and  overcome  the  structural 
limitations  of  the  left  perisylvian  area,  thus  explaining 
the  persistent  nature  of  the  disorder  in  many  of  the 
subjects  studied  here  and  elsewhere  (e.g.  Aram,  Ekleman,  & 
Nation,  1984;  Aram  &  Nation,  1980;  Griffiths,  1969;  Hall  & 
Tomblin,  1978) . 
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The  widespread  and  bilateral  involvement  provides  a 
potential  neuroanatomical  explanation  for  the  nonlinguistic 
deficits  documented  in  groups  of  specifically  language- 
impaired  children  (Johnston  &  Smith,  1989;  Johnston  & 
Weismer,  1983;  Kamhi,  1981;  Kamhi,  Catts,  Koenig,  &  Lewis, 
1984;  Kamhi,  Catts,  Mauer,  Apel,  &  Gentry,  1988;  Nelson, 
Kamhi,  &  Apel,  1987;  Savich,  1984).  Although  nonverbal 
skills  have  been  addressed  from  a  variety  of  theoretical 
frameworks,  certain  similarities  recur  across  studies  in  the 
types  of  tasks  that  specifically  language-impaired  children 
perform  poorly.  These  tend  to  be  tasks  that  involve  spatial 
imagery  and  rotation.  Others  have  interpreted  the 
association  of  both  language  and  these  types  of  nonverbal 
deficits  as  reflecting  a  generalized  deficit  in  symbolic 
manipulation  (Kamhi,  1981) .  In  light  of  the  current 
neuroanatomical  findings,  the  behavioral  constellation  of 
verbal  and  select  nonverbal  deficits  co-occur  in  SLI 
children  because  these  children  have  bilateral  brain 
involvement.  From  this  perspective,  it  is  not  surprising 
that  language  deficits  are  associated  with  the  type  of 
nonverbal  deficits  frequently  associated  with  right 
hemisphere  damage. 


Appendix  A 

Standardized  Test  Battery 
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Nonverbal  measures: 

Performance  criterion: 

All  nonverbal  scales  appropriate  to  the  child's  age 
were  administered.  To  be  considered  for  this  study, 
probands  had  to  score  above  -1.5  SD  according  to  the  test's 
normative  data.  No  exclusion  criterion  was  used  for 
siblings  on  this  measure. 

Kaufman  Assessment  Battery  for  Children  (K-ABC)  (Kaufman  & 

Kaufman,  1983) 

Test  description: 

The  K-ABC  consists  of  a  series  of  subtests  that  require 
nonverbal  responses.  The  subtests  were  designed  to  tap 
skills  that  require  "simultaneous"  and  "sequential" 
processing  skills.  The  subtests  include  Triangles,  which 
requires  the  child  to  construct  a  pictured  figure  using  blue 
and  yellow  triangles.  Matrix  Analogies  requires  the  child 
to  select  a  geometric  figure  that  corresponds  to  a  given 
figure  in  the  same  way  as  a  previously  presented  pair  are 
related.  Spatial  Memory  requires  a  child  to  remember  the 
locations  of  pictured  items.  Hand  Movements  requires  the 
child  to  repeat  a  series  of  hand  movements  demonstrated  by 
the  examiner.  Photo  Series  requires  the  child  to  order  a 
series  of  photographs  to  show  a  sequence  of  events. 


Vineland  Social  Maturity  Scale  (Vineland)  (Sparrow,  Balia,  & 
Cicchetti,  1984) 

Test  description: 

The  Vineland  is  a  parent-interview  scale  that  samples 
daily  living  and  social  skills  to  assess  the  child's  typical 
behaviors.  Parents  of  children  ages  5; 11  and  below  are  also 
surveyed  concerning  their  child's  motor  skills. 

Language  measures 

Morpho-syntactic : 

Performance  criterion: 

To  qualify  as  a  proband,  a  boy  had  to  score  at  or  below 
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-1.64  SD  below  the  normative  sample  mean  on  one  or  more  of 
the  morpho-syntactic  tests.  No  criterion  was  set  for 
siblings. 

Clinical  Evaluation  of  Language  Functioning-Revised  (CELF-R) 

(Semmel,  Wiig,  &  Secord,  1987) 

Six  subtests  contribute  to  computation  of  an  overall 
language  level  for  children  8;0  and  above.  Oral  Directions 
taps  the  child's  ability  to  follow  directions  of  varying 
length  and  complexity.  Word  Classes  requires  the  child  to 
identify  which  two  of  four  words  go  together  semantically. 
Semantic  Relations  requires  the  child  to  identify  spatial, 
temporal,  and  attributional  relations.  Formulated  Sentences 
requires  the  child  to  make  up  a  sentence  using  a  given  word. 
Recalling  Sentences  requires  the  child  to  repeat  verbatim 
sentences  spoken  by  the  examiner.  Sentence  Assembly 
requires  the  child  to  make  two  sentences  from  a  group  of 
written  words. 

Subtests  of  the  CELF-R  that  are  known  to  discriminate 
between  language-impaired  and  language-normal  children 
(Semmel,  Wiig,  &  Secord,  1987)  were  administered  to  children 
ages  8;0  and  above.  These  include  Oral  Directions,  Semantic 
Relations,  Recalling  Sentences,  and  Sentence  Assembly. 
Additional  subtests  that  contribute  to  the  computation  of  an 
overall  language  level  were  also  administered  to  most 
children. 


Illinois  Test  of  Psvcholinauistic  Abilities — Grammatical 
Closure  subtest  (ITPA-GC)  (Kirk,  McCarthy,  &  Kirk,  1968) 

In  giving  the  ITPA-GC,  the  examiner  prompts  the  child 
to  say  words  that  contain  grammatical  morphemes  using  a 
sentence  closure  task. 


Northwestern  Syntax  Screening  Test — Expressive  subtest 
(NSST-E)  (Lee,  1969) 

The  NSST-E  requires  the  child  first  to  listen  to  two 
sentences  that  correspond  to  two  pictures.  Then,  the  child 
is  asked  to  repeat  the  sentences  verbatim. 


Test  of  Auditory  Comprehension  of  Language-Revised  (TACL-R) 
(Carrow-Woodfolk,  1985) 

The  TACL-R  requires  the  child  to  point  to  a  picture 
that  corresponds  to  an  orally  presented  word  or  sentence. 

The  TACL-R  has  three  subtests:  Word  Classes  and  Relations, 
Grammatical  Morphemes,  and  Elaborated  Sentences. 
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Token  Test  for  Children  (Token)  (DiSimoni,  1978) 

'  The  Token  has  five  subtests  that  require  the  child  to 
touch  or  manipulate  colored  shapes  in  response  to  oral 
directions.  The  first  four  subtests  increase  the  length  of 
directions  while  the  fifth  increases  the  linguistic 
complexity  of  the  directions. 

Vocabulary: 

Performance  criterion:  None  used. 

Peabody  Picture  Vocabulary  Test-Revised  (PPVT-R)  (Dunn  & 
Dunn,  1981) 

The  PPVT-R  requires  the  child  to  point  to  one  of  four 
pictures  that  corresponds  to  a  word  said  by  the  examiner. 


Expressive  One  Word  Picture  Vocabulary  Test  (EOWPVT) 

(Gardner,  1979) 

The  EOWPVT  requires  the  child  to  name  a  word  when  shown 
its  picture. 


Articulation: 

Performance  criterion:  None  used. 

Tempi in-Darlev  Test  of  Articulation  (Templin-Darley) 
(Templin  &  Darley,  1968) 

The  Templin-Darley  samples  the  child's  single  word 
articulation  skills  through  picture  naming.  Normative  data 
is  available  for  children  ages  8  and  below. 


Spontaneous  Language  Analysis 

Performance  criterion:  None  used. 

Developmental  Sentence  Scoring  (DSS)  (Lee,  1974) 

The  DSS  analyses  50  consecutive  sentences  (utterances 
that  have  a  subject  and  predicate)  from  a  spontaneous  speech 
sample  elicited  by  a  clinician.  A  DSS  was  used  on  language 
samples  from  children  ages  7; 11  and  younger. 


Appendix  B 
Case  Histories 


Child  Language  Laboratory 
MRl  and  Language  Impairment  in  Children 
Case  History 

CHILD’S  FORM 


Date: _ 

Person  completing  this  form 
Relation  to  child: _ 

IDENTIFYING  INFORMATION: 

Child's  name: _ 

Address : _ 


rhone;  _  _ 

Family:  Father _ _ _ 

years  of  education: _ _ _ 

Occupation :  _ _ _ _ 

Hot  her _ _ _ _ _ _ 

years  of  oducatioii:_ _ 

Occupation: _ 

Children;  Names  Sex  Age  Grade 


Are  there  any  other  persons  living  in  your  household 

Names;  Relationship  to  family; 


Child's  doctor: _ 

phone : _ 

Is  your  child  currently  receiving  speech-language  therapy; 

For  how  long: _ _ 

Child's  Speech-I.anguage  Therapist: _ 

Clinic  name: _ _ 

phone : _ 


STATEMENT  OF  THE  PROBI.EH; 

Describe  in  your  own  words  what  problem  you  child  is  having  with  speech, 


When  was  the  problem  first  noticed: 


Who  first  noticed  the  problem; _ 

What  changes  in  your  child's  language  or  speech  have  you  noticed  since  then; 


Do  you  have  any  thoughts  on  the  cause  of  the  problem?  Please  describe: 


What  have  you  done  to  try  to  help  your  child's  speech: 


Has  it  helped; _ 

Is  your  child  aware  of  having  difficulty  with  speech  or  language: 


If  so,  how  does  he  react: 


Do  any  relatives  have  problems  with  speech  or  language: _ 

If  so,  relation  to  child: _  age _ 

_  age_ 

Do  any  relatives  stutter  or  stammer: _ 

If  so,  relation  to  child: _  age_ 

_  age 

Do  any  relatives  receive  special  services  in  school; _ 

If  so,  relation  to  child: _ 


Do  any  relatives  have  have  a  developmental  disorder  (e.g.  Dyslexia,  Autism 
Down  syndrome,  attention  deficit  disorder,  hyperactivity, 
learning  disabilities  or  others) 

If  so,  relation  to  child  type  of  developmental  disorder 


What  hand  does  your  child  prefer  to  use:  right  left -  either  handj - 

Are  any  of  the  child’s  family  members  left  handed - 

If  so,  how  many  family  members _ 

Are  any  of  the  child's  relatives  left  handed - 

If  so,  how  many  relatives__ _ 

SPEECH.  TANGUAGE  AMD  HEARING  DEVELOEHEMT 

Did  the  child  make  babbling  or  cooing  sounds  during  the  first  6  months  of  life 


At  what  age  did  the  child  say  his  first  word: — - - 

What  was  his  first  words: _ — 

Did  the  child  keep  adding  words  once  he  started  to  talk: - 

At  what  age  did  he  start  using  2  and  3  word  sentences: - 

Examples: _ 

Did  speech  learning  ever  seem  to  stop  for  a  period  of  time 

If  so,  when_ _ _ _ _ _ _ _ 

Do  you  have  any  thoughts  on  the  possible  cause: - 


yniir  rh H d  talk  fieguentlv  >  occasionally  n 

Does  he  prefer  to  talk _ ,  gesture _ _,  talk  and  gesture 

Does  he  frequently  use  sounds  only _ ,  single  words _ , 

2  word  sentences _ ,  3  word  sentences _ , 

more  than  3  word  sentences _ .  Examples: _ 


Can  he  tell  a  simple  story; _ 

Does  your  chi'd  make  sounas  incorrectly: _  If  so,  which  ones 


How  well  is  he  understood  by  his  parents: _ 

by  sisters  and  brothers _ 

by  relatives  and  strangers _ 

Will  he  get  common  objects  when  he’s  asked  to: _ 

Does  he  ever  have  trouble  remembering  what  you  have  told  him: 

If  so,  when  does  this  happen: _ 

Does  your  child  use  any  books  or  records: _ 

Does  he  enjoy  being  read  to: _ 

Describe  any  recent  changes  in  your  child’s  speech _ 
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BIRTH  HISTORY; 
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This  is  our  biological _ ,  foster _ 

How  many  pregnancies  has  the  mother  had 
Has  the  mother  had  any  miscarriages _ 


adopted _ 

stillbirths 


If  so,  which  pregnancies _ . 

Which  pregnancy  was  this  child _ 

Mother's  age  at  the  time  of  the  child's  birth: - ■ 

Where  was  the  child  born  (town)_ _ _ _ 

Where  was  the  mother  born  (town)  _ 

Where  was  the  father  born  (town) _ _ _ 

Were  there  any  medical  problems  before  this  pregnancy — 

during  the  pregnancy 


child. 

abortions 


If  so,  what - - 

Did  the  mother  have  any  of  the  following  during  the  pregnancy: 

German  measles _  Toxemia _  Anemia  _ 

Accidents/ in  juries _  Kidney  infections _ 

Did  the  mother  take  any  prescription  or  nonprescription  drugs  (including 
alcohol)  during  the  pregnancy: _  If  so  what _ 

Did  the  mother  smoke  during  pregnancy _ 

If  so,  how  many  cigarettes  per  day _ 

Did  the  father  smoke  during  the  pregnancy _ 

If  so,  how  many  cigarettes  per  day  _ 

Does  either  parent  or  any  member  of  the  household  currently  smoke _ 

If  so  who _ _  how  much _ 


Was  the  child  delivered  full  term_ _ ,  premature _  months _ 

Was  delivery  normal _ ,  cesarian _ ,  breach _ 

Length  of  hard  labor _ .  Were  forceps  used: _ 

Was  the  mother  given  drugs  during  delivery _ 

What  was  the  child's  APGAR  score  (if  known) _ 

Any  birth  Injuries _ 

Was  the  child  a  blue  baby _ 

Did  the  child  require  oxygen _ 

Was  the  child  an  Rh  baby _ 

Did  the  child  receive  any  special  medications  or  treatment  at  birth 


If  so,  what _ _ 

How  long  were  the  mother  and  child  in  the  hospital 
Any  comments  about  the  pregnancy  or  birth _ 


DEVELOPMENTAL  HISTORY: 

Did  your  child  have  feeding  problems _  describe 


Did  your  child  have  sleeping  problems _  describe 


When  did  your  child  first: 

sit  unsupported_^ _  crawl _ 

reach  for  an  object  stand _ 

walk  unaided _  run _ 

bladder  trained _  bowel  trained 

night  trained _ 


MEDICAL  HISTORY: 
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Please  check  if  your  child,  any  members  of  his  immediate  family  (parents 
brothers,  or  sisters)  or  any  other  relatives  (grandparents,  aunts,  uncles 
cousins)  have  had  any  of  the  following.  Only  report  on  blood  relatives. 


child  family  relatives 


Allergies 

Asthma 

Blood  disease 
Bowel  disorders 
Chronic  colds 
Celiac  disease 
Col itis 
Convulsions 
Dermrtomyosltis 
Diabetes  Hellitus 
diphtheria 
Earaches 
Ear  infections 
Encephal itis 
Epilepsy 

Chronic  Headaches 
Hay  fever 
Head  injuries 
Heart  problems 
High  fevers 
Influenza 

Kartagener's  syndrome 

Mastoiditis 

Mastoidectomy 

Measles 

Meningitis 

Migraine  headaches 

Multiple  sclerosis 

Muscle  disorder 

Myasthenia  gravis 

Myxedema 

Pneumonia 

Polio 

Regional  Ileitis  (Chron's) 
Rheumatic  fever 
Rheumatoid  arthritis 
Scarlet  fever 
Thyroid  disease 
Uveitis 

Young's  syndrome 
Whooping  cough 


Has  your  child  had  middle  ear  infections _ 

At  what  age  was  the  first  one _ 

Did  they  occur  freguentlv  describe  the  frequency 


Was  he  seen  by  a  doctor  concerning  these  infections _ 

Did  he  ever  have  tubes  inserted  into  his  ear  drums _ 

for  how  long _ 

Are  the  ear  infections  still  occurring _  how  frequently 


If  not,  at  what  age  did  they  stop 
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Did  the  child  ever  have  seizures  or  convulsions 
If  so,  when _ 


how  frequently _ _  _ _ _ _ 

was  medical  attention  sought _ .  _ 

what  was  the  outcome  _ _ _ 

Describe  any  other  Illnesses,  accidents,  injuries,  operations  and  hospital i 7.1 
tions  the  child  has  had  (include  the  age  of  the  child  at  the  time). _ 


Is  the  child  now  under  any  medical  treatment  or  talcing  any  medication 
If  so,  describe: _ _ _ 


Is  the  child's  health  good _ 

Are  there  any  twins  in  the  family  or  among  relatives 
relation  to  child  _ _ _ 


Are  the  twins  on  the  _  mother’s  or  _  father's  side  of  the  family 

Are  the  twins  _  Identical  or  _  fraternal. 

EDUCATIOHAL  HISTORY: 

Did  or  does  your  child  attend  day  care _ ,  Nursery  school _ , 

Kindergarten _ ,  grade  school _ 

For  what  subjects  is  he  an  average  student _ 

above  average _ _ _ 

below  average _ 

Does  he  receive  special  help  in  school _  describe _ 


What  is  your  impression  of  your  child's  learning  ability 


Has  your  child  received  any  special  education,  psychological  or  hearing 
services  at  school _  If  so,  describe  (include  child's  age  at  the  time 


What  things  does  the  child  do  particularly  well 


Does  he  have  any  special  interests  or  talents. 


Child  Language  Laboratory  90 

MRI  and  Language  Impalrinent  In  Children 
Case  History 

KDOLT  FORM 


Date: 


IDEKTIFVIHG  INFORMATION: 

Your  name: _ 

Address: _ 


Phone : _ 

Your  occupation: _ _ _ _ 

Your  Family: 

Father:  years  of  education: _ 

Occupa  1 1 on : _ 

Mother:  years  of  education: _ 

Occupation: _ 

Humber  of  brothers _  Number  of  sisters__^ _ 

Humber  of  half-brothers _  Humber  of  half-sisters 

Your  children:  Names  Sex  Age  Grade 


Are  there  any  other  persons  living  In  your  household 

Names:  Relationship  to  family; 


Your  doctor: _ 

phone : _ 

Do  you  have  any  metal  in  your  body  (e.g,  surgical  clips,  pins) 
Are  you  currently  pregnant  _ 

Do  you  have  a  serious  problem  with  claustrophobia  _ 


SPEECH.  LANGUAGE  AND  HEARING  DEVELOPMENT 

Here  you  a  late  talker?  _  yes  _  no  _  don't  know 

If  yes,  when  did  you  begin  to  use  words  _ 

Did  you  have  any  difficulty  with  speech  or  language  as  a  child? 
_  y«8  _  no  _  don't  know 


If  yea,  describe 
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Did  you  have  any  difficulty  pronouncing  certain  sounds? 
_  yes  _  no  _  don't  Icnov 

if  yes,  describe  _ 


Did  you  stutter?  _  yes  _  no  _ don't  know 

if  yes,  until  what  age  _ 

Did  you  have  any  trouble  learning  to  read?  _  yes  _  no 

if  yes,  describe. _ 


Do  you  enjoy  reading  today?  _  yes  _  no  _  I  don't  read  much 

Did  you  receive  any  special  services  in  school?  _  yes  _ no 

if  yes,  describe^ _ 

Did  you  as  a  child  have  any  difficulties  similar  to  those  you  see  in  your 
child?  _  yes  _  no 

if  yes,  describe _ 


Do  you  have  any  sisters,  brothers,  nieces  or  nephews  with  similar  speech  or 
langauge  difficulties?  _  yes  _  no 

If  yes,  relation  to  you  _ _ 


Do  any  relatives  have  problems  with  speech  or  language: _ 

If  so,  relation  to  you:  _ ®9e _ 

_  age _ 

_ age _ 

_ _ age _ 

Do  any  relatives  stutter  or  stammer:. _ 

If  so,  relation  to  you:  _ _  age. 

_  age. 

Do  any  relatives  receive  special  services  in  school: _ 

If  so,  relation  to  you:  _ _ 


Do  any  relatives  have  have  a  developmental  disorder  (e.g.  Dyslexia, 
Down  syndrome,  attention  deficit  disorder,  hyperactivity, 
learning  disabilities  or  others) 


Autism 
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If  so,  relation  to  child 


type  of  developmental  disorder 


What  hand  do  you  prefer  to  use:  right _  left _  either  hand 

Are  any  of  your  family  members  left  handed _ 

If  so,  how  many  family  members _ 

Are  any  of  your  relatives  left  handed _ 

If  so,  how  many  relatives _ 


BIRTH  HISTORY; 

Were  you  adopted?  _  yes  _  no 

Here  any  of  your  relatives  adopted?  _ yea  _  no 

if  yes,  relation  to  you  _ 

How  many  pregnancies  did  your  mother  have _ 

Did  your  mother  had  any  miscarriages _ .  stillbirths _ 

If  so,  which  pregnancies _ 

Which  pregnancy  were  you 

Your  mother's  age  at  the  time  of  your  births _ 

Where  were  you  born  (town) _ 

Where  was  your  mother  born  (town)  _ 

Where  was  your  father  born  (town)  _ . 

Were  there  any  medical  problems  when  your  mother  was  pregnant  with  you? 
_  yes  _  no  _  don't  know 


If  so,  what _ 

Was  your  mother  under  unusual  stress  while  pregnant  with  you 


Did  your  mother  take  any  prescription  or  nonprescription  drugs  (including 
alcohol)  during  the  pregnancy; _  yes  _  no  _  don't  know 

If  so  what _ 

Did  your  mother  smoke  during  pregnancy _ 

If  so,  how  many  cigarettes  per  day _ 

Did  your  father  smoke  during  the  pregnancy _ 

If  so,  how  many  cigarettes  per  day  _ 

Here  you  delivered  _  full  term  premature( _  months) 

Has  delivery  normal  _  cesarian  _  breach  _  don't  know 

Any  birth  injuries _ 

Mere  there  any  medical  concerns  at  birth  _  yes  _  no  _  don't  know 

If  so,  what___ _ 
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Any  comments  about  the  pregnancy  or  birth 


DEVELOPHENTAL  HISTORY t 

Did  you  have  any  difficulty  with 

_  sleeping  _  standing  _  toilet  training 

_  eating  _  walking 


MEDICAL  HISTORY! 

Please  check  If  you,  any  members  of  your  Immediate  family  (parents,  brotliers 
sisters,  or  children)  or  any  other  relatives  (grandparents,  aunts,  uncles 
cousins)  have  had  any  of  the  following.  Only  report  on  blood  relatives. 


you 


family 


relatives 


Allergies 

Asthma 

Blood  disease 

Bowel  disorders 

Chronic  colds 

Celiac  disease 

Colitis 

Convulsions 

Dermatomyositls 

Diabetes  Hellitus 

Diphtheria 

Earaches 

Ear  infections 

Encephalitis 

Epilepsy 

Chronic  Headaches 
Hay  fever 
Head  injuries 
Heart  problems 
High  fevers 
Influenza 

Kartagener's  syndrome 

Mastoiditis 

Mastoidectomy 

Measles 

Meningitis 

Migraine  headaches 

Multiple  sclerosis 

Muscle  disorder 

Myasthenia  gravis 

Myxedema 

Pneumonia 

Polio 

Regional  ileitis  (Chron's) 
Rheumatic  fever 
Rheumatoid  arthritis 
Scarlet  fever 
Thyroid  disease 
Uveitis 

Young's  syndrome 
Whooping  cough 
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Did 

Did 


you  have  middle  ear  infections  as  a  child  _  yes  _  no 

any  of  your  family  or  relatives  have  middle  ear  infections? 

_  yes  _  no  _  don't  know 

if  yes,  relation  to  you  _ _ _ _ _ _ 


knov/ 


Have  you  ever  have  seizures  or  convulsions  _  yes 

If  so,  when _ _ _ 


how  frequently^ _ 

was  medical  attention  sought _ 

wliat  was  the  outcome _ _ _ _ 

Describe  any  other  Illnesses,  accidents,  injuries,  operations  and  hospitalize 
tions  you  have  had  (Include  the  age  at  the  time). _ 


Are  you  now  under  any  medical  treatment  or  taking  any  medication _ 

If  so,  describe; _ _ 

Have  you  ever  had  any  of  the  following: 

stroke  _  head  trauma  _  epilepsy 

Are  there  any  twins  in  the  family  or  among  relatives  _ 

relation  to  you  _ _ _ _ 


Are  tlie  twins  in  _ your  family  _ mother's  side  or  _ father's  side 

the  family 

Are  the  twins  _  identical  or  _  fraternal. 


I  completed  _  grade  school,  _  hlqhschool, 

_  college 

Hy  last  degree  obtained  was  _ 

For  what  subjects  were  you  an  average  student? 


technical  school. 


above  average  _ 

below  average  _ 

Hy  favorite  subject  was  _ 

My  least  favorite  subject  was _ 

Did  you  enjoy  academics?  _  if  no,  explain 


Do  you  have  any  further  comments  on  your  school  experiences? 


Appendix  C 
Instrumentation 
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IBM 

monitor 
(for  data 
display) 


Magnovox 

RGB 

Display  80 
modelCM8762 
(for  image 
display) 


Appendix  D 

MRI  Measurement  Protocols 
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I.  Calibration. 

A.  Height  and  level  of  two  lightboxes  were  measured 
and  verified  as  identical  within  the  limits  of  measurement. 
Lightboxes  were  used  interchangeably. 

B.  Two  carpenters  levels,  placed  on  the  camera  and 
lightbox,  were  used  to  verify  that  the  camera  tilt  was  level 
with  the  lightbox  (and  counter-top)  tilt. 

C.  A  calibration  check  was  performed  daily. 

1.  The  plane  of  the  camera  and  light-box  were 
judged  to  be  parallel  by  reading  levels  placed  on  each. 

2.  A  calibration  figure  of  300  millimeters 
squared  was  placed  at  a  random  angle  on  the  lightbox  and 
measured.  This  was  repeated  twice  so  that  three  calibration 
measures  were  taken  a  day. 

II.  General  measurement  procedures. 

A.  All  images  were  place  on  the  center  of  the  screen 
for  measurement. 

B.  Measures  were  done  from  the  inferior  to  the 
superior  slices. 

C.  Areas  in  the  right  hemisphere  (left  side  of  MRI) 
were  measured  before  areas  in  the  left. 

D.  Homologous  areas  in  the  left  and  right  hemisphere 
were  measured  in  the  same  sitting. 

E.  When  magnetic  inhomogeneities  are  present,  the 
person  measuring  adjusted  the  brightness/contrast  to 
compensate  for  the  differences  in  pixel  intensity  across 
inhomogeneous  regions. 

F.  When  measuring  perpendicular  to  the  midline,  only 
the  medial  third  of  the  midline  was  used  as  the  reference 
for  perpendicular. 

G.  Partial  volumes  were  excluded  from  measures. 

H.  Blood  vessels  and  ventricular  volumes  were  included 
in  measures. 

I.  When  sulci  are  used  as  landmarks,  the  grey-white 
margin  was  used  to  define  the  end  of  a  sulcus  in  T2  weighted 
images.  When  this  margin  does  not  form  a  narrow,  distinct 
point,  the  midpoint  between  two  adjacent  fiber  tracts  was 
used.  In  cases  where  a  grey-white  margin  was  not  visible, 
the  visible  end  of  the  sulcus  was  used. 

J.  Persons  measuring  scans  were  trained  on  MRI  scans 
of  subjects  not  used  in  this  study.  The  measurement  rules 
and  anatomy  books  (primarily  DeArmond,  Fusco,  &  Dewey,  1976 
and  Takayoshi  &  Asao,  1978)  were  available  to  assist  in 
identifying  anatomical  landmarks. 
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III.  Hemispheric  measures. 

A.  Measures  started  from  the  anterior  pole  of  the 
hemisphere  and  follow  the  cortical  edge. 

B.  On  slices  where  the  hemispheres  are  connected,  a 
straight  line  connected  the  anterior  and  posterior  junctures 
of  the  hemispheres. 

C.  The  brainstem  was  excluded  from  hemisphere 
measures . 

D.  In  a  small  number  of  scans  where  full  cerebral 
volumes  were  not  included  on  axial  scans,  the  coronal  view 
was  used  to  obtain  hemispheric  volumes.  Data,  presented 
below,  from  individuals  who  had  both  axial  and  coronal  scans 
that  included  the  full  cerebral  volume  indicated  no 
difference  in  the  hemisphere  volumes  obtained  using  either 
view,  and  that  volumes  obtained  from  either  view  were  highly 
correlated  (r=.98  right  hemisphere;  r=.94  left  hemisphere). 

IV.  The  Frontal  Lobe 

A.  Superior  Frontal  Gyrus  area  (SF6) . 

1.  The  SFG  began  on  the  first  slice  in  which  the 
orbital  gyrus  is  no  longer  visible. 

2 .  It  started  at  the  sulcus  posterior  to  the 
medial  branch  of  the  SFG. 

3.  The  starting  point  was  connected,  with  a 
straight  line,  to  the  anterior-lateral  edge  of  the  head  of 
the  caudate  nucleus.  If  this  point  was  not  visible,  the 
anterior-lateral  edge  of  the  lateral  ventricles  was  used. 

4.  This  point  was  connected,  with  a  straight 
line,  to  the  superior  frontal  sulcus. 

5.  The  measure  then  followed  the  cortical  edge  to 
the  starting  point. 

6.  The  measure  ended  on  the  last  slice  in  which 
the  body  of  the  caudate  nucleus  was  visible,  below  the  area 
of  the  centrum  semiovale. 

B.  Kiddle  Frontal  Gyrus  area  (MFG) . 

1.  The  MFG  began  on  the  first  slice  in  which  the 
orbital  gyrus  was  no  longer  visible. 

2.  It  started  at  the  edge  of  the  cortex  at  the 
juncture  of  the  SFG  and  MFG. 

3.  From  there  it  followed  the  superior  frontal 
sulcus  to  the  grey-white  margin. 

4.  This  point  was  connected,  with  a  straight 
line,  to  the  anterior-lateral  edge  of  the  caudate  nucleus 
(see  also  B-3  above) . 

5.  This  point  was  connected,  with  a  straight 
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line,  to  the  grey-white  margin  of  the  inferior  frontal 
sulcus . 

6.  The  measure  followed  the  sulcus  to  the 


cortical  edge. 

7.  The  cortical  edge  was  traced  to  the  starting 

point. 


8.  The  measure  ended  on  the  last  slice  in  which 
the  body  of  the  caudate  nucleus  is  visible,  below  the  area 
of  the  centrum  semiovale. 


C.  Inferior  Frontal  Gyrus  area  (IFG) . 


1.  The  IFG  began  on  the  first  slice  in  which  the 
orbital  gyrus  was  no  longer  visible. 

2 .  It  started  at  the  cortical  edge  at  the 
juncture  of  the  MFG  and  IFG. 

3.  From  this  point,  it  followed  the  inferior 
frontal  sulcus  to  the  grey-white  margin. 

4.  This  point  was  connected,  with  a  straight 
line,  to  the  anterior-lateral  edge  of  the  head  of  the 
caudate  nucleus  (see  also  B-3  above) . 

5.  This  point  was  connected,  with  a  straight 
line,  to  the  juncture  of  the  IFG  and  the  pars  triangularis. 

6.  The  cortical  edge  was  traced  to  the  starting 

point. 


8.  The  measures  ended  when  the  IFG  was  no  longer 

visible. 


D.  Anterior  Cingulate  area. 

1.  The  anterior  cingulate  area  began  on  the  first 
slice  in  which  the  genu  of  the  corpus  callosum  was  visible. 

2.  It  started  at  exterior  edge  of  the  cingulate 
sulcus,  defined  as  the  first  sulcus  anterior  to  the  corpus 
callosum. 

3.  From  this  point,  it  followed  the  sulcus 
interiorly  to  the  grey-white  margin. 

4.  This  point  was  connected,  with  a  straight 
line,  to  the  most  lateral  point  of  the  anterior  horn  of  the 
caudate  nucleus. 

5.  This  point  was  connected,  with  a  straight 
line,  to  the  juncture  of  the  corpus  callosum  and  cingulate 
gyrus. 

6.  The  edge  of  the  cortex  was  traced  to  the 
starting  point. 

7.  The  measures  ended  on  the  most  superior  slice 
in  which  the  body  of  the  corpus  callosum  is  visible. 


V.  Perisylvian  area  (PSA) . 

A.  The  PSA  began  on  the  first  slice  on  which  a  sylvian 
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fissure  was  seen,  typically  just  superior  to  the  middle 
cerebral  arteries. 

B.  The  most  medial-posterior  pixel  of  grey  mater  at 
the  end  of  the  sylvian  fissure  was  located.  When  multiple 
Hescl's  gyri  were  visible,  the  sylvian  was  defined  as 
posterior  to  the  first  Hescl's  gyrus  (c.f.  Witleson  & 

Pallie,  1971) . 

C.  This  point  was  connected,  with  a  line  drawn 
perpendicular  to  the  midline,  to  the  cortical  edge. 

D.  The  cortical  edge  was  followed  anteriorly  to  the 
medial-most  edge  of  the  temporal  poles  or  to  the  posterior 
margin  of  the  IFG. 

E.  This  point  was  connected,  with  a  straight  line,  to 
the  starting  point. 

F.  The  measures  ended  on  the  last  slice  in  which  the 
insula  was  visible. 

VI.  Temporal  Lobe. 

A.  Middle  Temporal  Gyrus  area  (MTG) . 

1.  The  MTG  began  on  the  most  inferior  slice  on 
which  some  portion  of  the  occipital  pole  and  gyrus  rectus 
was  visible. 

2.  The  most  medial-posterior  pixel  of  grey  matter 
corresponding  to  the  most  anterior  and  lateral  lobule  of  the 
temporal  lobe  was  located. 

3.  This  point  was  connected,  with  a  line  drawn 
perpendicular  to  the  midline,  to  the  cortical  edge. 

4.  The  cortical  edge  was  followed  posteriorly  to 
the  temporal-occipital  sulcus,  defined  as  anterior  to  the 
second  girl  convolution  from  the  occipital  pole  (this  gyrus 
may  have  two  visible  branches) . 

5.  This  point  was  connected,  with  a  straight 
line,  to  the  starting  point. 

6.  The  MTG  ended  at  the  level  of  the  perisylvian 

area. 


C.  Superior  Temporal  Gyrus  area  (STG) . 

1.  The  STG  began  on  the  second  slice  of  the  PSA. 

2 .  The  most  medial-posterior  pixel  of  grey  mater 
at  the  end  of  the  sylvian  fissure  was  located.  When 
multiple  Hescl's  gyri  are  visible,  the  sylvian  was  defined 
as  posterior  to  the  first  Hescl's  gyrus. 

3.  This  point  was  connected,  with  a  line  drawn 
perpendicular  to  the  midline,  to  the  cortical  edge. 

4.  The  measure  followed  the  cortical  edge 
posteriorly  to  the  temporal-occipital  sulcus,  defined  as 
anterior  to  the  second  girl  convolution  from  the  occipital 
pole  (this  gyrus  may  have  two  visible  branches) . 

5.  This  point  was  connected,  with  a  straight 
line,  to  the  starting  point. 
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6 .  The  STG 
which  the  splenium  of 


ended  on  the  slice  below  the  level  on 
the  corpus  callosum  is  visible. 


VI.  Occipital  area  (Occip.). 

A.  The  Occip.  began  on  first  slice  on  which  occipital 
poles  are  visible. 

B.  Measurement  started  at  the  juncture  of  the  temporal 
and  occipital  lobes  (see  V.  B-4  above) . 

C.  This  point  was  connected  with  the  anterior  juncture 
of  the  cerebellum  and  cerebrum. 

D.  The  measure  traced  the  edge  of  the  cortex,  around 
the  occipital  poles,  to  the  starting  point. 

E.  The  Occip  ended  on  the  slice  below  the  level  on 
which  the  splenium  of  the  corpus  callosum  was  visible. 


VII.  Parietal  Lobe 

A.  Supr2uaarginal/angular  gyrus  area  (SMG/ANG) . 

1.  The  SMG/ANG  began  on  the  first  slice  in  which 
the  splenium  of  the  corpus  callosum  is  seen  completely 
bridging  the  hemispheres. 

2.  Measurement  started  at  the  most  medial- 
posterior  margin  of  the  sylvian  fissure  (see  also  V.  B-4 
above) . 

3.  This  point  was  connected,  with  a  line  drawn 
perpendicular  to  the  midline,  to  the  cortical  edge. 

4.  The  measure  followed  the  cortical  edge 
posteriorly  to  the  interparietal  sulcus,  defined  as  anterior 
to  the  second  girl  convolution  from  the  occipital  pole 
(these  gyri  may  have  two  visible  branches) . 

5.  This  point  was  connected,  with  a  straight 
line,  to  the  starting  point. 

6.  The  SMG/ANG  ended  on  the  last  slice  below  the 
centrum  semiovale. 


Differences  between  hemispheric  measures  taken  from 
brains  cut  in  coronal  and  axial  sections. 
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Subject  Coronals 


Axials 


Differences 


Right 

Left 

Right 

Left 

Right 

Left 

1 

370.71 

369.47 

365.66 

351.40 

5.05 

18.07 

2 

372.15 

351.81 

378.56 

361.95 

-6.41 

-10.14 

3 

357.72 

347.57 

368.55 

352.93 

-10.83 

-5.36 

4 

333.83 

329.17 

334.27 

332.30 

-0.44 

-3.13 

5 

387.72 

366.92 

386.37 

376.86 

1.35 

-9.94 

6 

392.58 

385.41 

398.44 

394.17 

-5.86 

-8.76 

7 

309.26 

308.97 

294.80 

295.73 

14.46 

13 . 24 

8 

394.08 

392.64 

388.97 

386.03 

5.11 

6.61 

Distribution  of  Differences  between  Coronal  and  Axial 
Measures 


-20 


it  *  it 
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Inter-operator  differences  in  axial  hemispheric 
measures . 


Subject  Axial 

-1 

Axials- 

-2 

Differences 

Right 

Left 

Right 

Left 

Right 

Left 

1 

370.72 

369.47 

378.56 

373.15 

-7.84 

-3 . 68 

2 

378.56 

361.95 

397.97 

381.94 

-19.41 

-19.99 

3 

368.55 

352.93 

381.13 

365.64 

-12.58 

-12.71 

4 

334 . 27 

332.30 

344.82 

340.26 

-10.55 

-7.96 

5 

386.37 

376.86 

387.77 

376.61 

-1.40 

-0.25 

6 

398.44 

394.17 

391.91 

389.57 

6.53 

4 . 60 

7 

294.80 

295.73 

292.49 

292.48 

2.31 

3.25 

8 

388.97 

386.03 

374.48 

369.01 

14.49 

17 . 02 

Dirtribution  of  Inter-operator  Differences 

-20  0  20 

++ - +_+ — + - + — ++_++_+ — + - + — + - 

+  + 

Correlated  t  test  for  difference  between  inter-operator 
differences  in  axial  measures  and  coronal-axial  differences. 

right  hemisphere  differences  t=  0.79,  df=7,  p  >  . 10 
left  hemisphere  differences  t=0.45,  df=7,  p  >  .10 

Pearson  product  moment  correlation  for  axial  and 
coronal  hemisphere  measures. 

right  hemisphere  r  =  0.98,  df  =  6,  p  <  .01 
left  hemisphere  r  =  0.94,  df  =  6,  p  <  .01 


Appendix  E 

A  Pilot  Study  of  Regional  Brain  Measures 
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Method 

Subjects 

Three  boys  who  were  identified  as  specifically  language 
impaired  with  deficits  in  the  comprehension  or  use  of 
grammatical  morphemes  served  as  subjects  for  this  pilot 
study.  These  subjects  were  previously  described  in  a 
separate  paper  (Plante,  Swisher,  Vance,  and  Rapcsak,  1990) . 
None  served  as  subjects  in  this  dissertation  study. 

Scans  from  these  three  boys  were  compared  with 
comparison  scans  from  10  normal  male  volunteers.  Comparison 
scans  met  the  same  selection  criteria  detailed  in  the 
methods  section  of  this  dissertation. 

Procedures 


Measurement  protocols  for  ten  regions  of  the  brain  were 
developed  on  the  normal  volunteers.  Regional  measures  were 
developed  with  consideration  for  differences  in  their  time 
of  development  (cf .  Chi,  Dooling,  &  Gilles,  1977)  .  These 
protocols  are  detailed  in  Appendix  D.  Measurement  protocols 
used  anatomical  landmarks  that  could  be  clearly  identified 
on  all  brains.  This  accomplished  several  goals.  First,  it 
increased  the  likelihood  that  the  protocol  could  be  followed 
reliably  across  subjects.  It  also  insured  measurements 
would  be  more  sensitive  to  individual  variations  in  brain 
configuration  than  more  arbitrary  divisions  of  the  brain 
(e.g.  grids).  Regional  brain  volumes  were  converted  into 
proportions  of  the  total  brain  volume  to  eliminate  the 
effects  of  brain  size  on  the  measurements. 

A  protocol  for  any  given  area  was  considered  reliable 
when  intra-operator  reliable  measures  were  obtained  on  all 
control  scans  used  in  this  pilot  effort.  Measures  were 
considered  reliable  when  volumes  for  all  control  scans 
obtained  on  two  sessions  correlated  at  or  above  r  =  .83  (70% 
shared  variance)  using  a  Pearson's  product-moment 
correlation.  Reliability  figures  for  measurements  on  both 
subject  and  control  scans  ranged  between  .87  and  .99. 

Regions  above  the  level  of  the  centrum  semiovale  were 
not  measured.  This  was  partially  due  to  the  limitations  of 
using  axial  scans.  Regions  towards  the  top  of  the  brain 
were  affected  by  partial  volume  effects  due  to  the  marked 
curvature  of  the  brain  on  the  more  superior  slices.  This 
effect  limited  the  extent  to  which  anatomical  landmarks 
could  be  reliably  identified.  Similar  problems  interfered 
with  measurement  of  gyrus  rectus,  therefore  it  was  excluded 
from  the  group  of  measures. 
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Results 

The  results  of  the  pilot  study  are  given  in  the  table 
below.  A  z-score  was  calculated  for  each  regional  brain 
volume.  This  facilitated  a  comparison  of  the  subject  scans 
and  comparison  scans.  Z-scores  beyond  +/-1.30  (p  <  .20)  in 
any  subject  were  considered  to  indicate  a  measure  of 
potential  interest  for  additional  study.  The  following 
measures  met  this  criterion:  inferior  frontal  area,  middle 
frontal  area,  superior  frontal  area,  superior  temporal  area, 
middle  temporal  area,  perisylvian  area,  supramarginal  area, 
occipital  lobe.  Several  measures,  the  inferior  frontal 
area,  and  the  superior  and  middle  temporal  areas  were 
significantly  (z  >  E  <  *05)  different  from  normal 

in  at  least  one  subject-  The  earliest  developing  area,  the 
anterior  cingulate  area,  was  not  markedly  different  in  the 
SLI  boys  than  in  the  comparison  group.  Measures  for  this 
area  will  not  be  reported  for  dissertation  subjects. 


Table 

Proportional  volumes  of  brain  regions  from  three  SLI-GI  boys. 
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Abstract 


This  research  develops  and  verifies  the  path  domain  independent  integral  S 
that  is  exactly  the  energy  release  rate  for  an  extending  crack  within  a  thermoinelastic 
material  response  region.  Emanating  from  thermoinelastic  continuum  mechanics 
and  Noether's  theorem  from  classical  field  theory,  the  S  integral  defines  the  force 
acting  on  an  extending  crack  zuid  represents  a  conservation  law  for  a  crack  free  body. 
Limited  physical  experiments  and  computationsd  investigations  verify  the  S  integral 
for  uncoupled  thermoinelasticity.  S  offers  a  parameter  to  improve  the  understanding 
of  the  strength  and  reliability  of  materials  subjected  to  thermomechanical  loadings. 

The  theoretical  development  produces  the  S  path  domain  independent  in- 
tegrtJ  for  two  quasi  static  cases;  imcoupled  thermoinelasticity  and  fully  coupled 
thermoinelasticity.  Proofs  demonstrate  the  path  domain  independence  tmd  the  to¬ 
tal  energy  release  rate  aspects  of  the  S  integral. 

A  limited  experimental  program  and  an  associated  computational  investiga¬ 
tion  verifies  that  the  S  integral  characterizes  fracture  for  uncoupled  thermoinelas¬ 
ticity.  Experiments  on  a  crack  free  aluminum  sheet  tmd  finite  element  results  from 
a  simple  dogbone  specimen  verify  the  S  conservation  law.  Fracture  resistance  tests 
on  alumintun  2024  demonstrate  that  S  equals  the  crack  driving  force  imder  ther¬ 
momechanical  loadings.  The  fracture  resistance  experiments  consider  two  specimen 
geometries  and  two  specimen  thicknesses. 
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Introduction  to 
Thermomechanical  Fracture 


The  National  Aerospace  Plane  might  carry  passengers  from  Wellington  D.  C. 
to  Tokyo  in  less  than  two  hours.  Electrical  power  might  be  generated  with  im¬ 
proved  efficiency  at  higher  operating  temperatures.  Nuclear  power  plants  might  be 
designed  and  built  more  economically  with  improved  reliability  and  safety.  Aircraft 
jet  engines  might  produce  greater  thrust  by  operating  at  higher  temperatures  with 
improved  turbine  design.  These  future  engineering  triumphs  and  many  others  de¬ 
pend  at  least  in  part  on  an  improved  understanding  of  the  strength  and  reliability 
of  materials  subjected  to  complex  thermomechemical  loadings.  The  research  herein 
develops  and  verifies  a  parameter  that  improves  this  understanding. 

These  engineering  advances  demand  fault  tolerant  designs.  The  critical  struc¬ 
tures  £ind  components  must  withstand  operating  loads  without  failure  between 
maintenwce  inspections.  Understanding  the  thermomechanical  conditions  likely 
to  cause  crack  extension  is  essential  in  determining  critical  crack  length  criteria  and 
recommending  inspection  intervals. 

Fracture  and  crack  growth  characterizations  under  general  thermoinelastic 
conditions  present  difficult  challenges  to  the  analyst  and  designer.  Neither  the  stress 
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intensity  factor,  K.  from  linear  elastic  fracture  mechanics  nor  the  J  integral  from 
elastic  plastic  fracture  mechanics  adequately  describes  the  crack  driving  force  for 
general  thermomechanical  loadings. 

Certain  parameters  characterize  crack  tip  force  and  crack  advance  criterion 
for  the  creep  aspects  of  inelastic  materizil  response.  The  C*  energy  parameter  de¬ 
veloped  by  Lcindes  and  Begley  (1976j  *  following  a  suggestion  by  Goldman  tmd 
Hutchinson  [1975],  and  the  ATc  integral  proposed  by  Atluri  [1982]  provide  insight 
concerning  creep  fracture.  The  integral  formulated  by  Simo  and  Honein  [1990] 
addresses  crack  advance  in  elasto-viscoplastic  material.  The  straun  range  partition¬ 
ing  method  introduced  by  Manson  et  al.  [1971]  and  popularized  by  Halford  et 
al.  [1973]  suggests  a  procedure  to  estimate  crack  growth  and  fatigue  life  during 
cyclic  loading  with  combined  creep  amd  plaisticity.  However,  no  single  pairauneter 
completely  characterizes  the  crack  driving  force  for  general  thermoinelasticity. 

The  S  path  domain  independent  integrad  parameter  developed  in  this  disser¬ 
tation  describes  the  force  on  a  singularity,  such  as  a  crack  tip,  under  thermoinelaistic 
material  response.  Severe  thermal  gradients  coupled  with  mechanical  loads  are  con¬ 
sidered.  Claissical  field  theory  provides  the  foundation  for  the  S  parameter.  The  S 
integrad  gives  the  theoretical  crack  driving  force  which,  at  the  instant  of  incipient 
fracture,  should  also  equad  the  material  fracture  resistance.  Since  S  is  the  totad 
energy  released  per  unit  crack  advamce,  the  parameter  represents  a  necessiuy  but 
not  sufficient  condition  for  fracture. 

Nonetheless,  the  limited  fraurture  resistance  experiments  performed  on  alu¬ 
minum  2024-T351  plate  and  2024-T3  sheet  suggest  that  the  S  integral  adequately 
describes  the  crack  uii'.  iiig  force.  Critical  S  vadues.  caicuiateu  at  initial  crack  exten¬ 
sion.  from  tests  with  thermal  gradients  match  isothermal  fracture  toughness  values. 

*  Complete  reference  given  in  Appendix  REFERENCES 
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The  experiments  also  demonstrate  the  detrimental  effect  a  thermjil  gradient  can 
have  on  fracture  resistance. 

The  S  parameter  can  be  readily  computed  from  elastic  plastic  finite  element 
analysis  results  for  use  in  analysis  and  design  of  critical  components.  The  computa¬ 
tion  of  the  path  domain  independent  integral  S  has  been  successfully  implemented 
as  a  postprocessor  to  the  existing  FEAP  finite  element  code  (Taylor  [1977]  and 
Zienkiewicz  and  Taylor[1989])  for  the  uncoupled  thermoinelastic  case. 

1.1  Motivation  for  Research 

Improved  reliability  assessments  for  the  design  of  critical  structures  and  com¬ 
ponents  require  a  parameter  characterizing  the  crack  driving  force  for  fracture  under 
thermomechanical  loading.  This  need  results  from  the  increasing  demands  placed 
on  both  established  and  new  materials  in  industrial  applications  such  as  airframe 
structures,  turbine  blades  and  power  generation  components,  among  others.  The 
lack  of  a  par2uneter  solidly  based  on  thermoinelastic  continuum  mechanics  to  char¬ 
acterize  incipient  fracture  and  crack  growth  appears  most  dramatically  in  those 
loading  regimes  where  transient  thermal  stresses  and  severe  thermal  gradients  de¬ 
termine  crack  behavior. 

Accurate  reliability  assessments  are  crucial  for  ensuring  safety.  The  potential 
for  loss  of  human  life,  severe  environmental  impacts  and  costly  property  damage  due 
to  fzdlure  of  a  critical  structure  or  component  demands  that  engineers  adequately 
understand  fracture  and  crack  growth  due  to  general  thermoinelastic  material  re¬ 
sponse.  The  energy  based  S  integral  provides  a  parameter  for  evaluating  crack 
behavior  under  thermomechanical  loading. 

From  finite  element  analysis,  a  designer  would  calculate  the  maocimum  S 
parameter  for  a  specified  loading  condition  and  assumed  material.  The  designer 
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would  check  that  the  chosen  material  has  adequate  fracture  resistance,  measured 
as  Jic  that  depends  on  material  thickness.  Similarly,  knowing  the  AS  range  for  an 
assumed  thermomechanical  loading  history,  the  designer  would  estimate  the  number 
of  load  cycles  between  when  a  crack  can  be  reliably  detected  during  inspection  and 
when  that  crack  will  grow  to  a  critical  length.  This  number  of  cycles  would  treinslate 
into  a  recommended  inspection  interval  accounting  for  reasonable  safety  factors. 

In  this  discussion,  the  characterizing  parameter  S  plays  the  role  for  ther¬ 
moinelastic  fracture  that  K,  the  stress  intensity  factor,  plays  for  linear  elastic  frac¬ 
ture  mechanics  and  that  J  plays  for  elastic  plastic  fracture  mechanics.  Naturally, 
this  dissertation  does  not  provide  fracture  resistance  S  values  for  many  materials, 
nor  does  it  present  any  exponential  crack  growth  law  empirical  factors.  Through  the 
theoretical  development  of  S  based  on  thermoinelastic  mechanics  and  the  few  tests 
on  2024  aluminum  this  dissertation  strongly  suggests  that  S  provides  a  parameter 
characterizing  the  crack  driving  force.  The  S  parameter  potentially  can  provide  de¬ 
signers  and  analysts  information  concerning  the  likelihood  of  fracture  and/or  crack 
advance  during  ihermoinelastic  material  response. 

1.2  Examples  of  Thermo  mechanical  Loadings 

The  path  domain  independent  S  integral  developed  herein  addresses  fracture 
under  severe  thermal  gradients  coupled  with  mechanical  loads.  Advances,  for  exam¬ 
ple.  in  the  aerospace,  power  utility  and  automobile  engine  industries  have  created 
these  demanding  thermomechanical  loading  regimes. 

Within  the  aerospace  industry',  msmy  present  and  future  airframe  structures 
and  jet  engine  components  must  operate  reliably  under  severe  thermomecheinical 
loadings.  For  hypet  velocity  vehicles  such  eis  the  National  .4erospace  Plane  (Bylin- 
sky  [1986])  designs  predict  high  thermal  gradients  and  transients  through  the  wing 


Chapter  1  Introduction  to  Thermomechanical  Fracture 


5 


thickness.  With  the  wing  leading  edge  and  foremost  top  surface  reaching  temper¬ 
atures  above  3500®  F  and  the  liquid  hydrogen  fuel  stored  in  the  wing  at  cryogenic 
temperatures  the  structural  components  in  the  wing  potentially  experience  thermal 
gradients  in  the  range  of  1000°F  per  inch  (Gabor  [1986]). 

The  wing  structure  must  safely  carry  the  aerodynamic  loads  in  addition  to 
the  severe  thermal  gradients.  The  induced  thermal  stresses  added  to  the  fluctuating 
mechanical  stresses  cause  local  inelastic  regions  at  the  crack  tips  that  may  govern 
component  life.  Naturally,  the  design  process  must  investigate  frvicture  potential 
under  these  combined  thermomechanical  loadings.  Currently,  no  theoretically  bsised 
fracture  mechanics  parameter  addresses  thermoinelastic  materiad  response  for  the 
fracture  potential  associated  with  these  loading  conditions. 

For  jet  engine  turbine  components,  the  thermal  cycling  associated  with  each 
flight  determines  safe  life.  Marchand  et  al.  [1988]  report  that  none  of  the  three  com¬ 
mon  fracture  parameters,  the  stress  intensity  factor,  K,  the  strain  intensity  factor, 
or  the  J  integral,  successfully  correlate  crack  growth  data  for  tests  on  turbine  en¬ 
gine  hot  section  materials.  A  modified  stress  intensity  factor,  AiC^,  which  includes 
the  hardening/softer.ing  material  behavior  as  well  as  load  shedding  considerations 
yields  the  best  data  correlation  for  the  two  nickel  based  alloys  studied.  Since  the 
S  integrtd  proposed  herein  captures  the  thermoinelastic  material  response,  it  might 
provide  a  characterizing  pwtuneter  for  crack  growth  data  reduction. 

Within  the  power  utilities,  turbines  amd  other  components  face  severe  ther- 
momechsmical  loadings.  Power  generating  turbines  operate  at  higher  temperatures 
to  increase  power  generating  efficiency.  However,  this  leads  to  higher  thermal 
stresses  and  the  potential  for  accelerated  crack  growth.  Gtunble  and  Paris  [1976] 
successfully  predict  allowable  thermal  fatigue  crack  growth  limits  for  root  cracks 
in  gas  turbine  di.  '.s.  For  cracks  initiated  by  thermal  shock  then  grown  by  internal 
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pressure  and  thermal  gradient  fluctuations  at  re-entrant  corners  in  cooling  conduits 
of  boiling  water  reactors.  Smith  [1986]  reports  stable  growth  regimes  for  the  curved 
crack  fronts  commonly  found  in  service  inspections.  These  efforts  combine  experi¬ 
mental  results  and  linear  elastic  fracture  mechanics  anaJyses.  No  single  parameter 
captures  the  crack  behavior  under  the  thermoinelastic  material  response. 

The  thermal  shock  problem  associated  with  a  loss  of  coolant  accident  in  a 
nuclear  reactor  is  an  area  of  extensive  study.  The  potential  cattistrophic  conse¬ 
quences  of  such  an  accident  motivates  the  investigations.  The  Nuclear  Regulatory 
Commission,  reactor  vendors  and  power  utilities  aggressively  investigate  potential 
pressurized  thermal  shock  failures  in  pressurized  water  reactors.  These  investiga¬ 
tions  date  from  1974.  A  number  of  specific  programs,  for  example  Bryan  et  al. 
[1988],  and  summaiy-  studies,  for  example  Cheverton  et  al.  [1988].  conclude  that 
designs  for  thermal  shock  can  be  based  on  the  stress  intensity  factor  with  proper 
allowance  for  the  observed  scatter  in  crack  initiation  and  arrest  values.  A  true  ther¬ 
momechanical  energy  parameter  such  as  S  might  provide  for  a  more  effective  design 
of  criticzd  components. 

Within  the  automobile  industry  since  the  1970’s,  the  fatigue  failures  of  ex¬ 
haust  valves  and  valve  stems  represent  one  of  the  major  failure  mechtinisms  for  the 
internal  combustion  engine  I  Vitcha  [1973]).  Today,  as  fuel  economy  dictates  lighter 
vehicles,  thermal  fatigue  of  many  engine  components  must  be  considered  in  design. 

The  cracking  of  hot  glaisses  or  dishware  due  to  incidenteJ  minor  impacts, 
the  shattering  of  hot  plates  from  splashing  with  cold  water  and  the  fracture  of 
stemmed  glassware  after  repeated  dishwasher  cycles  all  represent  common  household 
examples  of  fracture  and  crack  growth  under  thermomechanical  loadings. 

Thus,  thermoraechanical  loadings  are  prevalent  throughout  various  indus¬ 
tries.  The  reliability  of  a  critical  structure  or  component  often  depends  on  crack 
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behavior  under  general  thermoinelastic  material  response.  The  at'ailability  of  a 
single  parameter  characterizing  the  crack  driving  force  for  thermoinelastic  fracture 
and  crack  growth  will  enable  engineers  to  more  accurately  account  for  general  ther¬ 
momechanical  loadings  thus  permitting  more  economical  designs.  The  S  integral 
developed  in  this  dissertation  provides  such  a  parameter. 


1.3  Study  Scope  and  Limitations 

The  goal  of  this  investigation  is  to  formulate,  verify  and  calculate  the  path 
domain  independent  integral,  S.  that  characterizes  the  crack  driving  force  for  ther¬ 
moinelasticity.  Though  by  no  means  exhaustive,  this  study  suggests  that  S  may 
provide  the  needed  energy  based  insight  into  thermoinelastic  crack  behavior  that 
designers  require. 

The  second  chapter  discusses  the  state  of  the  art  in  characterizing  parameters 
for  thermomechanical  fracture  mechanics.  Beginning  with  the  J  integral.  Chapter 
2  reviews  a  few  of  the  most  common  energy  terms  referenced  in  the  literature  that 
address  fracture  criteria,  especially  for  inelastic  material  response  regimes,  .\fter 
a  brief  recap  of  the  various  forms  of  the  J  integral,  the  chapter  discusses  those 
parameters  that  characterize  creep  fracture  and  finally  presents  the  few  energy 
integrals  proposed  for  thermomechanical  fracture. 

The  third  chapter  formulates  the  path  domain  independent  integral  S  for  the 
quasi-static  case.  Based  on  thermoinelastic  continuum  mechanics  and  a  material 
conservation  law  developed  from  classical  field  theory,  S  equals  the  force  acting 
on  a  singularity.  Thus  S  defines  the  total  energy  released  per  unit  crack  advance. 
Though  the  method  for  generating  S  applies  to  dynamic  amd  quasi-static  regimes, 
this  effort  only  addresses  the  quasi-static  case.  This  development  draws  heavily  on 
the  work  of  Simo  and  Honein  [1990]  on  discrete  conservation  laws  for  inelasticity. 
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Chapter  3  concludes  by  defining  S  for  the  quasi-static  case  including  body 
forces  for  both  coupled  and  uncoupled  thennoinelasticity.  The  coupled  case  assumes 
that  the  temperature  field  induces  a  strain  field  and  that  the  quasi-static  strain  rates 
induce  a  temperature  field.  The  uncoupled  czise  employs  the  typical  assumptions  for 
metals,  i.e..  the  temperatures  induce  strain  but  slowly  varying  strains  do  not  induce 
temperature  change.  Later  chapters  show  this  uncoupled  assumption  to  produce 
satisfactory  results  in  evaluating  test  data  for  aluminum  specimens.  The  inelzisticity 
theory  uses  internail  variables  to  model  elastic-viscoplastic  response  with  combined 
isotropic  and  kinematic  hardening. 

Chapter  4  describes  the  experimental  investigation,  confirms  that  S  repre¬ 
sents  a  thermoinelastic  material  conservation  law  and  discusses  the  results  from  the 
fracture  toughness  tests.  Limited  tests  on  aircraft  2024  aluminum  demonstrate  the 
detrimental  effect  a  thermal  gradient  has  on  the  load  cariydng  capacity  of  a  member. 
For  the  quasi  static  case,  approximately  a  65® /F  per  inch  thermal  gradient  reduces 
the  applied  tension  to  cause  initial  crack  extension  by  approximately  fifty  percent. 
This  experimental  investigation  does  not  address  fatigue  crack  growth  from  cyclic 
thermomechanical  loading.  This  important  phenomenon,  crucial  for  successful  en¬ 
gineering  design,  provides  am  interesting  topic  for  further  research. 

The  fifth  chapter  presents  the  numerical  calculation  of  S  via  the  finite  el¬ 
ement  method.  A  postprocessor  to  the  general  finite  element  analysis  program. 
FE.4P.  computes  the  S  path  domain  independent  integral.  Investigating  the  fi¬ 
nite  element  based  S  integral  on  a  crack  free  body  subjected  to  thermomechanical 
loading  demonstrates  the  conservat’cn  law  nature  of  S.  Computations  model  eight 
selected  fracture  toughness  experiments  showing  the  S  integral  characterizes  frac¬ 
ture  under  thermomechanical  loading.  The  S  integreiis  computed  from  the  finite 
element  analyses  match  those  estimated  from  the  experimental  force  displacement 
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trace  for  the  isothermal  cases  verifying  the  S  calculation.  Furthermore,  the  S  inte¬ 
grals  calculated  for  the  thermomechanical  loading  cases  agree  with  the  values  from 
the  isothermal  cases  suggesting  that  S  characterizes  incipient  fracture. 

The  sixth  chapter  summarizes  the  investigation  recapitulating  the  key  points 
of  S  integral  formulation  plus  experimental  and  computational  verification.  Next, 
the  final  chapter  discusses  the  limitations  of  the  S  path  domain  independent  in¬ 
tegral.  The  chapter  concludes  by  suggesting  future  research  in  the  crucial  area  of 
thermoinelastic  fracture  mechanics. 


2 

Background  on 
Fracture  Criteria 


Energy  based  fracture  criteria  hold  a  highly  regEirded  place  in  fracture  me¬ 
chanics.  These  criteria  address  the  macroscopic  thermodynamic  energy  balance 
associated  with  extending  a  crack.  Path  or  path  domain  integrals  typically  define 
the  critical  parameters  for  fracture.  Over  the  years  the  criteria  have  developed  from 
the  simplest  case,  including  only  the  material  surface  energy,  to  the  present  effort 
that  includes  the  full  thermoinelastic  energy  fields. 


2.1  Early  Energy  Concepts 

Griffith  in  his  classic  works  [1921,1925)  pioneered  energy  based  fracture  cri¬ 
teria.  Under  elastic  conditions,  Griffith  suggests  that  crack  propagation  occurs  if 
the  elastic  energy  released  upon  crack  extension  provides  sufficient  energy  for  crack 
growth.  Hence,  the  elastic  energy  release  rate.  G.  (also  called  the  crack  driving 
force  per  unit  crack  extension)  required  for  crack  growth  can  be  expressed  as, 

(2.1) 

where  a  is  the  crack  length.  U  is  the  elastic  energy,  Wg  is  the  energy  required  for 
crack  growth,  and  R  is  the  resistance  per  unit  crack  advance. 


da  da 
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Since  Griffith  studied  fracture  of  glass,  his  criterion  theorizes  the  fracture 
resistance  simply  equals  the  surface  energy  required  to  form  two  new  surfaces  as 
the  crack  extends  a  unit  distance.  Hence,  Griffith  set  the  resistauice  to  twice  the 
surface  energy.  7. 

R  =  27.  (2.2) 

This  criterion  requires  knowing  the  surface  energy,  7,  of  the  material.  While 
providing  reasonable  accuracy  for  brittle  fracture,  the  Griffith  criterion  proves  in¬ 
adequate  for  ductile  fractures  that  commonly  occur  in  metals. 

Most  critical  engineering  structures  in  the  first  half  of  this  centurv’  failed  by 
ductile  fracture  of  metal  components.  Irwin  [1948]  and  Orowan  [1955]  independently 
noted  that  the  energy  required  for  unit  crack  advance  in  metal  fair  exceeds  the  surface 
energy  of  the  two  new  free  surfaces.  They  included  an  empirical  factor  within  the 
Griffith  criterion  to  account  for  the  plastic  energy  at  the  crack  tip  associated  with 
ductile  fracture.  Denoting  this  plasticity  factor  as  the  Irwin  criterion  states 

R  =  2j  +  (2.3) 

While  conceptually  correct,  the  Irwin  ductile  fracture  criterion  proves  in¬ 
effective  for  design  due  to  difficulties  in  obtaining  the  plastic  energy  term.  This 
empirical  correction  term  depends  on  the  material,  component  amd  crack  geometry 
as  well  as  the  loading  history. 

Following  the  efforts  of  Griffith  and  Irwin,  researchers  have  developed  energy 
based  fracture  parameters  that  apply  to  arbitrary  geometries  tind  loadings.  These 
energy  criteria  often  appear  as  path  and  path  domtiin  independent  integrals.  Herein, 
path  independent  integrtd  refers  to  an  integral  expression  that  has  the  same  value 
regardless  of  the  integration  path  (a  line  integral  for  two  dimensions  or  a  surface 
integral  for  three  dimensional  cases).  Likewise,  path  domain  independent  integrsd 
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refers  to  the  sum  of  a  path  integral  plus  an  integral  over  the  enclosed  domain  (line 
and  area  integral  for  two  dimensions  or  surface  and  volume  for  three  dimensions) 
that  has  the  same  value  regardless  of  the  choice  of  path. 

The  following  sections  briefly  review  some  of  the  integral  parameters  dis¬ 
cussed  in  the  literature  for  fracture  mechanics.  The  review  begins  by  defining  and 
describing  the  J  integral  then  addresses  some  of  the  parameters  proposed  to  over¬ 
come  various  restrictions  on  J.  Some  of  the  integrals  carry  an  energy  release  rate 
interpretation,  while  others  only  represent  a  convenient  parameter  that  character¬ 
izes  crack  extension. 

The  discussions  draw  on  the  original  cited  references  and  the  insightful  com¬ 
parison  articles  of  Kim  and  Orange  [1988],  Kanninen  and  Popelar  [1985],  Hellen 
and  Blackburn  [1986]  and  Atluri  (19S6|.  While  less  than  exhaustive,  this  review 
captures  the  flavor  of  the  integral  parameters,  briefly  discusses  their  backgrounds 
and  highhghts  certain  limitations. 

One  final  note  on  energy  based  fracture  criteria  concludes  this  introduc¬ 
tion.  The  integral  parameters  discussed  herein  are  typically  based  on  a  continuum 
mechsmics  description  of  the  crack  tip  fields.  Since  at  the  crack  tip  such  noncon¬ 
tinuum  effects  as  void  initiation,  microcracking  amd  microvoid  coalescence  occur  as 
described  by  Broberg  [1971],  the  continuum  baised  energy  criteria  can  only  be  a 
necessary  but  not  sufficient  condition  for  fracture.  Given  the  necessary  energy  con¬ 
dition.  fracture  will  occur  only  if  the  material  exactly  at  the  crack  tip  is  ready  to  fail 
and  become  two  separate  pieces  under  the  acting  stresses  amd  strains.  Fortunately, 
for  most  materials  discussed  in  the  literature  the  noncontinuum  fracture  process 
zone  adds  only  a  negligible  energy  to  the  tot2d  system.  Thus,  the  continuum  based 
par2Lmeters  accurately  predict  fracture. 
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2.2  The  J  Integral 

One  of  the  most  widely  researched  topics  over  the  past  twenty  years  in  ana¬ 
lytical  fracture  mechanics  has  been  the  J  integral.  This  path  independent  integral 
fracture  parameter  hzis  allowed  impressive  advances  in  elastic  plastic  fracture  me¬ 
chanics  through  Jr  fracture  resistance  curves. 

Independently  developed  and  popularized  for  fracture  mechanics  by  Rice 
[1968],  though  formulated  earlier  in  the  works  of  Elshelby  [1956],  Sanders  [1960]  and 
Cherapanov  [1961],  the  J  integral  equals  the  energy  release  per  unit  crack  length 
for  a  unit  extension  in  an  elastic  material.  The  following  expression  defines  J  for 
elastostatics  with  no  body  forces  and  homogeneous  material, 

J  =  y  {Wn  -  (Vufitrn)}  dr.  (2.4) 

where  W  is  the  strain  energy  density,  n  is  the  outward  unit  normal  to  T,  T  is  a 
simple  curve  enclosing  the  crack  tip,  see  Figure  2.1,  cr  is  the  stress  tensor  and  u  is 
the  displacement  vector. 

This  vector  representation  of  J  follows  Eshelby's  [1956]  original  expression 
for  the  force  on  a  singularity  inside  F.  Knowles  and  Sternberg  [1972]  show  that  this 
vectorized  J  represents  a  conservation  law  for  self  similar  crack  extension. 

The  J  integral  exactly  equals  the  negative  of  the  change  in  potential  energy 
per  unit  cr2u:k  advance  (see  Rice  [1968],  Eshelby  [1975]  and  Budiansky  and  Rice 
[1973]).  .■\s  such,  J  characterizes  the  driving  force  for  crack  extension. 

For  a  body  loaded  only  into  the  linear  elastic  regime,  the  J  integral  compo¬ 
nent  in  the  direction  of  crack  extension,  J,,  identically  equals  the  Griffith  elastic 
energy  release  rate.  G.  The  energy  release  rate,  in  turn,  can  be  expressed  as  a 
function  of  the  mode  I  (opening)  stress  intensity  factor.  Ki,  (see  Broek[1987]  for 
example). 

K* 

linear  elastic  plane  stress  J,  =  G  =  ,  (2.5a) 

E 
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Figure  2.1  Crack  region  for  fracture  integrals. 

linear  elastic  plane  strain  J,  =  G  =  -^(1  — i^*)  ,  (2.56) 

E 

where  E  is  the  Young's  modulus  and  v  is  Poisson’s  ratio. 

The  theoretical  foundations  of  J  remain  valid  for  nonlinear  elzaticity.  Thus, 
the  J  integral  addresses  elastic  plastic  fracture  for  proportional  loading  since  for 
this  loading  case  the  material  response  can  be  accurately  described  by  a  nonlinear 
elastic  stress  strain  relation. 

The  potential  energy  change  definition  of  J  permits  J  to  be  eviduated  exper¬ 
imentally  from  the  load  vs  deflection  ciuwes  for  cracked  specimens.  One  csJculation 
method  (Begley  and  Landes  (1972))  examines  the  change  in  area  under  the  load  vs 
deflection  curve  up  to  some  sp>ecified  deflection  for  numerous  samples  with  slightly 
different  initial  crack  lengths.  Other  calculation  methods  determine  J  from  a  single 
sample  (Rice  et  al.  [1973],  Landes  et  al.  [1989]  tmd  .\STM  E813  [1988])  in  which 
the  crack  is  carefully  advanced.  These  methods  separate  the  calculation  into  elastic 
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and  plastic  (nonlinear  elastic  to  be  precise)  portions, 

J,  =  j;‘“  +  Ji*--  ,  (2.6) 

where  is  the  elastic  energy  release  rate  given  by  equation  (2.5)  and  Jj**"  is 
determined  from  the  load  vs  deflection  curve.  Chapter  4  presents  and  illustrates 
two  procedures  for  calculating  Jj. 

The  J  integral  can  also  be  calculated  from  finite  element  analyses.  The  path 
independence  of  the  J  integral  permits  its  evaluation  along  contours  removed  from 
the  intricate  stress  and  strain  fields  in  the  immediate  crack  tip  vicinity.  For  example, 
the  early  study  by  Kobayashi  et  al.  [1973]  shows  excellent  agreement  between  the 
critical  value  of  J  at  incipient  fracture  calculated  from  experiments  and  generated 
by  finite  element  analysis. 

Interestingly,  although  elasticity  provides  the  foundation  for  the  J  integral,  J 
addresses  elastic  plastic  fracture  mechanics  under  certain  limited  conditions.  Pro¬ 
portional  loading  is  the  crucial  condition.  Under  proportional  loading  the  stain 
energy  density  of  an  elastic  plastic  material  remains  single  valued  in  strain  and 
identically  equals  the  strain  energy  density  of  a  nonlinear  elastic  material.  Hence, 
the  J  integrad  characterizes  ductile  fracture  under  proportional  loading  of  an  elastic 
plastic  material. 

The  theoretical  foimdation  for  J  becomes  invalid  for  incremental  plasticity 
since  the  strain  energy  density  ceases  to  be  single  valued  during  any  unloading.  Cer¬ 
tainly,  some  unloading  occurs  in  the  material  directly  behind  an  extending  crack 
tip.  The  J  integral  does  not  address  plastic  unloading,  incremental  plasticity,  vis¬ 
cous  material  behavior,  body  forces,  arbitrary  material  inhomogeneity  or  thermal 
strains. 

Many  criticail  structures  and  components  under  severe  loadings  experience 
accumulating  inelastic  strains  due  to  cyclic  loadings  and/or  increasing  temperatures. 
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Since  these  structures  and  components  require  reliability  evaluation  for  overall  safety 
and  economy  and  J  integral  analysis  ctumot  be  applied,  many  fracture  mechanics 
ptirameters  address  one  or  more  of  the  aspects  limiting  the  J  integral. 

Lamba  [1975]  proposes  a  cyclic  definition  of  J  to  apply  to  fatigue  crack 
initiation  from  a  notch.  The  fatigue  cyclic  parameter  AJ  is  given  as. 

AJ  =  y  {!P( Ac)n  -  (VAu)^(Ao-ti)}  dF  ,  (2.7) 

where  Au.  A«,  andAtr  are  increments  of  displacement,  strain  and  stress  and  SP(  Ae) 
is  the  strmn  potential  such  that  A<T  =  d'^/dAe. 

The  AJ  integral  retains  the  path  independence  property  eind  the  theoretical 
limitations  of  the  J  integral  discussed  in  this  section.  Compared  to  Neuber  [1961] 
notch  analysis  the  AJ  parameter  yields  improved  results  as  the  notch  becomes 
sharper  for  predominantly  elastic  loads.  Recent  studies,  Huang  and  Pelloux  [1980], 
Hatanaka  et  al.  [1989]  and  Jablonski  [1989],  report  good  correlation  of  low  cycle 
fatigue  crack  growth  rates,  dafdN.  where  a  is  the  crack  length  and  N  is  the  number 
of  cycles  with  AJ  on  Hastelloy-X.  medium  carbon  steel,  304  stmnless  steel  and  HY 
100  alloy.  These  studies  demonstrate  AJ’s  usefulness  for  fatigue  analyses  regardless 
of  the  lack  of  theoreticaJ  foimdation. 

2.3  Complementary  Energy  Version  of  J 

Another  path  independent  integral  energy  pMEuneter  for  eltistostatics  is  the  I 
integral  developed  by  Bui  [1974].  The  I  integral  represents  the  dual  of  the  J  integral 
since  I  considers  the  complementary  energy  of  a  cracked  body.  Bui  [1974]  defines  I 
for  two  dimension2d  elastostatics  with  homogeneous  material  in  the  absence  of  body 
forces  as. 

1  =  J  {-U^{tr)n  +  u^{{V<r)n)}dr , 


(2.8) 


T 
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where  U^{<r)  defines  the  stress  function  energy  such  that  the  strain  is  given  by 

c  =  dU^/da. 

The  I  integral  identically  equals  the  negative  of  the  stress  potential  energy 
change  with  increasing  crack  length. 


/  = 


da' 


(2.9) 


Q  =  -  f  U^{a)dQ+  [  u^i(rn)dr, 

Jn  Jan^ 


(2.10) 


where  are  the  specified  displacements  along  the  boundary  dQu-  For  the  case 
where  convex  functions  define  both  the  strain  energy  and  the  stress  energy  then  I 
identically  equals  J  since  the  stress  potential  equals  the  strain  potential. 

Similar  to  the  experimental  determination  of  J,  the  load  displacement  curve 
from  a  fracture  test  determines  I.  The  accuracy  of  finite  element  based  numerical 
evaluation  of  I  increases  for  hybrid  or  stress  based  finite  element  formulations.  The 
traditional  displacement  based  finite  elements  yield  less  accurate  stress  gradients 
than  displacement  gradients  and  therefore  is  not  computes  as  accurately  as  J. 


2.4  Two  Definitions  of  the  J*  Integral 

Attempting  to  overcome  the  proportional  loading  restriction  imposed  on  J, 
Blackburn  [1972]  proposed  the  J*  integral  defined  as  (see  Figure  2.1), 

J-  =  ^  {1(0- ;  Vu)n  -  (Vu)^{(Tn)}  dF  ,  (2.11) 

or  equivalently  via  Green’s  theorem  and  elastostatic  equilibrium  in  the  absence  of 

body  forces, 

J’=  /  {^(<7-:  Vu)n-(Vu)^(<rn)}dr 

+  lim  /  {ha  :  V*u)  -  hva  :  Vu)}  df?  .  (2.12) 

‘-0  Jn-n,  2  2 
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For  an  elastic  material  the  area  integral  vanishes  and  J*  identically  equals  J. 
However,  for  the  antiplane  shear  problem  amd  for  the  Dugdale  (Tresca  yield  based) 
plane  stress  problem  using  infinitesimal  streiins,  J*  equals  3/2.  Furthermore,  for 
power  law  hardening  materials  J*  does  not  support  an  energy  release  rate  inter¬ 
pretation.  Using  the  explicit  term  <r  :  Vu  expands  the  scope  of  J*  beyond  the 
limitations  of  J  but  obscures  the  physical  meaning. 

Blackburn  [1972]  suggests  using  J*  as  a  fracture  parameter  for  those  nonelas¬ 
tic  cases  for  which  J  is  inappropriate,  such  as  cases  including  inelastic  load  reversals. 
Comparing  a  critical  value  of  J*  calculated  from  another  known  case  to  the  situation 
in  question  determines  the  likelihood  of  fracture. 

Finite  element  results  provide  the  necessary  information  for  caJculating  J*. 
Since  the  au-ea  integral  in  equation  (2.12)  vanishes  in  the  elastic  region,  only  the 
inelastic  elements  (gauss  point  areas)  enter  the  area  integral  term.  Numerically 
investigating  J*  for  cases  containing  creep,  unloading  from  an  inelastic  state,  ther¬ 
mal  strains  and  material  inhomogeneity,  Blackburn  et  aJ.  [1977]  find  the  expected 
result,  that  J*  remains  path  independent  over  various  contours. 

Supporting  J*  as  a  fracture  ptirauneter,  Batte  et  al.  [1983]  calculate  a  critical 
stress  intensity  factor  using  the  J*  integral  from  finite  element  models  of  fracture 
toughness  tests  on  a  1%  CrMoV  IP  steam  turbine  rotor  forging.  The  computed 
stress  intensity  factors  based  on  J*  show  little  dependence  on  crack  length  or  contour 
choice  amd  fall  within  -f  0%  to  4-20%  of  the  experimentally  determined  values. 

Blackburn  [1985]  specifically  investigates  using  J*  and  AJ*  for  cyclic  load¬ 
ing.  The  change  of  J*  with  incremental  crack  length  increase  defines  AJ*.  The 
parameters  accurately  determine  the  cumulative  aind  current  crack  tip  state  and 
are  recommended  by  Blackburn  for  the  unloading  and  reloading  situation.  In  this 
respect  J*  apjjears  robust  as  a  fracture  parameter. 
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Thermal  strains  enter  J*  as  defined  in  equation  (2.12)  directly  through  the 
displacement  gradient.  This  causes  J*  to  depend  unreasonably  on  an  isothermal 
temperature  change.  Apparently  to  alleviate  this  potential  problem.  Heller  and 
Blackburn  [1986J  propose  redefining  J*  in  the  presence  of  a  temperature  field  as, 

y  =  J^{\(tT:(Vu-e^''))n~{Vuf{an)}dr  ,  (2.13) 

where  equals  the  thermal  strain  tensor.  Unfortunately,  little  discussion  and  no 
examples  accompany  this  recommendation. 

Schmitt  and  Kienzler  [1989]  modify  the  J  integral  in  a  manner  qtiite  similar 
to  J*  as  defined  by  Blackburn  [1972]  to  apply  to  materials  described  by  incremental 
plasticity.  They  define  the  new  path  domain  independent  integral  as. 

J*  =  I  {W^n  ~  (Vu)^{<rn)}  dr  +  f  Vtr  :VudQ  .  (2.14) 

Jr  Jn 

where  W*  is  the  stress  work  density  defined  as,  or  =  dW^/dVu  .  Hence,  W* 
depends  on  the  deformation  history.  For  an  elastic  material  J*  identicadly  equals  J. 
For  incremental  plasticity  the  principle  of  virtual  work  leads  to  the  interpretation 
of  J*  £is  a  work  dissipation  rate  akin  to  the  energy  release  rate  interpretation  of  J 
for  elasticity. 

Defining  J*  in  terms  of  the  history  dependent  stress  work  density  provides 
£ui  unambiguous  eveduation  of  the  parameter.  With  this  definition.  J*  applies  to 
incremental  plasticity,  nonproportional  loadings  tmd  elastic  unloadings.  However, 
thermal  strains  again  enter  through  the  displacement  gradient  and  stress  thus  po¬ 
tentially  leading  to  erroneous  conclusions. 

Recently,  in  their  work  on  discrete  conservation  laws  and  path  domain  in¬ 
dependent  integrals.  Simo  and  Honein  [1990]  generalize  the  classical  J  integral 
to  discrete  incremental  plasticity  and  viscoplasticity.  Constructing  the  Noether 
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[1918.1971]  queintity  associated  with  the  translation  symmetry’  group  for  the  dis¬ 
crete  (edgorithmic)  Lagrangian.  Simo  and  Honein  [1990]  develop  the  path  domain 
independent  integral. 


+  D-^  ■■  (\qn^x  ~  Qn)  +  <rn^i  .  (^>1-^7) 

-  — 7'^(/(<r„+i,qn+,))  )  1  -  Vu^+i<r„+i  | 

V  J 

+  f  {a-n+i  :V€^;P  -  q„+i  :  D~^  ■.Vqn}  df2  , 

Jn 


n  dr 


(2.15) 


for  viscoplasticity  where  U’  is  the  stored  energy  function  such  that  the  stress  tr  = 
dW/de.  e  is  the  total  strain  tensor,  c*'’  is  the  viscopleistic  strain  tensor,  q  is  the 
tensor  of  hardening  variables  (back  stress  and  isotropic  hardening  scalar),  D  is  the 
positive  definite  hardening  moduli  tensor.  At  is  the  time  step  for  the  discrete  interval 
[n.n  +  1],  Tj  is  the  fluidity  parameter.  *'■*■  is  the  penalty  function  for  viscoplastic 
regularization  and  f{er,q)  is  the  yield  function.  The  subscripts  n  and  n  +  1  denote 
the  variable  values  at  the  beginning  ( n  )  or  end  ( n  +  1)  of  the  interval.  For  plasticity 
the  plastic  strain  tensor  replaces  e*''  and  the  yield  function  obeys  f{(r.q)  <  0. 

This  version  of  the  J*  inteirral.  denoted  as  equals  the  total  energy 

released  per  unit  crack  extension.  Simo  and  Honein  [1990]  prove  this  using  an 
argument  following  the  Budiansky  and  Rice  [1973]  proof  that  the  classic  J  integral 
equals  the  potential  energy  release  rate. 

This  path  domain  independent  integral  extends  the  claissical  J  integred 

to  nonproportional  loading  cases  treated  by  incremental  plasticity  and  viscoplastic¬ 
ity.  The  discrete  Lagrangian  and  discrete  conservation  law  work  of  Simo  and  Honein 
[19901  forms  tne  oasis  for  the  S  integral  development  in  Chapter  3. 


the  work  of  Simo  and  Honein  (1990]  on  discrete  conservation  laws  for  inelasticity. 


M 
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2.5  Creep  Crack  Growth  with  Integral  Parameters 

High  temperature  creep  behavior  of  components  such  as  power  generating 
turbine  blades  and  rotors  violate  the  limitations  on  the  J  integral.  A  parameter 
that  uniquely  characterizes  the  crack  tip  stress  and  strain  rate  fields  during  creep 
response  provides  an  improved  correlation  of  creep  crack  growth  rates  compared  to 
the  linear  elastic  stress  intensity  factor.  This  section  discusses  two  such  parameters. 
C*  and  F.  while  other  more  general  parameters  proposed  by  Stonesifer  and  Atluri 
[1982a.b]  and  Brust  et  al.  [1985]  are  discussed  in  the  next  section. 

For  nonlinear  steady  state  (secondary)  creep,  the  C*  parameter  populjudzed 
by  Landes  and  Begley  [1976]  (following  a  suggestion  by  Goldman  and  Hutchinson 
[1975])  characterizes  the  crack  tip  stress  and  strain  rate  fields.  The  rate  form  of  the 
J  integral  defines  C*  as. 

C’ =  j  {Wn-iVuf{<Tn)}dr.  (2.16) 


where  11’*  is  the  strain  energy  rate  density  defined  as. 


W' 


j: 


<T  de. 


(2.17) 


The  C*  integral  relation  retains  the  path  independence  and  all  the  limitations 
of  the  J  integral.  .Also,  C*  equals  the  power  difference  between  two  identically 
loaded  bodies  having  incrementally  different  crack  lengths.  Similar  to  J,  C*  can  be 
evaluated  from  the  load  vs  displacement  rate  trace  of  steady  state  creep  fracture 
tests.  Naturally.  C*  cam  also  be  evaluated  from  finite  element  results. 

In  the  study  by  Landes  and  Beeley  [19761.  the  C*  parameter  successfully 
correlates  steady  state  creep  crack  growth  rates  on  center  cracked  panels  of  Fe-Ni- 
Cr  superalloy  (discaloy).  Using  C*  reduces  the  scatter  in  crack  growth  rate  by  a 
factor  of  six  compared  to  using  the  stress  intensity  factor.  Nikbin  et  al.  [1976] 


Chapter  2  Background  on  Fracture  Criteria 


22 


report  similar  findings  for  creep  crack  growth  tests  conducted  on  aluminum  alloy 
RR58  and  a  chromium-molybdenum-vanadium  steel. 

In  a  creative  application  of  the  technique  Eshelby  [1956]  uses  to  generate  the 
force  on  a  singularity,  Atkinson  and  Smelser  [1982]  develop  an  invariant  integral 
F  for  coupled  time  dependent  thermoviscoelastic  solids.  For  special  cracked  strip 
problems  this  integral  yields  the  crack  tip  stress  and  displacement  fields. 

The  integrjil  results  from  the  tensor  akin  to  the  energy  momentum  tensor  (see 
Eshelby  [1956])  but  with  the  Lagrangian  constructed  from  the  Laplace  transform 
of  the  coupled  equations  of  motion.  As  such,  the  integrzd  generates  quantities  such 
2is  the  Laplace  transformed  stress,  displacement,  temperature  and  stress  intensity 
factor.  Naturally,  except  for  certain  problems  the  procedme  becomes  algebraically 
complicated.  Furthermore,  results  in  terms  of  the  Laplace  transforms  require  some 
effort  to  convert  to  useful  real  time  results. 


2.6  The  aT  Integral  Family 

Atluri  [1982]  develops  incremental  integrals  for  pleisticity,  AT,  and  rate  sen¬ 
sitive  inelasticity,  ATc-  These  integrals  generalize  the  conservation  law  for  self 
similar  crack  extension  of  Knowles  and  Sternberg  [1972],  and  hence  the  J  integral, 
to  include  finite  deformations,  inelasticity,  body  forces,  material  inertia  and  eirbi- 
trary  crack  face  conditions,  Kanninen  tind  Popelar  [1985]  observe  that  thermal 
effects  can  be  easily  accommodated  by  modifying  the  body  force  to  include  the 
term  — a£'V^/(l  —  2i/)  where  a  is  the  thermiJ  expansion  coefficient  and  ff  is  the 
temperature  change.  Later  modifications  to  AT  by  .\tluri  et  al.  [1984]  produce  the 
incremental  integrals  AT*  tind  ATp.  Summing  AT  over  the  history  yields  the  T* 
pwameter  investigated  by  Brust  et  al.  [1985]. 
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Beginning  from  the  consert'ation  law.  Atluri  [1982]  develops  AT  for  the  gen¬ 
eral  case  of  classical  elastoplasticity.  The  AT  parameter  equtds  the  difference  in 
combined  incremental  potential  energy  per  unit  crack  length  in  the  time  interval  t 
to  t  -f-  At  of  two  cracked  bodies  identical  in  shape  and  load  history  differing  only 
slightly  in  crack  length.  Though  developed  for  finite  deformations,  for  consistency 
within  this  review  attention  is  restricted  to  the  infinitesimal  strain  theory.  The 
infinitesimal  strain  version  of  AT  becomes, 


AT  =  y  {(Air)n-{A(Vu))^((<7--|- Acr)n)}dr 


Vo-  ;  Ae  +  pb»  At)  dfi  , 


(2.18) 


where  p  is  the  material  density,  b  is  the  body  force  per  tmit  mass.  AIF  is  the 
increment  in  total  stress  working  density  in  the  time  inter-val  from  t  to  t  ■+■  At 
defined  by, 

Air  =  (o-  +  iA<f):  Ac.  (2.19) 


The  AT  integral  measures  the  severity  of  the  crack  tip  stress  amd  strain 
fields  including  the  eriects  of  near-tip  plasticity  and  loading/unloading  zones.  For 
paths  entirely  in  either  the  loading  or  unloading  zone,  Atluri  [1982]  proves  the  path 
domain  independence  of  AT. 

Similau-  to  AT.  the  parameter  ATc  addresses  rate  sensitive  inelastic  mate¬ 
rials.  For  elasto- viscoplasticity  the  ATc  parameter  has  the  same  energy  interpre¬ 
tation  and  the  same  path  domain  independence  as  AT.  Actually,  the  definition  of 
ATc  matches  AT  with  the  stress  terms  and  the  incrementtd  stress  working  density 
correctly  defined  for  an  elasto-viscoplastic  material. 

The  parameter  ATc  addresses  nonsteady  creep  crack  growth.  Stonesifer  and 
Atluri  [1982a.b]  investigate  ATc  based  on  finite  element  results  and  compare  it  to 
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the  steady  state  creep  parameter  C*.  The  comparison  with  the  C*  integral  requires 
a  steady  state  version  of  the  incremental  parameter  ATc  for  mode  I  crack  growth 
defined  as  Tc, 


t,= 


lim 

Al— 0 


At 


ATc 

At 


(2.20) 


The  compauisons  conclude  that  Tc  accurately  characterizes  mode  I  (opening) 
crack  growth  for  nonsteady  as  well  as  steady  state  creep.  The  Tc  parameter  has 
am  energy  interpretation  aikin  to  AT  and  cam  be  easily  calculated  from  numericad 
models.  For  steady  state  creep  in  plane  staun  Tc  remains  within  two  percent  of  C* 
and  falls  eleven  to  fourteen  percent  above  C*  for  plane  stress. 

Atluri  et  al.  [1984]  present  two  modified  versions  of  the  AT  integrad  for 
incrementad  plasticity.  The  new  integrals,  denoted  as  AT*  amd  ATp  express  the 
elaistic  plastic  boundary  contribution  in  terms  of  field  variables.  The  following 
expressions  define  these  new  parameters. 


at;  =  f  {ATVn  -  A(  Vu)^(tr  +  A<T)n  -  (Vu)^A<rn}  dF 
Jr+r, 

+  /  {A<t  ;  ( Ve  -F  ^A(V€))  -  Ae  ;  (Vo-  +  Ja) Vo-))}  dQ,  (2.21) 
Jn-n.  -  - 

ATp=  f  {A\Vn-V{Auf{<r  +  A<r)n-(VufA(rn}dr 
Jr+r, 

+  f  {Ae:(V<T  +  iA(V<r))- Ao-:(Ve  +  ^A(Vf))}d/? 

Jvt-a  -  2 

=  J  {AWn  ~V{Au)^ {a  +  Aa-)n  —  {Vu)^{A<r)n}  dr  ,  (2.22) 


where  V*  is  the  total  volume  of  the  body  and  5  is  the  external  boundary  including 
the  crack  faces. 

The  integral  AT*  includes  the  volume  between  the  contours  F  and  T,  whereas 
the  ATp  integral  includes  the  entire  volume  less  the  volume  inside  F.  The  parameter 
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ATp  C2in  be  experimentally  evaluated  for  proportional  loading  by  measuring  the 
incremental  area  between  load  vs  displacement  curves  for  two  identical  specimens 
with  only  slightly  different  crack  lengths.  Directly  measuring  the  displacement  tind 
traction  data  a'ong  the  entire  specimen  boundary  also  generates  ATp  via  equation 
(2.21)  .  .\tluri  et  al.  [1984]  suggest  using  a  mixed  experimental  (to  determine  ATp) 
and  computational  (to  obtain  AT*  from  ATp  plus  a  volume  integral)  program  to 
determine  fracture  potential. 

The  AT*  integral  measures  the  severity  of  the  deformation  at  the  crack 
tip.  During  proportional  loading  ATp  measures  the  immediate  crack  tip  fields 
and  equals  the  rate  of  change  of  incremental  energy  per  unit  crack  advance.  For 
nonproportional  loading  neither  AT*  nor  ATp  have  clear  physical  meanings. 

For  the  limiting  case  of  nonlinear  quasi  static  in  a  homogeneous  material 
elasticity  the  pv  .-ameters  reduce  to  the  incremental  A J  integral  in  the  interval  t  to 
t  +  At. 

at;  =  ATp  =  AJ  .  (2.23) 

AJ  =  j  {AW^n  —  V(Au)^(<r  +  A<r)n  -  (Vu)^(A<rn)}  cfT.  (2.24) 

.\lso,  for  proportional  loading  in  elastostatics  the  sum  of  the  integrals  over 
the  monotonic  loading  history  identically  equals  the  J  integral. 

^AT;  =  J^ATp  =  J.  (2.25) 

A  further  addition  to  the  AT  integral  family  sums  the  incremental  integral 
AT*  over  the  loading  history.  The  summation,  defined  as  T*.  see  Brust  et  al. 
[1985],  serves  as  a  fracture  initiation  condition  similar  to  J/c- 

The  summation  parameter  remains  well  defined  for  unloading  and  subsequent 
reloading.  In  fact,  the  T*  parameter  computed  from  finite  element  fracture  model  of 
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A533B  steel  compact  tension  specimen  by  Brust  et  al.  [1986]  successfully  predicts 
continued  crack  extension  upon  reloading  following  elastic  unloading  2ifter  craw:k 
extension.  This  example  highlights  the  history  dependence  inherent  in  T* . 

To  address  nonsteady  creep  crack  growth,  Brust  and  Atluri  [1986]  suggest  a 
refinement  to  the  Tc  parameter  defined  by  equation  (2.21).  The  new  rate  parameter. 
T*.  characterizes  creep  fracture  and  h^ls  the  nezu’  field  form, 


t* 


lim 
Ar— 0 


AT’ 

At  ' 


lim  f  {\Vn  —  (Vu)^{<r  +  A<r)n  -  {Vu)^&n}  dr  . 
'“0  Jr, 


(2.26) 


where  the  (•)  signifies  the  time  derivative  and  \V  is  the  rate  of  stress  working 
density.  Numerical  studies  suggest  that  T’  accurately  characterizes  creep  growth 
under  nonsteady  creep  but  not  for  pure  power  law  creep  where  T*  becomes  constant. 


2.7  The  j  Integral  Includes  Fracture  Process  Zone 

Kishimoto  et  al.  [1980]  extend  the  J  integral  notion  to  address  the  fracture 
process  zone,  see  Broberg  [1971],  which  plays  a  crucial  role  in  fracture.  Within  the 
small  fracture  process  zone  at  the  crack  tip  voids  and  microcracks  initiate,  grow  and 
coalesce  permitting  crack  extension.  Classicad  continuum  mechanics  does  not  apply 
to  these  effects.  However,  the  total  system  energy  including  the  fracture  process 
zone  energetics  must  be  balanced. 

The  proposed  J  integral  accounts  for  the  fracture  process  zone  and  the  effects 
of  plastic  deformations,  body  forces,  thermal  strains  and  material  inertia.  Denoting 
the  rate  of  energj’  change  in  the  fracture  process  zone  by  the  path  domain  inde¬ 
pendent  integral  j.  Kishimoto  et  al.  [1950]  d.f:::  'hij  parr,~.r*rr  f  r  Ir..  •.:,5tatics 
as. 

j  =  -  /  ( V«)^(<rn)d/’ , 

Jr. 


(2.27a) 
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J  =  /  {lV‘n-(Vu)^iiTn)}dr 
Jr+r, 

-I-  f  {tr  :  Ve*  —  p6Vu}  dO  .  (2.276) 

Jn 

where  IV^  is  the  elastic  strain  energy  density  such  that  tr  =  dW^/de^  and  the  strain 
permits  the  decomposition  c  =  c*  +  c*  where  e*  is  the  elastic  strain  and  e*  is  the 
inelastic  strain,  typically  thermal,  plastic  and/or  viscoplastic  components. 

For  the  elastic  case  j  reduces  to  the  J  integral.  The  J  integral  measures  the 
work  done  on  the  crack  tip  by  the  surrounding  material. 

The  J  integral  development  assumes  that  the  fracture  process  zone  remains 
autonomous  during  infinitesimal  crack  advance.  Autonomous  here  means  that  the 
fracture  process  zone  does  not  depend  on  crack  geometry,  body  shape,  loading 
condition;  it  remains  constant  in  dimension  and  moves  with  the  same  speed  as  the 
crack  tip.  Hence,  the  relation  du/da  =  0,  where  u  is  the  displacement  and  a  is  the 
crack  length,  holds  on  the  contour  T,. 

Beginning  from  total  system  energy  balEuice,  Aoki  et  al.  [1981b]  show  that  J 
equals  the  energy  release  rate  associated  with  the  translation  of  the  fracture  process 
zone.  Here  again,  the  restrictive  assumptions  on  the  fracture  process  zone  outlined 
above  apply  to  the  development. 

Using  finite  element  calculations,  Aoki  et  al.  [1982]  demonstrates  the  path 
domain  independence  of  J  and  claim  that  J  addresses  incipient  fracture  in  thermal 
stress  fields.  They  suggest  developing  fracture  resistance  curves  based  on  J  for 
thermally  loaded  structures. 

2.8  Other  Integral  Parameters  for  Thermal  Effects 

A  number  of  other  path  and  path  domain  independent  integrals  address 
including  thermal  strains  in  the  J  integral.  These  integrals  consider  specific  cases 
and  hence  do  not  include  the  general  effects  included  in  J*,  j,  and  the  AT  integrals. 
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Ainsworth  et  ail.  [1978]  first  explicitly  considered  thermal  strains  in  the  path 


domain  independent  integral  J*  for  elastostatics  defined  as, 


{ir*n  —  (Vti)”(<Tn 


)]dr+  f  tr  : 
Jn 


Ve"*  dO 


(2.28) 


where  is  the  thermal  strain  tensor  component  of  the  total  strain  decomposition 


e  =  e*  +  e'*.  and  is  the  strain  energy  density  defined  zis. 


ir"  =  I 

Jo 


,  .  dwo 

ade  i.e.,  tr  =  -r— 


(2.29) 


The  J*  integral  has  the  same  energy  release  rate  interpretation  ais  J.  Simi¬ 
larly.  shares  the  shortcomings  of  J  such  as  its  foundation  in  nonlinear  elasticity. 
Naturally,  in  the  absence  of  thermal  gradient  J*  identically  equsds  the  J  integral. 

Numerical  examples  studied  by  Ainsworth  et  al.  [1978]  demonstrate  the  path 
domzun  independence  of  J*  and  its  relation  to  the  stress  intensity  factor.  Hence.  J* 
establishes  a  fracture  load  consistent  with  the  critical  potential  energy  release  rate 
criterion. 

Bass  and  Bryson  [1983]  include  body  forces  in  the  J*  integral  by  redefining 
the  volume  integral.  Their  path  domain  independent  integral  J*  aJso  equals  the 


energ>’  release  rate  per  unit  crack  advance. 


J*  =  y  {w^n  -  ( Vu)^(<rn)}  dF  +  J  {tr  :  Vc‘*  -  pb  •  Vu)  dS2  . 


(2.30) 


Wilson  and  Yu  [1979]  independently  develop  a  path  domaun  independent 
integral  including  thermal  strains  valid  for  isotropic,  homogeneous  linear  elastic 
materiaJ  free  from  body  forces  and  inertia  effects.  They  define  their  modification 
to  the  J  integral  as. 


J*"  =  y  fir“’n  -  ( Vu)^(<rn)}  dF 


(2.31) 
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where  IV'“’  =  |<y  :  e  for  the  linear  elastic  material.  The  J*"  integral  exactly  equzJs 
the  J*  integral  suitably  restricted  as  discussed  above. 

Wilson  2ind  Yu  [1979]  check  the  path  dommn  indep>endence  of  J*"  on  numer¬ 
ical  examples  and  generate  stress  intensity  factors.  Chen  and  Chen  [1981]  confirm 
that  J*"  addresses  mixed  mode  fracture  problems  showing  the  relations  between  J]", 
J2  and  the  mode  I  and  mode  II  stress  intensity  factors. 

Interestingly,  McCautney  [1979]  discusses  J*"  in  terms  of  thermodynamics 
showing  that, 

J*"  =  /  {ptPn  ~  (Vu)^itrn)}  dF  +  f  pSVTa  dn  ,  (2.32) 

Jr  Jn 

where  ^  is  the  Helmholtz  free  energy  density,  5  equals  the  entropy  and  Ta  is  the 
absolute  temperature.  Nguyen  [1981]  and  Germain  et  al.  [1983]  show  that. 


(2.33) 


where  o  equals  the  global  thermodynamic  potential.  Hence,  as  previously  discussed, 
the  path  domain  independent  integral  J"'  carries  a  well  foimded  physical  energy 
interpretation. 

For  a  very  particular  case  of  steady  state  temperature  field,  linear  thermoe¬ 
lasticity  with  homogeneous  isotropic  material  in  the  absence  of  body  forces  and 
material  inertia.  Gurtin  [1979]  generates  a  true  path  independent  integrzd.  Stated 
as  a  conservation  law  for  a  singularity  free  solid, 

Jr  2(X  +  fi) 

au(3A  +  2u) 

+  ■  -  ,■  (gVtt  -  uVe)n  }  dr  =  0  ,  (2.34) 

(  A  -f-  /i  J 

where  =  pi  :  e  +  ^A(tr€)*,  A  is  the  Lame  parameter  and  p  is  the  shear 
modulus.  In  the  absence  of  a  thermal  gradient  (V9  =  0)  the  integral  reduces  to 
the  J  integral  since  includes  temperature  terms  in  9. 
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The  path  independence  of  depends  on  the  quzintities  6u\^2  and  ^,2^1  main¬ 
taining  continuity  across  the  crack  face.  Kim  eind  Orange  [1988]  suggest  changing 
the  integration  path  from  F  to  F  +  Fc  to  avoid  this  sever  restriction. 

2.9  Summary  of  Integral  Fracture  Parameters 

.A.11  of  the  parameters  discussed  in  this  chapter  ranging  from  the  simple  Grif¬ 
fith  fracture  resistance  to  Atluri’s  AT  integrals  seek  to  describe  a  single  critical 
condition  for  crack  advance.  Table  2.1  summarizes  the  integral  fracture  par£uneters 
following  the  criteria  discussed  by  Kim  and  Ortinge  [1988].  The  Table  identifies  the 
various  conditions  included  in  each  parameter  and  highlights  the  physical  meaning 
associated  with  each  integral. 

Many  of  the  integrals  afford  the  desirable  interpretation  of  a  potential  energy 
release  rate.  These  parameters,  in  principal,  can  be  determined  experimentally  via 
a  load  vs  displacement  record  of  a  fracture  toughness  test.  For  all  the  integrals 
listed  on  Table  2.1  finite  element  results  supply  the  field  information  necessary  to 
evaluate  the  path  suid  path  domain  independent  integrals. 

For  evaluations  of  critical  structures  and  components,  a  true  fracture  pa¬ 
rameter  must  correlate  various  types  of  crack  propagation  behavior.  Crack  advance 
must  depend  on  the  critical  parameter  value  regardless  of  crack  size  and  component 
geometry.  .A.n  integral  with  a  sound  physiced  meaning,  such  as  the  energy  release 
rate,  that  characterizes  the  crack  tip  severity  appews  most  likely  to  satisfy  these 
conditions.  The  S  integral  developed  in  Chapter  3  provides  such  a  parameter. 

.All  of  the  integrals  discussed  in  this  chapter  characterize  linear  elastic  frac¬ 
ture.  Most  also  successfully  address  monotonic  loading  into  the  inelastic  regime  with 
negligible  nonproportiondity.  However,  for  the  incremental  inelastic  ctise  including 
load  cycling  and  accumulating  inelastic  strain,  only  the  J*,  J  and  the  AT  integral 
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family  maintain  their  theoretical  foundations.  Unfortunately  these  integrals,  except 
J,  lose  their  physical  meaning  for  this  situation. 

The  J  integral  appears  to  satisfy  ail  requirements  for  a  valid,  useful  ther- 
moineltistic  fracture  parameter.  However,  since  it  does  not  relate  to  a  change  in 
some  potential,  it  can  not  readily  be  evaluated  experimentally.  Since  S  emanates 
from  the  total  Lagrangian.  it  equals  the  chtmge  in  total  energy  per  unit  crack  ad¬ 
vance  and  characterizes  the  force  acting  on  the  crack  tip. 

The  literature  does  not  contain  a  single  fracture  integral  parameter  that 
maintmns  a  sound  physical  interpretation  while  addressing  the  general  case  of  ther¬ 
moinelasticity.  The  S  path  domain  independent  integral  developed  emd  investigated 
in  the  subsequent  chapters  supplies  a  pau-Euneter  that  addresses  the  general  ther¬ 
moinelastic  case.  The  S  integral  includes  Eill  the  conditions  listed  on  Table  2.1  and 
has  the  physical  metming  of  the  change  in  total  energy  per  imit  crack  advance. 
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Path  Domain  Independent  Integral 
Formulation  for  Thermoinelasticity 


The  path  domain  independent  S  integrjJ  provides  an  energy  based  xracture 
parzuneter  for  thermoinelasticity.  The  parameter  chziracterizes  fracture  under  gen¬ 
eral  thermoinelastic  material  response.  The  S  integral  equals  the  crack  driving 
force  at  incipient  fracture.  Derived  from  the  Noether  quantity  associated  with  the 
translation  symmetry  group  for  the  discrete  (aigorithmic)  Lagrangian  density,  the 
S  integral  carries  the  physical  interpretation  of  an  energy  release  rate.  As  such,  the 
parameter  also  represents  a  conserv'ation  law  for  thermoinelzistic  fields. 

The  first  section  describes  general  conservation  laws  beginning  with  an  illus¬ 
trative  case.  Rigorous  development  of  material  conservation  laws  in  classical  field 
theory  stems  from  applying  Noether's  theorem  to  the  total  Lagrangian  (or  Hamil¬ 
tonian)  defining  the  system.  .4  brief  discussion  including  a  few  relevant  references 
and  a  simple  example  of  Noether's  theorem  provides  sufficient  background  for  de¬ 
veloping  the  conservation  law  most  interesting  in  fracture  mechanics.  Eshelby's  law 
[1956]  calculates  the  force  on  an  elastic  singularity  from  the  Noether  quantity  asso¬ 
ciated  with  the  symmetry  group  of  coordinate  translations.  This  discussion  and  a 
simple  elastic  exsimple  establish  the  foundation  for  the  S  integral. 
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The  subsequent  development  formulates  the  path  domain  independent  inte¬ 
gral  S  for  the  infinitesimal  strain,  quasi  static  C2ise.  The  development  follows  the 
work  of  Simo  and  Honein  [1990]  and  utilizes  the  time  discretized  field  quantities  ideal 
for  later  computational  efforts.  Both  the  uncoupled  and  coupled  strain-temperature 
cases  are  presented.  The  imcoupled  case  assumes  that  a  temperature  field  induces 
a  strain  field  but  the  strain  field  does  not  influence  the  temperature.  The  absolute 
static  case  meets  this  assumption.  Naturally,  the  coupled  case  includes  the  full 
strain-temperature  interaction. 

After  formulating  the  S  integral  for  linear  thermoinelasticity,  a  proof  demon¬ 
strates  the  integral’s  path  independence.  The  physical  interpretation  of  S  as  a  total 
energy  release  per  unit  crack  advance  also  follows  directly  from  the  formulation.  A 
second  proof  succinctly  provides  the  justification  for  this  attractive  attribute. 

Finally,  with  suitable  restrictions  S  degrtwles  to  the  J*  integral  for  isothermal 
inelasticity,  the  J  integral  for  elasticity  and  the  J®  and  the  J*  integrals  for  uncoupled 
thermoelasticity. 

3.1  Integral  Conservation  Law  Formulation 

Innumerable  integr2d  conservation  laws  exist  within  mechanics.  Specifically 
for  fracture  mechanics  many  integral  conservation  laws  relate  the  energy  change  per 
unit  crack  advance  to  a  material  dependent  critical  value  for  fracture.  The  previous 
chapter  discusses  some  of  these  integral  laws. 

A  quick  digression  removes  much  of  the  notational  complexity  masking  the 
basic  nature  of  integral  conservation  laws.  Simply  integrating  any  pointwise  equality 
over  any  regular  region  produces  an  integral  conservation  law.  Moreover,  if  the 
relation  involves  the  divergence  of  a  quantity  then  employing  Green’s  theorem  yields 
a  path  domain  integral  law. 
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Beginning  with  pointwise  conservation  of  linear  momentum  for  statics  and 
integrating  over  some  volume  produces  a  trivial  path  domain  independent  integral 
conservation  law  relating  the  tractions  around  any  closed  surface  and  the  total  body 
force  within  the  surface. 


Many  of  the  fracture  mechanics  path  and  path  domain  independent  integrals 
discussed  in  Chapter  2  as  well  as  the  S  integral  developed  herein  emanate  from  the 
Eshelby  law  associated  with  the  energy  momentum  tensor.  This  formulation  directly 
shows  the  integral  to  be  the  force  on  all  singularities  within  the  integration  region. 

For  further  clarity,  the  subsequent  discussion  develops  the  energy  momentiun 
tensor  basis  of  the  J  integral.  This  development  closely  follows  the  efforts  of  Eshelby 
[1951,1956,1975]  and  Knowles  and  Sternberg  [1972]. 

Within  classical  field  theory  Noether’s  two  theorems  (Noether  [1918,  1971], 
Gelfand  and  Fomin  [1963],  Goldstein  [1980]  and  Rx>sen  [1974]  present  discussions  of 
these  important  theorems)  relate  one  parameter  symmetry  groups  and  associated 
conservation  laws  to  variational  problems.  A  simplified  version  of  Noether’s  general 
theorem  states  that  if  the  scalar  valued  function  describing  the  fields  remains  in¬ 
variant  imder  some  infinitesimal  superimposed  variable  transformation  then  there 
exists  a  conservation  law  associated  with  the  symmetry  group. 

For  mechanics,  this  simplified  version  of  Noether’s  theorem  states  that  if  the 
system’s  Lagrangian  (or  Hamiltonian)  functional  remains  invariant  with  resp>ect  to 


I 
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a  one  parameter  transformation,  i.e.,  the  functioned  does  not  explicitly  depend  on 
a  specific  variable,  then  an  associated  conservation  law  exists. 

In  elasticity,  Gunther  [1962],  Knowles  and  Sternberg  [1972],  and  Fletcher 
[1976]  eimong  others  employ  versions  of  Noether’s  theorem  to  obtain  conservation 
laws.  Olver  [1984a,b]  presents  the  complete  set  of  conservation  laws  for  three  di¬ 
mensional  lineju'.  homogeneous,  isotropic  elastostatics  in  the  absence  of  body  forces. 
Natur2Jly,  one  of  these  laws  is  the  Eshelby  law  establishing  the  divergence  free  na¬ 
ture  of  the  energy  momentum  tensor  and  hence  the  J  integral. 

The  Eshelby  law  for  an  elastic  region  containing  a  singrilarity  (the  interesting 
case  for  fracture  mechanics)  produces  the  force  on  the  singularity.  This  force  also 
equals  the  decrease  in  potential  energy  per  unit  motion  of  the  singularity. 

The  Noether  quantity  associated  with  the  infinitesimal  translation  symme¬ 
try  group  generated  by  djdx  is  the  energy  momentum  tensor.  For  homogeneous, 
isotropic  elastostatics  this  simply  means  that  the  Lagrangian  does  not  explicitly 
depend  on  the  coordinate  position,  x. 

In  the  absence  of  body  forces,  the  Lagremgian  density  for  infinitesimal  strain, 
homogeneous,  isotropic  elastostatics  is  identicedly  the  stored  energy  function. 


n=  wdf2-  /  t  u dr. 

(3.2a) 

Jn  Jd^n 

L  =  /  WdQ  , 

(3.26) 

Jn 

L  =VF(u,V«) , 

(3.2c) 

where  U  gives  the  total  potential  energy,  L  defines  the  total  Lagrangian,  L  is  the 
Lagrangian  density,  W  is  the  stored  energy  fimction,  t  =  trn  is  the  trawrtion  vector 
and  da^n  is  the  prescribed  traction  boundary. 

The  Noether  theorem  for  the  translation  symmetry  group  x*  x  +  h  with 
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||61|/|j*||  <  1  yields  the  energy  momentum  tensor,  E,  defined  as, 

£  =  (3.3) 

The  divergence  free  nature  of  the  energy  momentum  tensor,  divi7  =  0, 
constitutes  Eshelby’s  conservation  law  for  a  region  without  singularities; 

0  =  f  divEdn  =  f  Endr .  (3.4) 

Jn  Jan 

For  a  region  including  a  singularity,  such  as  a  crack  tip,  the  Eshelby  law 
yields  the  force  on  the  singularity,  identically  the  J  integral, 

3=[  Endr=  f  {Wn-{Vuf(^)n}dr,  (3.5) 

Jan  Jan  owu 

since  dLjdVu  equals  the  stress  tensor,  tr. 

For  the  case  in  which  the  Noether  quantity  is  not  divergence  free,  such  as  for 
inhomogeneous  material  or  in  the  presence  of  thermal  strains,  then  the  conservation 
law  becomes  a  path  domain  independent  integral  ^  described  in  equation  (3.1). 

The  procedure  outlined  in  this  section  provides  the  framework  for  developing 
the  S  integral.  Beginning  from  a  valid  Lagrangian  density,  invoking  Noether’s 
theorem  for  the  translation  symmetry  group  produces  a  conserved  quantity  akin 
to  the  energy  momentum  tensor  for  elasticity.  Applying  Green’s  theorem  to  the 
integral  conservation  law  associated  with  the  divergence  of  the  Noether  quantity 
yields  the  S  integral.  Thus,  S  is  identically  the  total  force  on  the  singularities 
within  the  integration  region  per  unit  translation  of  these  singularities.  Section  3.5 
proves  this  claim  for  a  traction  free  cavity  following  the  work  of  Budiamsky  and  Rice 
[1973]  for  the  J  integral. 
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3.2  S  Integral  for  Uncoupled  Thermoinelasticity 

For  slow  loading  rates  in  most  metals  the  uncoupled  thermoinelasticity  as¬ 
sumption  yields  acceptable  results.  The  uncoupled  case  assumes  that  a  slowly 
varying  strain  field  does  not  induce  a  temperature  change.  The  slow  loading  rate 
assumption  forms  the  foundation  for  stress  intensity  factor  and  J  integral  analyses. 
The  fracture  resistance  experiments  detailed  in  Chapter  4  examine  slow  displace¬ 
ment  controlled  crack  extension  and  hence  permit  the  imcoupled  assumption. 

This  uncoupled  case  treats  the  temperature  field  equations  as  ancillary  to  the 
mechanics  problem.  The  temperature  throughout  the  body  is  assumed  to  be  known 
and  given  at  all  times.  Thus,  the  Lagrangian  density  does  not  need  to  produce  the 
differential  equations  governing  the  temperature  field.  Although  temperatme  is  a 
parameter  in  the  Lagrangian,  it  is  not  an  independent  variable.  In  this  regard  the 
temperature  treatment  parallels  that  of  the  material  properties,  the  body  force  or 
traction  boundary  conditions. 

This  S  integral  development  considers  quasi  static  conditions  and  infinites¬ 
imal  small  strains.  Neglecting  inertia  effects  typictJly  has  less  than  a  ten  percent 
influence  on  the  totad  energy  release  rate  (Kanninen  amd  Popelar  [1985]).  .Address¬ 
ing  the  infinitesimal  strain  case  minimizes  the  notationai  difficulties  in  the  devel¬ 
opment  without  loss  of  the  concept.  Furthermore,  and  perhaps  most  convincing, 
these  assumptions  generate  the  case  of  interest  for  most  structures  and  components 
in  potential  fracture  situations.  The  S  integral  development  draws  heavily  on  the 
work  of  Simo  and  Honein  [1990]  on  discrete  Lagrangian  formulation  and  discrete 
conservation  laws  for  inelasticity. 

For  convenience,  this  development  assumes  the  typical  isotropic  relation  that 
temperature  change  only  produces  voltunetric  strain; 


€‘*  =  aei 


(3.6) 
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where  is  the  thermal  strain  tensor,  a  is  the  coefficient  of  thermal  expansion,  8  is 
the  temperature  difference  from  some  reference  temperature  and  1  is  the  rank  two 
identity  tensor. 

The  total  streiin  tensor  permits  the  decomposition; 


€  =^{Vu  +  Vu^}  =  €‘  +  +  e'’ 

for  plasticity 

(3.7a) 

c  =i{Vu  +  Vu^}  =  «*  +  +  e*''’ 

for  viscoplasticity 

(3.76) 

where  u  is  the  displacement  vector,  e*  is  the  elastic  strain  tensor,  is  the  plastic 
strain  tensor  and  e*'*’  is  the  viscoplastic  strain  tensor. 

A  stored  energy  function  governs  the  stress  response.  Irreversible 

plastic  flow  depends  on  the  total  strain  history,  e,  and  two  intem^d  variables,  the 
plastic  strain,  or  the  viscoplastic  strain,  e"'*,  and  hardening  parameters  q.  Table 
3.1  summarizes  the  governing  equations  for  classical  infinitesimal  rate  independent 
plasticity  and  penalty  regvilarized  viscoplasticity.  Simo  and  Hughes  [1989],  Simo  et 
al.  [1989],  Strang  [1986],  Luenberger  [1984],  Perzyna  [1971]  ^md  Hill  [1960]  among 
others  provide  the  full  background  for  this  inel£isticity  development. 


Table  3.1 

Equations  Governing  Plasticity  and  Viscoplasticity 


Plasticity 

Viscoplasticity 

Stress  Strain  Relation 

_  SW(C*) 

^  ~  6c 

aw(€') 

^  -  ~3c 

Associative  Flow  Rule 

ivp  ^■</«r.q)>  a/ 

^  ~  ti  air 

Hardening  Law 

Yield  Condition 

<  0 

7  >  0, 7/  =  0, 7/  =  0 


Loading/Unloading  Cond 
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In  Table  3.1  is  the  inelastic  consistency  parameter,  D  is  the  heirdening 
moduli  coefficient  tensor,  /  is  the  yield  function,  tj  is  the  fluidity  parameter  and  a 
superposed  dot,  as  in  7,  denotes  time  differentiation. 

The  Lagrangian  density  must  produce  the  relations  in  Table  3.1  in  addition 
to  the  equilibrium  equations  and  natural  boundary  conditions, 


div  <r  +  =  0  in  /?  , 


(3.8a) 


ern  =  t  on  daQ  , 


(3.8&) 


where  t  is  the  prescribed  traction  boundary  conditions. 

The  total  free  energy  11  at  any  current  time  t  can  be  defined  in  terms  of  the 
Helmholtz  free  energy  !p’  as. 


n,{u,€>>,q)=  f 

Jn 


q)dQ 


—  [  h  •  u  dQ  —  f  t  ■  u 
Jn  Ja^n 


dr 


where  two  quadratic  functions  define  the  Helmholtz  free  energy. 


(3.9) 


'P(€.  €^,q)  =  HTe  -  e'*  -  e'’)  +  :  D"'  :  q. 


(3.10) 


The  total  free  energy  for  the  viscopltistic  case  is  identical  to  equation  (3.10) 
with  replacing  in  the  Helmholtz  free  energy. 

The  total  free  energy  chsuige  in  the  time  interval  [f„,  t„+i]  involves  not  only 
the  change  in  the  Helmholtz  free  energy  and  the  potenti£il  energy  of  the  loadings 
but  also  the  energy  dissipation  associated  with  irreversible  inelastic  work.  For  a 
purely  mechanical  process,  the  second  law  of  thermodynamics  requires  nonnegative 
entropy  production  so.  (Simo  and  Hughes  [1989]  and  Simo  and  Honein  [1990]) 
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where  V  is  the  entropy  production  per  unit  volume  which  identically  equals  the 
instantaneous  energy  dissipation. 

Differentiating  the  Helmholtz  free  energy  expression  in  (3.10)  and  invoking 
Coleman’s  method  (Coleman  and  Noll  [1963])  to  obtain  tr  —  d^jde  leaves  the 
familiar  expression  for  inelastic  dissipation, 


T)  =tr  :  —  q  :  D  *  :  9  —  7/  >  0 

V  =<r  :  e’"’  -  d  :  :  q  -  -7'^(/)  >  0 


for  plasticity,  (3.12a) 
for  viscoplasticity,  (3.125) 


where  the  term  7/  =  0  for  plasticity  has  no  effect  on  the  dissipation  whereas  the 
term  ■^7'*‘(/)  for  viscoplasti( 
penalty  function  defined  as; 


term  ■^7'*‘(/)  for  viscoplasticity  includes  the  viscous  dissipation.  Here  7 ■*■(/)  is  a 


for  X  <  0, 
for  X  >  0, 


and  =<  X  >, 

ax 


(3.13a) 

(3.135) 


where  <  x  >  is  the  McCauly  bracket  function  of  the  argiiment  i. 

With  these  dissipation  definitions  a  Lagrangian  function  associated  with  en¬ 
ergy  dissipation  in  the  body  up  to  the  current  time  can  be  defined  following  the 
work  of  Simo  and  Honein  [1990]  and  Simo  et  aJ.  [1989]  as; 

L*=l  f  VdQ  dr  .  (3.14) 

Jo  Jn 

At  this  point  the  Lagrangians  defining  the  total  free  energy  and  the  energy 
dissipation  combine  to  jdeld  a  single  Lagrangian  fimction  expressing  the  total  free 
energy  in  the  body  at  any  time.  This  total  Lagrangian  density  is  what  will  yield  a 
material  conservation  law  by  using  Noether’s  theorem. 

Discretizing  the  dissipation  Lagremgian  for  the  time  interval  t  6  [tn<fn-»-i] 
produces. 


VdQdr  . 


(3.15) 
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Evaluating  this  time  integral  by  the  backwards  Euler  scheme  yields  the  dis¬ 
crete  expression  for  the  plastic  dissipation  Lagrangian  in  terms  of  variable  values  at 
the  beginning  (n)  and  end  (n  -f  1)  of  the  time  interval, 

Li+i  =Li+  f  -  eP) :  <r„+i  -  jn+ifn+i 

Jn 

—  ^^n+l  —  <ln)  •  :  Qn+l}  di2  .  (3.16) 

where  7n-n  =  "VAt.  For  viscoplasticity  the  strain  ejjf  replaces  tind  the  term 
^yn+lifn+l)  replaces  'Tn+lfn+l- 

As  discussed  in  Simo  et  al.  [1989]  and  Simo  and  Honein  [1990]  a  functional 
describing  the  total  available  free  energy  at  time  in  terms  of  state  variables  at 
time  t„+i  produces  the  discrete  expression, 

^n(Xn+l  )  =nn+l(Xn+l)  +  )  ~  -^n) 

=  f  Ln(Xn+l)dQ+  f  L^^{Xn^i)dr.  (3-17) 

Jo  Jan 

where  Xt  is  the  set  of  state  variables  at  time  t,  i.e.,  Xn-n  =  .  9n-i-i ,  7n+i } 

for  plasticity.  For  viscoplasticity,  the  strain  6*'*’  replace  e.P.  The  vtdues  Xr»  for 
T  C  [0,<n]i  up  to  time  <„  are  assumed  given  tuid  fixed.  Also,  this  tmcoupled  case 
assumes  that  dt  is  given  and  fixed  for  all  time  since  the  temperature  development 
is  ancillary  to  the  mechanics  problem. 

The  discrete  Lagrangian  densities  for  plasticity  are  defined  as; 

.^n(Xn-n)  —  ^n  +  l  ~  ^n+1 )  '•  D  9n-f  1  P^n+1  •  1 

—  7n-n/(<^n  +  l>9n-n)  +  —  ««)  '  ^n+1 

-  (9n+i  -  9n )  :  D~'  :  g„+i  {3.18a) 

^n^iXn+x)  =  —  tn+1  ttn-Kl-  (3.186) 

For  viscoplasticity,  the  strain  e*'’  replace  c'’  tind  the  term  ^7‘'‘(/n-i-i )  replaces 
7n+l/n+l  • 
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These  discrete  Lagrangian  densities  associated  with  the  total  available  energy 
functional  must  yield  the  correct  equilibrium  conditions  and  inelasticity  evolution 
expressions  as  Euler  Lagrange  equations.  Employing  standard  calculus  of  variations 
methods  (Gelfand  and  Fomin  [1963]),  the  stationary  conditions  of  the  functional 
(3.17)  result  in  the  following  weadc  forms. 


r  gw 

6niXn+i-,Su)  =  /  {V(<5«):^ - pbn-i-i  ■  Su)  dn 

Jn  OCn+l 


SniXn+uSen 


=  /  - 
Jn 


den+i 

t„+i  -  Sudr  =  0  , 

dW 


de 


n+l 


+  (««+!  -  ^n) 


dtr 


n+l 


de 


n+l 


—  7n+l 


}  :Se’>dQ  =  0, 


dtr, 


6n(xn+i;6q) 


^n{xn+i<  Sf) 


=  f  {D-^  : 

Jn 

-L 


n+l 


+1 


(9n+l  —  9n)  +  7n+l 


9fn+\ 

dqn+i 


(3.19a) 


(3.196) 


/n+i^ydf?  =  0  . 


}  -8q  dn  =  0  , (3.19c) 


(3.19d) 


Recalling  that  from  Coleman's  method  tr  =  d^/de  —  dW/de,  2ind  using 
integration  by  parts  on  equation  (3.19a)  to  obtain  6u  from  V(Su)  yields  the  discrete 
version  of  the  Euler  Lagrange  equations  within  the  domain  f?. 


div<r„+i  +  pb„+i  =  0  , 

(3.20a) 

_P  -B  ,  -  ^/n+1 

Wn+1 

(3.206) 

i-»-l  .  ^/n+l 

9n+l  —  9n  7n+l^  •  n  > 

^9n+l 

(3.20c) 

/n  +  I  ^  +  l  ^  0.  ,fn  +  l7n+I  —  0  > 

(3.20d) 

and  the  natural  boundary  condition  on  the  traction  surface  dtrJ2; 


<^n+l**  —  ^n+l- 


(3.20e) 
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The  valid  Lagrangian  density  equation  (3.18)  now  serves  as  the  basis  func¬ 
tional  for  Noether's  theorem.  Invoking  Noether’s  theorem  for  the  infinitesimal  treins- 
lation  symmetry  group  produces  the  following  queintity  that  reduces  to  the  energy 
momentum  tensor  for  elasticity; 

-  T  dL 

E(Xn+\)  =  LiXn+l)!  -  (VXn-t-l)  ^7= - T-  (3.21) 

C'l  VXn+1  ) 

For  the  uncoupled  thermoinelastic  case  dL/d{Vxn+i)  =  5Z/5(Vu„+i)  =  <r„+i  . 

Thus,  for  uncoupled  thermoplasticity  the  Noether  quantity  associated  with 
the  translation  symmetry  group  is  of  interest  for  fracture  mechanics  is  defined  by, 

=  {W^(Cn-(-l  -  -  «n-n)  ~  P*n-|-1  ’  +  9n-H  :  D~^  :  {q„  -  -q„+i) 

+  («n-H  -  Cn)  :  O-n+l  -  7n-H /n-(-l  }1  “  (  Vu„+i  .  (3.22) 

For  viscoplasticity  the  strain  ejjf  replaces  and  the  term  replaces 

7n-(-i/n+i.  This  Noether  quantity  is  akin  to  the  energy  momentum  tensor  for  elas¬ 
ticity.  This  expression,  is  the  simple  extension  of  the  Noether  quantity 

developed  by  Simo  and  Honein  [1990]  to  include  imcoupled  thermal  strains. 

.4s  demonstrated  in  Section  3.1.  a  material  conserv’ation  follows  from  this 
Noether  quantity.  Talcing  the  divergence  of  the  Noether  quantity  for  plasticity 
and  simplifying  by  using  the  Euler  Lagrtinge  equations  (3.20  a-e)  produces  the 
following  expression, 

=  ~  <^n+i  '■  '  “n  +  1  +  9n-(-l  ^  D~^  :  (Vg„) 

-  o-„+,  ;  ( V«')  ^  ( i.U,  :  (V^=±l) :  ej,.,  -  (V^)4„+,  . 

+  q„+i  :  (VD"‘)  :  (g„  -  )  -  <r„+i  :  l^„+i(Vo)}  (3.23) 

where  the  last  four  terms  in  brackets  emanate  from  material  inhomogeneity.  For 
viscoplasticity  the  strain  cjjf  replaces 
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An  integral  conservation  law  develops  from  using  Green’s  theorem  on  one 
term  of  fp  divS  dQ— fp  div£  df2  =  0  but  not  the  other.  In  this  manner  the  integral 
conservation  law  S  =  0  is  formed  for  a  region  free  of  singularities.  For  completeness 
the  full  definition  of  the  S  integral  for  uncoupled  thermoinelastic  material  response 
follows, 

for  uncoupled  thermo -plasticity, 

Sn+i  =  -  eJ/Vi  -  ■  «"+i  +  9n+i  :  ■  (9n  -  ^gn+i) 

+  -  el)  :  tr„+, }1  -  (Vu„+, ndF 

+  ;  l(o;V^„+i )  +  •  u„+i  -  ;  D~^  :  (Vg„) 

+  cr„+,  :  (VeS)  -  '  (Vp)6n+t  • 

+  gn+1  (VX?“^) ;  (q„  —  -^^gn+i)  —  :  ldn+i(Va)}|  df?  .  (3.24a) 

for  uncoupled  them^o-viscoplasticity, 

Sn+i  =  ^{W(c„+i  -  e5,+i  -  €"^i)  -  pb„+i  •  u„+j  +  :  D~^  :  (g„  —  -gn+i) 

+  -  <n  :  o-n+i  -  ^7^(/n+i)}l  -  (Vu  ndr 

+  jo’n+i  :  l(aV^„+, )  +  pV6„+i  •  u„+i  -  q„+i  :  D~*  :  (Vq„) 

+  :  (Ve”/)  -  :  (V^^)  :  -  (Vp)6„+i  ■  «„+, 

+  gn+1  :  (VD"*)  :  {q„  —  -gn+l)  —  <^n+l  :  l^n+l(^Q<)}|  .  (3.246) 
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3.3  S  Integral  for  Coupled  Thermoinelasticity 

General  fracture  situations  require  the  fully  coupled  thermoinelastic  case. 
A  changing  strain  field  induces  a  temperature  change  in  edl  materials.  For  rapid 
fracture  in  metals  this  temperature  increase  at  the  crack  tip  can  be  significant,  see 
Atluri  et  al.  [1986].  Kuang  and  Atluri  [1986],  and  Sih  and  Tzou  [1986].  Also,  some 
of  the  advanced  nonmetallic  materials  such  as  graphite  epoxy  composites  appear  to 
have  coupled  temperature  strain  behavior. 

The  coupled  treatment  includes  the  relations  describing  the  temperature  emd 
heat  flux  as  governing  Euler  Lagrange  equations.  These  equations  emanate  from 
the  balzince  of  linear  momentum  and  the  thermodynamic  balance  of  energy  for 
the  system.  They  involve  the  time  derivative  of  the  strain,  internal  vairiables  and 
temperature  fields.  The  imcoupled  case  allows  the  temperature  to  be  determined 
a  pnon.  So,  for  the  uncoupled  case  the  associated  Lagremgian  does  not  have  tem¬ 
perature  2md  heat  equations  as  Euler  Lagrange  equations. 

Following  the  work  on  coupled  thermoelasticity  by  Ceirlson  [1972],  the  equa¬ 
tions  governing  coupled  thermopleisticity,  without  eui  internal  heat  source,  linearized 
for  the  small  strain  and  small  temperature  change  8  from  some  reference  tempera¬ 
ture  Tr  are; 

d\v  a  +  pb  =  0  in  Q.  (3.25a) 

Trt3  :  (c  —  €^)  +  —  fr  :  e’’  +  q  :  D~^  :  q  +  m  :  q  +  divh  =0  in  f?  ,  (3.256) 


^  -I-  Tr  =  f  on  , 

h  =  h  on  df^n  . 

an  =  i  on  , 

u  =  u  on  d^n  , 


(3.25c) 

/3.25f/'i 

(3.25e) 


(3.25/) 
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where  Ti  is  the  present  temperature,  Tr  is  the  reference  temperature,  B  is  the 
temperature  change,  T\  6  =  Tr,  r  is  the  heat  source,  h  is  the  heat  flux,  T, 
h  and  ti  are  the  prescribed  boundary  temperature,  displacement  Eind  heat  flux 
respectively.  A  superimposed  dot,  as  in  denotes  time  differentiation.  (3  is  the 
materizJ  property  tensor  coupling  strain  and  temperature,  c,  is  the  speciflc  heat 
at  constant  strain  and  m  is  the  material  property  tensor  relating  temperature, 
entropy  and  the  hardening  variables.  Specifically,  m  is  related  to  the  reference 
temperatm-e  and  the  Helmholtz  free  energy  by  m  =  —Trd^^/(dTdq).  Nowacki 
[1969]  and  Carlson  [1972]  present  concise  linear  thermoelastic  developments  that 
define  c<  and  0  in  terms  of  the  Helmholtz  free  energy  as  c,  =  —Trd^^/(dTdT)  zuid 
f3  =  —d^^/{dTde).  For  linearized  thermo-viscoplasticity  e"**  replaces  e^. 

Equations  (3.25  a-f)  together  with  the  internal  variable  evolution  expressions 
from  Table  3.1  form  the  full  set  of  field  equations  for  the  linearized  version  of 
coupled  thermoinelasticity.  Equation  (3.25  b)  is  the  linearized  balance  of  energy 
for  a  thermoinelastic  material  where  the  local  entropy  production  ( Classius-Plank 
inequality)  is  nonzero.  For  a  thermoelastic  materied.  without  an  internal  heat  source, 
where  the  local  entropy  production  is  zero,  this  brdance  of  energy  expression  reduces 
to  Tr0  :  €  +  C(6  divAi  =  0,  see  e.g.,  Nowacki  [1969]  or  Cwlson  [1972]. 

This  development  considers  a  region  without  an  explicit  heat  source,  see 
equation  (3.25b).  The  thermal  coupling  with  the  strun  rate  provides  an  implicit 
mechanism  for  heat  generation  within  the  region.  This  assiunption  reduces  the 
complexity  of  the  subsequent  development  and  applies  to  most  fracture  situations. 

As  in  the  uncoupled  C2ise.  this  development  assumes  the  typical  isotropic 
relation  that  temperature  change  only  produces  volumetric  strains,  equation  (3.6), 
and  the  strain  decomposition,  equation  (3.7a,b). 

Following  the  work  of  Biot  [1956,1959]  (see  e.g,,  Fung  [1965]  p>age  404  ff.  for 
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a  review)  a  variable  transformation  simplifies  the  problem.  Introducing  the  vector 
quantity  H  permits  the  development  of  a  valid  Lagrangian  density.  The  vector  H. 
proportional  to  the  entropy  flow  or  entropy  displacement,  is  defined  as, 

-div  H  =  Trfi  ■.  {e  -  ->f  C(d  -  O’ :  +  q  :  D~'^  :q  +  m:q,  (3.26a) 


such  that  H  =  h  =  —  kV9  , 

div  H  =  6ivh  , 


(3.266) 

(3.26c) 


where  k  is  the  thermal  conductivity  tensor  assuming  the  Fourier  law  for  heat  con¬ 
duction.  For  the  viscoplastic  case  the  viscoplastic  strtiin  tensor  c'p  replaces  the 
plastic  strain  tensor  e’’. 

Three  quantities  combine  to  form  the  total  available  energy  functional;  the 
thermoinelastic  potential,  the  loading  energy  term  and  the  dissipation. 

The  thermoinelastic  potential,  for  a  system  at  the  reference  state  equals 
the  total  Helmholtz  free  energy.  Imposing  a  temperature  change  dd  from  some 
reference  temperature  Ti  —  Tr  +  6  requires  the  addition  of  heat  dS  and  changes 
the  thermoinelastic  potentiad  by  P*''  where, 

which  for  the  small  temperature  change  assumption,  9  C  Tr,  reduces  to 


This  change  P**  represents  the  heat  that  may  be  tremsformed  into  useful 
work.  This  term  equals  the  total  of  the  heat  c,  d9  multiplied  by  the  Carnot  efficiency 
BfiTr  +  9)  integrated  over  the  temperature  change  from  0  to  ^  (see  Fung  [1965]  page 
406  for  a  full  discussion). 
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The  total  thermoinelastic  potential  is  the  sum  of  the  total  Helmholtz  free 
energy  at  the  reference  temperature  and  the  term  PJ * ,  the  change  in  potentieil  due 
to  a  temperature  change  holding  all  other  state  variables  constant.  Thus 

P'"  =  / •  (3-29) 

n 

Assuming  that  equation  (3.10)  describes  the  Helmholtz  free  energ>%  denoting 
V’  =  invoking  the  small  temperature  change  assumption  zind  expressing  the 

result  in  terms  of  H  yields, 

P**  =  J  -  en  +  ig  :  D-*  :  g  (3.30) 

n 

+  ^^^[Tr/3  ;  (e  -  €»’)  +  divH  -  tr  :  e’’  +  q  :  D~^  :  g  +  m  :  g]^  ^  df2  , 

for  plasticity  and  for  viscoplasticity  c*’'’  replaces 

The  loading  potential  is  simply, 

=  -  f  (pbu),dQ-  [  {i-u-~H-n)dr  .  (3.31) 

Jn  Jan  ■‘r 

The  dissipation  functional  develops  from  the  rate  of  entropy  production. 
Including  the  Helmholtz  free  energy  and  the  specific  entropy.  S.  the  expression  for 
the  Classius-Duhem  inequality  (entropy  production)  can  be  rewritten  to  produce 
the  dissipation  inequality,  see,  for  example,  Sarti  and  Medri  [1985], 

P  =  -(!P  +  STr)  +  <r  :  c  -  .  (VTi)  >  0  .  (3.32) 

■*r 

Differentiating  the  Helmholtz  free  energy  and  invoking  Coleman  s  method 
to  obtain  tr  =  d^jde  =  dV/de  —  where  0  =  ^[Tr0  :  (c  —  e^)  +  divH  —  <r  : 

q  ■.  D~"  ;g-|-Tn:gj  and  5  =  d^'fdT  yields  the  dissipation  ,'.*nc;ionai  for 
linearized  coupled  thermoplasticity, 
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or  for  linearized  coupled  thermo-viscoplasticity, 

D  =  ;  e*’'’  -  g  :  :  9  -  >  0  .  (3.336) 

T)  2Tr 


As  in  the  uncoupled  case  the  total  dissipation  up  to  the  cmrent  time  ex¬ 
pressed  as  a  Lagrangian  functional  is, 

1°  =  /  [  van  dr  .  (3.34) 

Jo  Jn 

Discretizing  the  dissipation  Lagrangian  for  the  time  interval  t  6  [tn,^n-n] 
and  evaluating  the  resulting  integral  via  the  backwards  Euler  scheme  produces  the 
discrete  dissipation  Lagrcingian  functional. 
for  plasticity 


•^n+l  —  ~  ~  7n-(-l/n+l 

-  (9n-n  -gn)  :  D~^  :  g„+i 

+  27^^^"+!  -  I  dn.  (3.35a) 


for  viscoplasticity 


-  {9n+l  -  9n)  :  ■■  qn+1 

+  27^^^"+*  -  ^^n)^»c-'(H„+i  -  Hn)  }  dn.  (3.356) 


Expressing  the  total  available  energy  at  time  t„  in  terms  of  the  state  variables 
at  time  t„+i  produces  the  discrete  expression  given  by  equation  (3.17),  see  Simo  et 
al.  [1989]  and  Simo  and  Honein  [1990].  For  the  linearized  coupled  thermoplasticiiy 
case  the  discrete  Lagrangian  density  is. 


•^n(Xn-n)  =V(c„+i  — 
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:  (£„+i  -  +  divH„+i  -  <r„+i  : 


~  T'n+l/n+l  +  (^n+1  ^n)  '  ^n+1  ~  (9n+l  —  9n)  ■  D  ^  :  ^n+l 

27  ~  —  Hn) ,  (3.36a) 

and 

^(Xn+I )  =  -fn+1  •  u„+i  +  ■  n  .  (3.366) 

■^r 

In  this  case,  Xn+i  =  {«n+ii7fn+i.c^+i, 9n+i,7n+i  For  the  coupled  thermo¬ 
viscoplasticity  case  the  strain  replaces  and  the  term  (At/Tj)j;l'^j  replaces 

Tn+l/n+l- 

These  discrete  Lagrangian  densities  yield  the  correct  equilibrium  conditions 
and  evolution  expressions  as  Euler  Lagrange  equations.  The  stationary  conditions 
for  the  functional  (3.17)  result  in  the  following  weak  forms  for  the  linearized  coupled 
thermoplasticity  case  where  the  variable  substitution  ^„+i  =  ^[Tr/d  :  (c„+i  - 

+  qn+i  •’  :  9n+i  +  Tu  :  qn+i]  been  employed 

for  notational  convenience. 


6^(Xn+r,6u) 


8n(Xn^,-6H) 


6n(Xn+i-.6cP) 


6niXn^i;Sq) 


=  -  ^n+i/3)  :  V(<5u)  -  pb„+i  ■  (Ju|  dn 


-  f  t„+i  -Sudr  =  0 , 

JSffn 


(3.37a) 


+  f  ^6Hndr  =  0,  (3.: 

JB,n 

=  ^|o’n+i(l  +  -^)  -  +  /3^„+i  +  -  €') : 

—  7n-n3(r/n+i  :  de<T  I  :  dfi  =  0  ,  (3.1 


(3.376) 


(3.37c) 
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+  7n+i^«/n+i^  =  0,  (3.37ti) 

6n(Xn+i-^S^)  =  f  /„+i^7  dn  ^Q.  (3.37e) 

Jn 

where,  for  example,  d(V  denotes  dV/dt  in  the  compact  notation. 

Recalling  that  from  Coleman’s  method,  a  =  d^jdt  =  deV  —  09,  relying  on 
the  small  temperature  change  assmnption  such  that  (1  +  SfTr)  »  1  and  invoking 
integration  by  parts  on  equations  (3.37  a,b)  produces  the  foUowing  Euler  Lagrange 
equations  within  the  region  f?, 


div<T„+i  +  p6„+i  =  0  , 

(3.38u) 

-  H„)  =  0  , 

(3.38i) 

p  p  ,  ^fn^l 

^n+l  —  "b  7n+l  p.  > 

(3.38c) 

1^  —  1  ^fn+i 
gn+I-gn  In+lD 

vgn+1 

(3.38d) 

/n+1  ^  7n+l  ^  0i  /n+l7n+l  ~  ®  • 

(3.38e) 

and  the  natural  boundary  condition  on  the  s  irface,  dQ, 


<r„+in  =  t„+i  ,  on  da^i  (3.38/) 

i^n+i  =  0,  on  drfi  (3.38?) 

if  ir 

for  6u  =0  on  d„f2  and  dH  =0  on  d^Q. 

Similarly,  for  the  thermo-viscoplastic  case  the  weak  forms  produce  Euler 
Lagrange  equations  identical  to  (3.38  a,b,f,g)  with  equation  (3.38  c.e)  replaced  by. 


^  <  /n+l 


der„^i 


(3.38c) 


gn+1  -  gn  -  ~  <  /n+1  >  D  , 


(3.38d) 
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Multiplying  equation  (3.3Sb)  by  TtK  and  taking  the  divergence  produces, 

div(KV^„+l  )  -  ■■  ((€n+l  “  «n)  -  i^n+l  “  «n))  +  -  «„) 

-  er„+i  ;  -  e^)  +  7„+i  :  :  (7„+i  -  q„) 

+  m  :  {qn+i  -  qn)]  =  0,  (3.39) 

which  is  the  discrete  form  of  the  energy  b2Jance  equation  (3.25  b).  Thus,  the  discrete 
Lagrangian  (3.37)  is  valid  for  thermoinelasticity. 

As  presented  in  Section  3.1.  the  Noether  quantity  associated  with  the  in¬ 
finitesimal  translation  symmetry'  group  for  a  peirticular  Lagrangian  density  func¬ 
tional  is, 

^ix)  =  Lix)l  -  .  (3.40) 

For  linear  coupled  thermoplasticity  with  Xn-i-i  =  , 

and  using  the  variable  transformation  :  (e„+i  —  )  -I-  div/ir„+i  — 

<r„+i  :  €^^.1  -I-  qn+i  :  D~^  :  qn+i  +  rn  :  gn+i]  for  notational  convenience, 

dL  —1  T 

=  0,0,0}  ,  (3.41) 

2Lnd  for  the  thermo-viscoplcislicity  case  cjif  replaces  c^. 

Thus,  the  Noether  quantity  for  thermoplasticity  is, 

^n+l  ~  l^(fn+l  ~  ^n+1  )  '  P^n+l  '  Un+1  +  (An  ~  ^9n+l)  •  •D  ’•  gn+1 

+  +  («^+i  -  «n)  •  ‘’’n+l  -  7n+l/n+l 

+  -  Hn)^»c-‘(Hn+i  -  Hn)  1  (3.42) 

—  (^«n+l  <^«i+l  +  (VH„+i  j"  ^[^n+ll  . 

Naturally,  for  viscoplasticity  the  strain  ejjf  replaces  the  plastic  strain  and  the 
term  (At/»7)7j.^j(/„+i)  replaces  the  term  7n-n/n+i. 
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As  discussed  in  Section  3.1,  a  material  conservation  law  follows  from  this 
Noether  quantity.  Taking  the  divergence  of  for  plasticity  and  simplifying 

using  Euler  Lagrange  equations  (3.39  a-g)  produces  the  following  divergence  for  a 
material  with  homogeneous  properties. 

divlT^^j  =  —  cr„+i  :  —  />V6„+i  •  Un+i  +  ^9n  ■  D  ^  :  9n+i 

+  -  H„) 

—  ( f^[Trl3  ■  ( V£„+,  -  )  +  V(divH„+i ) 

1  rCf 

—  <Tn+\  ■  ^^n+1  9n+i  ■  D  ^  '  Vqr„+i  +  m  :  V^n+i  ]  .  (3.43) 

For  an  inhomogeneous  material  terms  involving  the  material  property  gradients 
must  also  be  included.  Naturally,  for  viscoplasticity  e|;f  replaces  e^. 

.4s  in  the  imcoupled  case,  using  Green’s  theorem  produces  the  path  domain 
integral  conserv'ation  law  S=0.  For  a  homogeneous  coupled  thermoplastic  material. 

Sn  +  l  —  J  ffn  +  1  +  P^n  +  l  '  ‘U'n-i-l  i^n  ~  ■  D  ■  9n  +  l 

+  +  (f^+l  -  <n)  •  ^’n+l 

—  +  (VH„+i)^  — [^n+i]^  ndr 

+  /  (pV6„+,  •  u  n+l  —  Vg„  •  D  ^q„+i  +  a-n+i  :  VcJ 

Jn 

-  -  H„)  (3.44) 

+  ( :  ( V£„+,  -  )  +  V(divH„+, ) 

irC, 

-  <r„^i  :  +  g„+i  :  £>"*  :  V9„+,  +  m  :  V^„+,  ] )  d/?  . 

For  a  coupled  thermo-viscoplastic  homogeneous  materitJ  replaces  and  the 
term  )  ndr  is  included  in  this  expression  for  S„+i. 
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3.4  Path  Domain  Independence  of  S 

The  S  fracture  parameter  developed  in  the  previous  sections  emanates  from 
a  material  conservation  law.  Thus.  S  is  a  path  domain  independent  integral.  The 
following  brief  argument  demonstrates  the  attractive  path  domain  independence  of 
the  fracture  parameter  S. 

The  path  domain  independence  demonstration  hinges  on  the  geometrical 
construction  sketched  for  two  dimensions  on  Figure  3.1.  The  argument  holds  for 
three  dimensions  as  well.  The  region  i?i  has  the  region  Qi  as  a  subset.  /?2  C  /?i. 
.A.  singularity  in  the  form  of  a  crack  tip  exists  in  region  /?2  and  therefore  also  in 
region  Q\.  Region  f?3  is  the  region  within  fi\  excluding  Q21  i  ®-'  ~  ■^2- 

Region  /?3  is  the  broken  “doughnut”  area  shown  on  Figure  3.1,  region  .ABCDEFA. 
.Although  region  J?3  encloses  the  space  containing  the  crack  tip,  region  f?3  does  not 
contain  the  singularity. 

For  convenience,  the  S  integral  as  defined  in  equations  (3.24)  and  (3.44)  is 
written  in  shorthand  notation  as, 

S/7„  =  /  Endr+  !  fdQ  (3.45) 

Janr„  Jnm 

where  Sn„  is  the  S  integral  associated  with  region  /?„,  and  not  the  component  of 
S  in  the  direction  Qm-  Also,  E  is  the  Noether  quantity  given  by  (3.22)  or  (3.42) 
and  f  is  the  negative  of  the  divergence  of  the  Noether  quantity,  f  =  -div  E,  given 
by  equation  (3.23)  or  (3.43). 

With  this  shorthand  notation,  and  the  regions  depicted  on  Figure  3.1  the 
path  domain  independence  of  S  follows  directly.  Since  the  region  /?3  does  not 
contain  the  singularity,  the  conser^'ation  law  states  that  =  0.  For  regions  Q\ 
and  /?2  containing  the  singuleirity  the  S  integral  does  not  equal  zero.  Hence, 
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Figure  3,1  Arbitrary  region  i?i  containing  another  region 
that  contains  a  singularity  ( crack  tip ). 
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O^Sn,  =  J  Endr  +  jfdn 


aoj  n-i 
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0  =  5|73  =  J  Sndr  +  j  fdfi 

ana  Oa 

B  C  D  E  F  A 

=  ^  Sn  dr  +  J  Sn  dF  +  J  Sn  dV  +  J  Sn  dV  +  J  Sn  dP  +  J  En  dP 

A  B  C  D  E  F 

/ 

DE 

Noting  the  sense  of  the  integration  paths,  it  follows  that; 


+  J  fdO. 

ABCDEFA 


(3.46c) 


5/7,  -  S/7j  =  5/7,  =  0  . 


(3.47) 


So,  the  path  domain  integral  5/7,  must  equal  the  path  domain  integral  5/7,  for 
this  arbitrary  construction.  This  ttrgument  proves  the  path  domttin  independence 
property  of  the  S  integral. 


3.5  S  as  an  Energy  Release  Rate 

The  S  path  domain  independent  integral  carries  an  energy  release  rate  inter¬ 
pretation  in  the  same  manner  as  the  J  integral.  Inspired  by  the  work  of  Budiansky 
amd  Rice  [1973]  and  following  the  arguments  of  Simo  and  Honein  [1990]  the  S  in- 
tegraJ  equads  the  change  in  total  energy  available  due  to  a  unit  crack  extension. 
This  intuitively  follows  from  the  development  of  S  as  a  force  on  the  crack  tip.  The 
development  below  substantiates  this  intuition. 

This  development  addresses  am  au-bitrary  region,  containing  a  traction 
free  cavity  C,  modeling  the  crack,  as  depicted  in  Figtire  3.2.  The  botmdary  con¬ 
ditions  on  dflA  remain  fixed  in  the  time  intervad  t  G  [<„,t„+i].  As  presented  in 
equation  (3.9).  77„(Xn)  and  iJn-i-i( Xn-t-i )  define  the  total  energy  available  at  times 
t„  amd  t„+i  respectively.  Furthermore,  D{XnfXn+i)  defines  the  total  energy  dissi¬ 
pation.  apau:t  from  the  fracture  energy,  due  to  entropy  production  during  the  time 
interval  t  e 
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Figure  3.2  Arbitrary  region  containing  a  traction  free  cavity. 

The  homogeneous  translation  of  the  cavity  C  by  an  amount. 

X  e  C  X  +  wy  ,  u  >  0  ,  (3.48) 

during  the  time  interval  t  G  [^n><n+i]  mathematically  extends  the  crack  in  the 
direction  y.  The  state  variables  Xn  remtun  unchtmged  as  they  are  initial  conditions 
at  the  beginning  of  the  time  interval.  The  fracture  process  adds  an  additional  term 
to  the  energy  balance. 

^n(Xn)  =  n„+l(Xn+l{3!  +  I'y})  +  D{Xn,  Xn+l(x  +  I'V)) 

+  i^(Xn.Xn+l(®  +  «'V))  (3.49) 

where  F(Xn.Xn+i)  is  the  fracture  energy  released  due  to  the  crack  extension.  Re¬ 
calling  equation  (3.17),  n„  defines  the  total  energy  available  at  time  t„  in  terms  of 
the  state  variables  at  time  tn+i,  the  fracture  energy  can  be  expressed  as; 


-F’(Xn,Xn-n{*  +  t'V))  =  -{n„(Xn,Xn+li»  +  I'V))  -  n„iXn))- 


(3.50) 
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Invoking  the  notion  of  the  directional  derivative  of  the  fracture  energy  func¬ 
tional  F  in  the  direction  y  leads  to  the  toted  energy  releeise  rate; 

SF  d 

^  +  I'y))-  (3.5i) 

Simo  and  Honein  [1990]  summeurize  this  procedure  stating  that  the  directioned 
derivative.  <  y  >.  with  respect  to  variations  in  x,  of  the  total  energy  available 
at  time  t„  expressed  in  terms  of  the  state  variables  Xn+i  at  time  t„+i  equeds  the 
total  energy  released  due  to  a  homogeneous  tremslation  of  a  defect. 

The  explicit  calculation  of  equation  (3.51)  involves  the  LagrangiEin  density 
L  associated  with  77.  as  defined  in  equations  (3.18)  and  (3.37)  and  the  transport 
theorem  from  continuum  mechanics,  see  Gurtin  [1982]  for  an  insightful  presentation. 
Following  Budiansky  and  Rice  [1973]  and  Simo  and  Honein  [1990]  this  calculation 
considers  only  dead  loading.  Taking  the  directional  derivative  of  the  Lagrangian 
density  in  the  direction  of  y  produces  the  following  expressions  for  the  uncoupled 
and  coupled  cases  where  the  variable  substitution  ^n+i  =  ^[Trl3  :  (Cn+i  —  )  + 

divHn+i  -  <r„+i  :  -f  y„+i  ;  D~^  :  q„+i  -I-  m  :  gn-i-i]  has  been  employed  for 

notational  convenience. 

for  the  uncoupled  case. 

■  {dAen+l)-y)  -  pbn+l  ■  {dr{Un+l)-y)  .  (3.52a) 

for  the  coupled  case, 

dzl  •  =3€V„+i  ;  drCn+i  ■  y  -  p6„+i  •  (aiU„+i  •  y) 

-  ;p(^n-n)  •  {Tr0  :  a*e„+i  ■  y  +  ax(divif„+j)  •  y 

-  ;  ax(c^^i)  ■  y  +  g„+i  :  D~^  :  d^{q^+x)  ■  y 


+  m :  dAqn^i)  ■  y) 


(3.526) 
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Invoking  the  transport  theorem  yields  the  directional  derivatives, 
/or  the  uncoupled  case 


-  <  y  >=  j  :  (dz^n+1  ■  y)  -  pbn+1  '  (5xU„+i  •  y)|  dl? 

-y-  f  L„ndr-  I  t  ■  (dzU„+i  ■  y)dr  ,  (3.53a) 

Jc  Jan^ 


for  the  coupled  case  noting  6„+i  =  — ^[Tr/3  :  (6„+i  —  +  divH„+i], 

dF  t  (  0 

~  ^  Jn  ~  ■  y  “  “^(^^(divHn+i  •  y) 

:  5x(cP+j)-y +  9„+i  ;  D  ^  dAqn+i)  ■  y 

+  m  :  dz(q„+i )  ■  y)  -  p6„+]  •  (5xU„+i  •  y) 

+  •  y)^K-*{/f„+,  -  /f„)|  dQ 

-y  f  Lnudr  -  f  (t  •  (5iU„+i  •  r-'  ■  ^^n)dr.  (3.536) 
Jc  JaOjz  -ir 


Now,  using  the  divergence  theorem  to  convert  the  surface  inte- 

graJs  to  div[«]  dQ  volume  integrals  produces  the  directionzd  derivatives  in  terms 
of  surface  integrals  around  the  cavity, 

for  the  uncoupled  case. 

dF  f 

~  ^  ’^'•y  ~y  J  {Lnl- {diU„+i)'^(r„+i)ndr  .  (3.54a) 


for  the  coupled  case  , 


-  < 


^  y>=  -y  JjL„l-id,u„^i)'^<T„^:-fVH„^y^)ndr.  (3.546) 


Tr 


However,  applying  the  divergence  theorem  to  the  previously  derived  material 
conservation  law  (3.21)  given  by  equations  (3.22,  3.43)  for  the  region  Qa  leads  to; 
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foT  the  uncoupled  thermoplasticity  case. 


f  •5'n+l  (Xn  +  l  —  f  ^n-rliXn+l)‘*^  dr 

Jc  JaOA 

+  I  (O'O’n+l  :  l(^®n+l)  +  n+1  •  «n+l 

JOa 

+  o-n+i  :  (Vf^)  -  g„+i  ■  D~‘(Vg„) )  dQ 
=  S  .  ( 3.55a  j 


for  the  coupled  case. 

f  En+i{Xn+i)ndr  =  f  E^^^{xn+i)ndr 

Jc  JanA 

+  f  (p^^n+l  •  Wn+l  —  9n+l  •  -D  ^  ( V^n  )  +  «r„+ j  :  ( ) 

JOa 

-  -  H„) 

TrAr 

+  ( VH„+,  f^[Trl3  :  (Ve„+i  -  Ve^x)  +  V(divH„+i ) 

i  tC( 

-  o-„+i  :  4-  q„+i  :  D~^  :  Vg„+i  +  m  ;  Vg„+i  ] )  dS2 

=  S  .  (3.556) 

Recalling  the  definitions  of  for  both  the  uncoupled  and  coupled  cases, 

this  development  shows  that  S  carries  an  energy  release  rate  interpretation.  This 
quality  provides  an  illuminating  physical  reality  to  the  S  path  domain  independent 
integral. 


3.6  Reduction  of  S  for  Simple  Cases 

Realizing  the  complexity  of  equations  (3.24  a,b)  for  the  path  domain  inde¬ 
pendent  integr^d  S  for  uncoupled  thermoinelasticity,  this  section  demonstrates  that 
for  suitably  restricted  cases  S  reduces  to  recognizable  expressions  firom  Chapter  2. 
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For  isothermal  inelasticity  the  S  integrzil  reduces  to  the  J*  integral  from  Simo 
and  Honein  [1990],  equation  (2.15).  Considering  a  homogeneous  material, 

■5  =  /  f  n+l  —  ^n  +  l  )  ~  ^n+1  '  ^  (  7)9n-t-l  ~  9n  ) 

Jan  1. 

o-n+i  :  1  -  I  ndr 

+  /  {  tr„+i  :  Ve7  -  :  D’*  :  Vg„  }  dQ  =  .  (3.56) 

Jn 

For  basic  quasi  static  elasticity  and  monotonic  loading  elastoplasticity,  S 
reduces  to  the  J  integral,  equation  (2.4).  Considering  an  elastostatic  case  with 


homogeneous,  isotropic  material  in  the  absence  of  body  forces. 


5=  /  {lF„+in  -  (Vu„+i)^rr„+in  }  dr  =  J. 
Jan 


(3.57) 


Including  the  thermal  strain  e**  =  in  the  restricted  case  considered  for 
equation  {Z.57),  shows  that  S  reduces  to  j,  equation  (2.27  b),  for  c*  =  e**  and  J*, 


equation  (2.28). 


S  =  f  I  W„+in  -  (Vu„+,)V„+jn  }  dF 

Jan 

+  /  <r„+i  :  (q1V5„+i  )  d/?  =  j  =  J^. 

Jn 


(3.58) 


Finally,  expanding  this  case  to  include  body  forces,  S  reduces  to  J  and  J*, 


equation  (2.30), 


5=/  {\V„+in -{Vu„+if(r„+in)dr 
Jan 

+  /  ( <r„+i  ;  (alVd„+i  j  -  p6„+i  .  Vu„+i  }  d/2  =  J  =  J^.  (3.59) 

Jn 


4 

Thermomechanical 
Fracture  Experiments 


Experiments  performed  at  the  Flight  Dynamics  Laboratory  of  Wright  Re¬ 
search  and  Development  Center  demonstrated  the  effect  a  thermal  gradient  has 
on  fracture  resistance.  Under  the  influence  of  a  thermad  gradient,  the  mechanical 
tension  required  to  extend  a  crack  decreased  as  compared  to  the  isothermal  case. 

The  test  program  was  not  intended  to  exhaustively  investigate  the  thermad 
gradient  effect  on  fracture  resistance.  Rather,  the  experiments  attempted  to  supply 
a  limited  proof  of  concept  for  the  S  integral. 

4.1  Overview  of  Experiments 

A  limited  test  program  investigated  the  fracture  behavior  of  aluminum  2024 
subjected  to  uniaxial  tension  and  approximately  a  65®F/in.  thermal  gradient.  The 
program  contained  21  fracture  resistance  tests  and  three  tests  verifying  the  S  in¬ 
tegral  conservation  law  presented  in  Chapter  3.  The  fracture  resistance  tests  in¬ 
vestigated  two  specimen  thicknesses  (0.123  in.  and  0.491  in.)  and  two  specimen 
geometries  (single  edge  notch  and  center  cracked  plate).  The  conservation  law  ver¬ 
ifications  tested  an  uncracked  0.123  in.  thick  sheet. 
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The  fraw:ture  resistance  results  demonstrate  that  approximately  a  65®F/in. 
thermtJ  gradient  on  aluminum  2024  reduces  the  mechanical  tension  required  for 
initial  crack  extension  by  more  than  50%  as  compared  to  the  isothermal  case.  Fur¬ 
thermore,  these  results  show  that  the  J  integral  characterizing  fracture  resistance, 
as  calculated  from  the  load  displacement  traces,  does  not  adequately  address  cases 
including  a  thermal  gradient.  While  the  computed  J  from  the  isothermal  tests 
matches  the  expected  fracture  toughness  values,  those  from  the  thermal  gradient 
tests  average  less  than  40%  of  the  expected  vadue.  (Section  4.5  and  specificzJly 
Table  4.2  discuss  the  test  results. ) 

Following  an  analytical  procedure  suggested  by  Kumau’  et  ad.  [1984]  for  incor¬ 
porating  a  thermal  gradient  field,  the  J  integrad  cam  be  cadculated  for  proportional 
loading  and  a  steady  state  thermal  gradient.  This  procedure,  endorsed  by  the 
Electric  Power  Research  Institute  (EPRI)  in  EPRI  NP-3607,  includes  the  thermad 
gradient  effect  by  first  superimposing  a  stress  field  generated  by  the  thermad  gradi¬ 
ent  on  the  uncracked  body  onto  the  mechamicad  stress  field,  then  cadculating  the  J 
integral.  This  method  yields  accurate  results  for  simple  temperature  distributions 
coupled  with  monotonic  mechanical  loading. 

Unfortunately,  insufficient  displacement  gradient  field  resolution  prohibits 
calculating  the  S  value  directly  from  the  test  data.  However,  finite  element  models 
approximate  the  fracture  resistance  tests  and  supply  information  for  computing  the 
S  integral  that  properly  includes  the  thermad  gradient  effect. 

The  three  conservation  law  tests’  results  experimentally  verify  that  S  rep¬ 
resents  a  conserved  quamtity  as  cladmed  in  Chapter  3.  This  important  verification 
results  solely  from  the  test  data  collected  during  the  three  conservation  tests. 

This  chapter  begins  by  discussing  the  testing  prograon’s  objectives.  Next. 
Chapter  4  describes  the  experimental  specimens,  equipment  and  instrumentation. 
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Following  the  conservation  law  experimental  verification,  the  fracture  resistance 
tests’  summary  highlights  the  effect  a  thermal  gradient  has  on  crack  extension  and 
J  integral  computation.  The  final  section  discusses  the  test  program’s  limitations 
amd  suggests  an  alternative  instrumentation  pau:kage  that  potentially  could  capture 
zdl  of  the  S  integral  information. 

4.2  Testing  Objectives 

The  experimental  program’s  objective  was  to  collect  data  to  validate  the 
path  domain  independent  integral,  S,  as  a  fracture  characterization  parameter  for 
thermoinelastic  material  response. 

A  two  part  experimental  program  addressed  the  testing  objective.  The  first 
part  investigated  the  integral’s  use  as  a  conservation  law  for  a  body  without  a  crack. 
The  second  part  examined  S  as  a  parameter  characterizing  the  crack  driving  force 
at  initial  crack  extension. 

The  experimental  program  results  verify  that  the  S  integrtd  characterizes 
thermoinelastic  fracture.  For  the  homogeneous  material  properties,  uncoupled  ther¬ 
moplastic  case  treated  in  the  experiments,  the  following  specijil  case  of  equation 
(3.24  a)  defines  the  S  integral, 

S  =  /  [  W^(€„+i  -  )  +  9„+i  :  D-*  :  ) 

Jan  ^ 

+  («n+i  -«S):<»’n-n]n-(Vu„+i)^<r„+indr  (4.1) 

+  /  [<^n+i  :  (ttl^^n+i  +  VeJ)  —  (g„+i  :  JD~*)  :  Vg„]  dl?  , 

Jn 

where  W  is  the  stored  energy  function  such  that  <r  =  dW/dt  defines  the  stress 
tensor  and  e  is  the  total  strain  tensor,  g  is  the  tensor  of  isotropic  and  kinematic 
hardening  variables.  D  is  the  hardening  moduli  coefficient  tensor,  u  is  the  displace¬ 
ment  vector,  is  the  plastic  strain  tensor  and  is  the  thermal  strain  tensor 
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defined  as  =  a^l  with  a  as  the  thermal  expansion  coefficient  and  6  as  the  tem¬ 
perature  change  from  the  zero  strain  reference  temperature.  The  subscripts  indicate 
the  time  increment  associated  with  each  parameter. 

The  conservation  test  results  demonstrate  that  the  experimentally  deter¬ 
mined  S  integral  in  a  crack  free  specimen  remains  approximately  zero  under  three 
loading  conditions:  isothermal  elasticity,  thermoelasticity  and  thermoinelasticity 
(Section  4.4  provides  complete  details).  The  conservation  law  developed  from  the¬ 
ory  in  Chapter  3  claims  that  S  equals  zero  for  any  thermomechanicai  loading  in  a 
singularity  free  body. 

The  fracture  resistance  results  demonstrate  the  effect  of  a  thermal  gradient 
on  crack  extension.  The  S  integral  calculated  from  the  load  vs  displacement  trace 
for  the  isothermal  tests  zmd  from  the  finite  element  models  for  the  thermal  gradient 
tests  attains  approximately  the  same  criticzd  value  at  initial  crack  extension  (Section 
4.5  presents  the  details).  This  verifies  that,  for  the  test  material,  S  characterizes 
the  thermoinelsistic  energy  release  rate  for  a  unit  crack  extension  as  proven  from 
the  theoretical  development  in  Chapter  3. 

The  testing  program  provides  data  to  meet  the  objective  of  validating  S 
as  a  fracture  characterization  parameter  for  uncoupled  thermoinelastic  material 
response.  The  limited  test  results  suggest  that  the  S  path  domain  independent 
integral  is  a  conservation  law  for  a  crack  free  body  and  equals  the  crack  driving 
force  for  a  cracked  body  under  thermomechanicai  loads. 

This  Chapter  continues  with  a  discussion  of  the  experimental  set  up  and 
procedures.  Subsequent  sections  address  the  conservation  law  confirmation  and  the 
fracture  toughness  characterization. 
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4.3  Description  of  Experiments 

The  following  experimental  description  provides  information  on  the  specimen 
material,  specimen  geometry,  loading  scheme,  instrumentation  and  data  acquisition 
system.  Subsequent  sections  detail  the  test  loading  control  sequences  while  dis¬ 
cussing  the  conservation  zind  fracture  resistance  test  results. 

4.3.1  Specimen  Material  and  Geometry 

The  test  program  examined  one  half  inch  thick  aluminum  2024-T351  plate 
and  one  eighth  inch  thick  2024-T3  sheet.  The  specimens  measured  24.0  in.  long 
and  3.875  in.  wide.  The  width  permitted  secure  gripping  in  the  4.0  in.  wide  Instron 
hydrauUc  grips.  The  length  allowed  6.0  in.  total  grip  length,  am  additionsd  three 
inches  for  the  distance  between  the  edge  of  the  hydraulic  grip  body  and  the  gripping 
dog  wedges,  space  for  the  thermal  gradient  generating  assemblies  exceeding  three 
times  the  width  and  some  clearance.  The  fracture  specimens  included  a  machined 
notch  1.850  in.  long  for  the  single  edge  notch  (SEN)  geometry  and  0.600  in.  long 
for  the  center  cracked  plate  (CCP)  geometry. 

The  almninum  2024  had  constant  material  properties  over  the  test  temper¬ 
ature  range  of  70°F  to  320‘’F  as  detailed  in  Appendix  Al.  The  heated  specimen 
edge  reached  approximately  320'’F  during  the  fracture  tests  with  a  thermal  gradient 
cf  65*’F/in.  Following  reconunendations  in  the  Military  Standardization  Handbook 
[1983],  the  aluminum  was  assumed  homogeneous,  isotropic  and  immime  to  precipi¬ 
tation  age  hardening  at  the  test  temperatures.  The  10,200  ksi  Young’s  modulus  (E) 
and  0.32  Poisson’s  ratio  (u)  obtained  from  material  property  tests  meeting  ASTM 
[1988]  El  11  and  El 32  procedures  matched  the  values  in  the  Military  Standardiza¬ 
tion  Handbook  and  the  Metals  Handbook  [1985].  The  0.2%  offset  yield  strength  of 
44.4  ksi,  the  63.2  ksi  ultimate  strength,  the  17.3%  elongation  and  the  19.3%  reduc¬ 
tion  of  area  from  ASTM  E8  tests  also  agreed  with  published  values.  Material  test 
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|*-3.875-»| 


Figure  4.1  Single  edge  notch  (SEN)  specimen  geometry. 


data  provided  parameters  for  a  linezu'  isotropic  and  kinematic  hardening  plasticity 
model  plus  a  Ramberg- Osgood  constitutive  model  as  described  in  Appendix  Al. 

For  the  SEN  specimen  geometrj%  the  1.S50  in.  machined  notch  cuts  through 
approximately  half  the  specimen  width  as  depicted  on  Figure  4.1.  Cutting  the 
notch  0.188  in.  wide  allowed  for  instedling  a  crack  opening  displacement  gage. 
However,  this  gage  was  not  used  in  the  actual  instrumentation.  For  the  CCP 
specimen  geometry,  the  0.600  in.  long  machined  central  notch  allowed  a  1.0  in.  wide 
strain  gage  rosette  array  to  be  attached  in  the  crack  tip  vicinity  while  permitting  a 
clear  0.50  in.  along  the  specimen  edge  for  installing  the  heaters  and  coolers.  (Section 
4.3.3  provides  more  instrumentation  details.)  The  conservation  test  specimen  was 
simply  a  24.0  in.  x  3.875  in.  x  0.123  in.  blank  without  any  machined  notch. 

Starter  prefatigue  cracks  generated  in  all  the  fracture  specimens  developed  a 
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truly  sharp  crack  and  moved  the  tip  away  from  any  cold  worked  area  surrounding 
the  machined  notch.  The  starter  prefatigue  crack  grew  from  the  notch  tip  under 
force  control.  For  the  0.491  in.  thick  2024-T351  specimens,  cycling  ranged  from  zero 
to  five  thousand  pounds  to  produce  the  0.125  in.  target  starter  crack  after  approx¬ 
imately  40.000  cycles.  For  the  0.123  in.  thick  2024-T3  specimens  cycling  between 
zero  and  one  thousand  poimds  produced  the  desired  final  length  of  approximately 
0.125  in.  within  30,000  cycles.  The  low  cycling  loads  created  a  negligible  plastic 
region  ahead  of  the  crack  tip  as  recommended  in  ASTM  E813. 

4.3.2  Mechanical  and  Thermal  Loading 

A  one  himdred  kip  capacity  Instron  screw  type  testing  machine  supplied  the 
mechanical  axial  loading  for  all  the  tests.  For  the  conservation  law  and  fracture 
resistance  tests  the  machine  operated  in  displacement  control  with  a  crosshead 
speed  of  0.05  in./min.  Hydraulically  operated  grips  at  3000  psi  clamped  the  top 
and  bottom  3.0  in.  of  each  specimen  for  effective  load  transfer. 

The  test  program  required  both  isothermal  fracture  tests  at  elevated  temper¬ 
atures  and  tests  with  a  lateral  thermal  gradient.  One  or  two  simple  1200  watt  heat 
blowers  impinging  on  the  specimen  around  the  notch  area  raised  the  Eiluminum 
temperature  to  the  170“  to  210“F  test  temperatures  for  the  isothermal  elevated 
temperature  tests.  The  blowers  had  rudimentary  controls  on  air  flow  sufficient 
to  maintain  specimen  temperature  within  ±3®F  for  the  test  duration.  Following 
ASTM  Elll  recommendations,  the  specimens  soaked  at  the  elevated  temperatme 
for  approximately  one  hour  per  inch  thickness  prior  to  testing. 

Heaters  and  coolers  attached  to  either  edge  along  the  central  14.0  in.  of  the 
specimens  generated  the  desired  thermal  gradient.  Using  tap  water  for  the  cool¬ 
ing  fluid  and  having  approximately  a  65* F /in.  thermal  gradient  acting  across  the 
3.875  in.  specimen  width  limited  the  specimen  hot  side  to  320*F.  This  arrangement 
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permitted  modeling  the  aliuninum  with  temperature  independent  material  proper¬ 
ties  as  previously  discussed.  Four  400  W  electric  resistance  heaters  provided  the 
heat  sovuce  edong  one  edge  while  water  cooled  aluminum  blocks  removed  the  heat 
from  the  other  edge.  Coating  the  specimen  edges  with  silicon  heat  sink  compound 
improved  heat  flow  without  increasing  the  clamping  force  of  the  two  #10  bolts 
holding  each  heater  and  cooler  assembly  onto  the  specimen.  Appendix  A2  provides 
complete  details  of  the  heater  and  cooler  design  and  operation. 

4.3.3  Specimen  Instrumentation 

Instrumentation  on  the  specimens  provided  the  data  for  the  computing  the 
fracture  resistance  and  for  finite  element  model  compEurisons.  The  load  cell  internal 
to  the  Instron  testing  machine  supplied  the  applied  force  information.  All  of  the 
fracture  specimens  c«  .1*=^  a  Fractomat  10mm  range  crack  gage  to  monitor  crack 
length  during  the  experiments.  A  linear  variable  displacement  transducer  (LVDT) 
attached  to  the  specimen  within  one  half  inch  of  the  grips  provided  the  load  line 
displacement  necessary  for  the  potential  energy  calculation  required  for  determining 
J  from  the  isothermal  tests’  load  displacement  curves.  Furthermore,  strain  gages 
supplied  strain  information  and  thermocouples  monitored  temperature  on  some  of 
the  specimens. 

The  monitoring  gages  and  transducers,  with  the  exception  of  the  thermo¬ 
couples.  fed  their  information  to  a  143  channel  analog  to  digital  converter.  The 
converter  had  a  full  range  resolution  of  4-2048  and  -2047  counts  at  50  mV  input. 
This  gave  the  overall  data  system  a  precision  slightly  better  than  0.05%  of  the  full 
range  value.  A  DEC  Vax  11-780  computer  interrogated  and  recorded  the  informa¬ 
tion  flrom  each  channel  approximately  once  per  second. 

Difficulties  with  the  thermocouple  cold  junction  reference  box  prohibited 
accurate  temperature  recording  through  the  data  system.  An  analog  Doric  box 
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converted  the  thermocouple  voltage  to  Fahrenheit  temperature  registered  on  a  light 
emitting  display.  The  thermocouple  temperatures  were  manually  recorded  at  the 
beginning  and  end  of  each  steady  state  temperature  test. 

The  Instron  internal  load  cell  operated  in  the  10,  20,  50  or  100  kip  range 
depending  on  the  specimen.  For  the  0.491  in.  thick  specimens,  the  SEN  geometry 
required  the  50  kip  range  and  the  CCP  geometry  needed  the  100  kip  capacity.  For 
the  0.123  in.  thick  specimens,  the  SEN  geometry  used  the  10  kip  range  while  the 
CCP  geometry  ran  with  the  20  kip  capacity.  The  Instron  users  manual  reported  the 
load  cell’s  accuracy  at  ±0.25%  of  the  full  range,  however  considering  the  complete 
data  acquisition  system  an  overall  accuracy  of  one  percent  appears  defendable. 

The  FVactomat  10  mm  constant  current  crack  gage  changed  output  voltage 
as  the  adveuicing  crack  tore  the  thin  foil  gage.  Operating  at  50  mA  gave  the  required 
output  voltage  range  for  the  10  mm  (0.394  in.)  full  gage  range.  The  Fractomat  crack 
gage  offered  a  0.01  mm  (0.0004  in.)  precision  through  the  data  system.  Calibration 
of  four  of  the  gages  with  a  micrometer  on  the  prefatigue  and  final  resistance  crack 
lengths  revealed  an  accuracy  of  ±0.002  in. 

The  LVDT  had  ±0.125  in.  full  stroke  rzinge  with  a  50  mV  output  at  max¬ 
imum  displacement.  A  precision  of  61/iin.  due  to  the  analog  to  digital  conversion 
resolution  of  one  part  in  2047,  provided  ample  sensitivity.  Checking  the  LVDT 
with  a  reference  micrometer  every  0.025  in.  within  its  range  demonstrated  an  ac¬ 
curacy  of  better  than  ±0.001  in.  The  LVDT  was  bolted  to  the  specimen  within  a 
half  inch  of  the  grips  with  #6  bolts  (0.1360  in.  hole  diameter).  This  positioning 
captured  virtually  all  of  the  specimen’s  social  displacement  for  the  potential  energy 
calculation. 

Strain  gages  bonded  to  the  specimen  provided  strain  information  with  an 
overall  accuracy  of  approximately  one  percent.  High  temperature  M-Bond  610 
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adhesive  (325‘*F  one  hour  cure)  bonded  the  thermally  compensated,  350  ohm,  0.062 
in.  gage  length  rosettes,  CEA-13-062-WR-350,  to  the  aluminum.  The  three  legs  at 
0®.  45°  md  90°  orientations  provided  the  information  to  cedculate  the  strain  tensor 
components  at  each  gage  location.  These  CEA-13-062-WR-350  gages  were  chosen 
because  they  were  the  smallest  gages  the  lab  had  in  stock  and  had  experience  using. 
The  Flight  Dynamics  Laboratory  used  these  gages  extensively  in  their  tests  of  thin 
plates  (Sendeckyj  [1989]). 

A  Wheatstone  bridge  arrangement  conditioned  and  bdanced  each  gage  leg 
signal  for  the  analog  to  digital  processing.  The  b.’^idge  was  timed  for  small  strain 
accuracy  such  that  approximately  one  percent  strain  yielded  full  scale  output  on 
the  analog  to  digital  converter. 

Type  J  thermocouples,  iron  vs  constamtan  -328°F  to  1712°F  operating  range, 
provided  the  temperature  information  with  approximately  one  degree  Fahrenheit  ac¬ 
curacy  and  precision.  Welding  the  thermocouples  to  small  gold  foil  pads  welded  to 
the  specimens  averted  difficulties  typically  encountered  in  welding  the  iron  thermo¬ 
couples  directly  to  the  aluminum  specimens. 

Only  certain  specimens  c2iiTied  strain  gages  and  thermocouples.  All  speci¬ 
mens  subjected  to  the  thermal  gradient  loading  required  the  full  strain  gage  (ten 
or  twelve  rosettes)  and  thermocouple  (five)  instrumentation  to  provide  the  infor¬ 
mation  for  finite  element  S  integral  calculation.  Additionally,  one  of  the  isothermal 
fracture  specimens  carried  the  full  instrumentation  to  compare  fracture  toughness 
calculated  from  the  S  integral  via  finite  element  results  to  that  calculated  from  the 
load  displacement  trace. 

Post  test  strain  gage  data  reduction  applied  the  minor  temperat\ire  correction 
to  the  strain  gage  data.  Using  the  thermally  compensated  strain  gage  rosettes 
limited  this  correction  to  less  than  0.0001  in./in.  (100  micro  strain).  These  small 


Figure  4.2  Instrumentation  arrangement  showing  thermo¬ 
couples.  T.  and  CEA-1S-062-WR-S50  strain  gage 
rosettes  for  the  SEN  specimen. 


corrections  represented  less  than  approximately  3%  on  a  typical  gage.  The  results 
from  the  material  property  tests  (see  Appendix  Al)  supported  ignoring  any  zero 
drift  correction. 

The  strain  gage  pattern  on  the  SEN  specimen  fitted  the  twelve  gages  over 
a  small  area  to  gather  data  for  comparing  test  conditions  to  finite  element  model 
results  before  calculating  the  S  intergal.  The  five  p>oint  thermocouple  pattern  con¬ 
firmed  the  linear  thermsd  gradient  and  checked  the  gradient  edong  the  specimen  axis. 
The  strain  gage  and  thermocouple  instnimentation  pattern  depicted  on  Figure  4.2 
for  the  SEN  specimen  provided  the  necessary  information.  The  side  opposite  these 
gages  carried  the  crack  gage  and  LVDT  required  by  all  fracture  specimens.  For  the 
CCP  geometry,  the  gage  pattern  shifted  slightly  to  accommodate  the  two  crack  tips 
as  shown  on  Figure  4.3.  Naturally,  the  CCP  specimens  carried  two  FVactomat  crack 
gages  to  measure  total  crack  length. 
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Tostiies  for  ike  CCP  specimen. 

4.4  Experimental  Verification  of  Conservation  Law 

Three  tests  confirmed  that  the  S  integral  represents  a  therraoinelastic  ma¬ 
terial  conservation  law.  These  tests  supplied  proof  of  the  importemt  concept  from 
Chapter  3.  Since  S  emanated  from  Noether’s  theorem  from  classical  field  theory 
and  equaled  the  force  on  all  singularities  within  a  region,  for  a  crack  free  body  S 
must  equal  zero.  Three  separate  loadings  on  a  single  crack  free  specimen  verified 
that  S  equals  zero  for  elastic,  thermoelastic  and  thermoinelastic  material  response. 

The  24.0in.  x  3.875in.  x  0.123in.iiluminum  2024-T3  specimen  without  a 
machined  notch  was  instrumented  with  eleven  strain  gage  rosettes  and  five  thermo¬ 
couples  in  a  pattern  similar  to  that  for  the  SEN  specimen.  The  two  rosettes  along 
the  notch  in  Figure  4.2  were  replaced  by  a  single  rosette  located  at  the  intersection 
of  the  grid  lines.  This  gage  pattern  supplied  sufficient  information  to  calculate  the 
S  integral  solely  from  experimental  data. 
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The  conservation  law  tests  investigated  three  separate  load  regimes.  First, 
the  fully  instrumented  notch  free  specimen  underwent  a  simple  elastic  uniaxial  ten¬ 
sion  load  reaching  approximately  60%  of  the  0.2%  offset  yield  strength.  Second,  a 
72‘’F/in.  thermal  gradient  acted  acrc»s  the  3.875  in.  wide  specimen  while  imiaxial 
tension  brought  the  average  total  axial  strain  to  approximately  0.003in./in.  Third, 
the  specimen  subjected  to  the  thermal  gradient  was  loaded  into  the  plastic  range, 
unloaded  and  reloaded  twice  with  increasing  total  displacement  on  each  reloading. 
These  loadings  enabled  the  conservation  nature  of  the  S  integral  to  be  verified  for 
elastic,  thermoeliistic  and  thermoinelastic  material  response  regimes. 

The  strain  gage  rosettes  and  the  thermocouples  provided  the  data  for  calcu¬ 
lating  the  S  integral.  Reducing  the  rosette  leg  data  at  each  gage  location  produced 
the  strain  tensor  at  eleven  spatial  points  for  discrete  time  points  during  the  loading. 
The  strain  tensor  was  assumed  to  be  valid  at  the  intersection  of  the  individual  leg 
axes  comprising  the  rosette. 

The  thermocouple  data  permitted  assigning  a  temperature  to  each  gage  lo¬ 
cation.  Since  the  temperature  varied  negligibly  along  the  specimen  aods  and  linearly 
across  the  specimen  width  simple  linear  interpolation  estimated  the  temperature  at 
each  gage. 

Using  the  strain  tensor  and  temperature,  the  plasticity  model  discussed  in 
Appendix  Al  provided  the  stress  history  at  each  gage  location.  Since  the  crack  free 
sp>ecimen  was  loaded  under  displacement  control,  the  displacement  gradient  com¬ 
ponent  U2,i  remained  zero  throughout  the  test.  This  permitted  uniquely  separating 
the  shear  strain  into  its  two  displacement  gradient  parts. 

The  X  component  of  the  S  integral  computed  from  the  strain  gage  and  ther¬ 
mocouple  data  from  the  crack  free  specimen  remains  at  approximately  zero  for  each 
of  the  three  loading  scenarios.  The  ratio  of  the  x  component  of  S,  denoted  Sc,  to  the 
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maximum  contribution  of  the  i  component  of  the  path  integral  from  any  segment 
defined  by  two  successive  strain  gage  locations  determines  the  experimental  error 
in  Si-  Normalizing  by  the  exact  value,  zero,  would  give  tin  undefined  error.  The 
maximum  x  component  path  integral  contribution  is  defined  as  the  maximum  over 
all  segments  defining  the  closed  contour  (two  successive  strain  gage  locations)  of 
the  X  component  of  the  path  integral.  Po$,  with, 

fOg  j 

Pora  =  -  cj.+l  -  «n+l)  +  9n+l  :  :  (^n  - 

+  («n+l  -  ^n)  ■  ^n+1  ]  «  -  ( Vli„+i  U  dT  (4.2) 

where  Gq  and  G 3  are  successive  strain  gage  locations  along  some  closed  contour. 

Based  on  the  isothermal  elastic  loading  test  data,  the  Sz  integral  varies  firom 
0.7%  to  2.8%  (absolute  value)  of  the  maximum  x  component  of  Pq3  depending  on 
the  chosen  integration  contour.  Computing  at  one  instant  during  the  increasing 
load  regime,  at  the  peak  tension  and  during  each  unloading  and  reloading  portion 
adds  robustness  to  this  investigation. 

Using  the  thermoelastic  loading  data,  the  Sz  integred  for  a  particular  contour 
surrounding  eight  gage  locations  falls  within  12.5%  (absolute  value)  of  the  maximxim 
X  component  of  The  thermocouple  data  show  a  72®F/in.  thermal  gradient 
across  the  specimen  and  the  load  cell  data  indicate  14.8  kips  tension  for  this  Sz 
calculation. 

At  each  loading  peak  ( 18.7,  20.8  and  22.1  kips)  and  at  each  imloading  trough 
( 12.8, 15.0  and  13.9  kips)  the  Sz  integral  calculated  from  the  thermoplastic  (72'’F/in. 
thermal  gradient)  data  remains  less  them  15%  (absolute  value)  of  the  maximum  x 
component  of  PaS-  This  experimentally  demonstrates  that  the  S  integral  retains  its 
conservation  law  nature  during  plastic  loading,  unloading  and  reloading  sequences. 

The  15%  errors  in  the  Sz  calculations  most  likely  emanate  from  the  coarse 
strain  gage  grid  which  necessitates  a  simplistic  gradient  approximation  and  permits 
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only  a  gross  area  integration  of  the  stress  and  strsdn  terms.  Assuming  the  strain 
reduced  from  the  individusd  legs  to  be  valid  at  the  intersection  of  the  leg  axes  also 
adds  to  the  error.  Data  from  a  more  refined  mesh  using  smaller  stacked  rosette 
strain  gages  would  improve  the  Sj  integral  accuracy. 

These  results  experimentally  verify  the  conservation  law  nature  of  the  S 
integral  fracture  pareimeter.  .4s  expected,  based  on  the  theoretical  development  of 
S  in  Chapter  3,  the  S  integral  remains  zero  under  nonmonotonic  thermomechanical 
loading  that  produces  thermoinelastic  material  response  with  thermal  strain  and 
accumulating  inelastic  strain. 


4.5  Fracture  Tests  Show  Thermal  Gradient  Effect 

Twenty-one  tests  investigated  the  effect  a  thermal  gradient  had  on  fiacture 
resistance.  The  results  from  this  limited  program  concluded  that  the  thermal  gra¬ 
dient  tested  exacerbated  crack  extension.  The  tensile  force  required  for  initial  crack 
extension  dropped  by  more  than  50%  for  the  tests  with  the  approximately  65®F /in. 
thermal  gradient  as  compared  to  the  isothermal  tests. 

.4s  expected,  the  simple  apparent  fracture  resistance  (Jq)  calculation  based 
on  the  experimental  load  vs  displacement  trace  fails  to  incorporate  the  thermal 
gradient  effect.  However,  the  procedure  suggested  by  Kumar  et  al.  [1984)  (EPRI 
NP-3607)  adequately  accounts  for  the  linear  thermal  gradient  in  the  Jq  calcula¬ 
tion  by  considering  a  superimposed  elastic  stress  field  equivalent  to  the  thermally 
generated  stress  field. 

The  strain  gage  data  analysis  cm  not  resolve  the  displacement  gradients 
with  stifficient  accuracy  for  calculating  the  S  integral  directly  from  the  experimental 
data.  The  critical  x  component  of  S  calculated  solely  from  the  experimental  data 
at  initial  crack  extension  falls  50%  or  more  below  the  value  calculated  from  the 
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isothermal  load  vs  displacement  trace.  Insufficient  strain  and  displacement  gradient 
resolution  probably  contribute  the  most  to  this  error.  The  collected  data  provide 
the  comparison  and  verification  for  the  finite  element  model  computations  used  to 
estimate  the  Si  integrtd  for  the  tests. 

The  test  procedure  followed  the  .A.STM  ES13  [1988]  specification  for  deter¬ 
mining  the  apparent  fracture  toughness.  Each  specimen  was  loaded  in  tension  imtil 
crack  extension  began.  Then  the  load  was  reduced  by  approximately  25%  to  deter¬ 
mine  the  elastic  compliance.  Next,  the  tension  increased  until  between  0.004  in.  and 
0.010  in.  crack  extension  occurred  followed  by  a  25%  unloading.  Approximately 
seven  of  these  crack  extension  and  compliance  determination  cycles  comprised  one 
test  as  depicted  on  Figure  4.4. 

The  experimental  program  tested  one  half  inch  thick  aluminum  2024-T351 
plate  and  one  eighth  inch  thick  2024-T3  sheet  in  both  the  center  cracked  plate 
(CCP)  and  single  edge  notch  (SEN)  geometries.  Each  specimen  listed  on  Table  4.1 
underwent  the  fracture  toughness  loading  sequence  described  in  ASTM  E813. 

4.5.1  Thermal  Gradient  Promotes  Crack  Extension 

Exsunining  the  tension  to  cause  initial  crack  extension  highlights  the  thermal 
gradient  effect.  With  approximately  a  65®F/in.  thermal  gradient  acting  across  the 
3.875  in.  wide  specimens,  the  tension  to  cause  initial  crack  extension  of  0.004  in.  to 
0.010  in.  falls  to  less  than  50%  of  the  isothermal  value,  (see  Table  4.1).  The  results 
from  the  single  test  with  the  26*F /in.  gradient  (SEN-2.7)  shows  a  tension  for  initial 
0.010  in.  crack  extension  between  the  isothermal  and  the  61®F/in.  average  value  as 
anticipated.  The  0.004  in.  crack  extension  represents  a  small  growth  yet  one  large 
enough  (ten  times  the  crack  gage  precision)  to  be  distinct  from  data  system  noise. 
The  0.010  in.  extension  is  approximately  the  extension  for  calculating  the  fracture 
toughness  value  as  explained  in  Section  4.5.2. 


! 


Figure  4.4  Load -Displacement -Crack  Growth  for  SEN-8.2 
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Table  4.1 

Fracture  Resistance  Specimens 


Machined 

Tenhai  11  AaMite 

Spec.  Temp/Gnd 

Dimennoni 

Notch 

Cnck 

0.004  in. 

0.010  in. 

(in.  X  m.) 

(in.) 

(in.) 

(kipi) 

(kip*) 

1/2  Inch  ihkk  2014.T351  AlyniMUB 

CCP-21 

72 ‘F 

3.877  *  0.495 

0.589 

0.868 

4X4 

51.8 

CCP-Z2 

191  ‘F 

3.879  x  0.490 

0J96 

0845 

40.5 

463 

CCP-13 

193  ‘F 

3.875x0.495 

0.595 

0868 

38J 

46.1 

SEN-2.1 

72 ‘F 

3.873  x  0.493 

1.831 

1.967 

11.0 

143 

SEN-12 

200 ‘F 

3.875x0.490 

1.841 

1.961 

7.8 

8.8 

SEN-13 

200 ’F 

3.876  x  0.489 

1.846 

1.985 

9.1 

10.6 

CCP-14 

60  *F/in. 

3.878  x  0.494 

0.575 

0886 

23.4 

26.9 

CCP-13 

38  ‘F/in. 

3.875  x  0.492 

0J75 

0883 

21.8 

24.7 

SEN-14 

59  ’Ffin. 

3.879  x  0.489 

1.846 

1.970 

1.9 

4.5 

SEN-IS 

62  ‘F/in. 

3.875x0.490 

1.840 

1.974 

3J 

5.1 

SEN-16 

61  ‘F/in. 

3.875x0.490 

1.820 

1.932 

4.0 

4.4 

SEN-17 

26  ‘F/in. 

3.874  x  0.494 

1.820 

1.955 

3.8 

6.9 

1/8  iacb  thick  2024.T3  Ahmlayai 

CCP-8.1 

200 ’F 

3.876x0.123 

0.595 

0855 

8X 

103 

CCP-t.2 

72  *F 

3.876x0.125 

0J92 

0909 

9.1 

13.7 

SEN-(.I 

172 ‘F 

3.875x0.123 

1.850 

1.969 

2.5 

X5 

SEN-8.2 

183 ’F 

3.875  x  0.123 

1.847 

1.963 

X7 

3.0 

SEN-8.3 

207 ‘F 

3.875x0.123 

1.850 

1.966 

3.8 

5.0 

CCP-8.4 

64*FAn. 

3.875x0.124 

0J75 

0.859 

4.1 

5.2 

SEN.g.4 

72  ‘F/in. 

3.875x0.123 

1.850 

1.979 

IJ 

13 

SEN-8.S 

69 ‘F/in. 

3.r5x  0.123 

1.850 

2.100 

IX 

1.3 

SEN-8.6 

69*F/ifi. 

3.875x0.123 

1.849 

1.967 

IX 

1.3 

The  SEN  specimen  results  demonstrate  the  thermal  gradient  effect  with  the 
averagt  te’'.sion  for  0.010  in,  initial  crack  extension  falling  from  11.3k  to  4.7k  for 
the  thick  specimens  and  from  3.5k  to  1.4k  for  the  thin  specimens,  see  Figures  4.5 
and  4.6.  The  large  variation  in  the  initial  crack  extension  vs  applied  tension  traces 
stems  from  a  number  of  sources.  First,  only  one  of  the  three  isothermal  tests  on  each 
specimen  thickness  is  from  a  room  temperature  test.  The  other  tests  are  elevated 
temperatvire  isothermal  tests  that  used  blowers  to  heat  the  specimens.  Uneven 
heating  around  the  crack  tip  and  through  the  specimen  thickness  likely  adds  to  the 
variation  apparent  on  the  traces.  Second,  having  a  crack  gage  on  only  one  side  of 
each  specimen  adds  error  due  to  neglecting  any  nonuniformity  in  the  crack  front 
through  the  specimen  thickness. 
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As  shown  on  Figures  4.7  and  4.8,  the  crack  extension  plots  for  the  CCP 
specimens  demonstrate  different  behavior  depending  on  the  direction  of  crack  ad¬ 
vance  for  the  gradient  tests.  In  fact,  the  variations  in  the  crack  extension  vs  applied 
tension  traces  for  these  few  tests  undermines  any  conclusions  drawn  from  theses 
traces.  Generally,  at  crack  extensions  approaching  0.010  in.  the  extension  towards 
the  cooled  edge  ( Aai  to  Cold)  shows  only  a  minor  difference  from  the  isothermal 
tests.  However,  the  extension  towards  the  heated  edge  (Aoj  to  Hot)  shows  approx¬ 
imately  a  50%  tension  decrease  from  the  isothermal  tests.  These  results  disagree 
with  intuition  and  the  finite  element  based  calctilations  of  crack  driving  force  on 
the  respective  crack  tips.  Details  of  these  calculations  are  presented  in  Chapter  5. 
Intuition  suggests  that  the  crack  would  extend  preferentially  toward  the  cooled  edge 
since  the  axial  tension  increases  in  that  direction. 

The  CCP  crack  extension  vs  applied  tension  traces  at  the  initial  0.005  in. 
extension  shows  opposite  trends  for  the  thin  and  thick  specimens  under  combined 
thermal  gradient  and  tension  loading.  For  the  thin  specimen  the  crack  extends 
preferentially  toward  the  heated  edge.  However,  for  the  thick  specimen  the  initial 
crack  extension  occurs  preferentially  towwds  the  cooled  edge  (as  expected). 

Considering  the  variations  in  the  isothermal  test  traces  and  the  likely  error 
from  reporting  crack  length  from  only  one  specimen  side,  this  inconsistency  from 
these  few  tests  requires  no  more  investigation  here.  Naturally,  the  extension  of 
each  end  of  a  CCP  specimen  crack  in  a  thermal  gradient  field  requires  further 
investigation. 

4.5.2  Thermal  Gradient  Effect  on  Fracture  Toughness 

Calculations  based  on  the  experimental  load  vs  displacement  trace  (e.g., 
Figure  4.4)  provide  the  x  component  of  the  J  integral,  denoted  by  J,,  as  a  function 
of  crack  advance  for  each  isothermal  specimen.  This  J,  vs  crack  extension  curve’s 
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intersection  with  the  0.008  in.  offset  line  paralleling  the  crack  tip  blunting  line 
determines  the  apparent  fracture  toughness,  Jq  for  the  aluminum  2024-T351  plate 
and  the  2024-T3  sheet  via  the  procediu-e  outlined  in  Broek  [1987]. 

The  Jt  integral  calculation  methods  suggested  by  Rice  et  al.  [1973]  and 
Landes  et  al.  [1989]  are  used  to  calculate  J,  (which  identically  equals  Sj  for  the 
isothermal  case)  from  the  load  vs  displacement  trace.  Both  methods  split  the 
integral  into  elastic  and  plastic  portions.  Thus, 

Jr  =  Jx*‘“  +  J***'"-  (4-3) 


where  is  the  elastic  energy  release  rate  and  depends  on  the  area  under 

the  load  vs  displacement  curve. 

The  Griffith  energy  release  rate  based  on  the  stress  intensity  factor  defines 
the  elastic  portion.  Thus, 


(4.4) 


where  J,'*“  is  the  energy  release  rate,  Ki  is  the  mode  I  stress  intensity  factor  (from 
Sih  [1973]  or  Murakami  [1987]  for  example)  and  E'  is  the  effective  Young’s  modulus 
with  E'=E  for  plane  stress  and  E'  =  E/(l  —  i'*)  for  plane  strain. 

The  area  for  the  plastic  portion  of  Jj  is  the  integral  of  the  load  over  the 
plastic  displacement  change.  Rice  et  al.  [1973]  defines  the  plastic  portion  as. 


"f' 

j/"  =  i  2y  Pdo,,  - 


(4.5) 


where  6  is  the  uncracked  ligament,  W  —  a,  with  W  the  specimen  width  (3.875  in.) 
and  a  the  crack  length.  Up/  is  the  total  plastic  displacement,  and  P  is  the  force  per 
unit  length  along  the  crack  front  {P  =  T/B  for  SEN  and  P  =  T/{2B)  for  CCP 
with  T  being  the  total  applied  tension  load  and  B  the  specimen  width,  0.123in.  or 
0.491in.). 


Chapter  4  Thermomechanical  Fracture  Experiments 


85 


OJO 
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(lcsi«in.) 
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0.10 


10  20  30  40  so 

Aa  Crack  Extension  (10‘^in.) 

Figure  4.9  Crack  resistance  curve  for  SEN- 8. 2. 

The  method  suggested  by  Landes  et  al.  [1989]  includes  geometry  calibration 
factors  based  on  Kumax  et  al.  [1981]  (EPRI  NP-1931).  The  plastic  integral 
calculation  from  Landes  et  al.  is. 

Vfl 

0 

where. 

fccp 

where  the  geometry  factor  7  and  the  functions  h\  and  are  given  by  Kumar  et  al. 
[1981]  and  n  is  the  Ramberg-Osgood  exponent  with  n=11.88  for  2024  rdtiminum  as 
discussed  in  Appendix  Al.  Using  these  two  different  expressions  for  and  the 
elastic  energy  release  rate  determines  the  total  J*  from  the  load  displacement 
trace.  Figure  4.9  shows  an  example  of  the  J,  vs  crack  extension  resistance  curve 
from  one  of  the  SEN  tests. 


(4.6) 

(4.7a) 

(4.76) 
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The  intersection  of  the  resistance  curve  and  the  0.008  in.  offset  line  provides 
the  apparent  fracture  toughness  value  Jq  for  each  test.  A  linear  curve  fit  to  the 
first  few  Jr  points  beyond  the  0.008  in.  offset  line  is  used  to  estimate  the  apparent 
fracture  toughness  Jq  (see  Broek  [1987]). 

As  presented  on  Table  4.2,  the  isothermal  test  results  estimate  an  apparent 
fracture  toughness  Jq  of  0.13  ksi-in.  (average  of  block  A)  for  the  half  inch  thick 
aluminum  2024-T351  plate  and  0.17  ksi-in.  (average  of  block  C)  for  the  eighth 
inch  thick  aluminum  2024- T3  sheet.  The  two  calculation  methods  for  Jp*“  used  in 
determining  Jq  agree  well  within  the  overall  scatter  of  the  results.  The  crack  length 
measurement  probably  contributes  most  to  the  scatter. 

Since  the  0.491  in.  thickness  (B)  of  the  2024-T351  plate  exceeds  the  critical 
thickness  for  plane  strain  testing  (B  >  253z/<Ty  where  cry  is  the  0.2%  offset  yield 
strength  of  44.4  ksi).  the  0.13  ksi-in.  toughness  value  meets  the  requirements  for 
plane  strain  fracture  toughness  J/c-  This  value  agrees  with  the  published  value  of 
0.13±0.01  ksi-in.  from  Dtunage  Tolerance  Design  Htuidbook  [1983].  Furthermore, 
the  0.17  ksi-in.  value  for  the  0.123  in.  thick  2024-T3  sheet  agrees  with  the  0.20 
ksi-in.  value  obtained  from  the  plane  stress  correction  to  J/c  suggested  by  Broek 
[1987]  and  confirmed  in  the  extunples  of  Pettit  and  V2m  Orden  [1979]  and  Sullivan 
et  al.  [1973]. 

As  expected,  ntiively  computing  J,  from  the  load  displacement  trace  for 
the  tests  with  a  thermal  gradient  produces  inaccurate  estimates  for  the  fracture 
toughness.  Simply  using  the  Griffith  elastic  energy  release  rate  for  J,*'“  and  either 
the  Rice  et  al.  [1973]  or  Landes  et  eJ.  [1989]  procedure  for  calculating  J,***" 
ignores  the  thermal  gradient's  contribution  to  the  crack  diving  force.  Neglecting 
the  fracture  energj'  produced  by  the  thermal  gradient  yields  a  fracture  toughness 
estimate  less  than  one  half  the  actual  value  as  determined  from  the  isothermal  tests 


Table  4.2 

Fracture  Toughness  Estimates 
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Eind  confirmed  in  the  literature  (see  Table  4.2  blocks  B  and  D). 

For  comparison,  the  J,  integral  value  associated  with  the  crack  extension  at 
the  apparent  fracture  toughness  value  is  also  determined  via  the  EPRI  procedures 
(see  Kumar  et  al.  [1981,  1984])  and  presented  on  Table  4.2.  Once  the  intersection 
of  the  Jr  vs  crack  extension  curve  (calculated  by  either  Rice  et  al.  [1973]  or  Landes 
et  al.  [1989]  procedures)  and  the  crack  tip  blunting  line  determine  the  crack 

extension  (and  hence  the  crack  length)  for  Jq,  the  associated  tension  from  the 
load  vs  crack  length  record  completes  the  information  required  for  the  EPRI  Jr 
estimation  procedure.  Invoking  the  EPRI  procedure  produces  a  Jr  value  equivalent 
to  the  apparent  fracture  toughness  3q  (see  Table  4.2). 

The  isothermal  EPRI  based  Jr  integral  values  agree  closely  with  the  values 
determined  from  the  experimental  load  vs  displacement  traces  as  shown  on  Table 
4.2  blocks  A  and  C.  This  confirms  the  adequacy  of  EPRI  NP-1931  (Kumar  et  al. 
[1981])  for  determining  Jr  for  the  two  specimen  geometries  for  isothermal  loading. 

The  EPRI  NP-3607  procedure  suggested  by  Kumar  et  al.  [1984]  includes 
the  thermal  gradient  effects  in  the  Jr  calculation.  This  procedure  incorp>orates  the 
stress  field  due  to  the  thermal  gradient  in  the  elastic  portion  of  Jr,  i.e.,  Jr*'**,  the 
elastic  energy  release  rate,  by  the  superposition  method  of  linear  elastic  fracture 
mechanics.  The  stress  intensity  factor  for  the  cracked  specimen  subjected  to  the 
stress  field  generated  by  the  thermal  gradient  on  an  uncracked  body  adds  to  the 
stress  intensity  factor  due  to  the  mechanical  tension  on  the  cracked  specimen  in 
determining  K/  and  hence  J*'"  Then  Jj'"  is  calculated  as  prescribed  in  EPRI 
NP-1931  (Kumar  et  al.  [1981]). 

While  the  EPRI  NP-3607  procedure  adequately  incorporates  the  thermal 
gradient  effects  for  these  monotonic  loading  tests,  with  a  simple  linear  tempera¬ 
ture  distribution  and  uniaxial  tension,  the  procedure  can  not  address  cyclic  plastic 
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loading  or  the  other  generalities  included  in  the  S  thermoinelastic  integral.  The 
EPRI  procedure  neglects  the  thermal  gradient  stress  field  interaction  captured  in 
the  S  integral.  Additionally,  the  EPRI  method  does  not  address  the  accumulation 
of  inelastic  strain  associated  with  cyclic  loading  beyond  the  elastic  yield  limit  zs 
does  the  S  integral. 

Calculating  the  S,  integrzil  from  eight  of  the  fracture  resistance  tests  com¬ 
pletes  the  apparent  fracture  toughness  investigation.  Finite  element  auialyses  supply 
the  information  to  compute  the  Si  integral  from  equation  (4.1).  The  finite  element 
models  use  the  tension  (and  associated  displacement)  and  crack  length  at  initial 
crack  extension  for  consistency  in  determining  the  equivalent  apparent  fracture 
toughness  Jq  via  Sj.  Chapter  5  discusses  the  modeling  and  integral  computation 
details.  The  eight  test  cases  from  Table  4.2  address  one  test  from  each  specimen 
geometry,  material  thickness  and  loading  set. 

The  finite  element  based  apparent  fracture  toughness  estimates  (S,  on  Table 
4.2)  suggest  that  the  S  integral  characterizes  the  crack  driving  force  for  inelastic 
and  thermoinelastic  material  response.  The  agreement  between  Sr  and  Jq  derived 
from  the  load  vs  displacement  trace  for  the  isothermad  tests  (Table  4.2  blocks  A  and 
C)  adds  credibility  to  the  contention  that  Sr  for  the  thermal  gradient  tests  defines 
the  apparent  fracture  toughness  for  initial  crack  extension.  The  agreement  between 
Sr  for  the  isothermal  cases  md  for  the  thermeil  gradient  cases  (Table  4.2  blocks  A 
and  B  or  blocks  C  and  D)  demonstrates  that  apparent  fracture  toughness  Jq  can 
be  considered  a  material  parameter. 

The  general  agreement  between  the  finite  element  based  Sj  and  computed 
by  the  EPRI  procedures  on  Table  4.2  confirms  the  EPRI  estimates  for  these  simple 
loadings.  ( This  agreement  is  expected  since  the  EPRI  parameters  are  based  on  finite 
element  analyses,  see  Kumar  et  al.  [1981].)  The  differences  between  the  linearly 
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superimposed  elastic  stress  field  in  the  EPRI  procedures  and  the  complete  thermal 
gradient  stress  interaction  in  the  Sr  calculation  may  cause  the  discrepancies  for  the 
thermal  gradient  cases. 

4.6  Limitations  and  Experimental  Improvements 

This  test  program  addressed  the  effect  of  a  thermal  gradient  on  fracture  for 
a  few  limited  cases.  The  program  demonstrated  the  conservation  law  nature  of  the 
S  integral,  a  critical  property  from  the  theoretical  development.  The  bulk  of  the 
experiments  showed  the  thermal  gradient  effect  on  crack  extension  during  fracture 
resistance  tests,  highlighted  the  requirement  of  accurately  including  the  thermal 
gradient  in  calculating  the  fracture  resistance  and  provided  data  for  comparison 
with  finite  element  models  determining  the  Si  integral  for  eight  selected  fracture 
resistance  tests. 

These  few  tests  did  not  fully  investigate  the  thermal  gradient  effect  on  frac¬ 
ture  but  rather  provided  limited  experimental  evidence  supporting  the  S  integral. 
Many  more  tests  on  v^^rious  materials,  geometries  and  thermomechaniceJ  loading 
histories  would  have  been  required  to  complete  the  experiment2Ll  confirmation  of  S. 

An  improved  experimental  instnunentation  package  substituting  Moire  in¬ 
terferometry  for  the  strain  gage  rosette  grid  would  have  provided  the  data  necessary 
for  an  experimental  calculation  of  the  S  integrzd.  Working  directly  from  the  planar 
displacement  field,  the  displacement  gradients  could  have  been  estimated  through¬ 
out  the  crack  tip  vicinity.  These  displacement  gradients,  in  turn,  would  provide  the 
strain  field  which  with  the  temperatures  and  the  plasticity  model  in  Appendix  A1 
would  have  produced  the  stress  field.  W'ith  these  fields  known,  equation  (4.1)  would 
have  computed  the  S  integral  directly  from  the  experimental  data. 


5 

Computational 

Implementation  and  Verification 


Many  analysis  and  design  studies  rely  on  the  finite  element  method  (FEM) 
for  information  concerning  complex  loading  on  intricate  structures  and  components. 
Certainly,  all  but  the  most  simple  thermomechanical  fracture  problems  require  FEM 
to  estimate  the  displacements,  stresses  and  strmns  in  cracked  bodies.  Hence,  for  the 
S  integral  to  be  applicable  to  engineering  design  and  analysis  situations,  it  needs 
to  be  a  derivative  of  finite  element  results. 

This  Chapter  demonstrates  that  the  S  integral  can  be  calculated  from  finite 
element  output  information.  The  first  section  identifies  and  defines  the  necessary 
quantities  for  the  calculation  in  terms  of  the  finite  element  equations.  Then  the 
second  section  presents  the  algorithm  for  calculating  the  S  path  domain  independent 
integral  as  a  FEM  postprocessor  using  nodal  and  gauss  point  information. 

Two  sets  of  computational  experiments  validate  the  S  integral  as  a  ther¬ 
moinelastic  frturture  characterization  parameter.  The  first  exercise  verifies  the  con¬ 
servation  law  nature  of  S,  This  important  property  developed  theoretically  in  Chap¬ 
ter  3  and  proved  experimentally  in  Chapter  4  is  demonstrated  computationally  in 
Section  5.3.  The  second  exercise  computes  the  z  component  of  S,  S,,  for  eight  of 
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the  fracture  toughness  experiments  as  discussed  in  Chapter  4.  The  four  isothermal 
cases  (where  Sr  identically  equals  Jr)  verify  that  the  computationally  generated  Sr 
matches  the  vzJue  obtained  from  the  load  vs  displacement  trace.  The  agreement 
between  Sr.  calculated  at  initial  crack  extension,  for  the  isothermal  cases  and  for 
the  thermal  gradient  cases  supports  S  as  the  crack  driving  force  for  thermoinelastic 
material  response.  These  computational  exercises  validate  the  path  domain  inde¬ 
pendent  integral  S  ?is  a  characterizing  parameter  for  thermoinelastic  fracture. 

5.1  FEM  Implementation 

The  computational  investigation  of  S  revolves  around  finite  element  results 
generated  by  a  single  element  type,  a  nine  node  two  dimensional  quadrilateral. 
Using  this  element  in  the  FEAP  program  (Taylor  [1977],  Zienkiewicz  and  Taylor 
[1989]),  supplies  results  from  the  conservation  law  and  fracture  toughness  computa¬ 
tional  investigations.  The  element  includes  routines  to  provide  the  nodal  and  gauss 
point  output  information  required  in  the  S,  path  and  domain  integral  calculations. 

The  nine  node  quadrilateral  element  analyzes  two  dimensional  heat  conduc¬ 
tion  and  plane  stress  or  plane  strain  problems  including  uncoupled  thermoinelastic¬ 
ity.  The  element  models  isotropic  thermal  strmn. 
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where  e|*  are  the  components  of  the  thermal  strain  in  the  vector  form  suitable  for 
FEM  implementation,  a  is  the  isotropic  thermal  expansion  coefficient  and  0  is  the 
temperature  change  from  some  strain  free  temperature.  This  formulation  neglects 
tmy  temperature  change  due  to  a  time  \'arying  strtun  field  and  hence  addresses  the 
uncoupled  strain  temperature  case. 
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The  constitutive  model  uses  the  total  strain  decomposition  from  equation 
(3.7a),  (i.e.,  e  =  c*  +  c**  +  c^),  to  separate  the  strain  into  elastic,  thermal  and 
plastic  portions.  The  model  invokes  elastoplztstic  evolution  equations  (see  Chapter 
3,  Table  3.1  and  Appendix  Al)  with  linear  isotropic  and  kinematic  hardening  to 
compute  the  plastic  strains.  For  simplicity,  the  model  assumes  that  2dl  constitutive 
peiraimeters  are  independent  of  temperature.  Simo  and  Hughes  [1988]  presents  the 
jilgorithmic  details  included  in  the  constitutive  model. 

The  element  employs  the  standard  nine  node  Lagrangian  isoparametric  shape 
functions  (see,  for  example.  Hughes  [1987])  to  interpolate  the  displacement  field 
within  each  element.  This  formulation  permits  modeling  the  l/\/F  strain  singu¬ 
larity  near  the  crack  tip  for  elastic  fractiure  mechanics  and  the  1/r  singularity  for 
perfect  plasticity  as  discussed  by  Barsoum  [1977]. 

The  model  strain  singularity  results  from  collapsing  one  side  of  the  quadri¬ 
lateral  onto  the  singular  point,  thus  forming  a  triangle.  The  midside  node  on  each 
side  emanating  from  the  singular  {joint  is  located  at  one  quarter  the  distance  from 
the  singular  point  to  the  nonsingular  corner  node.  Enforcing  displacement  compat¬ 
ibility  of  all  the  nodes  collapsed  onto  the  singular  point  produces  the  l/y/r'  strain 
singularity  for  elastic  fracture  mechanics.  However,  permitting  the  displacements 
of  all  the  individual  nodes  collapsed  onto  the  singularity  {joint  to  vary  with  re- 
s{ject  to  one  another  yields  the  1/r  strain  singularity  for  perfectly  plastic  fracture. 
(Hutchinson  [1968]  and  Rice  and  Rosengren  [1968]  present  the  asymptotic  strain 
singularity  at  the  crack  top  for  a  general  hardening  material.) 

Within  the  plane  strain  formulation  the  element  uses  a  three  field  method 
to  capture  the  incompressible  nature  of  plastic  flow.  As  suggested  by  various  FEM 
researchers  (for  example.  Simo  et  td.  [1985],  Hughes  [1987],  Simo  and  Htighes 
[1988]  and  Zienkiewicz  and  Taylor  [1989]),  solving  for  the  dilatational  strain  and 
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the  pressure  fields  within  the  element  in  addition  to  the  nodal  displacements  removes 
the  difficulty  of  solving  the  displacement  equations  associated  with  incompressible 
behavior.  The  plane  strain  option  employs  dilatational  strain  and  pressure  fields 
within  the  element  that  are  linear  in  the  isopartimetric  space  variables. 

The  element  supplies  the  variable  values  to  compute  the  S,  integral.  The 
path  integral  calculation  requires  information  at  the  FEM  nodes  and  the  domain 
integral  calculation  demands  information  at  the  gauss  integration  points  within  the 
elements.  The  element  outputs  the  variable  values  listed  on  Table  5.1  to  calculate 
the  X  component  of  the  thermoplastic  S  integral  defined  by  equation  (4.1)  and 
rewritten  here  in  index  notation  (where  i.j,  k,l  range  over  1,2,3). 
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where  6ij  is  the  Kronecker  delta.  For  the  path  integral;  the  term  2*oL+i‘^*>ln+i 
is  the  stored  energy  contribution,  29*/|„+i  )"i  is  the  hardening 

contribution  including  both  the  potential  and  dissipation, 

is  the  plastic  dissipation  contribution  and  n*  is  the  traction  energy  con¬ 
tribution.  Similarly,  for  the  domain  integral;  q  is  the  thermal 

gradient  energy  contribution,  <7i>L-n  plastic  strain  gradient  dissipa¬ 
tion  contribution  and  hardening  gradient  dissipation 

contribution. 
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The  nodal  quantities  listed  on  Table  5.1  are  smoothed  from  the  variables 
computed  at  the  element’s  3x3  gaviss  integration  points  by  the  least  squares  pro¬ 
jection  method  as  suggested  by  Simo  (1988)  and  Zienkiewicz  and  Taylor  (1989).  The 
method  minimizes  the  functional, 

F  =  [  \\&-(r\\^dn,  (5.3) 

Jn 

where  &  is  the  stress  field  obtained  from  the  nodal  stress  projections  and  tr  is  the 
stress  field  generated  by  the  stresses  calculated  at  the  3x3  gauss  points  in  each 
element.  The  implementation  uses  the  row  sum  lumping  technique  to  diagonalize 
the  projection  matrix. 


Table  5.1 

FEM  Output  Information  for  Sj  Integral 

Nodal  Output  Gauss  Point  Output 


Spatial  Coordinates 

Weighted  Area 

A 

Displacements 

“■In-Kl 

Thermal  Gradient 

L-n 

Temperature  Diff 

Stresses 

*^0  In^-I 

Displacement  Grad 

*  ln+1 

Hardening  Variables 

90  L+1 

Stresses 

^"0  L-n 

Plastic  Strain  Grad 

In 

Plastic  Strains 

L+1  ’  «0  In 

Hardening  Var  Grad 

90.r  In 

Hardening  Variables 

90 

L+1  ’  90  In 

The  gauss  integration  point  information  falls  into  two  groups;  v’ariables  that 
are  computed  within  the  standard  element  formulation  (area,  stresses,  thermal  gra¬ 
dient  and  hardening  variables),  and  variables  that  must  be  computed  from  gauss 
point  information  (the  gradients  of  plastic  strain  and  hardening  variables).  The 
element  formulates  the  variables  in  the  first  set  from  readily  available  information. 
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The  gradient  variables  in  the  second  set  are  calculated  using  the  derivatives  of  the 
gauss  point  shape  functions.  The  gauss  point  shape  ftmction  are  unity  at  a  specific 
gatiss  point  and  zero  at  the  other  gauss  points.  The  derivatives  with  respect  to 
global  space  directions  are  calculated  by  the  chain  rule  (see,  for  example,  Hughes 
[1987]),  from  the  isoparametric  shape  functions. 

With  these  enhanced  output  routines,  the  nine  node  element  provides  the 
information  necessary  to  calculate  the  i  component  of  the  S  integral. 

5.2  S,  Postprocessor  Calculation 

.A.11  the  finite  element  analysis  output  information  listed  on  Table  5.1  com¬ 
bines  with  the  material  properties  to  calculate  the  S*  integral.  The  postprocessor 
algorithm  uses  equations  (5.2  b,c)  to  form  the  path  and  domain  integrals. 

The  postprocessor  developed  herein  assumes  that  the  integration  contoirr 
rims  among  element  boimdaries  and  includes  a  finite  number  of  complete  elements. 
The  path  integration  algorithm  assumes  that  the  quadrilateral’s  midside  nodes, 
zdong  the  integration  path,  fall  exactly  midway  between  the  comer  nodes.  This  lin¬ 
ear  side  with  central  midside  node  restriction  only  applies  to  element  edges  included 
in  the  path  contour  and  not  generally  throughout  the  mesh.  The  domain  integral 
calculation  only  restricts  the  domaun  to  complete  elements  for  computational  ease. 

The  total  path  integral,  3,*’“*',  is  comprised  of  contributions  from  each  ele¬ 
ment  edge  that  defines  the  contour, 

***«lt«» 

S^p..h  ^  ^  ,  (5.4) 

where  S,**®***  1^  is  the  S,  contribution  for  a  single  element  edge  along  the  contour 
defined  by  three  nodes. 

Calculating  the  single  element  edge  contribution  begins  by  computing  the 
thermoplastic  Noether  quantity  akin  to  the  energy  momentum  tensor  at  each  node. 
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This  quantity  at  a  given  node  is  exactly  the  path  integrand  from  equation  (5.2b), 

+  (foL+i  - <j„)  -  “«^l,+i^bL+i  ^  (5-5) 

where  are  the  components  of  the  right  hand  outward  unit  normal  vector  to  the 
path  contour  along  the  element  edge.  The  node  numbers  defining  each  element 
side  must  conform  to  the  counter-clockwise  path  integration  convention  where  the 
integration  domain  lies  to  the  left  of  an  observer  moving  along  the  integration  path 
in  the  direction  of  integration. 

The  En  values  from  each  node  along  the  element  edge  tind  the  edge  length 
combine  to  form  the  element  edge  contribution  to  S^.  With  three  nodes  defining 
the  element  edge,  the  algorithm  uses  the  trapezoidal  rule  to  calculate  |^, 

g^p*th  1^  _  Ecorner  1  +  4  Emidside  +  Ecorner  2  ^  ds  ,  (5-b) 

Where  ds  is  the  distance  along  the  element  edge. 

The  domain  integral  calculations  sums  the  contribution  to  5,'*°'"""  from 
each  element  contained  within  the  contour  integration  path  (in  the  left  hand  sense 
M  previously  discussed).  Hence, 

g^domun  ^  ^  g^domiin 

e=l 

where  is  the  S,  contribution  for  a  single  element. 

The  domain  integration  uses  3x3  gauss  quadrature  to  compute  the  area 
integral  5,'^°'"*'"  .  Hence. 

9 

S^dom«n|^  =  Yi  , 


(5.8) 
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where  ji  is  the  Jacobian  value  at  gauss  point  /  from  the  area  mapping,  wi  is  the 
gauss  point  weight  aind  is  the  domain  integrand  evaluated  at  the  gauss 

point  /.  The  weighted  area  from  Table  5.1  provides  the  product  ji  wi  at  each  gauss 
point  within  the  element. 

The  domain  integrand  is  czilculated  directly  from  equation  (5.2c), 

~  9ki,z\„  ,  (5-9) 


using  the  values  from  gauss  point  /  and  the  material  properties  a  eind  D,jki- 

The  postprocessor  algorithm  discussed  in  this  section  calculates  the  i  com¬ 
ponent  of  the  S  integral  from  finite  element  results.  The  calculations  follow  directly 
from  the  integral  development  in  Chapter  3.  Subsequent  sections  demonstrate  the 
conservation  law  nature  of  S  and  the  thermoinelastic  fracture  characterization  na¬ 
ture  of  the  integral. 

5.3  Conservation  Law  Computational  Verification 

A  computational  investigation  verifies  the  path  domain  independent  S  in¬ 
tegral  as  a  conservation  law  for  thermoinelastic  material  response.  Using  finite 
element  results  and  the  postprocessor  algorithm,  the  calculated  x  component  of  S 
approximately  equals  zero  for  any  closed  contour  contmning  no  singularities.  The 
computational  approximation  (S,  =0)  improves  as  modeling  refinements  improve 
the  FEM  solution  accuracy. 

This  computational  experiment  investigates  St  for  a  dogbone  shaped  region 
loaded  under  displacement  and  temperature  control.  The  prescribed  loading  results 
in  a  well  developed  plastic  zone  through  the  thin  section  of  the  dogbone  while  the 
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displacement  y  =  0.033  in. 


Note:  AU  dimensions  in  inches 


Figure  5.1  Base  case  dogbane  finite  element  specimen  with 
three  S  integration  contours. 


majority  of  the  thick  section  remains  elastic.  Figure  5.1  presents  the  base  case 
model  and  shows  the  elastic  and  plastic  zones. 

The  dogbone  model  carries  a  50®F/in.  thermal  gradient  across  the  width. 
The  displacement  at  the  top  edge  is  set  to  0.0330  in.  to  develop  the  plastic  zone  in 
Figure  5.1.  The  model  uses  320  elements.  All  but  the  six  elements  at  the  transition 
region  are  square  with  0.50  in.  sides.  The  material  model  parameters  are  presented 
on  Table  5.2.  The  base  case  model  uses  the  plane  strain  material  relations.  The 
temperature  and  displacement  loading  is  applied  over  20  equal  load  steps  for  the 
base  case  model. 

This  investigation  examines  the  Sj  integral  for  three  contours;  one  entirely 
contained  in  the  plastic  zone,  one  in  the  elastic  region  and  one  including  both 
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K -  4.0  - ^ 

displacement  y  s  0.033  in. 


Note:  All  dimensions  in  inches 

Figure  5.1  Base  case  dogbane  finite  element  specimen  with 
three  S  integration  contours. 


majority  of  the  thick  section  remains  elastic.  Figure  5.1  presents  the  base  case 
model  and  shows  the  elastic  and  plastic  zones. 

The  dogbone  model  carries  a  SO^F/in.  thermal  gradient  across  the  width. 
The  displacement  at  the  top  edge  is  set  to  0.0330  in.  to  develop  the  plastic  zone  in 
Figure  5.1.  The  model  uses  320  elements.  All  but  the  six  elements  at  the  transition 
region  ue  square  with  0.50  in.  sides.  The  material  model  parameters  are  presented 
on  Table  5.2.  The  base  case  model  uses  the  plane  strain  material  relations.  The 
temperature  and  displacement  loading  is  applied  over  20  equal  load  steps  for  the 
base  case  model. 

This  investigation  examines  the  Sz  integral  for  three  contours;  one  entirely 
contained  in  the  plastic  zone,  one  in  the  elastic  region  and  one  including  both 
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elastic  and  plastic  areas.  The  S*  integral  approximately  equals  zero  for  each  of 
these  contours.  Comparing  the  calculated  S*  integral  to  the  largest  individual 
contribution  from  any  path  or  domain  integral  measures  the  error  in  the  computed 
Si  V2due.  Figure  5.1  also  shows  the  three  integration  contours  in  relation  to  t.*e 
plastic  zone  in  the  model. 

For  the  base  case  model,  the  Si  integral  remains  less  than  approximately 
2.0%  of  the  largest  contiibution  for  any  of  the  three  au-bitrary  contours.  Table  5.3 
presents  the  contributions  to  each  integral. 


Table  5.2 

Constitutive  Parameters  for  Representative  Material 

Young’s  Modulus  E  =  10,000  ksi  Yield  Point  ffy  =  40.0  ksi 

Poisson’s  Ratio  u  =  0.32  Isotropic  Hard  Coef  K  =  600 

Thermal  Exp  Coef  o  =  13  X  10~®/*F'  Kinematic  Hard  Coef  H  =  600  ksi 

Strain  Free  Temp  To  =  75  °F 


Three  variations  on  the  base  case  comprise  a  parameter  study  on  load  step 
size,  mesh  refinement  and  materi^ll  relation.  The  first  variation  considers  50  load 
steps  instead  of  20,  the  second  variation  uses  a  model  with  1280  elements  instead 
of  320  and  the  third  variation  invokes  the  plane  stress  material  relations  instead  of 
plane  strain.  These  cases  demonstrate  the  robustness  of  the  S  integrsJ  computation 
for  the  conservation  law. 

Using  the  base  case  model  but  applying  the  same  temperature  and  displace¬ 
ment  load  in  50  equal  steps  instead  of  20  exiunines  the  effect  a  finer  loading  pro¬ 
cedure  has  on  the  Sj  integral.  The  finer  loading  produces  minor  changes  in  the 
computed  history  dependent  plastic  strains  and  hudening  variables.  The  modifi¬ 
cations  alter  th  Si  vedue  for  the  combined  elastic  and  plastic  zone  contour  only 
slightly  as  shown  on  Table  5.3. 


Table  S3 
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displacement  ys  0.033 
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Figure  5.2  Refined  dogbane  finite  element  mesh  with  S  inte¬ 
gration  contour  including  elastic  and  plastic  ele¬ 
ments. 


Modeling  the  dogbone  with  1280  elements,  all  but  six  0.25  in.  square,  im¬ 
proves  the  computational  accuracy  of  Sx.  This  model  uses  20  equal  steps  to  apply 
the  temperature  and  displacement  load  and  asstimes  plane  strain.  The  accuracy  of 
the  Sr  integral  computed  over  the  combined  elastic  and  plastic  contour  equivtdent 
to  the  base  case  (see  Figure  5.2)  improves  from  1.26%  to  0.31%,  see  Table  5.3.  This 
improvement  follows  from  the  increased  accmacy  associated  with  the  finer  mesh. 

Chaneing  the  btise  case  from  plane  strain  to  plane  stress  material  behaxnor 
alters  the  computed  S,  value  but  doesn’t  significantly  change  the  accuracy.  The 
results  on  Table  5.3  demonstrate  that  both  the  plane  strain  tind  plane  stress  as¬ 
sumptions  produce  an  Si  value  approximately  zero  for  an  imcracked  body. 


Chapter  5  Computational  Implementation  and  Verification 


103 


These  computational  experiments  verify  that  the  path  domain  independent 
S  integral  is  a  conserved  quantity  for  imcoupled  thermoinelastic  material  response. 


5.4  Fracture  Toughness  Comparisons 

Examining  the  S,  integral  calculated  from  fimte  element  models  of  eight  frac¬ 
ture  toughness  experiments  as  discussed  in  Section  4.5  verifies  that  S  characterizes 
the  crack  driving  force  for  thermomechanical  fracture.  In  four  isothermal  compar¬ 
isons  (where  S*  equals  Ji),  the  FEM  based  Si  fracture  toughness  estimate  agrees 
with  the  value  obtained  from  the  load  vs  displacement  trace.  This  confirms  that 
S  characterizes  the  crack  driving  force  for  isothermal  inelasticity.  The  agreement 
between  FEM  based  S,  for  the  four  thermal  gradient  tests  and  the  isothermal  val¬ 
ues  confirms  that  S  characterizes  fracture  under  thermoinelastic  materiaJ  response. 
Table  4.2  summarizes  the  fracture  toughness  estimates. 

Nonuniform  sized  elements  comprise  the  models.  Refining  the  mesh  at  the 
crack  tips  produces  models  capturing  the  material  behavior  in  the  crack  tip  region. 
The  single  edge  notch  (SEN)  specimen  model  uses  709  nodes  tind  164  elements,  see 
Figure  5.3.  The  SEN  model  has  a  crack  length  of  1.972  in.  The  center  cracked  plate 
(CCP)  model  with  two  crack  tips  has  841  nodes  and  194  elements,  see  Figure  5.4. 
For  the  CCP  model,  the  centered  crack  measures  0.880  in.  long. 

The  models  examine  a  stationary  crack  geometry  using  four  nine  node  qutwlri- 
lateral  elements  degenerated  to  triaingles  at  the  crack  tips.  The  triangular  elements 
have  their  midside  nodes  located  at  the  qutu'ter  points  of  the  sides  emanating  from 
the  crack  tip  as  discussed  in  Section  5.1.  The  crack  tip  nodes'  boimdarj’’  conditions 
produce  the  1/r  strain  singularity  which  approximates  the  aluminum  behavior.  In 
both  the  SEN  and  CCP  models  the  longest  edge  of  the  isosceles  triangle  crack  tip 
elements  is  0.08485  in. 


Chapter  5  Computational  Implementation  and  Verification 


105 


(Cold  Side) 


y 

U 


3.875 


zero  X  displacement,  prescribed  y  displacement 


7^ 


73 


TO 


a 


>41 


8.50 


zero  y  displacement 


zero  y  displacement 


(Hot  Side) 


(symmetry  boundary)  0.880  (symmetry  boundary) 
crack 

Note:  All  dimensions  in  inches 


Figure  5.4  CCP  specimen  FEM  mesh  with  five  S  integration 
contours. 
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The  calculated  Si  value  differs  only  slightly  for  the  five  integration  contours 
shown  on  Figures  5.3  and  5.4.  This  investigation  reports  the  S*  integral  results  from 
contour  3  on  both  specimens  for  consistency.  A  later  pairameter  study  demonstrates 
that  Si  is  independent  of  the  chosen  contour.  The  CCP  specimen  model  requires 
two  separate  contours,  one  for  each  crack  tip,  to  calculate  the  total  Si  integral  since 
Sr  gives  the  force  for  unit  crack  extension  in  the  positive  +i  direction. 

The  finite  element  models  attempt  to  accurately  approximate  the  material 
behavior.  The  models  use  the  constitutive  parameters  determined  in  Appendix  A1 
and  summarized  in  Table  5.4  to  describe  the  2024  aluminum.  The  0.123  in.  thick 
specimen  tests  are  investigated  with  the  plane  stress  material  assumptions.  Plane 
strain  equations  model  the  0.491  in.  thick  2024-T351  plate  specimens. 


Table  5.4 

2024-T3  or  T351  Aluminum  Constitutive  Parameters 

Young’s  Modulus  E  =  10.200  ksi  Yield  Point  ffy  =  42.3  ksi 

Poisson’s  Ratio  u  —  0.32  Isotropic  Hard  Coef  K  =  615  ksi 

Thermsd  Exp  Coef  a  =  13  X  10~®/*P  Kinematic  Hard  Coef  H  =  615  ksi 

Strain  Free  Temp  Tq  =  F 


The  four  isothermal  fracture  toughness  cases  chosen  for  FEM  evaluation  have 
crack  lengths  associated  with  the  Jq  apparent  toughness  approximately  equal  to  the 
model  values.  Since  only  half  the  specimen  is  modeled,  the  FEM  analyses  use  half 
the  measured  displacement  as  input. 

Table  5.5  summarizes  the  agreement  in  load  and  crack  driving  force  Si  (for 
isothermal  cases  S,  equals  J,)  between  the  experimental  (using  equation  4.5)  and 
stationary  crack  finite  element  results.  The  Table  reports  total  values  accoimting 
for  the  model  symmetry.  Additionally,  since  specimen  SEN-8.1  carried  strain  gages, 
a  separate  comparison  exsimines  the  FEM  strains.  The  excellent  agreement  in  the 
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Table  5.5 

Test  and  FEM  Comparisons  for  Isothermal  Cases 


Experiment _  _ FEM 


Specimen 

Thick 

(in.) 

Crack 

Length 

(in.) 

Disp 

(in.) 

Tension 

(kipt) 

Oui'in.) 

Crack 

Length 

(in.) 

Disp 

(in.) 

Tension 

(kipi) 

Sx 

(lui'in.) 

CCP-2.1 

.495 

0.879 

0.0336 

42.73 

0.118 

0.880 

0.0336 

42.78 

0.129 

SEN-2.1 

.493 

1.972 

0.0134 

11.99 

0.153 

1.972 

0.0134 

12.02 

0.146 

CCP-8.1 

.123 

0.860 

0.0348 

9.98 

0.148 

0.880 

0.0348 

9.96 

0.148 

SEN-8.2 

.123 

1.972 

0.0132 

2.74 

0.145 

1.972 

0.0132 

2.69 

0.149 

strains  en  and  €22  between  the  experiment  and  FEM  results  is  shown  on  Table  A3.1 
in  Appendix  A3. 

The  agreement  between  the  experimentally  determined  J,  and  Sr  calculated 
from  finite  element  results  confirms  that  S  characterizes  the  crack  driving  force  for 
uncoupled  inelasticity.  The  agreement  eJso  demonstrates  the  appropriateness  of 
computing  the  S  integral  from  finite  element  results. 

Modeling  the  thermal  gradient  fracture  toughness  tests  requires  judicious 
choice  of  thermal  boundary  conditions.  Though  the  heater  and  cooler  assemblies 
add  and  subtract  heat  from  the  specimen,  the  FEM  tinalyses  use  prescribed  temper¬ 
ature  boun  lary  conditions  to  generate  the  thermal  gradient.  Specifying  a  constant 
temperature  for  all  the  nodes  in  locations  covered  by  the  heaters  and  coolers  pro¬ 
duces  the  most  accurate  results.  Matching  the  recorded  thermal  gradient  and  the 
total  thermal  exptmsion  at  zero  load  but  clamped  ends  establishes  accurate  thermal 
boimdary  conditions. 

Tests  in  which  the  total  crack  length  at  initial  crack  extension  approximately 
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matches  the  FEM  crack  lengths  are  chosen  for  FEM  investigation.  The  data  from 
these  tests  serve  as  the  comparison  bases  for  the  FEM  analyses.  As  expladned  in 
Section  4.5,  choosing  a  load  emd  crack  length  at  initial  crack  extension  (%  0.010 
in.  )  implied  by  the  Jq  analysis  provides  a  point  for  comparing  S*  that  gives  an 
equivalent  apparent  fracture  toughness  for  the  thermal  gradient  tests. 

Table  5.6  highlights  the  agreement  in  load  between  the  experimenttd  and 
finite  element  results.  The  Table  also  presents  the  FEM  input  information  and 
the  Si  values.  The  hot  and  cold  temperatures  listed  imder  the  FEM  heading  on 
Table  5.6  each  act  over  0.5  in.  at  the  specimen  edge  so  the  thermal  gradient  is  the 
difference  divided  by  2.875  in.  As  with  Table  5.5,  Table  5.6  reports  total  values 
considering  the  model  sjTnmetrj'.  Tables  A3. 2  though  A3.5  in  Appendix  A3  show 
the  agreement  in  the  strains  <n  and  €22  between  the  test  data  and  FEM  results. 

Comparing  the  crack  driving  force  values  at  initial  crack  extension  for  similar 
specimen  thicknesses  from  both  the  isothermal  smd  thermal  gradient  tests  demon¬ 
strates  that  the  S  integral  characterizes  fracture  for  thermoinelastic  material  re¬ 
sponse.  The  agreement  between  the  fracture  resistance  at  initial  crack  extension 
supports  the  fracture  toughness  as  a  thickness  dependent  materitil  parameter.  This 
combined  experimental  and  computational  investigation  verifies  the  theoretically 
derived  S  integral  for  uncoupled  thermoinelasticity  as  a  fracture  characterization 
parameter. 

For  completeness,  a  parameter  study  investigates  Si’s  sensitivity  to  integra¬ 
tion  contour  choice.  Table  5.7  shows  that  while  the  path  and  domain  integral  terms 
change  dramatically,  the  toted  Si  integred  differs  only  slightly  depending  on  the 
integration  contour.  The  large  discrepancy  in  Sr  for  the  smallest  contour,  encom¬ 
passing  only  four  elements  (eight  considering  symmetry)  at  the  crack  tip,  suggests 
that  an  accurate  Sj  calculation  requires  a  more  refined  mesh  within  the  contour. 
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Table  5.7 

Parameter  Study  on  Integration  Contours 


Total 

Difference 

Contour 

S  P** 

c  doiMin 

Sx 

w  j.L  Contour  3 

(k»*tn.) 

(lui«in.) 

(ksi'in.) 

SEN-8.2 

1 

0.02952 

0.05538 

0.08490 

-41.49  % 

2 

0.13396 

0.01446 

0.14842 

2.29% 

3 

0.14982 

-0.00472 

0.14510 

0.00% 

4 

0.21924 

-0.07542 

0.14384 

-0.87% 

5 

0.57851 

-0.43192 

0.14660 

1.03% 

CCP-2.5 

la 

0.03455 

0.04255 

0.07709 

-1.05% 

(to  Cold) 

2a 

0.03051 

0.04706 

0.07757 

-0.45% 

3a 

0.04193 

0.03598 

0.07791 

0.00% 

4a 

0.03456 

0.04130 

0.07586 

-2.63  % 

5a 

0.09363 

-0.01452 

0.07910 

1.53  % 

lb 

0.02101 

0.02173 

0.04274 

-0.77% 

(to  Hot) 

2b 

0.01984 

0.02310 

0.04294 

-0.32% 

3b 

0.02443 

0.01864 

0.04308 

0.00% 

4b 

0.02265 

0.02020 

0.04285 

-0.53% 

5b 

0.03204 

0.01 102 

0.04306 

-0.04% 

The  agreement  of  Sr  calculated  for  the  four  larger  contours  computationEilly  verifies 
the  path  domain  independence  of  S  proven  theoretically  in  Section  3.4. 

The  finite  element  based  Sr  integral  for  the  CCP  thermal  gradient  specimens 
presents  an  interesting  disparity  with  the  experimental  observations.  The  experi¬ 
mental  data  report  that  imder  a  thermal  gradient  and  axial  tension  load  the  crack 
tip  facing  the  heated  edge  extended  preferentially  to  the  tip  facing  the  cooled  edge. 
However,  the  FEM  bzised  S*  calculations  presented  on  Table  5.6  show  that  the  crack 
driving  force  towards  the  cooled  edge  exceeds  the  crewik  driving  force  towards  the 
heated  edge.  This  FEM  result  agrees  with  physicail  intuition  that  suspects  the  tip 
advjincing  iiuo  the  greater  social  tension  field  (towards  the  cooled  edge)  to  extend 
preferentially  to  the  tip  advancing  into  a  lesser  axial  tension  field. 

A  mislabeled  crack  gage  channel  appears  to  be  the  most  likely  explanation  for 
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the  disparity.  Other  more  subtle  explanations  include;  unequal  grip  pressure  across 
the  specimen  width  due  to  nonuniform  thermal  expansion  could  have  produced 
a  nonuniform  axial  mechanical  tension,  or  perhaps  a  consistent  difference  in  the 
prefatigue  starter  crack  could  have  enhanced  one  crack  tip  growth. 

Though  this  matter  does  not  modify  any  of  the  S  integral  conclusions  pre¬ 
sented  in  this  Chapter,  it  calls  for  further  experimental  investigation. 


6 

Summary 
and  Conclusions 


This  dissertation  develops  the  first  parameter  to  characterize  the  crack  driv¬ 
ing  force  for  general  thermomechanic2d  loadings.  The  energy  based  S  path  domain 
independent  integral  characterizes  fracture  for  thermoinelastic  material  response. 
The  S  integral  addresses  the  thermomechanical  conditions  likely  to  cause  crack 
extension.  As  such,  S  offers  a  parameter  to  improve  engineers’  understanding  of 
the  strength  and  reliability  of  materials  subjected  to  complex  thermomechanical 
loadings. 

This  chapter  summarizes  the  development  and  verification  of  the  S  integral 
plus  it  discusses  the  limitations  on  this  work  and  suggests  future  research.  The 
first  section  highlights  the  key  points  from  the  theoretical  formulation  presented  in 
Chapter  3.  The  second  section  discusses  the  experimental  and  computational  verifi¬ 
cation  of  S  detailed  in  Chapters  4  and  5.  The  third  section  presents  the  limitations 
of  the  S  integral  and  this  dissertation.  Finally,  the  foiuth  section  suggests  potential 
future  research  in  the  crucial  area  of  thermoinelastic  fracture  mechanics  exercising 
the  S  integral. 
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6.1  Formulation  Highlights 

The  S  path  domain  independent  integral  characterizes  the  crack  driving  force 
for  general  thermoinelastic  fracture.  The  integral  results  from  the  Noether  quantity 
associated  with  infinitesimal  translation  symmetry  group  generated  by  djdx  acting 
on  the  discrete  (algorithmic)  Lagrangian  density  for  thermoinelastic  fields.  As  such, 
S  equals  the  change  in  total  energy*  per  unit  translation  of  a  given  singularity  or. 
the  energy  release  per  tmit  crack  advance.  S  defines  a  conserved  quantity  that  must 
equal  zero  for  tiny  integration  contour  encompassing  a  crack  free  region. 

Beginning  from  a  valid  Lagrangian  density,  applying  Noether's  theorem  pro¬ 
duces  a  quzmtity  akin  to  the  energy  momentum  tensor  for  elasticity.  Using  Green's 
theorem  on  the  integral  conser\'ation  law  associated  with  the  Noether  qutintity  pro¬ 
duces  the  S  integral.  For  a  region  without  any  singularities,  the  S  integral  must 
equal  zero.  For  a  region  with  singularities.  S  is  the  total  force  on  the  singularities 
within  the  integration  region  per  unit  translation  of  these  singularities. 

With  this  procedure  to  generate  the  path  dommn  independent  S  integral. 
Chapter  3  develops  the  valid  algorithmic  Lagrangian  densities  and  S  integrals  for 
two  quasi  static  cases;  uncoupled  thermoineleisticity  and  fully  coupled  linearized 
thermoinelasticity.  The  quasi  static  restriction  assumes  that  materitil  inertia  energy 
cm  be  neglected  in  the  total  energy  description.  The  uncoupled  case  assumes  the 
temperature  field  is  given  and  known  a  priori  and  therefore  is  not  a  variable  in  the 
Lagrangian  density.  This  is  the  typiceil  ctise  for  most  metals  eind  for  quasi  static 
loadings.  The  fully  coupled  case  includes  the  temperature/heat  equations  as  Euler 
Lagrange  equations  associated  with  the  Lagrangian  density.  This  case,  where  a 
time  varying  strain  field  induces  a  temperature  change,  addresses  certain  composite 
materials  and  impact  loadings.  Equations  (3.24)  and  (3.44)  present  the  S  integrals 
for  uncoupled  and  coupled  thermoinelasticity. 
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6.2  Experimental  and  Computational  Verification 

A  limited  experimental  program  and  an  eissociated  computational  investi¬ 
gation  verifies  that  the  S  integral  characterizes  thermoinelastic  fracture.  The  ver¬ 
ification  program  addresses  the  two  critical  aspects  of  the  S  integraJ;  that  it  is  a 
conservation  law  for  thermoinelasticity  and  that  it  chairacterizes  the  crack  driving 
force.  Experiments  on  a  crack  free  aluminum  sheet  and  finite  element  results  from 
a  dogbone  specimen  verify  S’s  conservation  law  nature.  Fracture  resistamce  tests 
suggest  that  S  equals  the  crack  driving  force.  The  fracture  resistance  experiments 
consider  two  specimen  geometries,  single  edge  notch  and  center  cracked  plate,  amd 
two  specimen  thicknesses,  nominally  one  half  and  one  eighth  inch,  for  a  single  ma- 
teriail.  aluminum  2024.  Though  far  from  an  extensive  prograim.  these  physicad  and 
computationail  investigations  verify  the  S  integral. 

The  theoretical  development  in  Chapter  3  proves  that  S  must  equal  zero 
for  a  crack  free  region.  Three  experiments  and  a  single  computation  study  verify 
this  crucial  aspect.  The  experiments  consider  a  24  in.  x  3.875  in.  x  0.123  in.  adu- 
minum  2024  sheet  under  three  loading  conditions:  elasticity,  thermoelasticity  amd 
thermoinelasticity.  The  finite  element  investigation  considers  a  dogbone  specimen 
loaded  into  the  inelastic  ramge  by  axial  tension  amd  an  imposed  thermal  gradient. 

The  physical  experiments  verify  that  S  remains  approximately  zero  for  ther¬ 
moinelastic  material  response  ais  shown  in  Section  4.4.  The  final  thermoinelastic 
loading  places  the  specimen  in  tensile  yield  then  unloads  and  reloads  twice  with 
increasing  total  displacement  on  each  reloading.  For  all  of  the  load  regimes,  elastic, 
thermoelastic  and  thermoinelastic  with  unloading  and  reloading,  the  t  component 
of  S  remains  less  than  15%  of  the  maximum  path  integral  component  comprising 
the  total  integral.  As  discussed  in  Section  4.4.  the  error  probably  results  from  the 
coarse  strain  gage  grid  instrumenting  the  specimen. 
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The  finite  element  investigation  shows  that  S  equals  zero  for  an  extensive 
inelastic  zone.  Modeling  a  dogbone  specimen,  the  finite  element  analysis  imposes 
a  thermal  gradient  across  the  specimen  then  loads  the  dogbone  until  the  entire 
neck  section  yields.  Computing  the  x  component  of  S  to  equal  zero  in  the  elastic, 
inelastic  or  an  arbitrary  region  demonstrates  the  robustness  of  the  computational 
evaluation  of  the  S  integral  conservation  law.  Section  5.3  details  the  parameter 
study  that  expands  the  plane  strain  base  case  investigation  to  include  load  and 
mesh  refinements  and  plane  stress. 

The  fracture  resistance  experiments  confirm  that  S  gives  the  crack  driving 
force  for  thermoinelastic  fracture.  Under  isothermal  conditions  S  equals  the  classic 
J  integral.  For  thermal  gradient  conditions,  when  the  J  integred  loses  validity,  the  S 
integral  still  yields  the  crack  driving  force.  At  initial  crack  extension  the  S  integral 
equals  the  material's  apparent  fracture  toughness  expressed  as  Jq. 

Isothermal  test  results  verify  the  material’s  fracture  toughness.  At  initial 
crack  extension,  evaluating  the  J  integrzJ  directly  from  the  load  displacement  trace 
or  computing  the  S  integral  from  finite  element  results  yields  approximately  the 
same  critical  fracture  toughness  value  for  the  aluminum  2024  specimens  tis  the 
Dtunage  Tolerance  Design  Handbook  [1983]  reports.  Sections  4.5.2  and  5.4  present 
complete  details.  This  confirms  both  the  experimental  J  integral  evaluation  and 
the  computational  S  integral  calculation. 

Under  combined  thermal  gradient  and  tension  loading,  the  J  integral  evalu¬ 
ated  from  the  load  vs  displacement  trace  implies  a  fracture  toughness  value  far  below 
the  published  toughness.  However,  the  S  integral  computed  from  finite  element  re¬ 
sults  continues  to  yield  a  toughness  vctlue  approximately  equal  to  the  published 
value.  This  confirms  that  for  thermoinelastic  fracture  the  S  integral  gives  the  crack 
(inving  force.  For  thermomechanical  loads  the  S  integral  chau’acterizes  fracture. 
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6.3  Limitations  on  S 

The  limitations  on  the  scope  of  this  dissertation  far  exceed  the  limitations  on 
the  S  integral.  Only  a  few  restrictions  limit  the  S  integral,  all  emanating  from  the 
theoretical  foundations.  This  dissertation  represents  only  a  limited  investigation 
into  the  applicability  of  S. 

Naturally.  S  is  limited  to  those  regimes  addressed  in  the  theoretical  develop¬ 
ment.  Since  S  is  based  on  the  Lagrangiam  describing  thermoinelastic  systems.  S  is 
limited  to  quasi  static  systems.  Beginning  from  the  Hamiltoniem  including  material 
inertia  would  generate  a  path  domain  independent  integral  including  true  dynamic 
effects,  .\ltering  the  body  force  in  S  to  include  the  material  inertia  would  address 
the  dynamic  fracture  question  but  not  robustly  since  the  Lagrangian  would  not 
produce  the  correct  Euler  Lagrange  equations  for  dynamics. 

Since  S  for  fracture  gives  the  energy’  release  due  to  extending  the  singularities 
within  the  integration  region.  S’s  applicability  to  crack  initiation  from  notches  is  not 
well  founded.  The  strain  concentration  at  a  notch  is  not  a  singuleurity  so  evaluating 
S  eu'ound  a  closed  contour  containing  the  notch  yields  the  force  per  unit  extension  of 
the  notch  in  a  self  similar  manner.  A  crack  emanating  from  a  notch  has  a  geometry 
drasticly  different  from  the  notch  geometry. 

Finally,  since  the  S  integral  is  based  on  continuum  mechanics.  S  does  not 
address  noncontinuum  effects  present  at  the  crack  tip.  The  exact  micromechanics  of 
the  crack  tip  me  not  considered  in  S.  Therefore.  S  cannot  evaluate  microcracking, 
microvoid  coalescence  or  void  initiation  immediately  adjacent  to  the  crack  tip.  This 
same  restriction  acts  on  all  continuiun  based  fracture  parameters. 

The  scope  of  this  dissertation  represents  only  a  limited  investigation  into 
the  applicability  of  the  S  integral.  Unfortunately,  this  work  does  not  investigate 
the  use  of  AS  as  a  parameter  characterizing  fatigue  craek  growth.  Since  the  S 
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integral  remains  valid  for  thermoinelastic  loading,  unloading  and  reloading,  the 
range  AS  likely  characterizes  fatigue  crack  growth.  Certainly,  the  success  of  AJ  in 
correlating  low  cycle  fatigue  crack  growth  rates  as  discussed  in  Section  2.2  implies 
that  AS  will  successfully  address  fatigue  crack  growth.  (This  is  especially  true  since 
AJ  is  not  well  founded  theoretically  whereas  S  and  AS  remain  theoretically  valid 
for  unloading  from  an  inelastic  state.) 

The  testing  program  results  succeed  in  providing  limited  proof  for  the  S 
integral.  A  more  extensive  program,  addressing  other  materials,  geometries  and 
loadings  would  provide  further  evidence  supporting  the  S  integral.  The  testing 
program  loading  only  include  steady  state  thermal  gradients.  Testing  with  cyclic 
or  random  thermal  fields  would  add  robustness  to  the  S  integral  verification. 

The  finite  element  investigation  only  considers  a  steady  state  crack.  Using 
higher  level  fracture  elements  that  model  crack  extension  would  improve  the  fracture 
resistance  modeling  with  S.  Including  temperature  dependent  inelasticity  would  also 
enhance  the  computational  S  verification. 

Finally,  this  dissertation  only  directly  verifies  the  uncoupled  case  of  S.  The 
fully  coupled  thermoinelastic  S  integral  is  verified  simply  by  analogy  with  the  un¬ 
coupled  case. 

The  areas  for  future  research  address  all  these  limitations. 

6.4  Future  Research 

The  fault  tolerant  design  of  critical  structures  emd  components  subjected  to 
fhermomechanical  loadines  demands  further  research.  The  S  inteeral  provides  a  well 
founded  parameter  chairacterizing  thermoinelastic  fracture.  Researching  conditions 
leading  to  fracture  under  thermomechanical  loads  with  the  S  integral  will  provide 
insight  and  understanding  into  the  strength  and  reliability  of  materials.  Though 


Chapter  6  Summary  and  Conclusions 


118 


many  aspects  of  thermoinelastic  fracture  require  further  research,  only  a  few  general 
areas  are  mentioned  here. 

Fatigue  crack  growth  under  thermomechanical  loadings  appeeirs  as  a  crucial 
area  for  further  S  integral  based  resezirch.  Components  including  jet  engine  turbine 
blades  and  power  plant  piping  experience  severe  nonsteady  thermomechanical  loads. 
The  range  AS  will  most  probably  characterize  fatigue  crack  growth.  Investigating 
combinations  of  steady  state  and  cyclic  (or  random)  thermal  fields  and  mechanical 
loadings  deserves  attention  with  the  S  integral. 

Naturally,  continued  testing  will  add  robustness  to  the  S  integral  confirma¬ 
tion.  Using  Moire  interferometry  to  obtmn  displacements  over  a  very  fine  area 
including  the  crack  tip  would  permit  direct  experimentail  confirmation  of  S.  Or. 
somehow  measuring  the  totzil  energy  in  a  body  imder  thermomechanical  loadings 
would  zdso  potentially  permit  direct  experimental  S  integral  calculation.  Initial 
testing  might  investigate  other  materials  amd  fracture  specimen  geometries.  Fur¬ 
ther  testing  might  address  a  steady  mechanical  load  with  an  increasing  thermal  load 
to  achieve  crack  extension. 

On  the  computational  front,  including  crack  extension  elements  in  the  finite 
element  analysis  would  enhance  the  fracture  resistamce  modeling.  These  elements 
would  model  the  inelastic  unloaded  region  behind  an  extending  crack  tip.  Also,  with 
these  elements  the  full  crack  extension  vs  S  resistaince  curve  could  be  estimated  for 
a  given  material.  Further  finite  element  investigations  might  include  more  complex 
temperature  dependent  inelasticity  models  to  accurately  capture  a  broader  range 
of  material  behavior. 

Finally,  on  the  theoretical  front,  developing  conservation  laws  and  fracture 
parameters  for  the  coupled  thermoinelastic  case  including  lairge  temperature  devi¬ 
ations  from  some  reference  temperature  would  be  a  major  contribution.  The  fully 
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nonlinear  thermoinelastic  equations  represent  a  formidable  challenge  for  future  con¬ 
tinuum  and  fracture  mechanics  research. 

.A.S  more  structures  and  components  use  composite  materials  the  area  of  cou¬ 
pled  thermoinelasticity  will  gain  importance.  Fracture  of  materials  that  generate 
nonnegligible  temperatures  at  reasonable  strain  rates  will  require  investigation  with 
the  fully  coupled  version  of  the  S  integral.  Future  research  might  experimentally 
and/or  computationally  verify  the  S  integral  for  fully  coupled  thermoinelastic  ma¬ 
terial  behavior. 

This  dissertation  develops  the  S  path  domaiin  independent  integral  that  char¬ 
acterizes  thermoinelastic  fracture.  This  parameter  is  the  first  fracture  integral  to 
accurately  provide  the  crack  driving  force  for  fully  coupled  and  uncoupled  ther¬ 
moinelasticity.  A  limited  experimental  and  computational  investigation  verifies  the 
S  integral  as  a  characterizing  parameter  for  uncoupled  thermoinelasticity.  Hence, 
this  dissertation  provides  the  first  theoretically  founded  and  verified  parameter  for 
investigation  the  important  area  of  thermomechanical  fracture. 


Appendix  A1 
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The  experimental  program  discussed  in  Chapter  4  investigates  thermome¬ 
chanical  fracture  of  aluminum  2024.  This  alloy,  which  is  commonly  used  in  air¬ 
frames,  (Metals  Handbook  [19S5)),  has  stable  material  properties  in  the  T3  and 
T351  heat  treated  states  and  has  been  the  subject  of  prior  fracture  2ind  fatigue 
studies  (e.g.,  Ibrahim  [19S9],  Hahn  and  Simon  [1973]  and  Walker  [1970]  ). 

The  stable  constitutive  properties  over  the  test  temperature  range  from  72“ 
to  320“F  reported  in  the  Metals  Handbook  [1985]  and  the  general  availability  of  the 
alloy  made  it  an  appropriate  choice  for  the  program. 

This  Appendix  details  the  material  characterization  of  the  eiluminum  2024- 
T3  one  eighth  inch  thick  sheet  and  the  2024-T351  one  half  inch  thick  plate.  The 
fracture  toughness  test  results,  the  conservation  law  example  and  the  finite  element 
modeling  use  the  material  properties  and  the  constitutive  model  to  describe  the 
aluminum.  After  enumerating  the  goals  of  the  material  characterization  program, 
this  Appendix  describes  the  tests  and  results  then  discusses  the  constitutive  models 
for  the  alloy. 

Al.l  Characterization  Program  Goals 

The  material  characterization  program  provides  parameters  and  constitutive 
models  that  describe  the  stress  vs  strain  relation  for  eiluminum  2024  in  the  T3  and 
T351  heat  treated  states. 
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Specifically,  tests  determined  the  Young's  modulus  and  Poisson's  ratio  along 
with  the  partimeters  for  a  linear  isotropic  plus  kinematic  hardening  elastic  plastic 
model  and  a  Ramberg-Osgood  model.  Following  recommendation  from  the  Mili¬ 
tary  Standzu-dization  Handbook  [19S3]  and  implications  from  previous  investigations 
(Ibrahim  [1989]  and  Hahn  and  Simon  [1973])  this  program  assumed  the  aluminum 
2024  behaved  isotropically  and  was  homogeneous.  Furthermore,  the  program  veri¬ 
fied  that  the  parameters  show  less  than  ten  percent  variation  over  the  fracture  test 
temperature  range  of  72°  to  320°F.  Hence,  a  single  set  of  temperature  indepen¬ 
dent  parameters  adequately  described  the  aluminum  constitutive  behavior  for  the 
fracture  and  conservation  law  tests. 

The  Metals  Handbook  [1985]  states  that  for  aluminum  2024  the  coefficient  of 
linear  thermal  expansion  over  the  temperature  rtinge  for  the  fracture  tests  averages 
13  X  10~®  in./in./°F.  No  tests  in  the  material  chtiracterization  program  address  this 
parameter.  So,  the  thermal  expansion  coefficient  is  assumed  to  match  the  value  from 
the  Metals  Handbook. 

A1.2  Test  Description 

Fourteen  tests  comprised  the  materitil  characterization  program.  The  tests 
conformed  to  .-VSTM  [1988]  specifications  for  Young's  modulus,  El  11,  Poisson’s 
ratio,  E132.  and  tension  properties.  E8.  Additional  compression  loading  on  two  tests 
sepcuated  the  isotropic  from  the  kinematic  hardening  coefficients  for  the  plasticity 
constitutive  model. 

The  loading  direction  for  all  the  material  test  specimens  matched  the  longitu¬ 
dinal  tension  loading  direction  of  the  fracture  and  conservation  law  test  specimens. 
Cutting  all  specimens  from  the  single  sheets  of  each  the  2024-T3  smd  the  2024-T351 
at  the  same  time  ensured  that  the  longitudinal  axis  of  all  the  specimens  remained 
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Figure  A  1.1  Dogbane  material  teat  specimen  geometry  . 


constant  along  the  rolling  direction  of  the  sheets.  Characterizing  the  material  by 
the  properties  in  the  same  direction  as  the  fracture  tests’  tension  axis  minimized 
error  due  to  any  real  anisotropy  ignored  by  the  isotropic  models. 

The  dogbone  specimens  for  the  material  tests  followed  the  .ASTM  guidelines 
from  specification  ES  with  the  grip  ends  slightly  enlarged  to  fit  in  the  Instron  testing 
machine  hydraulic  grips.  The  geometry  detailed  on  Figure  .A  1.1  provided  nominally 
a  4.5  in.  gage  length  for  the  room  temperature  tests  and  a  2.5  in.  uniform  tem¬ 
perature  gage  length  for  the  elevated  temperature  tests.  The  heating  arrangement 
determined  the  smaller  gage  length  for  the  elevated  temperature  tests. 

Instrumentation  within  the  Instron  testing  machine  and  attached  to  the  spec¬ 
imens  provided  the  data  for  determining  the  material  parameters.  The  load  cell  in¬ 
ternal  to  the  Instron  machine  provided  the  applied  force  information.  Strain  gages 
supplied  strain  data  for  till  tests  and  thermocouples  monitored  temperatures  on  the 
elevated  temperature  tests. 

The  material  tests  used  the  same  data  acquisition  system  as  the  fracture  tests 
described  in  Chapter  4.  The  load  cell  and  strain  cages  fed  their  data  to  an  analog  to 
digital  converter  and  in  turn  to  the  DEC  Vax  11-780  computer  approximately  once 
per  second.  The  analog  to  digital  converter  provided  a  resolution  of  approximately 
0.05%  of  full  range.  An  analog  Doric  box  converted  the  thermocouple  voltage  to 
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Fahrenheit  temperature,  with  a  one  degree  precision,  on  a  light  emitting  display  for 
manual  recording. 

The  Instron  internal  load  cell  operated  at  the  10  kip  range  for  the  one  eighth 
inch  thick  2024-T3  specimen  tests.  The  50  kip  rtinge  provided  the  necessary  data  for 
the  one  half  inch  thick  2024-T351  specimen  tests.  The  Instron  mtinuzd  reported  the 
load  ceU  accuracy  at  0.259^  of  the  full  range,  however,  considering  the  the  complete 
data  acquisition  system  an  overall  accuracy  of  one  percent  (100  lbs  on  10  kips  smd 
500  lbs  on  50  kips )  appeared  defensible. 

The  strain  gage  rosettes  and  thermocouples  described  in  Chapter  4  provided 
the  strain  and  temperature  data.  Two  CEA-13-062-WR-350  rosettes  bonded  in 
mirror  images  of  each  other  on  either  side  of  the  specimen  supplied  the  axial  and 
transverse  strain  information  to  compute  the  Young  s  modulus  and  Poisson’s  ratio. 
Three  type  J  thermocouples  monitored  the  middle  2.5  in.  specimen  section  during 
the  elevated  temperature  tests. 

Visually  reading  the  gage  length  between  two  die  punch  marks  with  a  0.01 
in.  resolution  ruler  and  a  7X  magnifying  glass  before  and  after  tensile  separation 
determined  the  total  specimen  separation.  Before  and  after  readings  with  a  0.001 
in.  precision  micrometer  at  the  specimen  separation  site  provided  the  information 
for  the  reduction  of  area  calculation. 

As  with  the  fracture  and  conservation  law  tests,  the  Instron  mech2mical  screw 
axial  load  testing  machine  provided  the  mechanical  loading.  The  displacement 
controlled  tests  ran  with  a  crosshead  speed  of  0.05  in. /min  until  the  axial  strain 
'exceeded  the  one  percent  data  system  maximum  strain.  For  the  ultimate  tensile 
strength  portion  of  the  material  tests  the  crosshead  speed  was  increased  to  0.2 
in. /min  since  only  the  maiximum  load  needed  to  be  recorded. 

For  the  elevated  temperature  tests,  a  simple  1200  watt  air  blower  heated  the 
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specimen.  A  6  in.  diameter  acrylic  cylinder  4  in.  tall  with  an  insulated  top  and 
bottom  that  fit  around  the  thin  dogbone  section  contained  the  hot  air  around  the 
specimen.  A  metal  T  section  placed  in  front  of  the  blower  nozzle  diverted  the  hot 
air  from  impinging  on  one  of  the  strain  gages.  A  manually  operated  cool  air  vent 
on  the  blower  grossly  controlled  the  specimen  temperature  by  modifying  the  hot  air 
temperatme. 

The  acrylic  container  limited  the  elevated  temperature  tests  to  a  maximum 
of  280®F.  Thus,  the  target  temperature  for  the  elevated  temperature  materizd  tests 
was  260‘'F.  somewhat  below  the  320“F  msucimiun  temperature  for  the  fractme  and 
conservation  law  tests,  but  sufficient  to  verify  the  temperature  independence  of  the 
material  properties  over  the  test  temperature  range. 

Following  ASTM  specifications  in  El  11,  once  the  three  thermocouples  cen¬ 
tered  over  the  middle  2.5  in.  of  the  dogbone  specimen  had  reached  the  desired  tem¬ 
perature,  the  specimen  soaked  at  temperature  for  one  hour  per  inch  thickness.  This 
improved  the  likelihood  of  uniform  temperature  throughout  the  specimen  thick¬ 
ness  within  the  2.5  in.  middle  section.  Throughout  the  soaking  period  all  three 
thermocouples  remained  within  4°F  of  an  average  temperature.  However,  slight 
veuiations  in  the  cool  air  vent  controlling  the  test  temperature  affected  the  average 
temperattire  by  &s  much  as  17®F. 

A1.3  Test  Procedure  and  Matrix 

The  material  characterization  program  consisted  of  eight  tests  on  the  one 
half  inch  thick  aluminum  2024-T351  plate,  four  at  room  temperature  and  four  at 
an  elevated  temperature  of  approximately  260*  F.  Four  room  temperature  tests  and 
two  elevated  temperature  tests  comprised  the  six  tests  conducted  on  the  one  eighth 
inch  thick  aluminum  2024-T3  sheet.  All  but  two  of  the  2024- T351  tests  (one  test 
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Figure  A  1.2  Target  Loading  for  determining  Young  's  Modulus 
and  Poisson's  Ratio  . 

at  room  temperature  ajid  one  at  an  elevated  temperature)  combined  the  ASTM 
specifications  Elll.  E132  and  ES  for  determining  Young's  modulus.  Poisson’s  ratio 
as  well  as  the  tensile  properties  of  yield  and  ultimate  tensile  strength,  percent 
elongation  and  percent  reduction  of  area. 

The  material  property  test  data  provided  the  basis  for  determining  the 
Ramberg-Osgood  and  the  elastic  plastic  constitutive  model  parameters.  The  final 
two  2024-T351  tests  began  with  the  Elll  and  E132  test  procedures  then,  instead 
of  loading  to  ultimate  tensile  strength,  underwent  fully  reversed  tension  and  com¬ 
pression  strain  controlled  cycling  with  increasing  strmn.  These  tests  separated  the 
isotropic  from  the  kinematic  hardening  coefficient  by  determining  the  growth  of  the 
hysteresis  loop  and  the  position  of  its  center  relative  to  the  zero  stress  axis. 

The  elastic  property  determination  portion  of  the  material  tests  contmned 
five  elastic  tension  reversals  at  increasing  strain  as  suggested  by  ASTM  Elll.  Manu¬ 
ally  pausing  then  reversing  the  Instron  crosshead  direction  at  each  strtiin  extremum, 
shown  on  Figure  A1.2.  provided  the  necessary  stress  amd  strain  data.  Averaging  the 
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Table  Al.l 

Material  Test  Descriptions 

Spec.  Dimenuoni  Temp.  Loiding  Hiiioiy  Commenu 

(in  X  in)  (•  F) 

1/2  Inch  thick  2024-T3S1  Aluminum 


P2-1 

1.001  X  0.491 

70 

Figure  Al-2*  ihentofeilure 

P2-2 

1.004  x  0.491 

70 

repeal 

Stnin  iigei  debond  u  low  pluiic  niiiii 

P2-3 

1.002  x  0.491 

70 

repeat 

P2-4 

0.998  X  0.490 

70 

Figure  A1.2  then  fully  reverted  cycling 

Stnin  gtgei  debend  tfier  1.5  cycle* 

P2.6 

0.997  X  0.492 

260 

Figure  A  1.2  then  fully  reverted  cycling 

InilUl  imperfeeboai  produce  bending 

P2-7 

0.999  x  0.491 

245 

Figure  Al.2  then  to  failure 

P2-8 

1.002  x  0.491 

253 

repeal 

P2-10 

1.006  x  0.493 

250 

repeal 

Text  flopped  it  1%  nnin  to  check  giget 

1/8  Inch  thick  2024.T3  Aluminum 

P8-I 

1.001  xO.123 

70 

Figure  A 1 2  then  to  failure 

P8-2 

1.001  X  0.122 

70 

repeat 

P8-3 

1.000  x  0.123 

70 

repeal 

P8-4 

1.000  x  0.124 

70 

repeal 

P8-5 

0.999  x  0.124 

260 

Figure  A  1.2  then  to  failure 

P8-6 

1.001  X  0.124 

277 

repeal 

•Rjuit_AK2gie«oiujive£l»jhc_toMion_C2[cta 


axial  and  transverse  strains  from  the  two  mirrored  rosettes  at  each  strain  extremum 
removed  any  slight  bending  strain  potentially  induced  by  specimen  misaJignment. 
The  ASTM  El  11  and  El 32  data  reduction  procedures  were  then  used  to  calctilate 
the  Young’s  modulus  and  the  Poisson’s  ratio  respectively. 

For  all  but  the  two  fully  reversed  tests  mentioned  above,  after  the  fifth  elas¬ 
tic  cycle,  the  crossheads  continued  tensioning  the  specimen  to  failure.  The  axial 
engineering  stress  vs  strain  trace  up  to  approximately  one  percent  strain  provided 
the  data  for  the  constitutive  modeling.  For  completeness,  the  ASTM  E8  evalua¬ 
tion  procedures  determined  the  0.2%  offset  yield  strength,  the  nominal  ultimate 
strength,  the  percent  elongation  emd  the  percent  reduction  of  eirea. 

Table  Al.l  details  the  test  specimen  original  dimensions,  mentions  the  load¬ 
ing  history  and  notes  any  testing  difficulties.  The  repetitions  of  the  tests  improves 
the  statistical  confidence  in  the  results. 
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Table  Al.2 

Material  Property  Summary 


Spec.  Temp.  E-mod.  Pou.  Oy(0.2%)  3^  H+K  O^,  %  Elong.  Cage  %Rediictian 


CF) 

(ksi) 

Oc$i) 

(ksi) 

(ksi) 

(ksi) 

(in) 

of  tic* 

1/2  Inch  thick  2024,T3S1  Aluminum 

P2-1 

70 

10459 

0.329 

45.6 

42.3 

1031 

65.8 

16.7 

4.51 

16.9 

P2-2 

70 

10473 

0.321 

6S.9 

18.6 

4.51 

16.7 

P2-3 

70 

10410 

0.323 

45.1 

43.3 

863 

65.8 

16.4 

4.50 

16.7 

P2-4 

70 

10577 

0.322 

45.0 

42.3 

1 400  (40ft  H  ■>!  <M  K) 

P2-6 

260 

10200 

0.321 

43.5 

42.2 

1412  (70ft  Had  soft  K) 

P2-7 

245 

10157 

0.309 

44.1 

41.6 

1153 

60.0 

19.5 

100 

18.1 

P2-8 

253 

10246 

0.321 

45.1 

43.2 

1103 

60.5 

19.0 

100 

18.0 

P2-I0 

250 

9854 

0.312 

44.4 

41.7 

1341 

1/S  Inch  thick  2024,T3  Aluminum 

P8-1 

70 

10394 

0.332 

45.7 

43.3 

1040 

65.2 

16.2 

4.51 

20.1 

P8-2 

70 

10508 

0.327 

46.0 

43.9 

1331 

65.9 

15.6 

4.50 

19.5 

P8-3 

70 

10399 

0.326 

45.5 

42.9 

1326 

65.0 

16.7 

449 

20.5 

P8-4 

70 

10276 

0.325 

45.6 

43.6 

1473 

64.5 

16.2 

4.50 

20.8 

P8-5 

260 

9645 

0.318 

43.5 

41.1 

1214 

60.1 

17.9 

101 

22.8 

P8-6 

277 

9664 

0.316 

41.5 

38.8 

1271 

56.6 

17.2 

1.98 

22.2 

Average 

10200 

0.322 

44.4 

42.3 

1230 

63.2 

17.3 

19.3 

sid.  dev. 

300 

0  006 

1.2 

1.4 

180 

3.3 

1.3 

2.2 

A1.4  Test  Results  and  Constitutive  Models 

The  material  property  tests  indicate  that  a  single  set  of  constitutive  param¬ 
eters  adequately  describes  the  aluminum  over  the  temperature  range,  70°  to  260°F. 
This  finding  agrees  with  information  in  the  Metals  Handbook  [lOSoj. 

The  ASTM  El  11.  E132  and  E8  procedures  cedculate  the  material  properties. 
From  the  fourteen  tests,  the  Young's  modulus  (E)  averages  10,200  ksi,  Poisson’s 
ratio  {i/)  averages  0.32  and  the  0.2%  offset  yield  strength  is  44.4  ksi.  The  ulti¬ 
mate  tensile  strength  of  the  alunjmun  2024  is  63.2  ksi,  the  elongation  at  failure  is 
17.3%  and  the  reduction  of  area  is  19.3%.  Though  not  relevant  to  the  constitutive 
modeling,  these  last  three  values  verify  the  testing  procedure  and  material  behavior 
by  their  agreement  with  the  Metals  Handbook  [1985].  Table  Al.2  summarizes  the 
material  property  test  results. 

In  addition  to  the  properties  suggested  by  the  ASTM  specifications,  three 
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Figure  A1.3  Cyclic  stress  strain  data  and  plasticity  model  for 
aluminum  2024- 


parameters  obtained  from  the  material  tests  define  the  rate  independent  elastic 
plastic  constitutive  model  with  combined  linear  isotropic  and  kinematic  hardening. 
This  model  assumes  the  following  forms  for  the  yield  function  and  hardening  flow 
rules  based  on  classical  rate  independent  plasticity  (Simo  eind  Hughes  [1989],  Simo 
et  al.  [1988],  Luenberger  [1984]  and  Hill  [I960]). 


/  =  \\dev{a)  -  9|j  -  ^{ay  +  K  q) 


g  =  7 


(dev{a)  -  q) 
lldet;(<r)  -  gjj 

(dev(a-)  -  q) 


\\dev(a)  -  gj 


(Al.la) 

(A1.16) 

(Al.lc) 


where  /  is  the  yield  function,  7  is  the  consistency  partuneter  such  that  /  <  0,  7  >  0 
and  =  the  superposed  dot  as  m  q  denotes  time  differentiation,  a  is  the  stress, 
q  is  the  back  stress,  q  is  the  isotropic  hardening  scalar  variable,  K  is  the  linear 
isotropic  hardening  coefficient,  dy  is  the  yield  point  defining  the  elastic  to  plastic 
transition,  and  H  =  H\  where  H  is  the  linear  kinematic  hardening  coefficient. 
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Figure  A1.4  Uniaxial  stress  strain  data  and  models  for  alu¬ 
minum  2024- 

The  parameters  Cy,  K  and  H  were  obtained  from  visual  graphical  interpre¬ 
tation  of  the  stress  vs  strain  plots.  The  yield  point  Cy  defines  the  intersection  of  the 
elastic  and  linear  strain  hardening  portions  of  a  bilinear  representation  of  the  stress 
vs  strain  trace.  The  sum  H  K  relates  to  the  slope  of  the  stress  vs  strain  trace 
in  the  strain  hzirdening  regime.  The  pau-Eimeters  H  and  K  cam  only  be  separated 
from  cyclic  tension  and  compression  fully  reversed  tests  since  K  governs  the  growing 
size  of  the  hysteresis  loop  between  the  i>eak  stresses  and  H  shifts  of  the  center  of 
the  hysteresis  loop  along  the  stress  axis.  The  separation  between  H  and  K  only 
matters  for  fully  reversed  yielding.  None  of  the  fracture  or  conservation  law  tests 
consider  this  fully  reversed  loading  so  separating  H  and  K  receives  low  priority  in 
rhe  material  tests.  The  tests  determine  that  the  values  Oy  =  42.3  ksi.  H  =  615 
ksi  jind  K  =  615  ksi  adequately  match  the  data.  Figure  A1.3  depicts  the  bilinear 
model  fit  to  one  cyclic  test. 

In  addition  to  the  plasticity  model  described  above,  the  imiaxial  stress  strain 
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data  up  to  approximately  one  percent  strain  generates  a  Reimberg-Osgood  power 
law  constitutive  model.  The  Ramberg- Osgood  model  parameters  enter  into  the 
EPRI  J  integral  estimation  methods  detailed  in  Chapter  4.  The  Rzimberg-Osgood 
stress  strain  relation  is, 

-  =  — +  a«®(  — r  (A1.2) 

ty  <Jy  Oy 

where  a  and  t  are  the  uniaxial  stress  cind  strain  respectively,  Oy  =  44.4  ksi  is  the  imi- 
axial  0.2%  offset  yield  strength  and  ty  =  0.00435  is  the  strain  normadizing  parameter 
computed  via  Young’s  modulus.  The  dimensionless  Ramberg- Osgood  paraimeters 
are  =  0.42  and  n  =  11. SS.  Figure  A1.4  compares  adl  of  the  uniaxial  tension 
test  data  to  this  Ramberg-Osgood  model  amd  the  plasticity  model  discussed  above. 
Naturadly  the  Ramberg-Osgood  model  cainnot  match  unloading  and  reloading  as  it 
is  only  a  nonlinear  elastic  constitutive  model. 
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Heaters  and  coolers  attached  to  the  specimen  edges  generate  the  thermal 
gradient  for  the  nonuniform  temperature  conservation  law  and  fractiu'e  resistance 
tests.  The  thermal  gradient  runs  along  the  direction  of  crack  extension,  i.e..  along 
the  3.875  in.  specimen  width. 

This  Appendix  describes  the  heater  and  cooler  design  and  operation.  The 
first  section  discusses  the  design  constraints  for  the  thermal  gradient  and  capacities 
for  the  heater  and  cooler.  The  second  section  describes  the  heater  assembly  while 
the  third  section  presents  the  cooler  device  design.  The  final  section  details  the 
performance  of  the  heater  amd  cooler  package  on  the  two  specimen  thicknesses. 

A2.1  Thermal  Gradient  Constraints 

Naturally,  the  testing  program  demonstrates  the  effect  a  thermeil  gradient 
has  on  crack  extension  more  dramatically  as  the  thermal  gradient  increases.  Thus, 
to  demonstrate  the  greatest  effect,  the  program  seeks  the  maximum  the  thermal 
gradient  subject  to  two  constraints;  limiting  the  heated  edge  to  320®F  to  preserve 
the  temperature  independent  material  property  assumption  and  using  tap  water  or 
compressed  air  to  remove  heat  from  the  cooled  edge. 

Preserving  the  temperature  independent  material  property  tissumption  in  the 
cirea  surrounding  the  crack  tip  simplifies  the  later  fracture  analyses.  Furthermore, 
limiting  the  maximum  temperature  to  320*F  limits  the  precipitation  age  hardening 
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to  negligible  values  for  the  test  durations  according  to  the  Metals  Handbook  [1985]. 
The  tinavailability  of  cooling  apparatus  other  than  those  based  on  tap  water  limited 
the  cool  side  temperature  to  a  minimum  of  about  70® F.  Compressed  air's  small 
heat  capacity  compared  to  water  makes  it  the  less  attractive  coolant  choice.  (The 
lab  would  have  required  major  modifications  to  provide  liquid  nitrogen,  gaseous 
nitrogen,  chilled  water  or  another  coolant  to  the  testing  area. ) 

Coolant  availability  limits  the  cooled  side  temperature  while  preserving  tem¬ 
perature  independent  material  properties  limits  the  heated  side  temperature.  Thus, 
the  meiximum  thermal  gradient  across  the  3.875  in.  specimen  width  is  approxi¬ 
mately  65®F/in.  Fortunately,  preliminary  finite  element  results  indicate  that  ap¬ 
proximately  half  the  fracture  resistance  S  value  results  from  thermal  gradient  terms 
with  a  65®F/in.  thermzd  gradient. 

Assuming  lineeir  one  dimensional  heat  conduction  for  the  aluminum  specimen 
suffices  to  size  the  heater  and  cooler  capacities.  As  noted  in  Chapter  4  specimen 
dimensions  and  testing  machine  grip  design  suggest  generating  the  thermaJ  gradient 
within  the  centred  14  in.  section.  The  14  in.  length  ensures  a  uniform  gradient, 
free  of  end  effects  in  the  region  surrounding  the  crack.  Using  190  W/m/'C  for  the 
aduminum  2024  thermal  conductivity  (Metals  Heindbook  [1985])  amd  the  half  inch 
specimen  thickness  implies  the  following  heat  capacity  for  the  heaters  and  coolers, 

d9 

q  =  -k  A  —  (A2.1a) 

ax 

q  =  (-190— ^)(0.0127m  •  0.3556m)(-1412~) 
m  C  m 

=  1212  W  (A2.1b) 

where  q  is  the  required  heating  or  cooling  capacity  for  the  heaters  auad  coolers,  k  is 
the  thermad  conductivity.  .4.  is  the  edge  airea  for  this  simple  one  dimensionad  model 
amd  dBJdx  is  the  thermad  gradient. 
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Figure  A2.1  Plan  view  of  heater  and  cooler  assemblies  clamped 
onto  aluminum  specimen. 


Thus,  to  generate  the  65°F/in.  thermal  gradient  from  70°F  to  320°F  across 
the  3.S75  in.  specimen  width,  along  a  14  in.  length  of  the  half  inch  thick  specimen, 
approximately  1200  W  of  heat  must  be  added  to  the  hot  side  and  subtracted  from 
the  cool  side. 

The  overall  design  includes  electrical  resistance  heaters  to  supply  the  heat 
input  and  water  cooled  blocks  to  remove  the  heat.  The  heater  and  cooler  assemblies 
clamp  onto  the  test  specimen's  outer  0.5  in.  edges  for  effective  heat  transfer.  Figure 
A2.1  shows  a  plan  view  of  the  heater  and  cooler  assemblies  clamped  to  a  thick 
fracture  specimen.  For  the  thin  specimen  the  heater  spacer  plate  would  be  0.122 
in.  wide  instead  of  the  0.490  in.  width  shown  for  the  thick  specimen  and  the  cooler 
spacer  would  not  have  a  water  channel. 


A2.2  Heater  Assembly  Description 

The  heater  assembly  consists  of  three  major  components;  two  plates  with  at¬ 
tached  heaters  and  a  spacer  plate.  The  backing  and  spacer  plates  are  machined  from 
aluminum  for  effective  heat  transfer.  Figure  A2.2  sketches  the  heater  assembly. 

Four  cast  aluminum  400  W  electrical  resistance  platen  heaters  (6.0  in  x 
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Figure  A2.2  Electric  resistance  heater  assembly. 


1.50  in.  X  0.50  in.)  supply  the  heat.  The  total  1600  W  capacity  exceeds  the 
1200  W  design  value  and  permits  for  losses  ignored  in  the  sizing  calculation.  Sets 
of  two  heaters  are  mounted  on  14.0in  x  1.50in.  x  0.25in.  aluminum  backing  plates 
with  #10  tap  screws  as  shown  on  Figure  A2.2.  A  thin  layer  of  silicon  heat  sink 
compound  between  the  heaters  and  the  backing  plates  improves  the  heat  transfer 
and  reduces  loczd  “hot  spots”  caused  by  point  contacts. 

The  spacer  plate  thickness  is  0.001  in.  thinner  thzm  the  specimen  to  permit 
the  claunping  force  to  hold  the  heater  assembly  to  the  specimen.  The  spacer  plate 
also  provides  a  heat  transfer  surface  against  the  specimen  edge.  Silicon  heat  sink 
compound  on  the  front  and  back  of  the  spacer  plate  improves  the  heat  flow  from 
the  heater  backing  plates  to  the  spacer  plate  and  hence  to  the  specimen  edge. 
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Two  0.1S75  in.  diameter  #10  bolts  torqued  only  snug  tight  clamp  the  heater 
assembly  onto  the  outer  0.50  in.  specimen  edge.  The  specimen  thickness  plus 
0.50  in.  on  both  the  front  and  the  back  faces  of  the  specimen  provide  the  heat 
transfer  surfaces  along  the  14.0  in.  heated  length.  Coating  the  specimen  edges  with 
silicon  heat  sink  compound  improves  heat  flow  without  increasing  the  clamping 
force.  Clamping  the  heater  assembly  to  the  specimen  in  this  manner  had  less  thtm 
0.1%  effect  on  the  load  displacement  trace  of  the  blank  conservation  test  specimen. 

Each  set  of  two  heaters  is  wired  in  series  and  connected  to  a  220  volt  power 
outlet  through  a  rheostat.  The  30  ampere  rheostat  controls  the  voltage  supplied 
to  the  heaters.  This  simple  arrangement  permits  constemt  heat  generation  at  a 
controlled  level.  The  heaters  effectively  and  reliably  produce  the  constant  heat 
input  for  the  thermal  gradient. 

A2.3  Cooler  Assembly  Description 

Water  cooled  aluminum  blocks  remove  heat  from  the  specimen  edge  opposite 
the  heaters  to  generate  the  thermsd  gradient.  The  full  cooler  assembly  consists  of 
two  sets  of  three  components  each.  Having  two  cooler  sets  permits  cooling  the  single 
edge  notch  specimen  without  interfering  with  the  notch  opening  displacement  by 
attaching  separate  cooler  sets  above  and  below  the  notch.  Each  cooler  set  consists 
of  two  cooler  blocks,  depicted  on  Figure  A2.3,  amd  a  spacer  plate  slightly  thinner 
than  the  specimen  width.  Each  set  attaches  to  the  outer  0.50  in.  of  the  specimen 
edge. 

The  four  coolers  are  each  7.0  in.  x  1.50  in.  x  0.50  in.  aluminum  blocks 
drilled  with  a  0.297  in.  diameter  water  path  as  shown  on  Figure  A2.3.  A  ^in. 
thread  plug  seals  the  water  path.  The  path  connects  to  the  water  supply  2md  sink 
via  jin.  thread  x  jin.  hose  barb. 
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0.38 


Dimensions  in  inches 
Drawing  not  lo  icaie 


Figure  A2.3  Single  aluminum  cooler  block  that  connects  to  tap 
water  supply. 


The  spacer  blocks  measure  7.0  in.  long  by  1.00  in  wide  to  permit  cl2Lmping  to 
the  specimen  edge  in  the  stone  manner  as  the  heater  assembly.  The  spacer  blocks 
tire  0.001  in.  thinner  than  the  specimens  to  allow  a  clamping  force  to  hold  the 
cooler  assemblies  onto  the  outer  0.50  in.  of  the  specimen  edge.  A  thin  layer  of 
silicon  heat  sink  compound  coating  the  spacer  blocks  improves  the  heat  transfer 
from  the  specimen  edge.  The  thick  spacer  block  (0.490  in.)  has  an  internal  water 
path  similar  to  the  cooling  blocks  to  enhance  specimen  edge  cooling.  The  thin 
spacer  block  (0.122  in.)  has  no  cooling  water  path. 

A  simple  heat  exchEmger  analysis  estimates  the  required  water  flow  rate  to  re¬ 
move  1200  W  from  along  a  14.0  in.  edge.  Using  4. IS  kJ/kg  ®C  for  the  heat  capacity 
of  water  (e.g.,  Chapman  (1987))  and  assuming  a  2®F  change  in  water  temperature 
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along  the  14.0  in.  specimen  edge  (less  than  a  0.2®F/in.  thermal  gradient  along  the 
specimen  axis)  implies  the  following  water  flow  rate. 


1.2  kJ /sec 

4.1S^  X  l.T^ 

=  0.26  kg/sec  =  4.3  gtil/min 


(.42.2a) 


(.42.26) 


where  m  is  the  mziss  flow  rate,  q  is  the  heat  transferred,  is  the  heat  capacity 
of  the  fluid  and  is  the  fluid  temperature  change  from  heat  exchanger  inlet  to 
outlet.  This  simple  analysis  estimates  that  4.3  gal/min  water  flow  removes  1200  W 
from  the  specimen  while  raising  the  cooling  water  temperature  by  2*^. 

Tap  water  at  common  supply  pressure  (approximately  40  psi)  provides  ad¬ 
equate  volume,  approximately  five  gallons  per  minute  through  the  entire  cooling 
assembly,  to  cool  the  specimen  edge  to  the  water  temperature,  typically  70°?.  Each 
cooling  block  is  individually  connected  to  a  supply  and  return  manifold.  While  this 
creates  an  octopus-like  collection  of  1  /4  inch  genertd  purpose  hoses,  it  provides  for 
effective  cooling.  The  water  flow  runs  in  opposite  directions  in  the  two  outer  coolers 
of  each  set  above  and  below  the  notch.  In  the  central  edge  coolers  for  the  thick 
specimens,  the  water  flows  from  the  specimen  middle  towards  the  grips.  This  flow 
arrjingement  minimizes  the  thermal  gradient  along  the  specimen  length. 


A2.4  Heater  and  Cooler  Operations 

Though  simple  in  design  the  electric  resistance  heaters  and  tap  water  coolers 
produced  approximately  a  65®F /in.  thermal  gradient  across  the  fracture  specimens. 
The  14.0  in.  long  heater  and  cooler  2issemblies  generated  this  gradient  in  the  central 
section  of  the  specimens. 
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The  temperature  field  reached  steady  state  in  less  than  ten  minutes  from 
activating  the  heaters  and  coolers.  Thermocouples  on  the  test  specimens  supplied 
the  temperature  information  as  described  in  Chapter  4. 

Controlling  the  rheostat  effectively  maintained  the  heated  edge  close  to  the 
320®?  temperature  limit.  For  the  0.123  in.  thick  specimens  running  the  heater 
rheostat  at  approximately  45%  power  generated  the  desired  thermal  gradient  with¬ 
out  exceeding  320®F  on  the  hot  edge.  For  the  0.491  in.  thick  specimens,  running 
the  rheostat  at  S5%  power  provided  the  testing  condition. 

For  all  specimens  the  cooling  water  operated  at  full  flow.  The  cooler  oper¬ 
ations  limited  the  generated  thermal  gradient.  A  more  efficient  cooling  assembly 
would  have  permitted  a  greater  thermal  gradient  to  be  generated  without  exceeding 
the  320®F  hot  side  upper  temperature  limit. 

The  heater  and  cooler  assemblies  effectively  generated  the  thermtd  gradient 
for  the  experimenttd  program.  Minor  difficulties  in  local  heat  transfer  created  a  neg¬ 
ligible  thermal  gradient  along  the  specimen  tixis  of  less  than  l°F/in.  The  gradient 
remained  stable  for  even  the  long  duration  (1  hour)  fracture  resistance  tests. 
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This  Appendix  compares  the  transverse  (cd  =  Cr*)  and  longitudinal  (€32  = 
€yy )  strains  measured  in  five  experiments  to  those  computed  in  the  finite  element 
analysis.  All  four  of  the  thermal  gradient  tests  and  one  of  the  isothermal  tests  from 
the  eight  experiments  modeled  with  finite  elements  have  strain  data  in  the  crack 
tip  vicinity  from  the  strain  gage  rosettes.  The  agreement  of  the  experimentally 
measured  transverse  and  longitudinal  strain  components  with  those  computed  from 
the  finite  element  analysis  confirms  that  the  finite  element  models  adequately  depict 
the  strain  field  near  the  crack  tip  for  each  case. 

As  described  in  Chapter  4.  all  the  thermtil  gradient  test  specimens  carried 
strain  gage  rosettes  for  strain  field  comparison  with  the  finite  element  model  used 
to  calculate  the  Sr  integral  at  initial  crack  extension.  Also,  one  isothermal  test 
specimen  carried  strain  gage  rosettes  to  verify  the  finite  element  model.  As  shown 
on  Figures  A3.1  and  .43.2.  the  strain  gage  rosettes  covered  an  area  surrounding  the 
crack  tip.  This  pattern  offered  ten  (for  the  CCP  specimens)  or  twelve  (for  the  SEN 
specimens)  comparison  points  for  the  strain  field. 

The  comparison  verifies  the  accuracy  of  the  finite  element  model  for  the 
'esTs  examined.  Since  the  strain  fields  calculated  by  the  finite  element  analyses 
agree  with  the  strain  fields  measured  in  the  experiments,  the  Si  integrals  calculated 
from  the  finite  element  results  accurately  represent  the  actu2il  crack  driving  forces 


in  the  experiments. 
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Figure  A3.1  SEN  specimen  strain  gage  numbering 


(Cold  Side) 


Notes: 

Dimentions  in  inches 
0.60  X  a  10  Notch 


Figure  A3.2  CCP  specimen  strain  gage  numbering 
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Table  A3.1 

SEN*8.1  /  FEM  Strain  Comparison 


Gage 

cE*P 

'■XX 

„FEM 

^xx 

Error  * 

tyy 

^FE.M 

Error 

1 

-.0002055 

-.0002036 

-0.9% 

.0009033 

.0009726 

7.7% 

2 

-.0004566 

-.0003896 

-14.7% 

.0013085 

.0012176 

-6.9% 

3 

-.0000313 

-.0000303 

-3.5% 

.0003565 

.0003256 

-8.7% 

4 

-.0000046 

-.0000044 

^.3% 

.0012805 

.0012019 

-6.1  % 

5 

-.0003313 

-.0003197 

-3.5% 

.0010370 

.0009959 

^.0% 

6 

.0003012 

.0003143 

4.4% 

.0006834 

.0006819 

-0.2% 

7 

.0007936 

.0007875 

-0.8% 

.0021520 

.0022267 

3.5% 

8 

.0000722 

.0000720 

-0.3% 

.0000277 

.0000267 

-3.6  % 

9 

-.0000914 

-.0000865 

-5.3% 

.0000292 

.0000267 

-8.6  % 

10 

.0001096 

.0000937 

-14.5% 

.0010026 

.0009634 

-3.9  % 

11 

-.0005469 

-.0005268 

-3.7% 

.0016961 

.0015602 

-8.0  % 

12 

.0000642 

.0000673 

4.8% 

.0004514 

.0004558 

1.0% 

cor.  coef. 

=  0.999 

cor.  coef. 

=  0.996 

slope 

=  0.97 

slope 

=  0.99 

Note  I .  Error  =  (FEM  -  Esp)/Exp 


The  point  by  point  comparisons  report  the  error  computed  by, 


Error 


^FEM  ^Experiment 
^Experiment 


(.43.1) 


■•vhcre  e  is  the  strain  component  from  either  the  finite  element  analysis  or  the  ex¬ 
periment  tis  indicated  by  the  superscript.  The  finite  element  strmns  are  linearly 
inperpolated  from  strains  at  node  points  closest  to  the  actual  gage  locations.  Memy 
of  the  gage  locations  exactly  match  nodal  locations.  The  correlation  coefficient  and 
the  slope  indicate  the  overall  agreement  between  the  measured  and  CEilculated  strain 
fields.  Specifically,  the  least  squares  fit  to  the  equation. 


iFEM  Strain)  =  .4  (Exp.  Strain)  (-43.2) 

where  .4  is  the  slope  relating  the  finite  element  strain  to  the  strain  measured  in  the 
experiment  provides  the  slope  parameter  listed  on  the  Tables  A3.1  through  A3.5. 
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Table  A3.2 

CCP-2.5  /  FEM  Strain  Comparison 

Gage 

Exp  1  FEM  2 

^  w  ^xx 

Error  ^ 

cE*P 

tyy 

.FEM 

^yy 

Error 

1 

-.0000897  -.0001018 

13.6% 

.0018993 

.0018391 

-3.2% 

2 

.0000252  .0000169 

-32.9  % 

.0012285 

.0014878 

21.1  % 

3 

-.0012125  -.0006106 

-49.6% 

.0014702 

.0017023 

15.8% 

4 

.0002843  .0003182 

11.9% 

.0024582 

.0022402 

-8.8% 

5 

-.0006270  -.0005772 

-7.9  % 

.0006940 

.0006858 

-1.2% 

6 

-.0007102  -.0007717 

8.7% 

.0007292 

.0068589 

-6.0% 

7 

-.0008394  -.0008211 

-2.2% 

.0028643 

.0030694 

7.2% 

8 

-.0012340  -.0012462 

-1.0% 

.0026787 

.0024649 

-8.0% 

9 

-.0001694  -.0001513 

-10.7  % 

.0012741 

.0014618 

14.7  % 

10 

-.0009892  -.0012185 

23.2  % 

.0023518 

.0027209 

15.7  % 

cor.  coef. 

=  0.920 

cor.  coef. 

=  0.967 

slope 

=  0.92 

slope 

=  1.03 

Notes  1 .  Gege  iinin  (themuUy  oompenuied) 

2.  Mechinical  itfxin  (loul-theimal) 

3.  Error  =  (FEM  -  Exp)/Ejip 

Table  A3.3 

SEN.2.4  /  FEM  Strain  Comparison 

Gage 

.Exp  1  ^FEM  2 

^xx  ^xx 

Error  ^ 

gEip 

‘-yy 

.FEM 

^yy 

Error 

1 

.0000455  .0000509 

10.2% 

.0001848 

.0001990 

7.7% 

2 

-.0005772  -.0004409 

-23.6% 

.0011396 

.0013925 

22.2% 

3 

.0001285  .0001247 

-3.0% 

.0007565 

.0007473 

-1.2% 

4 

.0007162  .0009811 

37.0% 

.0008837 

.0009405 

6.4% 

5 

.0000414  .0000586 

41.5% 

.0010775 

.0010895 

1.1  % 

6 

.0010051  .0013321 

33.0% 

-.0001789 

-.0001939 

8.4% 

7 

.0014046  .0016325 

16.2% 

.0021777 

.0021777 

0.0% 

8 

.0009534  .0010808 

13.3% 

.0000207 

.0000240 

15.9% 

9 

.0004278  .0005046 

17.9% 

.0000368 

.0000240 

-34.8% 

10 

.0004282  .0005001 

16.8% 

.0009211 

.0012875 

39.0% 

11 

-.0005487  -.0004409 

-19.6  % 

.0019199 

.0019703 

2.6% 

12 

.0001644  .0002500 

52.1  % 

.0006970 

.0007473 

7.2% 

cor.  coef. 

=  0.992 

cor.  coef. 

=  0.909 

slope 

=  t.i^ 

siope 

=  1.13 

Note!  1 .  Cegc  itnin  (ihermtUy  compensued) 

2.  Mechinical  Itnin  (loiil-ihenntl) 

3.  Error  *  (FEM  -  E*p)/Eip 
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Table  A3.4 

CCP-8.4 

/  FEM  Strain  Comparison 

Gage 

Exp  1  FEM  2 

^xx  ^xx 

3 

Error 

„FE.M 

^yy 

Error 

1 

-.0008799  -.0008448 

-4.0% 

.0018976 

.0016291 

-14.1  % 

2 

-.0002466  -.0002720 

10.3  % 

.0011892 

.0011986 

0.8% 

3 

-.0010038  -.0010006 

-3.2  % 

.0012350 

.0013136 

6.4% 

4 

-.0002391  -.0002338 

-2.2  % 

.0027302 

.0031697 

16.1  % 

5 

-.0015214  -.0013566 

-10.8% 

.0002538 

.0002784 

9.7% 

6 

-.0014892  -.0014724 

-1.1  % 

.0002389 

.0002784 

16.5% 

7 

-.0003894  -.0004290 

-1.1  % 

.0035687 

.0031271 

-12.4  % 

8 

-.0010772  -.0011443 

6.2% 

.0019048 

.0020757 

9.0% 

9 

-.0002874  -.0003007 

4.6% 

.0012050 

.0011856 

-1.6% 

10 

-.0010643  -.0011005 

3.4% 

.0024732 

.0025622 

3.6% 

cor.  coef. 

=  0.993 

cor.  coef. 

=  0.975 

slope 

=  0.98 

slope 

=  0.99 

Noiei  I .  Gage  ttnin  (theimally  ooinpentaie4) 

2.  .Mechanical  luain  (loul-ihetmal) 

3.  Error  =  ('FE.M  -  ExpVEap 

Table  A3.S 

SEN>8.6  /  FEM  Strain  Comparison 

Gage 

„Exp  1  FEM  2 

Error  ^ 

f  Exp 

tyy 

FE.M 

^yy 

Error 

1 

.0000913  .00008% 

■1.9% 

.0001477 

.0001416 

-4.1  % 

2 

-.0005915  -.0005774 

-2.4% 

.0012656 

.0012076 

-4.6% 

3 

-.0000046  -.0000069 

50.0  % 

.0004204 

.0004057 

-3.5% 

4 

.0002760  .0003267 

10.8% 

.0010749 

.0009732 

-9.5% 

5 

-.0001195  -.0001145 

4.2% 

.0009713 

.0009401 

-3.2% 

6 

.0006021  .0006097 

1.3% 

-.0002924 

-.0002919 

-0.2  % 

7 

.0016850  .0016372 

-2.8  % 

.0032865 

.0029480 

-10.3  % 

8 

.0004329  .0004374 

1.0% 

-.0000726 

-.0000718 

-1.1  % 

9 

.0001189  .0001145 

-3.7% 

-.0000645 

-.0000718 

11.3% 

10 

.0002693  .0002460 

-8.7% 

.0008723 

.0009011 

3.3% 

11 

-.0005521  -.0005774 

4.6% 

.0016804 

.0014637 

-12.9% 

12 

.0001518  .0001272 

-16.2% 

.0003684 

.0004057 

10.1  % 

cor.  coef. 

=  0.999 

cor.  coef. 

=  0.998 

slope 

=  0.99 

slope 

=  0.91 

Sotes  1.  Gage  iirtin  (ihemitlly  oompaiuied) 

2.  .Mechanici  ilnin  (toul-thermal) 

3  Errors:  fFEM  -  EapyExp 
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VERTEX  AND  EDGE  THEOREMS 
WHICH  SIMPLIFY  CLASSICAL  ANALYSES  OF 
LINEAR  SYSTEMS  WITH  UNCERTAIN  PARAMETERS 
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ANDREW  C.  BARTLETT 
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M.E.,  RENSSELAER  POLYTECHNIC  INSTITUTE 
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Directed  by;  Professor  Christopher  V.  Hollot 

This  dissenation  addresses  the  problem  of  analyzing  both  continuous  and 
discrcte-dme,  linear  time-invariant  systems  with  uncertain  parameters.  The 
investigation  considers  four  classifications  of  uncertain  systems  that  are  loosely  called 
interval  families,  affine  uncertainties,  polytopes,  and  multiaffine  uncertainties.  The 
focus  is  on  classical  analyses:  stability,  pole  locations,  frequency  response,  and  time 

.  r  -  r  , 

,  t  •  >  . 

responseT  The  goal  of  each  analysis  is  to  determine  the  worst-case  behavior  of  the 

system  over  all  possible  values  of  the  parameter  vector.  To  simplify  these  analyses,  the 

,  > 

existence  of  relationships  between  the  extreme  behavior  of  the  system  and  the 
"prominent"  values  of  the  parameters  is  investigated.  Because  the  "prominent" 
parameter  values  are  analogous  to  the  vertices  or  the  edges  of  a  box,  results  which 
show  that  the  worst-case  behavior  can  be  determined  using  only  "prominent" 
parameters  are  referred  to  as  vertex  and  edge  theorems.  Fen’  each  class  of  systems  and 
each  analysis  problem,  the  existence  of  venex  and  edge  theorems  is  reviewed. 

For  stability  and  pole  location  analyses,  edge  theorems  are  presented  for  inKrval 
families,  affine  uncertainties,  and  polytopes.  These  edge  theorems  are  a  contribution  of 


VI 


this  dissenation.  For  muitial'fme  uncertainties,  no  stability  or  pole  location  edee 
theorems  exist.  In  general,  stability  and  pole  location  vertex  theorems  do  not  exist  for 
any  of  the  four  system  classes.  The  main  exception  is  Kharitonov’s  stability  venex 
theorem  for  continuous-time  interval  families. 

For  frequency  response  determination,  the  contribution  of  this  dissertation  is  an 
edge  theorem  for  interval  families,  affine  uncertainties,  and  polytopcs.  For  multiaffmc 
uncenainties,  no  frequency  response  edge  theorem  exists.  For  all  four  classes  of 
systems,  frequency  response  vertex  theorems  also  do  not  exist. 

A  steady  state  time  response  vertex  theorem  is  presented  for  all  four  classes  of 
uncertain  systems.  For  affine  uncertainties,  polytopes,  and  multiaffine  uncertainties,  it 
is  shown  that  a  transient  response  vertex  theorem  does  not  exist.  These  two  results  are 
contributions  of  this  dissertation.  The  existence  or  absence  of  a  transient  response 
venex  theorem  for  interval  families  is  still  an  open  question.  The  availability  of 
transient  response  edge  theorems  remains  an  open  problem  for  all  four  classes  of 


uncertain  systems. 


TABLE  OF  CONTENTS 


Page 

ACKNOWLEDGEMENT .  iv 

ABSTRACT .  vi 

LIST  OF  FIGURES .  x 

NOTATION .  xii 

Chapter 

1 .  INTRODUCTION .  1 

1 . 1  Overview .  1 

1 .2  Descriptions  of  Systems  with  Parameter  Uncertainties .  2 

1.3  Classes  of  Polynomial  Sets  and  Polynomial-Pair  Sets .  6 

1.4  Vertex  and  Edge  Theorems .  9 

1.5  Pole-Zero  Locations .  12 

1.6  Stability .  15 

1.6.1  The  Root  Space  Method . 

1.6.2  Classical  Algcffithms . 

1.6.3  Vertex  and  &ge  Stability  Theorems .  18 

1.6.4  The  2^  Exclusion  Principle .  21 

1.6.5  Parameter  Space  Methods .  23 

1.6.6  Lyapunov  Methods .  24 

1.7  Frequency  Response .  24 

1.8  Tune  Respemses . 28 

1.9  Organisation . ; . ....: . .  29 

2 .  CLASSfflCATION  OF  UNCERTAINTY  STRUCTURE .  31 

X 

2.1  Introduction . . . 31 

2.2  Generation  Based  Classifications .  31 

2.2.1  Interval  Families  of  Real  m-Tuples .  32 

2.2.2  Affine  and  Multiaffine  M^pings .  33 

2.2.3  Description  Sets  Generated  by  Affine  Uncertainties .  35 

2.2.4  DescripticMi  Sets  Generated  by  Multiaffine  Unceitaindes .  36 

2.3  Image  Based  aassifications .  37 

2.3.1  Polytopes .  37 

2.3.2  Interval  Families  of  Polynomials  and  Polynomial-Pairs .  40 

2.4  Relation  Between  Polytopes  and  Image  Based  Classifications .  42 

2.5  Conclusion .  44 


vui 


3 .  STAB  ILITY  AND  POLE  LOCATION  ANALYSES .  46 

3.1  Introduction .  46 

3.2  Some  Polynomial  Notation .  46 

3.3  An  Edge  Theorem  for  Root  Locations  of  Polytopes  of  Polynomials...  47 

3.4  No  Root  Location  Edge  Theorem  for  Multiaffme  Uncertainties .  54 

3.5  Edges  Alone  Don't  Imply  Stability  of  a  Polytopc  of  Polynomials .  56 

3.6  With  a  Precondition,  Edges  Imply  Stability  of  a  Polytope .  64 

3.7  No  Stability  Edge  Theorem  for  Muldaffine  Uncertainties .  70 

3 . 8  Counterexamples  to  Vertex  Theorems  for  Affine  Uncertainties .  72 

3.9  Venex  Theorems  for  the  Stability  of  Interval  Families .  75 

3.10  Conclusion .  78 

4.  FREQUENCY  RESPONSE  ANALYSES .  79 

4. 1  Introduction .  79 

4.2  An  Edge  Theorem  for  Polytopes  of  Polynomial-Pairs .  80 

4.3  No  Edge  Theorem  for  Muldaffine  Uncertainties .  99 

4.4  No  Vertex  Theorem  for  Affine  Uncertainties .  102 

4.5  A  Sitiq)lified  Edge  Theorem  fcx'  Continuous-Time  Interval  Families . .  104 

4.6  A  Vertex-Like  'Rieorem  for  Continuous-Tune  Interval  Families .  108 

4.7  Conclusion .  112 

5.  TIME  RESPONSE  ANALYSES .  114 

5.1  Introduction .  114 

5.2  A  Steady  State  Vertex  Theorem  for  Multiaftine  Uncertainties .  114 

5.3  A  Simpiid«l  Steady  State  Venex  Theorem  for  Interval  Families .  125 

5.4  Counterexamples  to  a  Transient  Response  Vertex  Conjecture .  132 

5.5  Conclusion .  135 

6 .  CONCLUSION . M:37 

BIBLIOGRAPHY  ' .  .  142 


IX 


LIST  OF  FIGURES 


Figure  Page 

1.1  Spring-Mass-Dashpot  System .  3 

1.1  RLC  Circuit .  4 

1 . 3  Interval  family  of  real  3-tuplcs .  10 

1 . 4  The  polytope  of  polynomials  D  from  Example  1 .2  represented  in 

coefficient  space .  11 

3.1  Edge  root  locus  Root(Edge(D))  and  Test  Points  for  Example  3.1 .  S2 

3.2  Test  showing  that  region  1  of  Figure  3. 1  is  included  Root(D)  for 

Example  3.1 .  52 

3 . 3  Test  showing  that  region  2  of  Figure  3. 1  is  included  in  Root(E)  for 

Example  3.1 .  53 

3.4  Root  space  of  the  polytope  of  polynomials  for  Example  3.1 .  53 

3.5  Root(D(Edge(A)))  firom  Example  3.2 .  55 

3.6  Grid  approximation  of  Root(D(A))  for  Example  3.2 .  56 

3.7  The  edge  root  locus  Root(Edge(D))  for  Example  3.3 . ...^ . .  39 

3.8  The  root  space  Root(D)  for  Example  3.3 . 59 

3.9  The  edge  root  locus  Root(Edge(D))  for  Example  3.4 .  61 

3.10  The  root  space  Root(D)  for  Example  3.4 .  .61 

3.11  The  edge  root  locus  and  the  region  of  instability  for  Example  3.4 .  62 

3.12  The  edge  root  locus  and  the  region  G  for  Example  3.5 .  63 

3.13  Root  space  for  Example  3.8 .  73 

3.14  Root  space  for  Example  3.9 .  74 

4.1  Edge  frequency  response  at  z  sjl  f(X’Exaoq)le  4.1 .  85 

4.2  Test  showing  that  the  unbounded  region  in  Bgure  4. 1  is  not  pan  of 

the  frequency  response  at  z  «  jl  of  Example  4.1 .  86 


4 . 3  Test  showing  that  the  region  in  Figure  4. 1  containing  the  point  c  =  0 

is  pan  of  the  frequency  response  at  z  =  j  1  of  Example  4.1 .  87 

4.4  Frequency  response  at  z  =  j  1  of  Example  4. 1 .  88 

4 . 5  Template  at  z  =  j  1  of  Example  4.1 .  89 

4.6  Edge  frequency  response  at  z=j3  of  Example  4.1 .  90 

4.7  Test  showing  that  the  unbounded  region  in  Figure  4.6  is  not  part  of 

the  frequency  response  at  z  =  j3  of  Example  4.1 .  91 

4 . 8  Frequency  response  at  z  =  j3  of  Example  4.1 .  92 

4 . 9  Template  at  z  =  j3  of  Example  4.1 .  93 

4.10  Edge  frequency  response  at  z=j5.05  of  Example  4.1 .  94 

4.11  Test  showing  that  the  large  bounded  region  in  Figure  4. 10  is  not 

pan  of  the  fi^uency  response  at  z  =  j5.05  of  Example  4.1 .  95 

4.12  Test  showing  that  the  large  unbounded  region  in  Figure  4.10  is  pan 

of  the  frequency  response  at  z  =  j5.05  of  Example  4.1 .  96 

4.13  Frequency  response  at  z*j5.05  of  Example  4.1 .  97 

4.14  Template  at  zsjS.OS  of  Example  4.1 .  98 

4.15  Nyq(T(Edge(A)),j  1.26)  for  Example  4.2 .  101 

4.16  Approximation  ofNyq(T(A),j  1.26)  for  Example  4.2 . . 

4.17  The  Bode  magnitude  plot  of  the  vertices  Mag(T(Ven(A)) Jw)  for 

Example4.3 . 103 

4.18  The  complete  Bode  magnitude  plot  Mag(T(A)  jw)  for  Example  4.3 .  103 

5.1  Continuous-time  example  showing  that  maximum  possible  value  of 

the  step  response  does  not  necessarily  occur  at  a  vertex  for  stable 
systems  with  affine  uncenainties .  133 

5 .2  Discrete-time  example  showing  that  maximum  possible  value  of  the 
step  te^nse  does  not  necess^y  occur  at  a  venex  for  stable  systems 

wi  A  affine  uncertainties .  134 


NOTATION 


j 

X 

S 

C[s] 

C„[s] 

C[s]2 

Rls] 

Rn[s] 

R„™onic[s} 

a[s]2 

u(s) 

y(s) 

d(s) 

n(s) 

(n(s).d(s)) 

5 

A 

D 


V-1 

all  complex  numbers,  the  complex  plane 

all  real  numbers,  the  real  line 

all  m-tuples  of  reals 

the  Riemann  Sphere,  C  U  ( <»  ) 

all  complex  polynomials 

all  complex  polynomials  of  degree  n 

all  ordered  pairs  (2-tuples)  of  complex  polynomials 

ail  real  polynomials 

all  real  polynomials  of  degree  n 

all  real  monic  polynomials  of  degree  n 

all  ordered  pairs  (2-tuples)  of  real  polynomials 

transform  of  the  ^tem  input,  Laplace  transform  for  con^uous-tune, 
Z-trmsfotmftx’discTete'dme  ■  ,  ' 

transform  of  the  system  output,  Laplace  transfmm  for  continuous- 
time,  Z-tiansform  for  discrete-time 

die  system's  characteristic  polynomial,  also  called  the  denominator 
polynomial 

the  system’s  numerator  polynomial 

numerator-daiominator  polynomial-pair  descripdon  for  die  system 

the  real  m-tuple  of  uncertain  system  parameters,  5  =  (5i,  82 . 5m) 

the  set  of  possible  values  for  the  uncertain  parameter  5 
mapping  from  8  •  Rio  to  d(s) «  C[s] 

xii 


N 


mapping  from  6  s  S.*"  to  n(s)  «  C[s] 

T  mapping  from  5  «  S.™  to  (n(s),d(s))  e  C[s]2,  TfS)  =  (N(5),D(5)) 

D,  D(A)  the  set  of  possible  characteristic  polynomials  for  the  system 

N.  N(A)  the  set  of  possible  numerator  polynomials  for  the  system 

T,  T(A)  the  set  of  possible  polynomial-pair  descriptions  for  the  system 

?  a  set  of  polynomials,  equals  either  D  or  N 

Num(T)  {  n(s)  e  C[s]  ;  (n(s),d(s))  «  T  ) 

Den(D  (  d(s)  «  C[s]  :  (n(s).d(s))  s  T  ) 

Box  { 5^,5^ }  interval  family  of  real  m-tuples  given  by 

{  (5i,52 . :  5iL<5i^5iH  i=i,2 . m} 

Vert{5L,5H)  vertices  of  Box{5^,5R) 

{  (  6i,  52. ... .  5m)  «  R"  :  5i  •  {5iL,5iH).  i  =  1,  2 . m  } 

Edge{5^,5^)  edges  of  Box{5^,5R) 

{  (5i,52 . 5m)«R«"  :  Sj*  {5iL5iH), 

i  =  I,  2, ... ,  j-1,  j+1 . m,  5jL  <  6j  S  5jH  j  =  1.  2 . m  } 

v  V  '  »  ; 

Affine  {U,V}  the  set  of  all  affine  mappings  firom  U  to  V 

Multi{R*",V}  the  set  of  all  multiafilne  mapping  from  R""  to  V 

Vert(A)  all  vertices  of  A  when  A  is  an  interval  family  of  real  m-tuples 

Edge(A)  the  set  of  all  parameters  contained  in  edges  of  A  when  A  is  an  interval 

family  of  real  m-tuples 

all  vertex  polynomials  of  D  when  D  is  a  polytope  of  polynomials 

all  vertex  polyntmiials  of  N  when  N  is  a  polytope  of  polynomials 

all  vertex  polynomial-pairs  of  T  when  T  is  a  polytope  of  polynomial- 
pairs 


Vert(D) 

Ven(N) 

VertOD 


r 

I 


Edge(D) 

EdgeiN) 

Edge(T) 

Root(P) 

Root(D) 

Root(N) 

3Root(D) 

G 

30 

Gh 

Gs 

G-stable 

Val(D,z) 

Val(T,z)  = 

conv(A) 

A\B 

arg[c] 

abs[c] 

3A 

A/B 

Nyq(T,z) 

MagCr.z) 


the  set  of  all  polynomials  contained  in  edges  of  '2  when  3  is  a 
polytope  of  polynomials 

the  set  of  all  polynomials  contained  in  edges  of  N  when  N  is  a 
polytopc  of  polynomials 

the  set  of  all  polynomial-pairs  contained  in  edges  of  7  when  7  is  a 
polytopc  of  polynomial-pairs 

root  space  of  the  set  of  polynomials  P,  {  s  «  C  :  p(s)  =  0,  p(s)  «  P  } 
the  set  of  all  possible  poles  of  the  system 
the  set  of  all  possible  zeros  of  the  system 

the  boundary  of  Root(D)  C  C 
a  stability  region 
the  boundary  of  G  C  C 
the  open  left  half  plane 
the  open  unit  disk 

P  C  C[s]  is  G'Stable  if  Root(P)  C  G 

the  value  set  of  D  C  C[s],  {  p(z)  •  C  :  p(s)  ■  D  }. 

the  v^ue  set  of  T  C  C[s]^,  {  (n(z),d(z))  •  C  :  (n(s).<t(s))  ■  T  / 

convex  hull  of  the  set  A 

I 

{  X  :  X  •  A,  X  ♦  B  ) 

the  argument  of  c  «  C 

the  absolute  value  of  c  •  C 

the  boundary  of  the  set  A  in  C  (<»  excluded) 

{  x/y  :  X  •  A,  y  •  B  } 

{  n(z)/d(z)  •  C  :  abs[n(z)/d(z)]  <  <»,  (n(s),d(s))  •  7  } 

{  abs[n(z)/d(z)l  :  0  <  abs[n(z)/d(z)l  <  oo,  (n(s),d(s))  •  T  } 


XIV 


[5]i 

the  ith  component  of  the  p-tuple  6 

A^3 

Cartesian  product  of  A  and  3 

max  A 

maximum  element  of  the  set  A  C 

min  A 

minimum  element  of  the  set  A  C  11, 

£-'{F(s)) 

inverse  Laplace  transform  over  s  of  F(s),  the  region  of  convergence  is 
assumed  to  be  an  open  right  half  plane 

2:-MF(z)} 

inverse  Z-transform  over  z  of  F(z),  the  region  of  convergence  is 
assumed  to  be  an  unbounded  open  annulus 

Khar+(P) 

the  positive  frequency  Kharitonov  polynomials  of  ?  when  ?  is  an 
interval  family  of  polynomials,  see  Definition  3.2 

Khar.(P) 

the  negative  firequency  Kharitonov  polynomials  of  P  when  ?  is  an 
interval  family  of  polynomials,  see  E>e^tion  3.2 

Khar(P) 

Khar+(P)  U  Khar.(P) 

Aux+(P.jw) 

the  set  of  points  where  dVaKPjw)  intersects  the  real  or  imaginary  axis 
plus  the  intersection  of  Val(P,jw)  with  the  ori^  when  ?  is  an  interval 
family  of  polynomials  and  w  ^  0 

Aux.(P,jw) 

the  set  of  points  where  3Val(P  jw)  intersects  the  real  or  imaginary  axis 
plus  the  intersection  of  Val(Pjw)  with  the  origin  when  P  is  an  interval 
family  of  polynomials  and  w  ^  0  -  ^  f 

XV 


CHAPTER  1 


INTRODUCTION 


1.1  Overview 

This  dissertation  addresses  the  problem  of  analyzing  both  continuous-time  and 
discrete-time,  finite-dimensional,  linear,  time-invariant  systems^  with  uncertain 
parameters.  This  work  will  focus  on  classical  analyses:  stability,  pole-zero  locations, 
frequency  response,  and  time  response.  A  worst-case  philosophy  will  be  employed,  so 
the  purpose  of  each  analysis  will  be  to  determine  the  extreme  behavior  of  the  system 
over  ail  possible  values  of  the  parameters.  For  example,  a  stability  or  pole  location 
analysis  will  typically  s©tk  to  ascertain  if  there  are  any  parameter  values  for  which  the 
poles  of  the  system  have  unacceptable  locations  in  the  complex  plane.  A  frequency 
response  analysis  will  attempt  to  determine  quantities  like  the  maximum  possible 
bandwidth  of  the  system  or  the  minimum  possible  distance  of  the  Nyquist  plot  to  the 
ongin.  AT  time  response  analysis,  for  a  given  input,  will  seek  information  such  as  the 
maximum  possible  value  of  a  particular  output  during  the  transient  period  or  in  the 
steady  state.  In  an  effon  to  simplify  these  analyses,  this  dissertation  will  investigate  the 
existence  of  relationships  between  the  extreme  behavior  of  the  system  and  "prominent " 
values  of  the  parameters.  For  the  cases  that  are  considered,  these  "prominent" 
parameter  values  are  analogous  to  either  the  vertices  or  the  edges  of  a  box.  For  this 
reason,  results  which  show  that  the  worst-case  behavior  of  a  system  can  be  determined 
using  only  "prominent"  parameters  are  referred  to  as  vertex  theorems  and  edge 

^  Throughout  the  remainder  of  this  dissertation  unless  noted  to  the  contrary,  systems  will  refer  to  only 
finite-dimensional,  linear,  time-invviant  systems. 
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theorems.  The  existence  of  several  theorems  of  this  type  will  be  demonstrated,  and 
counterexamples  to  several  similar  conjectures  will  also  be  given. 

1.2  Descriptions  of  Systems  with  Parameter  Uncertainties 

The  analyses  that  are  investigated  in  this  dissertation  will  use  polynomials  to 
describe  each  uncertain  system.  The  polynomials  come  from  the  system  description 

d(s)  y(s)  =  n(s)  u(s) 

which  uses  the  polynomials  d(s)  and  n(s)  to  relate  the  transform  of  a  given  output  y  to 
the  transform  of  a  given  input  u.  The  appropriate  transform  is  the  Laplace  transform 
for  continuous-rime  systems  and  the  Z-transform  for  discrete-time  systems.  Regardless 
of  which  transform  is  used,  d(s)  will  be  called  both  the  characteristic  polynomial 
and  the  denominator  polynomial,  and  n(s)  will  be  called  the  numerator 
polynomial.  When  a  system  depends  on  an  m-tuple  of  parameters 
5  =  (5i,  62, ... .  5tn),  the  polynomials  which  describe  the  system  will  also  depend 
on  5.  The  two  mappings  D  and  N  from  the  set  of  all  teal  m-tuples  R"*  to  the  set  of  all 
complex~polynomialSi.C[s]  will  be  used  to  define  d(s)  and  n(s),  respectively^  for  each 

value  of  5.  When  uncertainties  such  as  measurement  error  or  manufacturing  tolerance 

* 

are  present,  the  value  of  each  parameter  may  not  be  known  exactly.  Typically,  5  will 
only  be  known  to  lie  in  some  parameter  set  A  C  Rm.  As  a  result,  the  polynomials 
d(s)  and  n(s)  which  describe  the  behavior  of  the  system  from  the  input  u  to  the  output  y 
will  only  be  known  to  lie  in  sets  of  polynomials.  This  means  that  to  determine  worst- 
case  behavior  an  entire  set  of  system  descriptions  must  be  used. 

The  composition  of  the  set  of  descriptions  will  vary  depending  on  the  type  of 
analysis.  To  check  for  possible  instabilities  or  to  determine  all  possible  pole  locations, 
the  set  of  polynomials 


::  =  D(A)  =  1  D(5)  ■-  6  e  A  ) 

IS  the  easiest  to  use.  To  determine  all  possible  zero  locations,  the  set  of  polynomials 

N  =  N(A)  =  {  N(6)  :  S  6  A  ) 

is  the  best  choice.  Some  analyses  will  need  to  know  both  n(s)  and  d(s).  For  these 
cases,  the  mapping  T  from  a"’  to  the  set  of  all  ordered  pairs  (2-tupies)  of  complex 
polynomials  C[s]2  defined  by  T(5)  =  (  N(5),  D(5))  will  be  helpful.  Using  T,  the  set 

7  =  T(A)  =  {  T(5)  :  5  «  A  ) 

can  be  easily  specified.  The  set  T  provides  all  the  informa don  needed  to  determine  the 
worst-case  frequency  or  time  response.  Two  examples  are  given  below  which  illustrate 
how  the  mappings  N,  D,  and  T  and  the  sets  A,  D,  N,  and  T  are  generated  for  physical 
systems. 

Example  1.1  Consider  the  spiing-mass-dashpot  system  shown  in  Figure  1.1 
having  mass  M.  spring  constant  K,  and  damping  coefficient  F. 


Spring-Mass-Dashpot  System. 
Figure  1.1 


The  following  description 

(Ms^-t-Fs+K)  y(s)  =  u(s) 
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relates  the  Laplace  transform  of  the  input  force  u  and  the  output  position  y.  The  three 
mappings  D:  >C[s],  N:  ajid  j-  S.3_^,c[s]2  defined  by 

D(  (K.M,F)  )  =  Ms2+Fs+K, 

N(  (K.M,F)  )  =  1, 
and 

T(  (K,M.F)  )  =  (  1.  Ms2+Fs+K), 

respectively.  If  the  the  parameters  are  uncertain  and  satisfy  the  bounds 

1<K<2;  1.5<M<1.6;  3<F<5 

(in  appropriate  units),  then  the  set  of  parameters  is  given  by 

A={  5«  R3  :  5  =  (K.M,F),  1^K^2,  1.5  1.6,  3<F<5  }. 

The  mappings  D,  N,  and  T  along  with  the  set  A  provide  the  information  needed  to 
define  the  following  sets 

D={  Ms2+Fs+K  :  1^K^2,  1.5  1.6,  3SFS5  ], 

N  =  {  1  ). 
and 

T  =  {  (  1,  Ms2+Fs-»-K  )  :  I  ^  K  ^  2,  1.5  S  M  ^  1.6,  3  ^  F  <  5  }. 

Example  1.2  Consider  the  RLC  circuit  displayed  in  Figure  1.2. 

R  L 


RLC  Circuit. 

Figure  1.2 
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For  this  RLC  circuit,  the  following  description 

(LCs2+RCs+1)  Vo(s)  =  vi(s) 

relates  the  Laplace  transform  of  the  input  voltage  v,  and  the  output  voltage  vq.  The 
three  mappings  D:  R.3-^C[s],  N:  S.3->C[sl,  and  T:  >C[s]^  are  defined  by 

D(  (R.L.C)  )  =  LCs2+RCs+1, 

N(  (R.L,C)  )  =  1. 
and 

T(  (R,L.C)  )  =  (  1.  LCs2+RCs+l), 
respectively.  If  the  the  parameters  are  uncertain  and  satisfy  the  bounds 

1<R<2;  3<L^4;  5<C<6 

(in  appropriate  units),  then  the  set  of  all  possible  parameters  is  given  by 

A={  5«R3  :  5  =  (R.L,C).  l^R^2,  3^L^4,  5<C^6  }. 

For  this  system,  the  sets  of  deschpdons  D,  N,  and  T  are  defined  as  follows 
D={  LCs^+RCs-t-l  :  1SRS2,  3^L^4,  5^C<6  }, 

N={  1  }, 

-  .‘.rr  -  .. 

and  -  .  - 

T  =  {  (1,  LCs2+RCs+1)  :  ISR$2,  3SLS4,  5^CS6  }. 

For  the  uncertain  systems  considered  in  this  dissertation,  the  sets  D,  N,  and  T 
provide  essentially  all  the  infonnation  about  the  system  that  is  required  to  carry  out  the 
desired  analyses.  The  mappings  D,  N,  and  T  in  combination  with  the  set  A  also 
provide  the  same  information  in  a  different  form.  The  only  other  infonnation  that  must 
be  specified  is  whether  the  system  is  discrete  or  continuous-time.  For  these  reasons, 
systems  can  be  treated  throughout  the  remainder  of  this  dissertation  using  only  the  sets 
of  polynomials  D  and  N,  the  set  of  polynomial-pairs  T,  the  set  of  real  m-tuples  A,  the 
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mappings  D  and  N  from  real  m-tuples  to  polynomials,  and  the  mapping  T  from  real 
m-tuples  to  polynomial-pairs. 

1.3  Classes  of  Polynomial  Sets  and  Polynomial-Pair  Sets 

Examples  1.1  and  1.2  show  that  it  is  quite  natural  for  the  sets  D,  N,  and/or  T  to 
contain  an  infinite  number  of  possible  system  descriptions.  When  these  sets  are 
infinite,  it  will  be  impossible  to  cany  out  a  worst-case  analysis  using  the  brute  force 
method  of  individually  testing  each  and  every  description.  Because  a  feasible 
altemadve  to  the  brute  force  method  is  required,  this  dissertation  focuses  on  a  few 
general  but  highly  stmctuted  classes  of  description  sets.  This  structure  makes  it 
possible  to  analyze  these  sets  without  using  the  brute  force  approach.  The 
classifications  for  D,  N,  and  T  that  are  of  interest  will  be  fcHmally  presented  in  Chapter 
2.  These  classifications  are  designed  to  include  the  types  of  polynomial  sets  and 
polynomial-pair  sets  needed  to  describe  physical  systems  that  have  a  reasonably  simple 
dependence  on  uncertain  parameters. 

Some  of  Ae  classificadons  given  in  Chapter  2  will  be  defined  in  terms  of  how 

the  set  A  and  the  mappings  D,  N,  and  T  generate  the  sets  D.  N,  and  T.  For  these 

% 

classifications,  the  set  of  parameters  A  will  be  required  to  be  an  interval  family  of* 
real  m-tuples.  In  both  Example  1.1  and  1.2,  the  set  of  parameters  A  is  an  interval 
family  of  real  3'tuples.  The  classifications  for  D,  N,  and  T  are  further  refined  by 
requiring  the  mapping  D,  N,  and  T  to  be  one  of  two  types  of  mappings.  These  two 
choices  called  multlafHne  mappings  and  afflne  nuippings  are  defined  in  Chapter 
2.  In  both  Example  1.1  and  1.2,  all  three  mappings  D,  N,  and  T  are  multiaffine.  The 
three  mappings  O,  N,  and  T  in  Example  1.1  are  affine,  but  the  two  mappings  D  and  T 
in  Example  1.2  are  not  affine.  These  examples  correctly  suggest  that  affine  mappings 
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are  a  special  type  of  multiaffine  mappings.  The  two  choices  of  mappings  define  two 
classifications  for  sets  of  polynomials  and  two  classifications  for  sets  of  polynomial- 
pairs.  A  set  of  polynomials  D  =  D(A)  or  N  =  N(A)  is  classified  as  being  generated 
by  multiaffine  uncertainties  if  A  is  an  interval  family  and  if  D  or  N,  respectively, 
is  a  multiaffine  mapping.  If  D  or  N  is  also  an  affine  mapping,  then  D  =  D(A)  or 
N  =  N(A),  respectively,  is  also  said  to  be  generated  by  affine  uncertainties. 
Similarly,  a  set  of  polynomial-pairs  T  =  T(A)  is  classified  as  being  generated  by 
multiaffine  uncertainties  if  A  is  an  interval  family  and  if  T  is  a  multiaffine  map.  If 
T  is  also  an  affine  map,  then  T  =  T(A)  is  also  said  to  be  generated  by  affine 
uncertainties.  The  sets  D,  N,  andT  in  Example  1.1  are  examples  of  sets  generated 
by  affine  uncertainties.  The  sets  D  and  T  in  Example  1 .2  are  not  generated  by  affine 
uncertainties,  but  they  are  generated  by  multiaffine  uncertainties. 

The  remaining  classifications  that  are  defined  in  Chapter  2  are  stated  directly  in 
terms  of  the  sets  D,  N,  and  T  and  do  not  dependent  on  the  set  A  or  the  mappings  D,  N, 
and  T.  Two  classifications  of  sets  of  polynomials  and  two  classifications  of  sets  of 
polynomial-pairs  are  defined  in  this  way.  The  first  two  of  these  classes  are  called 
polytop4^  of  (Mlynomiais  and  polytopes  of  polynomiaNpairs.  ilifr  secoi^ 

two  classes  are  special  types  of  polytopes  called  interval  families  of  poiynomiab 

% 

and  interval  families  of  polynomial-pairs.  These  classes  will  be  formally 
defined  in  Chapter  2.  At  this  point,  it  will  be  adequate  to  note  smne  examples  of  the^ 
classes.  The  set  D  in  Example  1. 1  is  an  interval  family  of  polynomials,  so  it  must  also 
be  a  polytope  of  polynomials.  The  set  D  in  Example  1 .2  is  not  an  interval  family  of 
polynomials,  but  it  is  a  polytope  of  polynomials.  The  set  T  in  Example  1 . 1  is  an 
interval  family  of  polynomial-pairs.  The  set  T  in  Exan^le  1.2  is  not  an  interval  family 
of  polynomial-pairs,  but  it  is  a  polytope  of  polynomial-pairs. 
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Examples  1.1  and  1.2  show  that  some  physical  systems  do  indeed  have 
polynomial  and  polynomial-pair  description  sets  that  fall  into  the  classifications 
discussed  above.  The  number  of  physical  systems  whose  description  sets  fall  into  one 
or  more  of  the  classifications  above  is  quite  large.  Dasgupta  and  Anderson  [1987]  have 
shown  that  a  significant  class  of  physical  systems  are  describe  by  sets  of  polynomials 
and  polynomial-pairs  that  are  generated  by  multiaffine  uncertainties.  This  provides  a 
strong  motivation  to  investigate  multiaftine  uncertainties. 

The  reason  description  sets  generated  by  affine  uncertainties  are  treated 
separately  from  the  multiaffine  case  is  that  significant  simplification  of  the  analysis 
process  is  possible  when  attention  is  restricted  to  this  subclass.  The  difference  in  the 
analysis  effort  required  by  the  affine  case  verses  the  multiaffine  case  is  the  reason  for 
considering  polytopes.  All  description  sets  generated  by  affine  uncertainties  are 
polytopes,  so  polytopes  are  a  more  general  class.  Despite  being  matt  general, 
polytopes  require  essentially  the  same  analysis  effort  as  sets  generated  by  affine 
uncertainties.  This  fact  is  useful  because  some  families  generated  by  multiaffine 
u  -iccit-unties  are  polytopes.  These  special  types  of  multiaffine  uncertainties  can  be 
analyzed^th  the  same  amount  of  effort  that  is  required  to  analyze  affine  uncmainaes. 
Furthermore,  the  smallest  convex  set  that  contains  a  family  of  polynomials  or 
polynomial-pairs  generated  by  multiaffine  uncertainties  is  always  a  polytope.  This 
overbounding  polytope  is  easily  identified,  and  it  is  useful  for  analyzing  the  original 
family.  An  analysis  carried  out  using  the  overbounding  polytope  will  be  conservative, 
but  its  use  is  often  justified  by  the  decrease  in  analysis  effort  The  subclass  of 
polytopes  called  interval  families  are  treated  as  special  cases  because  dramatic 
simplifications  of  some  important  analyses  are  possible  whoi  attention  is  restricted  to 
these  families. 
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1.4  Vertex  and  Edge  Theorems 

It  was  stated  previously  that  the  sets  of  descriptions  (polynomials  or 
polynomial-pairs)  considered  in  this  dissertation  would  be  highly  structured  and  that 
this  structured  would  be  used  for  a  non-brute  force  analysis.  Four  classes  of  these 
structured  sets  were  specified  for  both  polynomials  and  polynomial-pairs.  This  section 
will  discuss  some  of  the  prominent  features  of  these  sets  and  indicate  how  these 
features  will  be  used  in  a  feasible  analysis  method.  The  prominent  features  of  sets  of 
polynomials  and  sets  of  polynomial-pairs  generated  by  affine  and  multiaffine 
uncertainties  will  be  discussed  first.  Afterwards,  the  prominent  features  of  polytopes 
and  interval  families  of  polynomials  and  polynomial-pairs  will  be  pointed  out.  Finally, 
the  intended  strategy  for  using  the  prominent  features  in  a  non-brute  force  analysis  will 
be  outlined. 

For  the  sets  D(A),  N(A),  or  T(A)  to  be  classified  as  being  generated  by  affine  or 
multiaffine  uncertainties,  the  set  A  is  required  to  be  an  interval  family  of  real  m-tuples. 
These  types  of  sets  are  highly  structured  and  have  some  prominent  features.  For 

-  >  f  f  : 

example.'^terval  families  in  are  shaped  exactly  like  rectangular^ boxes,  so  the  most 

prominent  features  of  a  real  '^-dimensional  interval  family  are  its  vertices  and  its  edges. 

\ 

To  illustrate  this  point,  the  cube  shaped  interval  family  A  from  Example  1 .2  is  shown  in 
Figure  1.3.  This  figure  should  provide  die  reader  with  an  intuitive  feel  for  the  vertices 
and  edges  of  an  interval  family  in  R^.  For  m  #  3,  the  vertices  and  edges  of  an  interval 
family  of  real  m-tuples  can  be  easily  described  algebraically.  The  exact  definitions  will 
be  provided  in  Chapter  2.  If  A  is  an  interval  family,  then  for  convenient  reference,  the 
set  of  all  its  vertices  will  be  denoted  by  Vert(A)  and  the  set  of  all  real  m-tuples 
contained  in  all  edges  of  A  will  be  represented  by  the  notation  Edge(A).  The  sets  of 
real  m-tuples  Ven(A)  and  Edge(A)  will  play  an  important  analysis  role. 
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Interval  family  of  real  3-tuples. 

Figure  1.3 

As  with  interval  families  of  real  m-tuples,  vertices  and  edges  can  also  be  defined 
for  interval  families  and  polytopes  of  polynomials  and  polynomial-pairs.  The 
rectangular  box  analogy  used  above  can  also  be  employed  for  interval  families  of 
polynomi^  and  polynomial-pairs.  A  geometric  analogy  for  polytppes  can  use  not  only 
rectangular  boxes  but  also  pyramids  and  other  flat-sided,  convex  figures  that  have 
obvious  definitions  for  vertices  and  edges.  This  dUi  be  illustrated  with  the  polytope  of 
polynomials  D  from  Example  1.2.  Each  polynomial  d(s)  in  D  can  be  represented  with 
a  real  2-tuple  by  letting  the  polynomial  d(s)  =  b2S^bis+l  correspond  to  the  pair  of 
coefficients  (b2.  b]).  Using  this  coefficient  space  representation,  die  set  D  will 
correspond  to  the  set  of  coefficients  illustrated  in  Figure  1.4.  The  set  of  coefficients  in 
Figure  1.4  can  also  represent  the  set  of  polynomial-pair  descriptions  T  from  Example 
1 .2  by  letting  the  pair  of  coefficients  (b2,  bi)  correspond  to  the  polynomial-pair 
( 1,  b2S^bis-«'l).  The  vertices  and  edges  of  the  set  shown  in  Figure  1.4  correspond 
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to  the  vertices  and  edges  of  and  7.  This  geometric  idea  is  the  basis  for  the  algebraic 
definitions  of  polyrope  edges  and  vertices  that  will  be  given  in  Chapter  2.  When  ZJ  or 
N  is  a  polytopc  of  polynomials,  the  set  of  all  its  vertices  will  be  denoted  as  Vert(7)  or 
Vert(N),  respectively,  and  the  set  of  all  polynomials  that  are  contained  in  edges  of  the 
polytope  will  be  represented  by  Edge(Z2)  or  Edge(N),  respectively.  If  T  is  a 
polytopc  of  polynomial-pairs,  its  vertices  and  edges  will  be  denoted  by  Vert(T)  and 
Edge(T).  For  the  general  case  of  polytopes,  the  edges  will  play  an  important  role  in 
analysis.  For  the  special  case  of  interval  families  of  polynomials  and  polynomial-pairs, 
the  vertices  will  be  even  mote  important 


The  polytopc  of  polynomials  D  from  Example  1.2  represented  in  coefficient  space. 

The  pair  of  coefficients  (b2,  bi)  corresponds  to  the  polynomial  b2S^biS'«'l . 

Figure  1.4 

All  the  different  types  of  vertices  and  edges  discussed  above  will  utilized  to  find 
feasible  alternatives  to  the  brute  force  method  of  analyzing  sets  of  polynomial  and 
polyncmiial-pair  descriptions.  Recall  that  in  analyzing  a  set  of  descriptions  the  objective 
is  to  determine  the  extreme  or  worst-case  behavior  of  the  system  over  all  possible 


descriptions.  The  primary  goal  of  the  research  leading  up  to  this  dissenation  was  to 
find  out  if  the  extreme  behavior  could  be  determined  using  only  a  few  "prominent" 
descriptions.  Examples  of  "prominent"  description  are  the  "vertices"  Vend;),  VenfN), 
VenO,  D(Ven(A)),  N(Ven(A)),  and  T(Ven(A));  and  the  "edges"  Edged;),  Edgc(N), 
Edge(T),  D(Edge(A)),  N(Edge(A)),  and  T(Edge(A)).  For  any  of  the  analyses,  one  of 
the  most  desirable  products  of  this  line  of  invesogadon  would  be  a  result  which  showed 
that  the  extreme  behavior  of  any  description  set  in  a  given  class  could  be  determined 
using  only  the  "vertex"  descripdons.  A  result  of  this  type  will  be  referred  to  as  a 
vertex  theorem.  If  the  "vertex"  descripdons  do  not  determine  the  worst-case 
behavior,  then  it  would  be  desirable  to  have  a  result  which  showed  that  the  "edge" 
descripdons  provide  sufficient  informadon  about  a  system's  extreme  behavior.  A  result 
of  this  type  will  be  called  an  edge  theorem.  For  each  of  the  classical  analyses 
mendoned  above,  this  disscrtadon  will  present  results  in  the  form  of  vertex  theorems, 
edge  theorems,  counterexamples  to  vertex  conjectures,  or  counterexamples  to  edge 
conjectures.  A  significant  pordon  of  these  theorems  and  counterexamples  are  a 
contribudon  of  the  author. 

■.  \  -  t 


1.5  PolC'Zero  Locations 

1 


Using  the  sets  of  polynomial  descripdons  D  and  N,  the  pole  and  zero  location 
analysis  problems  mendoned  previously  can  be  defined  more  clearly.  This  clarification 
is  efficiendy  achieved  using  the  root  space  mapping  Root:  C[s]-»C  that  is  defined 
for  any  P  C  C[s]  by 

Root(P)  =  (  s  «  C  :  p(s)  =  0,  p(s)  •  P  }. 

In  terms  of  root  spaces,  the  goal  of  a  zero  location  analysis  is  to  determine  Root(N) 
while  a  pole  location  analysis  must  determine  Root(D).  The  two  root  spaces  have  very 
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different  meanings  in  the  analysis  of  a  system,  but  in  terms  of  computation,  they  are 
equivalent  problems.  For  this  reason,  it  will  be  sufficient  to  investigate  non-brute  force 
ways  of  computing  Root(D). 

The  problem  of  computing  Root(D(A))  for  the  case  when  D(A)  contains  only 
real  polynomials.  A  is  an  interval  family  of  real  scalars,  and  D  is  an  affine  mapping^ 
was  considered  in  (Evans,  1948].  Evans  developed  the  well  known  Root  Locus 
method  for  easily  constructing  an  accurate  approximation  of  Root(D(A)).  This 
technique  showed  that  D(Vert(A))  provides  sufficient  information  to  determine  the 
portion  of  Root(D(A))  on  the  real  axis  but  not  the  non-real  portion  of  the  root  space  (for 
ail  four  classes  of  polynomial  sets  considered  in  this  dissertation,  the  vertices  do  not 
generally  provide  sufficient  information  to  determine  the  root  space).  A  direct 
extension  of  root  locus  techniques  to  families  of  polynomials  generated  by  several 
parameters  is  generally  not  feasible. 

For  the  case  of  multiple  parameters,  the  work  of  [Zeheb,  Walach,  1981]  can  be 
used  to  compute  Root(D(A)).  The  work  of  Zeheb  and  Walach  is  very  powerful 
because  they  place  extremely  mild  restrictions  on  D  and  A.  Describing  their  result  is 

V  '  t  ■. 

difficult,l)ecause.  it  is  so  general.  Generally  speaking,  the  method  begins  by  looking 

for  parameters  over  the  entire  set  A  that  satisfy  certain  algebraic  conditions.  For  the 

\ 

parameters  Ai  that  satisfy  the  conditions,  Root(D(Ai))  is  computed.  Next,  attention  is 
restricted  to  smaller  regions  of  A.  Parameters  A2  that  satisfy  a  new  set  of  algebraic 
conditions  on  the  smaller  regions  are  found  and  then  Root(D(A2))  is  computed.  This 
procedure  is  continued  on  smaller  and  smaller  regions  of  A.  For  the  case  when  A  is  an 
interval  family,  the  smallest  region  is  Ven(A)  and  the  second  smallest  region  is 
Edge<A).  The  eventual  result  of  tins  procedure  is  the  set 

^When  the  domain  is  iL  affine  nuppings  and  multiaffine  mappings  aie  equtvaleiiL 
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Root(D(Ai))  U  Root(D(A2))  U  ...  =  Root(D(Ai  U  A2  U  ...  j)  C  Root(D(A)). 
This  set  coven  the  boundary  of  Root(D(A))  and  divides  the  complex  plane  into  a  finite 
number  of  regions.  Each  of  these  regions  is  either  contained  in  or  disjoint  from 
Rootl^D(A)).  Zeheb  and  Walach  provide  a  procedure  for  tesdng  each  region  to 
determine  which  of  the  two  cases  holds.  Once  each  region  is  checked,  a  complete 
descripdon  of  Root(D(A))  is  available.  Because  of  its  generally,  this  procedure  is  a 
very  powerful  tool,  but  in  some  special  cases,  it  is  more  cumbersome  than  necessary. 

For  the  special  case  when  D  is  a  polytopc  of  polynomials,  this  dissertarion  will 
present  a  theorem  which  shows  that  the  boundary  of  Root(D),  denoted  3Root(D),  is  a 
subset  of  Root(Edge(D)).  This  result  is  frequently  referred  to  as  the  (root  venion  of 
the)  Edge  Theorem.  The  original  version  of  the  Edge  Theorem  [Bartlett,  Hollot, 
Huang,  1988]  is  a  Joint  contribution  of  the  author.  Using  the  Edge  Theorem  to  find  the 
boundary  of  Root(D)  is  simpler  than  using  Zeheb  and  Walach's  method  because  it 
avoids  solving  their  algebraic  conditions.  For  the  task  of  finding  all  the  interior  points 
of  Root(D),  2^heb  and  Walach's  method  of  testing  regions  is  applicable.  It  was  shown 
by  the  author  [Bartlett,  1990al  that,  for  polytopes  of  polynomials,  it  is  very  easy  to 
determirA  which,  of  the  "nonboundary"  regions  are  included  in  Robt(D)  and  which  are 
excluded.  In  Chapter  3,  the  Edge  Theorem  will  be  presented,  and  its  use  will  be 
demonstrated. 

The  root  version  of  the  Edge  Theorem  does  not  extend  to  sets  of  polynomials 
generated  by  multiaffine  uncertainties.  An  example  given  by  [Barmish,  Fu,  Saleh, 
1988]  will  be  used  to  show  this  in  Chapter  3.  A  similar  example  given  by  [Ackermaim, 
Hu,  Kaesbauer,  1990]  shows  exactly  the  same  thing.  For  the  multiaffine  case,  [Zeheb, 
Walach,  1981]  is  the  best  alternative  to  the  brute  force  approach  of  computing  Root(D). 
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1.6  Stability 

Because  this  dissertation  restricts  attention  to  linear  time-invariant  systems, 
stability  can  be  defined  using  the  root  space  of  the  characteristic  polynomial  set  ZD.  To 
allow  a  variety  of  problem  formulations,  the  definition  of  stability  will  be  a  general  one 
that  is  stated  in  terms  of  a  stability  region  G  that  is  some  subset  of  the  complex  plane. 
The  definidon  states  that  a  set  of  polynomials  D  is  G-stable  if  and  only  if 
Root(D)  C  G.  For  discrete-time  systems,  the  most  important  stability  region  is  the 
open  unit  disk  Gs-  When  D  is  Gs-stable,  it  is  said  that  all  the  polynomials  in  D  are 
strictly  Schur.  For  continuous-time  systems,  the  most  important  stability  region  is 
the  open  left  half  plane  Gh-  When  D  is  Gn-stable,  it  is  said  that  all  the 
polynomials  in  D  are  strictly  Hurwitz.  From  these  definitions,  the  goal  of  a  worst- 
case  stability  analysis  is  clearly  to  determine  if  Root(D)  C  G.  The  following 
subsections  will  review  several  methods  for  carrying  out  worst-case  stability  analyses 
on  the  four  classes  of  polynomial  sets  discussed  in  Section  1.3. 

1.6.1  The  Root  Space  Method  * 

\ 

From  the  definition  above,  one  obvious  way  to  check  if  the  set  of  polynomials 
D  is  G-stable  is  to  first  compute  Root(D)  and  then  compare  it  with  G.  Stability  can 
therefore  be  handled  using  the  root  location  analysis  methods  discussed  above  in 
Section  1.5,  but  this  is  not  necessarily  the  best  approach.  Consider  the  problem  of 
determining  the  stability  of  a  single  polynomial  p(s).  For  many  stability  regions  G, 
there  are  tests  that  can  determine  the  G-stability  of  p(s)  with  much  less  effem  than 
computation  of  Root!  { p(s) ) )  would  r-quirc.  For  GH-stability,  the  tests  of  Hermite, 
Routh,  and  Hurwitz  are  well  known  examples.  For  Gs-stability,  tests  due  to  Schur, 
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Cohn,  and  Jury  are  also  well  known.  Tests  for  GH-stability  and  Gs-stabiiity  can  also 
be  used  for  other  stability  regions  by  employing  various  transformations  [Sondergeld, 
1983].  Not  all  stability  regions  admit  efficient  alternatives  to  root  computation,  but 
many  of  the  important  ones  do.  Based  on  the  single  polynomial  case,  it  is  reasonable  to 
expect  that  there  may  be  methods  of  determining  the  stability  of  a  set  of  polynomial  D 
that  are  more  computationally  efficient  than  computing  RootCD). 

1.6.2  Classical  Algorithms 

One  altemadve  to  computing  RootCD)  to  test  stability  of  D  is  to  directly  extend 
the  methods  of  Hermite,  Routh,  Hurwitz,  Schur,  Cohn,  and  Jury  to  sets  of 
polynomials.  This  extension  is  similar  for  all  the  tests.  One  may  interpret  each  of  these 
tests  as  defining  several  functions  Fq,  Fi,  ... ,  Fr  from  the  set  of  all  real  polynomials^ 
of  degree  n,  Rn[s]>  to  ^  such  that  any  polynomial  p(s)  in  Rn[sl  is  stable^  if  and  only  if 
the  real  numbers  Fo(p(s)),  Fi(p(s)), ... ,  Fr(p(s))  arc  all  positive.  In  Hurwiu's  method 
for  example,  the  numbers  Fo(p(s)),  Fi(p(s)), ... ,  Fr(p(s))  would  be  the  leading 
phncipletoinocs  pf  the  Hurwitz  matrix  constructed  using  the  coefficients  of  p(s). 

When  extended  to  sets  of  polynomials  of  fixed  degree^,  die  classical  tests  state  that 
D  C  Rn[s]  is  stable  if  and  only  if  the  real  sets  Fo(D),  Fi(D), ... ,  FrfD)  contain  only 
positive  numbers.  When  D  =  D(A),  showing  that  Fo(D),  Fi(D), ... ,  Fr(D)  are  sets  of 
positive  numbers  is  equivalent  to  showing  that  the  composite  mappings  Fo*D,  Fi*D, 

... ,  Fr«D  are  all  positive  over  the  set  A. 


^More  complicated  veisioiu  of  each  test  are  available  to  handle  complex  polynomials. 

^GH'Stable  or  Gs>$table  as  appropriate. 

^Sets  containing  polynomials  of  more  than  one  degree  can  be  analyzed,  but  more  effort  is  generally 
required. 
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Showing  that  Fo«D,  FjoD, ,  FfoD  >  0  over  the  set  A  can  be  an  extremely 
complicated  task  even  when  D  is  a  fairly  simple  mapping.  If  D  is  a  multiaffme  or  even 

an  affine  mapping,  the  functions  Fo*D,  FioD . Fm»D  will  be  multivariate 

polynomials  of  the  individual  parameters  5i,  82, ... ,  5m.  The  positivity  over  the  set  A 
of  these  multivariate  polynomials  can  be  tested  using  various  finite  step  algorithms  [see 
Anderson,  Scott,  1977;  Bickart,  Jury,  1978;  Walach,  Zeheb,  1980],  but  these 
algorithms  are  in  general  more  complex  than  is  feasible  to  implement  [see  the 
discussion  of  complexity  by  Walach  and  Zeheb,  1980].  By  first  testing  any  one 

polynomial  in  D  for  stability,  the  stability  conditions  Fo(D),  Fi(D) . Fr(D)  >  0  can 

be  reduced  to  a  few  "critical"  stability  conditions  Fi(D),  Fj(D), ...  >  0  [Frazer, 

Duncan,  1929;  Jury,  1974],  but  even  this  simplification  will  not  make  this  approach 
feasible  in  general. 

The  extension  of  the  classical  algorithms  to  test  the  stability  of  a  family 
generated  by  affine  or  multiaffine  uncertainties  may  not  be  feasible  in  general,  but  it  is 
feasible  for  the  special  case  when  only  a  one  uncertain  parameter  is  present  In  this 
case,  the  critical  conditions  Fi«D,  Fj*D, ...  will  be  univariate  polynomials  of  the 
individda  parameter  5i.  It  is  easy  to  test  the  positivity  of  a  univariate  pol)mpmial  over 

a  real  interval  A,  so  the  direct  extensions  of  Hermite,  Routh,  Hurwitz,  Schur,  Cohn, 

% 

and  Jury  can  be  used  in  this  case.  The  eigenvalue  tests  of  [Bialas,  198S;  Fu,  Baimish, 
1988;  Bartlett  HoUot  1988;  Ackermann,  Barmish,  1988,  Saydy,  Tits,  Abed,  1988], 
the  resultant  test  of  [Bose,  1989],  and  pan  of  the  test  conditions  in  [Kraus,  Anderson, 
Jury,  Mansour,  1988]  are  all  essentially  results  of  this  type.  In  summary,  the  classical 
stability  tests  are  in  general  excessively  difficult  to  use  on  sets  of  polynomials,  but  they 
are  relatively  easy  to  use  in  the  special  cases  when  the  set  of  polynomials  is  generated 
by  a  single  multiaffine  uncertainty. 
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1.6.3  Vertex  and  Edge  Stability  Theorems 


The  fact  that  the  classical  stability  algorithms  arc  difficult  to  use  with  many 
uncenain  parameters  but  easy  to  use  with  less  than  two  uncertain  parameters  provides 
motivation  for  considering  venex  and  edge  theorems.  A  vertex  theorem  would  equate 
stability  of  the  whole  set  of  descriptions  to  the  stability  of  a  finite  number  of  "venices. " 
Each  of  these  vertices  could  be  tested  using  the  classical  algorithms  without 
modifications.  An  edge  theorem  would  equate  stability  of  the  whole  family  to  stability 
of  a  finite  number  of  edges.  Each  edge  is  essentially  a  set  of  descriptions  generated  by 
a  single  multiaffine  uncertainty,  so  the  stability  of  each  edge  could  be  tested  using  a  one 
parameter  test  [Bialas,  1985;  Fu,  Bartnish,  1988;  Bartlett,  Hollot,  1988;  Ackermann, 
Bamoish;  1988,  Saydy,  Tits,  Abed,  1988;  Bose,  1989}.  There  are  several  vertex  and 
edge  theorems  available  that  can  be  used  in  this  manner. 

Vertex  stability  thecxems  have  a  long  history  dating  back  to  the  previous 
century.  Chebyshev  presented  a  vertex  GH-stability  theorem  in  1892,  and  Markov 
presented  a  similar  but  more  general  vertex  GH-stability  theorem  in  1894  [see 
Gantmacher,  1959,  vql.  2,  pp.  240*248].  A  recent  exposition  on  Markov’s  ^eorein  is 
given  by  [Hollot,  1989].  Markov's  theorem  is  not  directly  applicable  to  the  classes  of 

m 

description  sets  considered  in  this  dissertation  because  this  theorem  is  stated  in  terms  of 
polynomials  represented  in  Markov  parameter  space  rather  than  in  R[s]  or  C[s].  The 
possitnlity  of  mapping  a  set  D  C  C[s]  into  Markov  parameter  space  and  then  applying 
Markov's  theorem  on  the  image  has  not  been  fully  investigated,  so  it  is  not  clear  how 
difficult  the  process  would  be  or  how  much  conservatism  it  would  introduce. 

Venex  results  are  also  available  for  Gs-stability.  At  the  beginning  of  this 
century.  Perron,  1907,  and  Frobenius,  1909,  developed  powerful  theorems  concerning 
the  largest  real  eigenvalues  of  positive  matrices.  These  results  have  lead  directly  to  a 
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simple  Gs-stability^  venex  theorem  due  to  VVielandt,  1950  [see  Gantmacher.  1959. 
vol.  2,  p.  571.  Wiedlam's  result  has  been  extended  and  strengthened  reccndy  by 
[Mayer,  1989].  Like  the  original  theorems,  these  results  are  stated  in  terms  of  the 
eigenvalues  of  square  matrices,  but  this  not  a  significant  detraction  because  it  is  a 
simple  matter  to  transform  a  polynomial  root  problem  into  a  matrix  eigenvalue  problem. 
The  main  drawback  of  the  Wielandt-Maycr  theorem  is  that  it  provides  necessary  and 
sufficient  conditions  only  for  certain  types  of  interval  families.  In  general,  the  results 
can  only  be  used  in  a  conservative  fashion.  Like  Markov’s  theorem,  the  Wielandt- 
Maycr  theorem  is  useful,  but  it  doesn't  provide  a  general  solution  to  any  of  the 
problems  consider  in  this  work. 

A  theorem  due  to  Kharitonov  [1978a&b]  provides  a  complete  solution  to  a 
problem  considered  in  this  dissertation.  The  weak  version  of  Kharitonov's  theorem 
shows  that  an  interval  family  of  polynomials  is  GH*stable  if  and  only  if  all  its  vertices 
ate  GH'Stable.  The  strong  version  of  Kharitonov's  theorem  shows  that  an  interval 
family  of  polynomials  is  Gn-stable  if  and  only  if  eight  specific  vertices  are  Gn-stable. 
Kharitonov's  amatdng  result  and  sc'^e^al  other  vertex  theorems  which  extend  or 
partially  ektend  his  woric  will  be  reviewed  in  Chapter  3.  UnfOTtunately,  many,  desirable 
extensions  of  Kharitonov's  theorem  do  not  exist  Even  the  weak  version  does  not 
extend  to  polynomial  sets  that  are  generated  by  affihe  tmeertainties.  The  example  in 
[Kochenburger,  1953]  shows  a  family  of  polynomials  generated  by  a  single  affine 
uncertainty  that  is  not  GH-stable  even  though  it  has  Gn-stable  vertices.  Kharitonov's 
weak  theorem  for  interval  families  does  extend  to  some  other  stability  regions  [Soh, 
Berger,  1988;  Petersen,  1989;  Fu,  1989a],  but  it  does  not  extend  to  many  important 
stability  regions  including  the  open  unit  disk.  The  example  in  [Hollot,  Bartlett,  1986] 

^This  theofon  is  valid  for  disks  centered  at  the  origin  of  any  radius. 
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shows  an  interval  family  of  polynomials  that  is  not  Gs-stable  even  though  it  has  Gs- 
stable  venices.  For  those  problems  in  which  a  vertex  theorem  like  Kharitonov  s  docs 
not  hold,  the  best  that  can  be  hoped  for  is  an  edge  theorem. 

Based  on  the  Edge  Theorem  for  root  locations,  it  was  shown  by  [Bartlcn, 

Hollot,  Huang,  1988]  that  an  edge  theorem  also  holds  for  several  stability  problems. 
Their  work  showed  that  if  D  is  a  polytope  of  monic  real  polynomials  of  degree  n  and  if 
G  is  a  simply  connected  set,  then  D  is  G-stable  if  and  only  if  Edge(D)  is  G-stablc. 

This  theorem  and  subsequent  extensions  arc  referred  to  as  stability  versions  of  the 
Edge  Theorem.  Chapter  3  will  discuss  the  extensions  of  this  theorem  [Fu,  Barmish, 
1989;  Hollot,  Looze,  Bartlett,  1990;  Barmish,  Sideris,  1989]  which  have  sought  to 
relax  the  assumptions  on  D  and  G  in  various  ways.  Chapter  3  will  also  present 
examples  from  [Bartlett,  1990a]  which  show  that  the  assumptions  cannot  simply  be 
removed.  Fot  stability  problems  dial  violate  the  previously  used  assumptions,  a 
modified  stability  version  of  the  Edge  Theorem  that  includes  a  precondition  [Bartlett, 
1990a]  can  be  employed.  Chapter  3  will  show  how  to  use  the  precondition  and  Edge 
Theorem  to  determine  the  G-stability  of  a  polytope  of  polynomials. 

•■V  I 

As  mi^.  be  expected  from  the  root  location  problem,  the  stability  version  of  the 
Edge  Theorem  is  generally  not  valid  for  sets  generated  by  multiafline  uncertainties.  A 

V 

counterexample  given  by  [Barmish,  Fu,  Saleh,  1988]  cleariy  shows  this  fact  Since 
edges  are  not  sufficient,  one  might  want  to  know  if  some  larger  "geometrically 
inspired"  subset  such  as  faces  would  be  sufficient  to  determine  stability.  A 
counterexample  in  [Ackermann,  1989]  shows  that  no  proper  subset  of  this  type  is 
sufficient.  For  the  muidaffine  case,  the  only  way  to  identify  the  crucial  parameters  to 
test  would  be  to  use  problem  dependent  algebraic  conditions  like  dtose  given  in  [Zeheb, 
1990].  This  algebraic  approach  is  more  or  less  equivalent  to  the  classical  approach 
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discussed  in  Section  1.6.2.  so  it  has  the  potential  to  be  very  complex  when  many 
uncenain  parameters  are  present 

1.6.4  The  Zero  Exclusion  Principle 

Another  alternative  to  computing  RootQ)  is  to  test  stability  using  the  "zero 
exclusion  principle"  [Frazer.  Duncan,  1929].  To  test  the  G-stability  of  a  connected  set 
of  polynomials  of  fixed  degree  D  for  any  open  set  G,  this  method  requires  two  steps^. 
The  first  step  is  to  check  the  G-stability  of  any  polynomial  p(s)  in  D  (p(s)  is  sometimes 
called  the  nominal  polynomial).  If  p(s)  is  not  G-stable,  then  D  is  not  G-stable  and  there 
is  no  need  to  go  to  the  second  step.  If  p(s)  is  G-stable,  then  the  next  step  must  be 
carried  out.  The  second  step  is  to  determine  if  there  is  any  complex  number  z  on  the 
boundary  of  G,  denoted  dG,  such  that  zero  is  in  the  value  set 
Val(D.z)  =  {  p(z)  •  C  :  p(s)  •  D  ). 

If  there  does  exist  a  z  «  dG  such  that  0  •  Val(D,z),  then  D  is  not  stable.  If 
0  4  Val(D,z)  for  all  z  •  dG,  then  D  is  G-stable.  The  zero  exclusion  method  has  two 

.  V'"  .  '  ►  ^  • 

commonly  used  interpretations.  The  Nyquist  interpretation  explains  the  condition 
0  4  Val(D,z)  for  all  z  «  dG  as  preventing  a  destabilizing  change  in  the  number  of 
encirclements  of  the  Nyquist  plot  The  root  continuity  interpretation  explains  the 
condition  0  4  Val(D,z)  for  all  z  «  dG  as  preventing  stable  poles  from  migrating  into 
unstable  regions.  Both  interpretations  have  motivated  results  in  the  literature. 

One  obvious  way  to  use  the  zero  exclusion  principle  is  to  show  Vai(D,z)  in  the 
complex  plane  for  each  frequency  z  «  dG.  If  D  is  an  interval  family  of  polynomials 

^If  D  is  not  connected  or  contains  polynomials  of  different  degrees,  then  this  method  can  be  used  by 
sepaiaiing  D  into  several  connected  subsets  each  of  which  contains  only  polynomiais  of  the  same 
degree.  Thefirststepofthismeihod  will  have  to  be  repealed  separately  for  each  subset  Thesecond 
step  does  not  need  ID  be  altered. 
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and  if  z  e  ^Gh.  then  VaKi^.z)  is  simple  to  construct  because  it  is  a  rectangle  with 
comers  that  are  easily  identified  using  Kharitonov's  polynomials  [see  Dasgupta.  1988: 
Minnichelli,  Anagnost,  Dcsoer,  1989).  If  D  is  a  polytope  of  polynomials,  then  for  any 
frequency  z,  Val(D.z)  is  simply  the  convex  polygon  whose  vertices  correspond  to  the 
vertices  of  D,  i.e.  ValO.z)  equals  the  convex  hull  of  Val(Vert(I5),z),  denoted 
conv(Val(Vert(I3),z)),  [Bartnish,  1989).  For  polynomial  sets  generated  by  multiaffine 
uncertainties,  ValCD,z)  is  a  subset  of  conv(Val(VertCD),z)),  but  it  does  not  necessarily 
equal  this  convex  polygon  [see  the  Mapping  Theorem,  Zadeh,  Desoer,  1963.  page 
476).  Due  to  the  lack  of  convexity,  Val(D,z)  can  be  fairly  difficult  to  determine  for  the 
multiaffine  case.  Ackennann,  Hu,  and  Kaesbauer  [1990]  illustrate  ways  to  reduce  the 
amount  of  difficulty  encountered  in  using  this  graphical  stability  test  on  polynomial  sets 
generated  by  multiaffine  uncertaindes. 

An  altemadve  to  visually  checking  if  0  •  Val(D,z)  is  to  use  an  algebraic 
algtaithm.  Fca  polytopes  of  polynomials,  a  non*iteradve  algorithm  of  this  type  is  given 
by  [Baimish,  1989).  An  iteiadve  algorithm  that  can  handle  sets  generated  by 
muldaffine  uncertaindes  is  given  by  [de  Gaston,  Safonov,  1988)^.  The  main  problem 
sufferediiy  these  two  algonthms  and  the  visual  approach  discussed  above  is  the  need  to 
sweep  over  all  z  «  dG. 

Several  methods  based  on  the  zero  exclusion  principle  but  avoiding  frequency 
sweeps  have  been  proposed.  For  polytopes  of  polynomials,  [Zeheb,  1989]  provides  a 
method  for  identifying  a  finite  number  of  crucial  boundary  ftequencies.  The  condidon 
0  ^  Val(D,z)  needs  to  be  checked  only  on  these  frequencies.  In  [Djaferis,  HoUot, 
1989],  a  similar  method  (for  G  »  Gh)  is  given  that  takes  advantage  of  the  special 
structure  of  sets  of  polynomials  generated  by  affine  uncertaindes.  Motivated  by  the 

paper  by  (Sideris,  de  Gaston.  1986]  extend  this  algonthm  to  handle  polynomicuncenainty 
structures  as  well  as  multiafBne  uncenainties. 
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algorithms  of  [de  Gaston.  Safonov.  1988;  Sideris.  de  Gaston.  19861.  Sidens  and 
Sanchez  Pena  [  1989]  provide  an  algorithm  that  can  test  the  Gn-stability  of  sets 
generated  by  multiaffine  uncertainties  without  the  need  for  a  frequency  sweep®. 

1.6.5  Parameter  Space  Methods 

Another  way  to  test  stability  of  a  family  of  polynomials  is  to  use  parameter 
space  methods  [see  Naimark.  1947;  Siljak,  1969;  Fam,  Meditich,  1978;  Ackermann 
1980;  Siljak,  1989].  For  a  set  of  polynomials  D  =  D(A)  and  an  open  stability  region 
G.  this  method  maps  the  stability  boundary  dG  C  C  back  into  the  parameter  space 
The  image  is  the  set 

B  =s  {  5  «  R™  :  p(z)  =  0,  p(s)  *  D(5),  z  •  9G  }. 

If  3  n  A  a  0,  if  D  is  a  connected  set  of  polynomials  of  a  fixed  degree,  and  if  D 
contains  at  least  one  G-stable  polynomial,  then  D  is  guaranteed  to  be  G-stable.  The 
condition  B  0  A  »  0  is  the  parameter  space  counterpart  of  the  zero  exclusion 
principle.  For  m  =  2,  it  is  typically  not  too  difficult  to  determine  B  and  to  check  if  B 
intersect^ A.  This  is  often  carried  out  graphically.  For  larger  m  »  3,  disjAyihg  B  ' 
becomes  difficult,  and  for  m  >  3,  a  graphical  representation  of  B  becomes  impossible. 
There  are  various  ways  to  circumvent  this  dimensionaiity  problem,  but  in  general,  this 
approach  is  very  difficult  to  use  when  several  parameters  are  present  This  is  true  even 
for  simple  sets  of  polynomials  such  as  interval  families. 


®This  algorithm  avoids  frequency  sweeping  by  using  the  Roulh-Hurwitz  criteria  rather  than  the  aero 
exclusion  principle.  This  algorithm  is  noted  in  this  section  rather  than  the  claasical  algoridiins  section 
because  it  is  generally  consideted  10  be  an  extension  of  the  zero  exchiaion  based  algorithins  of  [de 
Gaston,  Safonov,  1988,  Sideris,  de  Gaston,  19861.  Sideris  and  SInchezPefla  present  this  method  as  a 
GH’Stability  algorithm,  but  it  has  broader  appUcaiions  because  the  method  prowides  an  algorithm  for 
testing  the  positivity  of  a  multivariate  polynomial  over  an  interval  finily  of  real  m-tupies. 
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1.6.6  Lyapunov  Methods 


Lyapunov's  direct  method  provides  another  means  of  testing  the  stability  of 
uncenain  systems.  The  reader  is  referred  to  the  recent  survey  by  [Siljak,  1989]  for  an 
introduction  to  these  methods  and  an  extensive  bibliography  of  related  papers. 
Lyapunov's  method  has  been  used  mainly  for  GH-stability.  but  it  has  the  advantage  that 
it  can  handle  nonlinear  and  time  varying  uncertainties.  It  has  also  been  used  to  design 
feedback  controllers  that  will  stabilize  uncertain  systems.  The  main  drawback  of  this 
method  is  that  it  provides  mainly  sufficient  conditions.  For  the  classes  of  uncertain 
systems  considered  in  this  dissertation,  the  Lyapunov  methods  referenced  in  [Siljak, 
1989]  will  give  conservative  stability  analysis  results. 

1.7  Frequency  Response 

A  worst-case  frequency  response  analysis  can  have  many  objectives  such  as 
determining  a  system's  minimum  bandwidth  or  its  maximum  level  of  amplification. 
Traditiorihlly,  for  systems  with  no  uncertain  parameters,  these  objectives  were  achieved 
using  two  steps.  First,  at  several  appropriately  selected  fitequencies  along  the  staUlity 
boundary,  the  frequency  response  of  the  system's  model  was  computed  and  then 
displayed  visually  using  the  Nyquist  plane,  the  Nichols  chart,  or  the  Bode  magnitude 
and  phase  plots..  The  second  step  was  simply  to  obtain  the  desired  information  about 
the  system  by  inspecting  the  graphical  infexmation.  This  traditional  approach  can  also 
be  used  for  systems  with  parameter  uncertainties  [Horowitz,  1963].  In  the  presence  of 
uncertainties,  the  fust  step  involves  the  computation  of  a  set  of  responses  at  each 
frequency  rather  than  a  single  response.  The  set  of  responses  are  also  displayed 
graphically  using  any  of  the  three  common  methods.  The  second  step  can  still  be 
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earned  out  by  inspection  but  the  information  obtained  may  have  a  different 
interpretation  and  form.  For  example,  the  visual  information  may  indicate  a  range  of 
bandwidths  rather  one  bandwidth.  The  main  difficulty  with  this  type  of  analysis  is  the 
computational  burden  of  carrying  out  the  first  step.  For  this  reason,  this  dissertation 
will  focus  on  methods  of  simplifying  the  computation  of  the  frequency  response. 

Using  the  set  of  polynomiai-pairs  T,  the  desired  fiequency  response 
information  can  be  defined  more  clearly.  This  information  is  defined  separately  for 
each  frequency  z.  A  Nyquist  plane  analysis  requires  the  set 

Nyq(T,z)=|  C  :  abs[^]  <  oo.  (n(s),d(s))  «  T  | . 

For  use  with  a  Nichols  chart  analysis,  the  set 

Nicer,.). {  ('20Log(ab{^])arg[||])  .  : 

0  <  abs[^]  <  (n(s),d(s))  •  T 

is  needed.  The  set  Nic(T,z)  is  often  called  a  template  [Horowitz,  1982].  Bode 
magnitude  and  phase  plots  utilize  the  two  sets 


Mag(T.z)=|.bs[||].  R  :  abs[^] 


and 


Arg(T,z) 


arg 


R 


0  <  abs 


<  oo,  (n(s);d(s))  •  T 


<  — ,  (n(s),d(s))  •  T 


These  sets  must  be  computed  at  each  boundary  frequency  of  interest 

Worst-case  fiequency  response  analyses  have  been  carried  out  for  many  years, 
but  until  recently,  very  few  feasible  methods  of  computing  Nyq(T,z),  Nic(T,z), 
Mag(7,z),  or  Arg(T,z)  have  been  presented.  For  this  reason,  approximations  of  the 
fiequency  response  sets  are  often  used.  These  approximations  are  obtained  by 
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gridding  the  set  of  systems  descriptions  and  computing  only  the  responses  of  those 
models  on  the  grid.  The  grid  might  be  formed  by  using  several  evenly  spaced  values 
for  each  uncertain  parameter.  It  is  easy  to  see  that  gridding  can  be  computationally 
intensive.  For  example,  if  there  arc  5  uncertain  parameter  and  if  10  values  arc  used  for 
each,  then  it  will  be  necessary  to  compute  the  frequency  response  of  10^  models.  The 
computational  demand  can  be  reduced  by  using  fewer  grid  points,  but  that  will  reduce 
the  accuracy  of  the  approximation.  In  some  cases,  this  tradeoff  of  accuracy  and 
computational  burden  has  no  satisfactory  compromise. 

Alternatives  to  gridding  can  be  obtained  by  exploiting  any  and  all  stmeture  in 
the  set  of  possible  descriptions.  The  works  of  Horowitz  [for  example  Horowitz,  1963 
&  1982]  indicate  that  there  are  an  assortment  of  ways  to  intelligently  utilize  this 
structure.  By  using  these  methods,  gridding  can  be  reduced  but  generally  not 
eliminated.  Because  these  works  [Horowitz,  1963  &  1982]  focus  on  using  the 
riequency  response  rather  than  computing  it,  the  ways  of  avoiding  gridding  appear 
mainly  in  examples  and  have  not  been  developed  into  a  general  theory.  Recently,  for 
the  case  of  interval  families  of  polynomial-pairs,  [Bailey,  Panzer,  1988]  have  given 
general  methods  for  efficient  computation  of  frequency  response  sets .  For  special 
types  of  affine  uncertainties,  [Bailey,  Hui,  1989]  present  algorithms  for  easily 
computing  the  frequency  response  sets.  These  algorithms  can  also  be  used  with  more 
general  types  of  affine  uncertainties,  but  a  conservative  overbound  of  the  frequency 
response  sets  will  be  obtained.  Fen*  general  parameter  uncertainties,  [Bailey,  Panzer, 
Gu,  1988]  noted  that  the  frequency  response  sets  can  also  be  computed  using  nonlinear 
prograrruning,  but  they  point  out  that  this  method  is  very  difficult  This  dissertation 
will  show  that  vertex  and  edge  theorems  exist  which  can  be  used  to  avoid  gridding  and 
nonlinear  programming  in  stxne  general  cases. 
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Results  concerning  the  availability  of  venex  and  edge  theorems  for  frequency 

response  calculation  will  be  presented  in  Chapter  4.  For  polytopes  of  polynomial- 

pairs,  it  will  be  shown  that  the  Nyquist,  Bode,  and  Nichols  plots  of  7  can  be 

determined  using  only  EdgefT).  This  edge  theorem  provides  nonconservative  results 

for  a  larger  class  of  uncenain  systems  than  handled  by  the  algorithm  of  [Bailey,  Hui, 

1989].  This  edge  theorem  is  an  original  contribution  of  the  author  [Bartlett,  1990b]. 

Special  results  concerning  the  response  of  interval  families  of  polynomial-pairs  to 

purely  imaginary  frequencies  z = jw  will  also  be  presented  in  Chapter  4.  It  will  be 

shown  that  the  Nyquist  and  Nichols  plots  can  be  determined  using  at  itx)st  32  specific 

edge-like  subsets  instead  of  all  edges  and  that  the  Bode  Magnitude  plots  can  be 

determined  using  only  18  vertex-like  descriptions.  These  interval  family  results  were 

discussed  in  [Bartlett,  1990b].  The  formulation  of  the  later  two  results  is  original,  but 

their  contributions  are  not  particularly  significant  because  the  methods  of  [Bailey, 

Panzer,  1988]  will  compute  the  frequency  response  of  interval  families  with  a  similar 

anaount  of  effort.  The  later  two  results  are  included  in  this  dissertation  because  they 

provide  a  nice  vertex/edge  theorem  inteqtretation  for  the  interval  family  case. 

Concerning  polynomi^-pair  sets  generated  by  multiafline  uncertainties,  t^^xampie 

(based  on  a  stability  counterexample  due  to  [Barmish,  Fu,  Saleh,  1988])  will  be  given 

\ 

which  shows  that  the  edges  do  not  provide  sufficient  information  to  determine  the  - 
frequency  response.  The  results  in  Chapter  4  answer  most  questions  concerning  the 
existence  or  nonexistence  of  frequency  response  vertex  and  edge  themems  for  the  four 
classes  of  polynomial-pairs  considered  in  this  dissertation. 
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1.8  Time  Responses 


In  addition  to  sinusoidal  responses,  this  dissertation  will  also  consider  the 
problem  of  analyzing  the  response  of  an  uncertain  system  to  an  input  comprised  of 
steps,  ramps,  and  various  other  signals.  It  will  be  shown  in  Chapter  5  that,  for 
continuous  and  discrete-time  stable  systems  represented  by  sets  of  polynomial-pairs 
T  =  T(A)  generated  by  multiaffine  uncertainties,  the  extreme  values  of  the  steady  state 
response  can  be  determined  using  only  the  venex  descriptions  T(V crt(A)).  For  the 
special  case  when  7  is  a  interval  family  of  polynomial-pairs,  the  maximum  and 
minimiiTTi  Steady  State  response  can  be  determined  using  only  small  easily  identified 
subsets  of  Vert(T).  These  steady  state  results  will  be  illustrated  by  examples. 
Concerning  transient  response  analyses,  there  are  currently  no  vertex  or  edge  theorems 
available,  but  some  negative  results  exist.  Chapter  5  will  present  examples  which  show 
chat  if  7  is  generated  by  affine  uncertainties,  then  the  maximum  overshoot  of  the  step 
response  does  not  necessarily  occur  at  a  vertex.  It  is  not  currently  known  whether  or 
not  edges  would  provide  the  desired  transient  response  information  for  sets  of 

:  '  f 

polynon^-pairs  generated  by  affine  uncertainties  (or  mote  general  classes  of 
polynomial-pairs).  It  is  also  not  known  whether  or  not  a  transient  response  edge  or 
vertex  theorem  exists  for  interval  families  of  polynomial-pairs.  The  steady  state 
response  theevems  and  the  transient  response  counterexamples  in  Chapter  S  ate  all 
independent  original  results  of  this  authOT  [Bartlett,  1990c]. 

The  steady  state  vertex  theorems  in  Chapter  S  are  most  closely  related  to  the 
frequency  response  results  in  [Bartlett,  1989  &  1990b;  Fu,  1989b].  For  an  uncertain 
system  with  affine  uncertainties  responding  to  a  sinusoidal  input  (possibly  a  step),  the 
steady  state  amplitude  and  phase  of  the  sinusoidal  output  can  be  determined  using 
[Bartlett,  1989  &  1990b;  Fu,  1989b].  The  results  in  Chapter  S  cannot  be  used  with 
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pure  suiusoidal  inputs,  but  they  can  be  used  with  steps  and  many  other  inputs  that 
produce  a  constant  steady  state  output.  On  the  area  of  overlap,  i.e.  step  responses,  the 
results  in  Chapter  5  are  stronger  than  those  in  [Banlett,  1989  &  1990b:  Fu,  1989b]  in 
two  respects.  First,  Chapter  5  contains  venex  theorems  rather  than  edge  theorems,  so 
the  methods  of  Chapter  5  are  much  simpler  to  use.  Second,  the  results  in  [Banlett, 

1989  &  1990b;  Fu,  1989b]  only  handle  affine  uncertainties  while  Chapter  5  allows 
multiaffine  uncertainties.  Other  approaches,  besides  vertex  and  edge  theorems,  have 
been  used  to  investigate  the  responses  of  systems  with  parametric  uncertainties.  For 
example,  [Oppenhcimer,  Michel,  1988]  have  applied  interval  analysis  techniques  to  this 
problem.  The  results  in  [Oppenheimer,  Michel,  1988]  can  handle  transient  response  as 
well  as  steady  state,  but  they  provide  only  approximate  bounds  on  the  response.  The 
steady  state  vertex  theorems  in  Chapter  5  provide  nonconservative  bounds.  This 
discussion  shows  that  the  steady  state  vertex  theorems  in  Chapter  S  are  a  contribution  to 
the  area  of  steady  state  analysis  of  uncertain  systems. 

1.9  Organization 

.  r  -  >  . 

For  several  important  classes  of  uncertain  systems,  this  dissertation  presents 

> 

results  concerning  the  existence  of  vertex  and  edge  theorems  related  to  many 
fundamental  classical  analyses.  The  notion  of  vertex  and  edge  theorems  has  been 
discussed  in  this  introduction.  The  four  classes  of  uncertain  systems  that  are 
investigated  are  presented  in  Chapter  2.  Chapter  3  address  two  closely  related 
fundamental  analysis  problems,  stability  and  pole- zero  locations.  The  tq)ic  of 
frequency  response  analysis  is  cover  in  Chapter  4.  Time  response  analysis  is  covered 
in  Chaptc  3.  For  each  class  of  uncertain  systems  that  is  considered.  Chapter  6  will 
review  which  analysis  problems  are  known  to  have  vertex  or  edge  theorems,  which 


29 


problems  are  known  not  to  admit  venex  or  edge  theorems,  and  which  problems  are  still 
open  concerning  the  existence  of  venex  or  edge  theorems.  Chapter  6  will  also 
summarize  the  contributions  the  author  has  made  to  this  broad  range  of  fundamental 
linear  systems  analysis  problems. 
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CHAPTER  2 


CLASSIFICATION  OF  UNCERTAINTY  STRUCTURE 

2.1  Introduction 

This  dissertation  studies  the  analysis  of  systems  with  parameter  uncertainties 
that  can  be  described  by  characteristic  polynomial  sets  D,  numerator  polynomial  sets 
N,  and  numerator-denominator  polynomial-pair  sets  T.  This  investigation  will  focus 
on  those  systems  whose  description  sets  are  contained  in  a  few  general  classes.  The 
main  purpose  of  this  chapter  is  to  define  these  classifications.  In  all,  four  classes  of 
polynomial  sets  and  the  four  classes  of  polynomial-pair  sets  will  be  introduced.  This 
chapter  will  also  poiiu  out  the  highly  structured  nature  of  these  classes.  This  structure 
will  be  used  to  describe  the  veitices  and  edges  of  description  sets  contained  in  these 
classes.  The  vertex  and  edge  descriptions  will  play  a  key  role  in  the  analysis  of 
systems  in  the  given  classes. 

=  t  : 

2.2  Generation  Based  ClassiHcations 

For  each  system  with  uncertain  parameters,  the  set  of  possible  parameter  values 
A  C  Rin  and  the  mappings  D:  R"*  -*■  C[s],  N;  R"*  -» C[s],  and  T;  R*”  ->  C[s]2 
define  the  description  sets 

D  =  D(A)  N  =  N(A)  T  =  T(A). 

These  relationships  indicate  that  a  natural  way  to  define  classifications  for  D,  N,  and  T 
is  to  restrict  the  mappings  D,  N,  and  T,  respectively,  and  the  set  A.  This  section  will 
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define  two  classes  ot‘  polvTiomial  sets  and  two  classes  of  polynomial-pair  sets  in  this 


manner. 

2.2.1  Interval  Families  of  Real  m-Tuples 

Only  one  class  of  parameter  sets  will  be  used  to  restrict  A.  This  class  is  called 
interval  families  of  real  m-tuples  and  is  defined  as  follows. 

Definition  2.1  A  set  of  parameters  A  is  said  to  be  an  interval  family  of 
real  m*tuples  if  there  exist  two  real  m-tuples 

5L  =  (  5i^.  82^. ... .  5m^  ) 

5H  =  (  $2*^, ...  ^  5^H  ) 

such  that 

A  =  BoxiS^-.SH} 

where 

Box {6^,5^}  =  {  ( 5i,  82, ... ,  Sm)  ®  R"®  :  8i^  ^ 8i  <  81^,  i  =  1, 2, ... ,  m  ). 

^  .  w  .■ 

Interval  families  of  real  m- tuples  are  highly  structured,  so  it  is  easy  to  describe 

V 

their  vertices  and  edges. 

Definition  2.2  The  set  of  ail  vertices  of  the  interval  family 
A  =  Box  (8^,8^)  is  defined  as 

Vert{8L  8H)  =  {  ( 5i.  82, ... .  ^.n)  s  R"®  :  8i  «  {8iL  8iH},  i  =  1, 2, ... ,  m  } . 
The  set  of  all  edge  m-tuples  of  the  interval  family  A  =  Box{8^,8W)  is  defined  as 
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Edge;  5*-. 5*^  1  =  {  (  5i,  52,  .  Sm)  ^  a"’  :  5i  e  (5j’-,0,^) , 

1  =  1,2 . j-l,  j+1 . m,  5jL  <  5j  <  5jH,  j  =  1,  2 . m  } . 

It  is  quite  natural  for  the  set  A  to  be  an  interval  families  of  real  m-tuples. 

Anytime  the  parameters  are  independent,  the  set  of  all  possible  parameter  values  will  be 
a  member  of  this  class. 

2.2.2  Afnne  and  Multiaffine  Mappings 

Two  types  of  mappings  will  be  used  to  restrict  D,  N,  and  T.  The  first  type  of 
mappings  are  called  affine  operators,  and  they  are  defined  as  follows. 

Definition  2  J  Let  Vj  and  V2  be  real  vector  spaces.  The  mapping 
F;  Vi  ->  V2  is  said  to  be  an  affine  mapping  if  for  y,  z  «  Vj  and  X  «  R 

F[Xy+(l-X)zl  =  XF[yl  +  (l-X)F[zl. 

The  set  of  all  such  mappings  from  Vi  to  V2  will  be  denoted  by  Af!Rne(y.i^V2}-.  . 

Affine  operators  are  closely  related  to  linear  operators.  In  fact,  if  F;  Vi  y2 
is  an  affine  operator,  then  the  function  G;  Vi  — »  V2  given  by  G[x]  *  F[x]  -  F[0] 
is  a  linear  operator.  The  second  type  of  mappings  are  generalizations  of  affine 
operators  for  the  special  case  when  the  domain  is  R*".  The  mappings  are  called 
multiaffine  operators  and  arc  defined  below. 
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Definition  2.4  Let '/  be  a  real  vector  space.  The  mapping  F:  »  V  is 

said  to  be  a  multiaffine  mapping  if  for  i  e  { 1.  2 . m),  X  e  R.  and 

y  =  I  yi,  y2,  ...  .  ym).  z  =  (  zi.  Z2,  ...  .  Zm)  e  R'" 

F[(yi,  y2 . yi-i.  Xyi+(1-X)zi,  yi+i . ym)]  = 

>.F[(yi,  y2. ... .  yi-1.  yi.  yi+i,  -. .  ym)] 

+  (l-X)F[(yi,  y2 . yi-i,  Zi,  yi+i . ym)]. 

The  set  of  all  such  mappings  from  R™  to  V  will  be  denoted  Multi  (R™,V ) . 

Example  2.1  Let  Fi:  R^  R,  F2:  R^  C[s],  and  F3:  R^  C[s]2  be 
the  mappings  such  that 

Fi[(x,y,z)]  =  3x  +  2y  -  z  +  1 
F2[(x.y.z)]  =  (3x+y+2+l)s2  +  (-4y-4z+2)s  +  (-7x+y-7) 

F3[(x,y.2)]  =  (  (2-11)s2  +  9s  +  (6y).  (22x+13)s2  +  (5x-5y-5z+l)s  +  (-2) ). 

Let  Gi;  R^  ->  R,  Gi:  R^  -*  C[sl,  and  G3:  R^  -4  C[s)^  be  the  mappings  such 
that 

Gi[(x,y,z)]  =  3xy2  +  2xy  +  xz  -  yz  +  6x  -  7y  -  9z  -  11 
G2((3t,y)]  =  (3xy-x+y+l)s2  +  (-4xy+2)s  +  (-7x+y-7) 

GsKx.y)]  =  (  (xy+x+4y-ll)s2  +  9s  +  (6y),  (xy-22x+13)s2  +  (5x-5y-5z+l)s  +  (-2)  ). 
These  functions  can  be  classified  as  follows 

Fi  «  Affme{R3R}  C  Multi  (R^Jl) 

F2«  Affxne{R3,C[s])  C  Mulri(R3.CtsI} 

F3  •  Affine {R3.Cts]2)  C  Multi{R3.C[s]2} 

Gi  4  Affine{R3^)  Gi  «  Multi{R3jl} 

G2  4  Affine{R2,C[s] )  G2  «  Multi{R2.C[s] } 

G3  4  Affine {R2C(s]2)  G3  e  Muld(R2.C(s]2). 


34 


2.2.3  Description  Sets  Generated  by  Affine  Uncertainties 

This  section  wil  use  the  definitions  of  interval  families  of  real  m-tuples  and  of 
affine  mappings  to  specify  a  class  of  polynomial  sets  and  a  class  of  polynomial-pair 
sets.  The  description  sets  in  both  of  these  classes  are  said  to  be  generated  by  affine 
uncertainties.  These  classes  are  define  as  follows. 

Definition  2.5  The  set  of  polynomial-pairs  T  =  T(A)  is  said  to  be 
generated  by  affine  uncertainties  if  A  is  an  interval  family  of  real  m-tuples  and  if 
T  6  Affine(R'n,C[s]2}. 

Definition  2.6  The  set  of  polynomials  D  =  D(A)  is  said  to  be  generated  by 
affine  uncertainties  if  A  is  an  interval  family  of  real  m-tuples  and  if 
D  «  Affine { R™ ,C[s] }.  Similarly,  the  set  of  polynomials  N  =  N(A)  is  said  to  be 
generated  by  affine  uncertainties  if  A  is  an  interval  family  of  real  m-tuples  and  if 
N  «  Affine{R'",C[s]). 

i  .;  ■?  ■  -  t  : 

Examples  of  description  sets  generated  by  .affine  uncertainties  are  given  by  T, 
D,  and  N  from  Example  1.1. 

When  referring  to  a  set  generated  by  affine  uncertainties  N(A),  D(A),  or  T(A), 
the  term  vertex  descriptions  will  refer  to  the  sets  N(Ven(A)),  D(Vert(A)),  or 
TCVen(A)),  respectively.  Similarly,  the  term  edge  descriptions  will  refer  to  the  sets 
N(Edge(A)),  D(Edge(A)),  or  T(Edgc(A)),  respectively. 
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2.2.4  Description  Sets  Generated  by  .Multiaffine  Uncertainties 

This  section  will  use  the  definition  of  interval  families  of  real  m-tuples  and  of 
multiaffine  mappings  to  specify  a  class  of  polynomial  sets  and  a  class  of  polynomial- 
pair  sets.  The  description  sets  in  both  of  these  classes  are  said  to  be  generated  by 
multiaffine  uncertainties.  These  classes  are  define  as  follows. 

Definition  2.7  The  set  of  polynomial-pairs  T  =  T(A)  is  said  to  be 
generated  by  multiaffine  uncertainties  if  A  is  an  interval  family  of  real  m-tuples 
and  if  T«  Multi{R'n.C[s]2). 

Definition  2.8  The  set  of  polynomials  D  s  D(A)  is  said  to  be  generated  by 
multiaffine  uncertainties  if  A  is  an  interval  family  of  real  m-tuples  and  if 
D  «  Multi(R'",C[s]).  Similarly,  the  set  of  polynomials  N  =  N(A)  is  said  to  be 
generated  by  multiaffine  uncertaindes  if  A  is  an  interval  family  of  real  m-tuples  and  if 
N  e  MultilR'n.Clsl). 

^  .  >•  i»  .• 

Examples  of  descripdon  sets  generated  by  multiaffine  uncertaindes  are  given  by 

a 

7,  D,  and  N  in  both  Example  l.l  and  1.2. 

When  referring  to  a  set  generated  by  muldaffine  uncertaindes  N(A),  D(A),  or 
T(A),  the  term  vertex  descriptions  will  refer  to  the  sets  N(Ven(A)),  D(Vert(A)),  or 
T(Vcn(A)),  respectively.  Similarly,  the  term  edge  descriptions  will  refer  to  the  sets 
N(Edge(A)),  D(Edge(A)),  or  T(Edge(A)),  respectively. 
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2.3  Image  Based  Classifications 


This  section  will  define  two  classifications  of  polynomial  sets  and  two 
classifications  of  polynomial-pair  sets.  These  definitions  are  stated  directly  in  terms  of 
the  sets  T,  D,  and  N.  so  the  definitions  don't  depend  on  the  set  A  or  on  the  mappings 
D,  N,  or  T.  The  four  classifications  presented  in  this  section  are  called  polytopes  of 
polynomials,  polytopes  of  polynomial-pairs,  interval  families  of  polynomials,  and 
interval  families  of  polynomial-pairs. 

2.3.1  Polytopes 

A  class  of  highly  stmctured  sets  called  polytopes  will  be  defined  in  this  section. 
The  conventions  of  (Grunbaum,  1967;  Brpnsted,  1983]  will  primaiily  be  used;  the 
main  difference  is  that  the  definitions  below  are  stated  for  any  real  vector  space  rather 
than  just  for  R".  This  extension  is  easily  achieved  because  the  definition  of  a  polytope 
relies  mainly  on  the  notion  of  convexity  which  can  be  defined  for  any  real  vector  space 

.-T-'  -  , 

Definition  2.9  Let  V  be  a  real  vector  spatx.  A  set  A  C  V  is  said  to  be  a 
convex  set  if 

{  Xix+X2y  :  Xi,  Xi  •  Xi,  X2  ^  0,  +  X2  =  1  }  C  A 

for  all  X,  y  •  A. 

Definition  2.10  Let  V  be  a  real  vector  space.  The  convex  hull  of  a  set 
A  C  V,  denoted  conv(A>,  is  defined  to  be  the  intersection  of  all  convex  sets  that 
contain  A. 
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Using  the  convex  hull  operation,  polytopes  as  well  as  their  vertices  and  edges 
are  denned  as  follows. 

Definition  2.11  Lei  V  be  a  real  vector  space.  A  set  A  C  V  is  said  to  be  a 

polytope  if  there  exists  a  finite  collection  of  vectors  yi.yz . yr  ®  V  such  that 

A  =  conv(  {  yi.  yz . yr  1  ). 

Definition  2.12  Let  V  be  a  real  vector  space,  and  let  A  C  V  be  a  polytope. 
The  set  of  all  vertices  of  A,  denoted  Vert(A),  is  the  set  such  that 
A  =  conv(Ven(A))  and  A  ^  conv(B)  if  B  is  a  proper  subset  of  Ven(A).  A  vector  y  is 
called  a  venex  of  A  if  y  «  Ven(A). 

Definition  2.13  Let  V  be  a  real  vector  space,  let  A  C  V  be  a  polytope,  and 
let  X,  y  be  two  distinct  vertices  of  A.  The  set  conv({x,  y})  is  called  an  edge  of  A  if 
conv({x,  yl)  0  conv(Vcrt(P)\{x,  y})  =  0. 

The  union  of  all  edges  of  A  and  Veit(  A )  will  be  denoted  as  Edge(A). 

•.V  V  . 

Several  examples  of  polytqies  have  already  speared  in  this  dissertation.  The 
sets  A  in  Example  1.1  and  1.2  are  not  only  interval  families  of  real  3-tupies  they  are 
also  polytopes  in  R^.  This  is  not  surprizing  because  interval  families  of  real  m-tuples 
are  a  subclass  of  polytopes  in  R"*.  The  definidons  of  vertices  and  edges  for  interval 
families  of  real  m-tuples  and  for  polytopes  in  R*"  are  consistent  because 
Vcn{6L.5H}  =  Vert(Box(6L,5Hl)andEdge{5L.5H)  =  Edge(Box{5L,5H)).  In 
addidon  to  polytopes  of  teal  m-tuples,  polytopes  of  polynomials  and  polynomial-pairs 
have  also  appeared. 
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Example  2.2  Recall  that  the  sets  3  and  T  in  Example  1.2  are  given  by 
:j  =  {  LCs^+RCs+l  ;  (R.L.Q  e  Box  {(1.3,5).  (2,4,6)}  } 

T  =  (  (  1.LCs2+RCs+U  :  (R.L.C)  e  Box((1.3,5).  (2,4,6)}  }. 

Both  of  these  sets  are  polytopes.  Their  vertices  are  given  by 

Ven(D)={  15s2+5s+1.  20s2+5s+1,  24s2+6s+1, 

15s2+10s+l.  18s2+12s+1,  24s2+12s+1  } 

Vert(T)  =  (  (  1,  15s2+5s+1).  (  1.  20s2+5s+l),  (  1.  24s2+6s+l). 

(  1.  15s2+10s+1).  (  1,  18s2+12s+1),  (  1.  24s2+12s+l)  }. 

The  six  edges  of  D  are  given  by  the  following  sets 

conv(  {  15s2+5s+1,  20s2+5s+1  }  ) 
conv(  {  20s2+5s+1,24s2+6s+1  }  ) 
conv(  (  24s2+6s+1,  24s2+12s+1}  ) 
conv(  {  24s2+12s+1,  18s2+12s+1)  ) 
conv(  (  I8s2+12s+l,  I5s2+10s+l}  ) 
conv(  (  15s2+I0s+1,  15s2+5s+1)  ). 

The  set  Edge(D)  equals  the  union  of  these  six  edges.  The  six  edges  of  T  are 
C0nv(  {  (  1,  15s2+5s+1),  (  1.  20s2+5s+l)  }  ) 
conv(  {  (  I,  20s2+5s+1),  (  l,.24s2+6s+l)  }  ) 
conv(  {  (  1,  24s2+6s+1).  (  1.  24s2+12s+l)  )  ) 
conv(  {  (  1,  24s2+12s+1),  (  1.  18s2+l2s+l)  }  ) 
conv(  {  (  I,  18s2+I2s+1).  (  1,  15s2+l0s+l)  }  ) 
conv(  {  (  1.  15s2+10s+1),  (  1,  15s2+5s+l)  }  ). 

The  set  Edgc(T)  equals  the  union  of  these  six  polynomial-pair  edges. 

The  sets  D  and  T  from  Example  1. 1  arc  also  polytopes.  In  fact,  they  arc  very 
special  types  of  polytopes.  These  special  polytopes  will  be  defined  in  the  next  section. 
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2.3.2  Interval  Families  of  Polynomials  and  Polynomial-Pairs 

In  addition  to  polytopes,  two  more  classes  of  uncertainties  will  be  defined  in 
terms  of  T,  D,  and  N.  These  classes  are  known  as  interval  families  of  polynomials 
and  interval  families  of  polynomial-pairs.  They  are  similar  to  interval  families  of  real 
m-tuples  which  have  already  been  introduced  for  describing  parameter  sets.  These  two 
new  classes  are  define  as  follows. 

Definition  2.14  The  set  of  transfer  functions  T  is  called  an  interval  family 
of  polynomial-pairs  if  it  can  be  represented  in  the  form 

T  =  {  (  (ar+jbr)s^  +  (ar-i+jbr.i)sr-*  +  ...  +  (ai+jbi)s  +  (ao+jbo). 

(Cq+jdq)s<l  +  (Cq.i+jdq.i)sfl-l  +  ...  +  (ci+jdi)s  +  (co+jdo)  )  : 
ao^  ^  ao  ^  ao^,  ai^  S  ai  ^  ai^*,  ....  ar^, 

bo^  ^  bo  S  bo*^,  bi^  <  bi  ^  bi^ .  br^  <  br  <  br*^, 

C0^<C0^C0^,  Cl^SciSCi^ .  Cq^SCq^Cq^, 

S  do  S  do^,  di^^diSdi*^,  ....  dq^^dq<dq^). 

Definition  2.15  The  set  of  polynomials  D  is  called  an  interval  family  of 
polynomials  if  it  can  be  represented  in  the  form 

D  =  (  (Cq4-jdq)s‘l  +  (Cq.i+jdq.i)s<l-l  +  ...  +  (ci+jdi)s  +  (co+jdo)  )  : 

Co^^cotSco^,  CI^^CI^CI^ .  Cq^<Cq<CqH 

do^tSdo^do^,  dl^SdiSdi^ .  dq^^dq^dq^}. 

A  similar  definition  of  interval  families  of  polynomials  hold  for  N. 
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Interi.'al  families  are  special  t\pes  of  polytopes,  so  their  venices  and  edges  are 
given  by  Definitions  2.12  and  2.13,  respectively. 

Example  2.3  Recall  that  D  and  T  from  Example  I.l  have  the  form 
D={  Ms2+Fs+K  :  1<K<2,  1.5<M<1.6,  3<F<5  ), 

T  =  {  (  1,  Ms2+Fs+K  )  ;  1  <  K  ^  2,  1.5  <  M  S  1.6,  3  <  F  <  5  }. 

Clearly,  D  is  an  interval  family  of  polynomials,  and  T  is  an  interval  family  of 
polynomial-pairs.  The  vertices  of  these  two  sets  are  given  by 

Vert(D)=  (  1.5s2+3+1.  1.5s2+3+2,  I.5s2+5+1,  1.5s2+5+2, 

1.6s2+3+1.  1.6s2+3+2,  1.6s2+5+1,  1.6s2-i-5+2  } 

Vert(T)  =  {  (1,  1.5s2+3+1),  (  I,  1.5s2+3+2),  (  1,  1.5s2+5+l),  (  I,  1.5s2-i-5+2), 

(  1,  1.6s2+3+1),  (  1,  1.6s2+3+2),  (  1,  1.6s2+5+l),  (  1,  1.6s2+5+2)  }. 

The  twelve  edges  of  D  are 

{  Ms2+3+1  :  1.5  £  M  S  1.6  }  {  Ms2+3+2  :  1.5  S  M  ^  1.6  } 

{  Ms2+5+1  :  1.5  ^  M  <  1.6  )  {  Ms2+5+2  :  1.5  <  M  <  1.6  } 

{  1.5s2+F+1  :  3^F<5  }  {  1.5s2+F+2  :  3<F<5  ) 

f,1.6s2-tF+l.:  3<F<5  }  {  1.6s2+F+2  :  3<FS5.r 

{  1.5s2+3+K  :  1<K^2  }  {  1.5s2+5+K  :  1SKS2  } 

{  1.6s2+3+K  :  1^K^2)  (  1.6s2+5+K  :  1^KS2}. 

The  set  Edge(D)  equals  the  union  of  these  twelve  edges.  The  twelve  edges  of  T  are 
{  (  1,  Ms2+3+1)  :  1.5  S  M  ^  1.6  }  {  (  1,  Ms2+3+2)  :  1.5  S  M  ^  1.6  } 

{  (  1,  MS2+5+1)  :  1,5  S  M  ^  1.6  }  {  (  1,  Ms2+5+2)  :  1.5  ^  M  <  1.6  } 

{  (  I,  1.5s2+F+1)  :  3  ^  F  <  5  )  {  (  I,  I.5s2-(-F+2)  :  3  <  F  <  5  } 

{  (  1,  1.6s2+F+1)  :  3  <  F  <  5  }  {  (  1,  1.6s2+F+2)  :  3  <  F  <  5  } 

{  (  1,  1.5s2+3+K)  :  1  ^  K  <  2  )  {  (  1,  1.5s2+5+K)  :  1  <  K  <  2  } 
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i  (  1,  1.6s--^3tK'',  :  .  <  K  <  2  )  ill.  1.6s--^5+K)  ;  1  <  K  <  2  ). 

The  set  Edge(T)  equals  the  union  of  these  twelve  polynomial-pair  edges. 

2.4  Relation  Between  Polytopes  and  Image  Based  Classifications 

This  secdon  will  review  some  useful  reladonships  between  polytopes  and  sets 
generated  by  affine  and  multiafflne  uncertaindes.  These  reladonships  are  based  on  the 
following  facts. 

Fact  2.1  Let  V  be  a  real  vector  spaces.  If  F:  R™  — »  V  is  an  affine  mapping 
and  if  Box  {5^.5^}  C  Rai  then  the  set  F(  Box  (6^,5^)  )  is  a  polytopc  in  V,  and  the 
following  two  set  reladons  hold 

Ven(  F(  Box{5L,5H)  )  )  C  F(  Vert{8L,5H)  ) 

Edge(  F(  Box{5L  5H} )  )  C  F(  Edgc{5L,8H) ). 


Fact  2. 1  shows  that  sets  of  polynomials  and  polynomial-pairs  generated  by 

•  .V  ■ 

affine  uncertainties  are  a  subclass  of  polytopes  of  polynomials  and  polynomial-pairs, 
respecdvely.  Descripdon  sets  generated  by  muldaffme  uncertaindes  are  not  a  subclass 
of  poiytopes,  but  they  can  be  related  to  polytopes  using  a  result  known  as  the  Mapping 
Theorem  [Zadch.Desoer,  1963,  p.  476].  A  generalized  version  of  the  Mapping 
Theorem  is  stated  in  the  following  fact. 

Fact  2.2  Let  V  be  a  real  vector  space.  If  F:  R*"  — >  V  is  a  muldaffme  mapping 
and  if  Box  [  5^,5^}  C  R*”  then 

conv(  F(  Box{5'-.6^)  )  )  =  conv(  F(  Vert{6^5^}  )  ). 
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Froof  L’sma  5^-  =  (Si^.  62'- . <5m^)  and  5^  =  (61^,  60^ . Om^i  detine 


the  sets 


Ao  =  Box{(5iL . 5m^),  {5i^ . 5m^)} 

Ai  =  Ven{(5iL),  (61^)}  x  Box{(52^ . 5m^),  (82” . 5m^)} 


Ai  =  Vert{(5i^, 


5iL).  (5iH  ....  5iH)}  xBox{(5i^iL 


6.H)} 


Am  =  Ven{(5i^ . 5m^).  (5i^ . 5m^)}. 

For  i  =  0,  I . m-1,  it  should  be  clear  that 

Ai+l  C  Ai 


and  hence 

conv(F[Ai+i])  C  conv(F[Ai]).  (1) 

Let  X  =  (xi,  X2 . xm)  be  an  arbitrary  clement  in  Ai  (i  <  m).  For  the  case  when 

5i+i^  =  Si+i^,  it  should  be  apparent  that 

Ai+i  =  Ai 


and  that 

■  conv(F[Ai])  C  conv(F[Ai+i]).  (2) 

For  the  case  when  6i+i^  ^  5i+i^,  it  is  true  that 
X  =  X.  (xi,  ...  ,  Xi,  5i+t^,  Xi4.2,  ...  ,  Xm)  (1*X.)  (xj,  ...  ,  Xi,  5i+i^,  Xi+2>  •••  >  ^m) 
for 

X.  =  (  Xi+i  -  5i+i^  )  /  (  Si+i^  -  5:+.!^  ). 

Since  F:  R^"  V  is  a  multiaffine  mapping,  it  follows  that 

F[x]  =  X,  F[(xi . Xi,  6i+i^,  Xi+2 . Xm)] 

+  (l-X)  F[(xi, ...  ,  Xi,  5i+i^,  Xi+2.  -  .  Xm)]. 

This  implies  that 

F[xl  «  conv(F[Ai+i]). 
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Since  \  was  an  arbitrarv'  element  in  A,,  it  follows  that 

F[A,]  C  conv(F[Ai+i]).  (3) 

Definition  2.10  and  from  equation  (3)  imply  that 

conv(F[A,])  C  conv(F[Ai+i]).  (4) 

Equations  (1),  (2),  and  (4)  show  that 

conv(F[Ai])  =conv(F[Ai+i]).  (5) 

Since  equation  (5)  is  valid  for  any  i  <  m,  it  is  follows  that 

conv(F[Ao])  =  conv(F[Ai])  =  ...  =  conv(F[A,])  =  ...  =  conv(F[Am]). 

The  equality  of  the  first  and  last  term  completes  the  proof.  □ 

Fact  2.2  shows  that  a  set  of  polynomials  or  polynomial-pairs  generated  by 
multiaffine  uncertainties  can  easily  be  overbounded  by  a  polytope.  Furthermore,  this 
overbounding  polytope  is  the  smallest  convex  set  that  contains  the  description  set  In 
some  cases,  multiaffine  uncertainties  will  actually  produce  a  set  of  descriptions  that  is  a 
polytope,  so  no  overbounding  would  be  needed.  This  was  the  case  for  both  D  and  T 
in  Example  2.2. 

2.5  Conclusion 

This  chapter  has  defined  four  classifications  for  sets  of  polynomials  and  four 
classifications  for  sets  of  polynomial-pairs.  These  classes  were  chosen  to  achieve  two 
opposing  goals.  The  first  goal  was  for  each  class  to  include  the  types  of  polynomial 
sets  and  polynomial-pair  sets  needed  to  describe  physical  systems  that  have  a 
reasonably  simple  dependence  on  uncertain  parameters.  The  second  goal  was  for  all 
the  sets  contained  in  each  class  to  be  as  highly  structured  as  possible.  Sets  generated 
by  multiaffine  uncertainties  are  the  most  general  class,  so  they  do  the  best  job  of 


44 


achieving  the  first  goaJ.  Polytopes  do  the  second  best  job.  sets  generated  by  affine 
uncertainties  do  the  third  best,  and  finally,  interval  families  do  the  worst  job  of 
achieving  the  first  goal.  In  terms  of  achieving  the  second  goal,  the  ordering  of  best  to 
worst  is  reversed.  Interval  families  are  the  most  structured  sets,  and  sets  generated  by 
multiaffine  uncenainties  are  the  least  strucmred.  This  tradeoff  of  generality  and 
structure  is  the  reason  all  four  classes  will  be  investigated  in  later  chapters.  It  will  be 
easiest  to  simplify  the  analysis  of  sets  in  the  most  structured  classes,  but  analysis 
results  for  the  most  general  classes  are  in  many  ways  more  useful. 
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CHAPTER  3 


STABILITY  AND  POLE  LOCATION  ANALYSES 

3.1  Introduction 

This  chapter  will  discuss  the  existence  or  nonexistence  of  vertex  and  edge 
theorems  for  stability  and  pole  location  analyses  of  the  classes  of  uncertain  systems 
defined  in  Chapter  2.  The  two  analyses  are  treated  together  because  their  goals  are  very 
closely  related.  Given  a  uncertain  system  represented  by  a  set  of  characteristic 
polynomials  D,  the  goal  of  a  pole  location  analysis  is  to  find  the  set  of  all  possible  poles 
of  the  system 

Root(D)  =  {  s  e  C  :  p(s)  =  0,  p(s)  e  D  }. 

The  goal  of  a  stability  analysis  is  to  determine  if  Root(D)  is  contained  in  a  given  region 
G  of  the  complex  plane.  For  these  two  analyses,  a  variety  of  vertex  theorems,  edge 
theorems,  and  counterexamples  to  vertex  and  edge  conjectures  will  be  given. 

3.2  Some  Polynomial  Notation 

To  make  it  easier  to  present  the  results  in  this  area,  some  polynomial 
nomenclature  will  be  reviewed.  As  previously  noted,  the  set  of  all  polynomials  in  the 
complex  variable  s  with  coefficients  from  the  complex  field  C  will  be  denoted  C[s], 
and  the  set  of  all  polynomials  with  coefficients  restricted  to  the  real  field  R  will  be 
denoted  R[s].  Each  p)olynomiai  p(s)  in  C[s]  (R[s])  has  the  form 

p(s)  =  CnS"  +  Cn-is"‘*  +  —  +  cis  +  cq 
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where  n  is  a  nonnegadve  integer  and  each  coefficient  Ci  is  an  element  of  C  (S.).  If 
Cn  5*  0  and  Ci  =  0  for  all  i  >  n  then  the  degree  of  p(s),  denoted  deg(p(s)),  equals  n.  If 
p(.s)  =  0  then  deg(p(s))  =  -«».  The  degree  of  a  set  of  polynomials  D  is  the  set  of 
integers  deg(D)  =  {  deg(p(s)) :  p(s)  e  D  }.  The  set  of  all  complex  polynomials  of 
degree  n  is  defined  as  follows 

Cn[sl  =  {  p(s)  e  C[s]  ;  deg(p(s))  =  n  }. 

If  deg(p(s))  =  n  and  Cn  =  1  then  p(s)  is  called  a  monic  polynomial.  The  set  of  all  monic 
complex  polynomials  of  degree  n  is  denoted 

Cn'^onicfs]  =  (  p(s)  6  C[s]  :  deg(p(s))  =  n,  Cn  =  1  } . 

The  set  of  nth  order  real  polynomials  iR.n[s]  and  the  set  of  nth  order  real  monic 
polynomials  can  be  defined  similarly.  Finally,  the  set  of  values  taken  by  a 

collection  of  polynomials  D  when  evaluated  a  z  «  C  is  given  by 

Val(D,z)  =  (  p(z)  e  c  ;  p(s)  e  D  ) 

The  use  of  this  definition  is  motivated  by  the  value  set  ideas  of  [Barmish,  1988]. 

3.3  An  Edge  Theorem  for  Root  Locations  of  Polytopes  of  Polynomials 

This  section  will  discuss  edge  theorems  which  reduce  the  effort  needed  to 
compute  Root(D)  in  the  case  when  D  is  a  piolytopeof  polynomials.  The  first  edge 
theorem  concerning  Root(D)  to  appear  in  the  literature  is  due  to  [Bartlett,  Hollot, 
Huang,  1988].  They  impose  the  restriction  that  the  piolytope  P  must  be  a  subset  of 
Rnn'on*c[s].  Under  this  assumption,  it  was  shown  that  the  boundary  of  Root(D) 
defined  on  C  ( denoted  8Root(D) )  is  a  subset  of  Root(Edge(D)).  Later  works  on 
Root(D)  have  addressed  the  problem  of  removing  the  restriction  on  D  imposed  by 
[Bartlett,  Hollot,  Huang,  1988].  [Hollot,  Looze,  Bardett,  1990]  have  removed  the 
monic  n-th  order  restriction  on  D.  They  proved  that  the  edge  theorem  of  [Bartlett, 
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HoUot,  Huang,  1988]  remains  valid  for  any  polytope  D  C  5.[s].  [Bartlett,  1990a] 
discussed  how  the  extension  from  real  to  complex  polynomials  can  be  easily  achieved 
based  on  the  work  in  [Bartlett,  Hollot,  Huang,  1988;  Hollot,  Looze,  Banlett,  1987;  Fu 
and  Barmish,  1989].  This  extension  is  stated  in  the  following  theorem.  A  new  proof 
motivated  by  the  value  set  ideas  of  [Barmish,  1988;  Sideris,  Barmish,  1989]  is  given^. 

Theorem  3.1  If  D  is  a  polytope  in  C[s]  then  the  boundary  of  Root(D)  is  a 
subset  of  Root(Edge(D)). 

Proof  Because  Val(-,x) :  C[s]  — »  C  is  an  affine  mapping  for  any  fixed  value 
of  X  e  C  and  because  D  is  a  polytopc  of  polynomials,  it  follows  that  Val(D,x)  is  a 
polytopc  in  C  and  that 

aVal(D,x)  =  Edge(Val(D,x))  C  Val(Edge(D),x)  (1) 

for  all  X  6  C.  Now,  let  z  be  an  arbitrary  complex  number  such  that 
z  4  Root(Edge(D)).  This  implies  that  0  4  Val(Edge(D),z).  Let  the  edges  of  D  be 
denoted  as  Ei,  E2, ... ,  Em,  and  for  each  i,  define  n  to  be  the  minimum  distance  from 
the  origin-to  the  line  segment  Val(Ei,z).  Use  these  quantities  to  define  the  jSositive  re'al 
number  r  =  niin(ri,  rz, ... ,  rm).  Next,  define  the  set 

Ball[x,a]  =  (  y  •  C  :  abs(x-y)  ^  a  ). 

Let  the  vertices  of  D  be  denoted  as  vi(s),  V2(s), ... ,  Vn(s),  and  for  each  i,  define  Ci  to 
be  the  largest  positive  real  number  less  than  or  equal  to  one  such  that 
(  vi(x)  •  C  :  X  •  Ball[z,Ei]  )  C  Ball[vi(z)j/2]. 

Note  that  Ej  exists  because  vi(s)  is  a  continuous  function  of  3.  '^ow  define 


^This  new  line  of  pnxif  suggests  that  the  theorem  can  be  extended  from  polytopes  of  polynomials  to 
polytopes  of  any  functions  that  are  continuous  at  all  points  in  the  complex  plane.  This  extension  is 
not  considered  because  it  is  outside  the  scope  of  this  dissertation. 
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e  =  min{ei,e2,  ••• ,  Snl-  Let  Ek  be  an  arbitrary  edge  of  13,  and  let  vj,  vj  be  the  venices 
of  this  edge.  From  the  definition  of  e,  it  is  clear  that 

abs(  vi(z)-vi(c)  )  <  r/2  abs(  vj(z)-vj(c) )  <  r/2 

for  all  c  e  Ball[z,el.  By  the  triangle  inequality,  this  implies  that,  for  all  c  e  Ball[z,el 
and  for  all  X  e  [0,1], 

abs(  Xvi(z)+(l-A.)vj(z)-A.vi(cHl-X)vj(c)  )  <  Xr/2+{l-X)r/2  =  r/2. 

For  all  c  e  Ball[z,e],  this  implies  that  every  point  on  the  line  segment  Val(Ek,c)  is  a 
distance  of  less  than  or  equal  to  r/2  from  the  line  segment  Val(Ek,z)  which  in  turn 
implies  that  every  point  on  ValfEk.c)  is  a  distance  of  at  least  rk  -  r/2  >  r/2  >  0  from  the 
origin.  This  implies  that  c  ^  Root(Edge(D))  for  all  c  e  Ball[z,E].  From  this  fact, 
equation  (1)  implies  that  either  Ball[z,e]  C  Root(D)  or  Ball[z,£]  H  Root(D)  =  0.  In 
either ;  \se,  this  shows  that  z  4  8Root(D)  which  completes  the  proof.  □ 

Using  Faa  3.1,  Theorem  3.1  immediately  implies  a  slightly  different  edge 
theorem  for  sets  of  polynomials  generated  by  affine  uncertainties.  This  result  is  stated 
in  the  following  corollary. 

■' ''  '  '  ■ 

Corollary  3.1  If  the  set  of  polynomials  D(A)  is  generated  by  affine 
uncertainties  then  the  boundary  of  Root(D(A))  is  a  ‘subset  of  Root(D(Edge(A))). 

Theorem  3. 1  has  come  to  be  known  as  the  root  version  of  the  Edge  Theorem. 

It  is  one  of  the  main  contributions  of  the  author,  but  it  should  be  pointed  out  that  this  is 
not  a  sole  contribution  of  the  author.  The  original  and  most  important  woric  on  this 
theorem  was  performed  in  collaboration  with  C.  V.  HoUot  and  Huang  Lin.  The 
extension  to  non-monic  polynomials  was  carried  out  with  C.  V.  Hollot  and 
D.  P.  Looze.  The  extension  to  complex  polynomials  and  the  latest  proof  are 
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independent  work,  but  these  are  very  minor  contributions  in  comparison  to  the  earlier 
work.  In  addition,  it  should  be  pointed  that  Fu  and  Bannish  extended  a  stability 
version  of  the  Edge  Theorem  to  complex  polynomials  of  fixed  degree  before  any  of  the 
other  extensions  were  made. 

The  Edge  Theorem  indicates  how  to  find  the  boundary  of  the  root  space. 
dRoot(D),  using  only  the  edge  root  locus  Root(Edgc(D))  [or  Root(D(Edge(A)))  ], 
but  it  does  not  indicate  how  to  completely  determine  the  root  space  Root(D).  For 
complete  knowledge,  it  is  still  necessary  to  determine  the  "pseudo-interior" 

Root(D)  \  Root(Edge(D)).  The  work  of  [Zeheb,  Walach,  1981]  provides  a  finite  step 
procedure  for  solving  a  similar  root  location  problem  for  more  general  families  of 
polynomials.  It  was  pointed  out  by  the  author  [Bartlett,  1990a]  that  Zeheb  and 
Walach's  result  is  not  only  applicable  to  the  polytope  "pseudo-interior"  problem,  but  it 
is  also  quite  easy  to  implement  in  this  special  case.  The  next  theorem  paraphrases 
Zeheb  and  Walach's  result  as  applied  to  polytopes  of  polynomials.  In  combination,  the 
results  of  [Zeheb,  Walach,  1981]  and  the  Edge  Theorem  provide  the  best  available 
method  of  obtaining  complete  knowledge  of  Root(D). 

Theorem  3.2  [see  Zeheb,  Walach,  1981  for  proof]  Let  Vi,  V2, ... ,  Vq  be  a 
finite  collection  of  open  sets  such  that  Vi  U  V2  U*...  U  Vq  =  C\Root(Edgc(D)),  each 
Vi  is  a  connected  set,  and  Vj  fl  V^  *  0  for  i  ^  k.  If  zj  «  Vj  and  zi  •  Root(D),  then  • 

Vi  C  Root(D).  Conversely,  if  zi  «  Vi  and  Zi  4  Root(D)  then  Vi  fl  Root(D)  =  0. 

Given  Root(Edge(D)),  the  interior  of  Root(E)  can  be  determined  by  testing  if  a 
finite  number  of  points  are  contained  in  Root(D).  For  the  complicated  families  of 
polynomials  considered  by  [Zeheb,  Walach,  1981],  this  can  be  quite  a  chore.  For  a 
polytope  of  polynomials,  this  task  is  very  simple.  Testing  Zi  •  RootfD)  is  equivalent  to 
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testing 


0  e  conv(  Val(Vert(D),zi)  ). 

As  noted  by  Barmish,  conv(  Val(Vert(S),Zi) )  is  simply  a  convex  polygon  in  C. 
Determining  whether  or  not  this  polygon  covers  the  origin  is  easy.  It  can  be  done 
graphically  or  by  some  algebraic  method  such  as  in  [Barmish,  1988].  The  complete 
determination  of  Root(D)  using  Theorem  3. 1  and  3.2  is  illustrated  by  the  following 
example. 

Example  3.1  Let  Ven(D)  be  comprised  of  the  following  three  venex 
polynomials 

pus)  =  s+  1 

P2(s)  =  (l-j)s3  +  (5-j7)s2  +  (7-jl9)s  +  (3-j2  ) 

P3(s)  =  s^  +  6s2  +  10s  +  8. 

For  the  polytopc  D  =  conv(Ven(D)),  a  bounded  approximation  of  the  edge  root  locus 
Root(Edge(D))  is  shown  in  Figure  3.1.  It  appears  that  the  edge  root  locus  divides  the 
complex  plane  into  seven  regions.  A  test  point  zi  for  each  region  is  marked  by  an  "o" 
in  Figure  3.1.  For  region  1 ,  the  test  point  is  zi  =  -4  +  j  2.  The  plot  of  '  '' 

conv(  Val(Ven(D),zi) )  =  conv(  {pi(zi),  P2(zi),  P3(zi))  )  is  shown  in  Figure  3.2. 
The  polygon  does  not  contain  the  wigin,  so  none  oi  the  points  in  region  1  are  contained 
in  Root(D).  For  region  2,  the  test  point  is  Z2  =  - 1  +  j  1.5.  The  plot  of 
conv(  Val(Ven(D),Z2) )  =  conv(  {pi(Z2),  P2(z2).  P3(Z2))  )  is  shown  in  Figure  3.3. 
The  polygon  contains  the  origin,  so  every  point  in  region  2  is  contained  in  RootOD).  In 
the  same  manner  as  for  regions  1  and  2,  regions  3-7  were  all  determined  to  be  subsets 
of  Root(D).  The  complete  root  locus  of  the  polytope  is  displayed  in  Figure  3.4. 
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As  a  final  comment  on  root  location  results  for  polytopes  of  polynomials,  it  is 
noted  that  Root(Ven(D))  does  not  in  general  provide  sufficient  information  to  determine 
Root(D).  This  should  be  obvious  from  looking  at  Root(D)  for  any  nontrivial  example 
such  as  the  one  above.  This  implies  that  no  vertex  theorem  exists  for  determining 
Root(D)  except  possibly  in  special  cases.  Even  if  D  is  restricted  to  the  class  of 
polynomial  sets  generated  by  affine  uncenainties  or  to  the  class  of  interval  families  of 
polynomials,  a  root  location  vertex  theorem  still  does  not  exist .  If  the  goal  is  to 
determine  only  Root(D)  fl  R  and  if  D  C  R[s]  then  a  vertex  theorem  should  be 
obtainable  using  the  rules  of  root  locus  construction  [Evans,  1948].  Theorems  in  this 
vein  where  discussed  in  [Hollot,  Bartlett,  1987]. 

3.4  No  Root  Location  Edge  Theorem  for  Multiafflne  Uncertainties 

This  section  will  give  a  counterexample  which  shows  that  the  root  space  of  a  set 
of  polynomials  D(A)  generated  by  muldaffine  uncertainties  cannot  be  determined  from 
the  root  space  of  D(Edge(A)).  This  counterexample  is  not  an  original  contribution  of 
the  authcc  it  is  included  here  simply  for  the  sake  of  completeness.  This  '' 
counterexample  follows  almost  immediately  from  an  example  by  [Barmish,  Fu,  Saleh, 
1988].  A  similar  example  is  also  given  in  [Ackerthann,  Hu,  Kaesbauer,  1990]. 

Example  3.2  Consider  the  following  muldaffine  mapping  D:  r2  C[s] 

D(  (x,y)  )  =  s'^  +  (2.56  +  x  +  y)s3  +  (2.871  +  2.06  x  +  1.561y  +  xy)s^ 

+  (3.164  +  4.841X  +  1.56y  +  1.06xy)s  +  (1.853  +  3.773x  +  1.985y  +  4.032xy) 
that,  was  given  by  [Barmish,  Fu,  Saleh,  1988].  Let  the  set  of  possible  parameters  be 
A  =  [  (x,y)  •  R2  ;  0.2  ^  X  ^  0.7,  0  ^  y  <  3  }. 

For  all  (x,y)  •  A.  the  polynomial  D(  (x,y) )  has  two  real  roots  and  one  pair  of  complex 
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conjugate  roots.  Focusing  only  on  the  complex  root  with  positive  imaginary  pan. 
Figure  3. 5. shows  Root(D(Edge(A))),  and  Figure  3.6  shows  a  grid  approximation  of 
Root(D(A)).  These  two  figures  show  that  the  boundary  of  the  root  space  of  D(A)  is  not 
given  by  the  root  space  of  D(Edge(A)). 


Beal  xlO'^ 

_  .-A  / 

Root(D(Edge(A)))  for  Example  3.2. 

Figure  3.5 

Since  it  is  not  generally  true  that  3Root(D(A))  C  Root(Edgc(A))  when  D(A)  is 
generated  by  multiaffine  uncertainties,  it  is  hard  to  conceive  of  any  simple  way  to 
determine  the  root  space  of  D(A)  from  the  root  space  of  D(Edge(A)). 
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Grid  approximation  of  Root(D(A))  for  Example  3.2. 

Figure  3.6 

3.5  Edges  Alone  Don't  Imply  Stability  of  a  Polytope  of  Polynomials 

t^icrmination  of  Root(D)  is  one  way  of  ascertaining  if  D  is  G-staWfe;  but  in; ' 
many  cases,  it  is  not  the  most  efficient  way.  This  is  one  of  the  reasons  why  there  is  a 
penchant  in  the  controls  community  to  restate  the  itoot  version  of  the  Edge  Theorem 
above  directly  in  terms  of  stability.  To  some  extent,  this  conversion  has  already  been 
successfully  achieved,  but  it  is  only  valid  for  certain  classes  of  G  regions.  Using  a 
direct  restatement,  the  stability  version  of  the  Edge  Theorem  says  that  a  polytope  of 
polynomials  D  is  G-stable  if  and  only  if  Edge(D)  is  G-stable.  [Bartlett,  Hollot,  and 
Huang,  1988]  showed  that  the  stability  version  is  valid  if  D  C  and  if  G  is 

simply  connected  on  C.  [Fu,  Barmish,  1989]  proved  that  the  stability  version  is  valid 
if  D  C  Cn[s]  and  if  the  complement  of  G,  denoted  G^,  is  unbounded  and  path 
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connected  on  the  Riemann  Sphere,  S.  [Hollot,  Looze,  Banlett.  1990]  proved  that  the 
stability  version^  remains  valid  if  D  C  ■^.[s]  and  if  G  is  conjugate  symmetric,  simply 
connected  on  S.  Unfonunately,  neither  the  restricdons  on  the  set  of  polynomials  nor 
on  the  stability  regions  can  be  removed  without  invalidating  the  theorem. 

Some  conjectures  have  appeared  in  the  literature  which  remove  these 
restrictions.  Unfonunately,  these  conjectures  are  incorrect.  In  [Hollot,  Looze,  Bartlett, 
1987],  it  was  stated  that  the  stability  version^  of  the  Edge  Theorem  is  valid  if  D  C  X[s] 
and  if  G  is  simply  connected  on  C.  [Barmish,  1988a;  Sideris,  Barmish,  1989]  showed 
by  counterexample  that  this  statement  is  not  true.  [Soh,  Foo,  1989]  have  proposed  a 
Generalized  Edge  Theorem  which  handles  a  larger  class  of  functions  than  polynomials. 
When  restricted  to  polynomials,  the  Generalized  Edge  Theorem  states  that  tor  any 
polytope  D  C  C[s]  and  any  simply  connected  region  G  every  element  in  D  has  m  roots 
in  G  if  and  only  if  every  element  in  Edge(D)  has  m  roots  in  G.  For  the  case  when 
m  =  0,  this  theorem  implies  that  D  is  G^-stable  if  and  only  if  Edge(D)  Ic  '"•^-stable. 

In  this  section,  it  will  be  shown  by  counterexample  that  this  statement  is  not  true.  The 
error  in  the  Generalized  Edge  Theorem  is  not  limited  to  the  case  when  m  =  0.  Other 
counterexamples  for  m  ^  0  will  also  be  given.  The  counterexamples  in  thisrsection  and 
in  [Barmish,  1988]  clearly  show  that  the  restrictions  on  the  Edge  Theorems  in  [Bartlett, 
Hollot,  Huang,  1988;  Fu,  Barmish  1989;  Hollot,  Lboze,  Bartlett,  1990]  cannot  simply 
be  removed.  These  counterexamples  are  contributions  of  the  author  [Bartlett,  1990a}. 

The  first  counterexample  will  address  the  removal  of  conditions  on  the 
polytope.  As  noted  above,  previous  stability  versions  of  the  Edge  Theorem  all  contain 
restrictions  on  the  polytopes.  [Fu,  Barmish,  1989]  require  that  D  C  Cn[s]  and 


^In  [Hollot  et  al  1990],  Root(  A  )  is  the  closure  on  S  of  (  z  «  C  :  p(z)=0,  p{s)  «  A  c  R[s]  j . 
^Unlike  [Hollot  et  al  1990],  [Hollot  et  al  1987]  ises  the  standard  definition  of  Root(  A ). 
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[Hollot,  Looze,  Banlett,  1990]  require  that  D  C  5.[s].  The  next  example  will  show 
that  these  restrictions  can't  be  removed  even  for  basic  stability  regions. 


Example  3.3  Given  the  following  polynomials 

po(s)  =  3  s  +  0.5 
pi(s)  =  (-3  +  j3)  s  +  (-1.5  +  j2) 
P2(s)  =  {-3-j3)s  +  (-1.5-j2), 
define  D:  — >  C[s]  to  be  the  mapping  such  that 

D(  (5i,62)  )  =  po(s)  +  5ipi(s)  +  &2P2(s), 


and  define 


A  =  Box{  (0,0),  (1,1)). 

The  set  A  is  an  interval  family  and  D  is  an  affine  mapping,  so  the  set  of  polynomials 

D»D(  Box{(0,0),  (1,1)1  ) 


is  generated  by  affine  uncertainties.  From  Fact  2. 1,  it  is  known  that  D  is  also  a 
polytope  of  polynomials.  The  edge  root  locus  Root(Edge(D))  of  this  polytope  is 
represented  by  the  solid  lines  in  Figure  3.7.  The  doned  lines  in  Figure  3.7  represent 
the  jw-axB  and  the  unit  circle.  The  complete  root  space  Root(D)  is  lepreseiited'by  thfe 
shaded  region  in  Figure  3.8.  From  the  two  figures,  it  is  clear  that  D  is  neither  Gh* 
stable  nor  Gs'Stable  even  though  Edge(D)  is  both  CH-stable  and  Gs*stable. 


The  next  counterexample  will  consider  the  condidons  on  the  stability  region.  In 
addition  to  restrictions  on  the  polytope  of  polynomials,  previous  stability  versions  of 
the  Edge  Theorem  also  contain  restrictions  on  the  stability  region  G.  [Fu,  Barmish, 

1989]  require  that  G^  be  path  connected  and  unbounded  while  [Hollot,  Looze,  Bartlett, 

1990]  require  that  G  be  complex  symmetric,  simply  connected  on  S.  It  has  already 
been  shown  by  [Barmish,  1988]  that  the  restrictions  in  [Hollot,  Looze,  Bartlett,  1990] 
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can't  be  removed.  The  next  example  will  show  that  the  stability  region  restrictions  in 
[Fu,  Barmish,  1989]  also  cannot  be  removed. 


Example  3.4  Given  the  following  polynomials 

po(s)  =  s2  +  (-3.7900  -  j4.7700)s  +  (-1.8800  -t- j9.1000) 
pi(s)  =  (-0.7875  +  j0.5125)s  +  (  2.5500  -i- j0.6250) 

P2(s)  =  (  0.4158  +  j0.8118)s  +  (  0.7128  -  j2.4948), 

define  D:  c[s]  to  be  the  mapping  such  that 

D(  (Si.Si) )  =  P0(s)  +  5ipi(s)  +  S2P2(s), 

and  define 

A  =  Box{  (0.0).  (l.D). 

The  set  A  is  an  interval  family  and  D  is  an  affine  mapping,  so  the  set  of  polynomials 

D  =  D(  Box{(0.0).  (l.D) ) 

is  said  to  be  generated  by  affine  uncertainties.  From  Fact  2.1.  it  is  known  that  D  is  also 
a  polytope  of  polynomials.  The  edge  itx>t  locus  Root(Edge(D))  of  this  polytope  is 
shown  in  Figure  3.9.  The  complete  root  space  Root(D)  is  represented  by  the  shaded 
region  inf  igurc  3.10.  Let  G  be  the  stability  region  whose  complerpent  ir;  ^ 

GC  =  {  s«C:ls-2-j  21^0.04  }. 

Note  that  the  complement  of  G  is  sirhply  conneaeti  but  it  is  not  unbounded.  The  edge 
root  locus  Root(Edge(D))  and  the  region  of  instability  G^  (lightly  shaded)  are  shown  in 
Figure  3.1 1.  The  edge  root  locus  is  completely  outside  of  G^.  so  Edge(D)  is  G-stable. 
From  Figure  3.10  and  3.1 1.  it  is  clear  that  Root(D)  contains  G^.  so  D  is  not  G-stable. 
This  shows  that  the  restriction  on  G  given  in  (Fu.  Barmish.  1989]  can’t  be  removed. 

The  Generalized  Edge  Theorem  of  [Soh,  Foo.  1989]  restricts  the  stability 
region  but  does  not  restrict  the  polytope.  The  Generalized  Edge  Thetnem  states  that  for 
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Real 


The  edge  root  locus  Root(Edge(D))  for  Example  3.4. 
Figure  3.9 


Peal 

The  root  space  Root(D)  for  Example  3.4. 
Figure  3.10 
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Real 

The  edge  root  locus  and  the  region  of  instability  for  Example  3.4. 

Figure  3.11 

any  polytope  D  C  C(s]  and  any  simply  connected  region  G  every  element  in  D  has  m 
roots  in  G  if  and  only  if  every  element  in  Edge(D)  has  m  roots  in  G.  In  Example  3.3, 
every  edge  polynomial  has  one  root  (its  only  root)  in  the  open  left  half  plane,  but  some 
polynomials  in  D  have  their  only  root  in  the  right  half  plane.  This  shows  tfiat  for  ' 
m  =  max  deg(D),  the  Generalized  Edge  Theorem  is  incorrect  For  the  case  when 
m  =  0,  the  Generalized  Edge  Theorem  implies  that  if  G^  is  simply  connected  then  Q  is 
G-stable  if  and  only  if  Edge(D)  is  G-stable.  Both  Example  3.3  and  3.4  provide 
counterexamples  to  this  statement  The  errOT  in  the  theorem  is  not  limited  to  the  cases 
when  m  ®  0  or  m  =  max  deg(P).  The  following  example  disproves  the  intermediary 
case  0  <  m  <  max  deg(P). 

Example  3.5  Let  D  be  the  polytope  given  in  Example  3.4.  Let  the  stability 
region  be 
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G  =  {  ssC  :  ls-2-j2l<0.25  ). 

Note  that  G  is  simply  connected.  The  edge  root  locus  Root(EdgeO)  and  G  (lightly 
shaded)  are  shown  in  Figure  3.12  (compare  with  Figure  3.9  to  distinguish 
Root(Edge(D))  from  3G).  The  edge  root  locus  has  two  connected  regions  one  in  G 
and  one  outside  of  G.  Since  the  roots  vary  continuously  [Marden.  1949;  Zedek, 

1965],  each  edge  polynomial  will  have  at  least  one  root  in  each  of  the  two  connected 
regions.  Since  every  polynomial  in  EdgeOD)  has  two  roots,  one  must  be  in  G  and  one 
must  be  outside  of  G.  The  Generalized  Edge  Theorem  implies  that  every  polynomial  in 
D  will  have  exactly  one  root  in  G.  However,  the  polynomial 

D(  (0.5,  0.5) )  =  po(s)  +  0.5pi(s)  +  0.5p2(s), 
has  2  roots  in  G.  This  contradicts  the  theorem. 


1.2  1.4  1.6  1.8  2  2.2  2.4  2.6 


'Peal 

The  edge  root  locus  and  the  region  G  for  Example  3.5. 

Figure  3.12 
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These  examples  clearly  show  that  the  root  version  of  the  Edge  Theorem, 
Theorem  3.1,  can't  be  directly  restated  in  terms  of  stability  without  restrictions  on  the 
polytope  of  polynomials  and  on  the  stability  region  G.  Examples  3.3,  3.4,  and  3.5 
also  disprove  another  conjeaure.  The  sets  D  =  D(A)  in  these  examples  are  generated 
by  special  affine  uncertainties  which  have  the  property  that  Edge(D(A))  =  D(Edge(A)). 
Because  of  this  property,  these  examples  show  that,  like  Theorem  3.1,  Corollary  3.1 
can’t  be  direcdy  restated  in  terms  of  stability  without  the  use  of  restrictions.  The  next 
section  will  seek  to  overcome  the  need  to  use  these  restrictions. 

3.6  With  a  Precondition,  Edges  Imply  Stability  of  a  Polytope 

It  wUl  be  necessary  to  amend  some  additional  conditions  to  the  stability  version 
of  the  Edge  Theorem  in  order  to  remove  the  restrictions  on  the  polytope  of  polynomials 
D  and  on  the  stability  region  G.  In  this  section,  a  simple  prectmdition  for  the  Edge 
Theorem  [Bartlett,  1990a]  will  be  presented.  If  the  precondition  is  not  satisfied,  then  D 
has  roots  outside  of  G.  If  the  precondition  is  satisfied,  then  G-stability  of  Edge(D) 
implies  G-stability  of  D.  So  by  using  this  result,  a  noodificd  stability  versibn  of  the '  * 
Edge  Theorem  would  state  that  D  is  G-stable  if  and  only  if  D  satisfies  the  precondition 
and  Edge(D)  is  G-stable.  This  version  is  valid  for' any  region  G  and  any  polytope  in  - 
C[s].  The  precondition  is  defined  below. 

Definition  3.1  For  an  arbitrary  subility  region  G,  let  Ui,  Ui,  U3, ...  be  a 
collection  of  sets  such  that  each  Ui  is  a  connected  set^  and  Ui  U  U2  U  U3  U  ...  =  G^. 
Let  Z],  Z2,  Z3, ...  •  C  be  an  arbitrary  collection  of  points  such  that  Zj  •  Ui  for  each  i. 


^Ui  C  C  is  a  connected  setifAnUia0orBOUis0forall  pairs  of  disjoint  open  sets  A,  B  c  C. 
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The  set  of  polynomials  D  is  said  to  satisfy  the  precondition  for  G  if 
{zi,  Z2,  Z3,  ...  )  n  Root(D)  =  0. 

The  sets  Ui,  U2,  U3, ...  should  be  chosen  so  that  as  few  sets  as  possible  are 
required.  This  will  reduce  the  amount  of  work  required  to  check  the  precondition.  For 
cases  when  there  exist  a  finite  number  of  connected  sets  Ui,  U2, ... ,  Ur  such  that 

Ui  U  U2  U  ...  U  Ur  =  G^,  the  condition  {zj,  Z2 . Zr  )  H  Root(D)  =  0 

requires  only  r  simple  tests.  These  test  are  the  same  as  those  shown  in  Figure  3.2  and 
3.3  from  Example  3.1.  If  G^  can  only  be  decomposed  into  a  infinite  number  of 
connected  sets,  then  the  precondition  will  require  an  infinite  number  of  simple  tests.  In 
this  infinite  case,  direct  computation  of  Root(D)  via  Theorem  3.1  and  3.2  seems  more 
feasible  than  using  the  precondition  and  the  stability  version  of  the  Edge  Theorem 
presented  below. 

The  following  theorem  is  a  modified  stability  version  of  the  Edge  Theorem 
[Bartlett,  1990a].  It  is  an  original  contribution  of  the  author. 

Theorem  33  Let  D  be  a  polytope  of  polynomials,  and  let  G  be  u  s^itrary 
stability  region  in  C  D  is  G-stable  if  and  only  if  D  satisfies  the  precondition  for  G  and 
Edge(D)  is  G-stable. 

Proof  (Necessity)  By  Definition  3.1,  ifD  does  not  satisfy  the  precondition 
for  G,  then  there  exists  a  z  •  G^  which  is  also  an  element  of  Root(D).  This  would 
imply  that  D  was  not  G-stable,  so  the  precondition  is  a  necessary  condition  for 
G-stability  of  D.  Since  Edge(D)  C  D,  it  is  clear  that  G-stability  of  Edge(D)  is  a 
necessary  condition  for  G-stability  of  D. 
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(Sufficiency)  Assume  that  D  satisfies  the  precondition  for  G  and  assume  that 
Edge(D)  is  G-stable.  This  implies  that  there  exists  a  collection  of  sets 
Ui,  U2.  U3, ...  and  a  collection  of  points  z\,  zi,  Z3, ...  such  that  each  Ui  is  a 
connected  set,  Ui  U  U2  U  U3  U  ...  =  G^,  z;  e  U;  for  each  i,  and 
(zi,  Z2,  Z3, ...  )  n  Root(D)  =  0.  For  an  arbitrary  i,  it  will  be  shown  that  is 
Ui^-stable.  Since  U,  C  G^,  Edge(D)  is  Ui^-stablc.  As  in  Theorem  3.2,  let 
Vi,  V2, ... ,  Vq  be  a  finite  collection  of  open  sets  such  that 
Vi  U  V2  U  ...  U  Vq  =  C  \  Root(Edge(D))  and  Vy  fl  Vk  =  0  for  v  k. 
Edge(D)  is  Uj^-stable,  so  Uj^  contains  Root(Edge(D))  or  equivalently 
Root(Edge(D))  H  U;  =  0.  This  implies  that  Uj  C  Vj  U  V2  U  ...  U  Vq.  Since  LT,  is 
connected  and  the  V^  are  disjoint  open  sets,  there  can  only  be  one  value  of  k  such  that 
Ui  n  Vk  ^  0.  This  implies  that  Ui  C  V^  and  consequently  Zi  «  Vj.  Since 
(zi,  Z2,  Z3, ...  }  n  Root(D)  =  0  and  hence  Zj  Root(D),  Theorem  3.2  implies 
that  Vk  n  Root(D)  =  0.  The  intersection  Ui  0  Root(D)  must  also  be  empty,  therefore 
D  is  Ui^-stable.  Since  i  was  arbitrary,  D  is  Ui^-stablc  for  all  i.  This  implies  that  D  is 
(Ui^  n  U2^  n  U3^  n  ...  )-stable.  By  DeMorgan's  Law,  (Ui^  D  U2^  H  U3^  (T  ... )  = 
(Ui  U  Ui  U  U3  U  ...  )^,  which  equals  (G^)^  =  G.  This  implies  that  D  is  G-stable.*  □ 

:  I 

The  following  corollary  to  Theorem  3.3  follows  directly  from  Fact  2.1. 

Corollary  3.2  Let  the  set  of  polynomials  D(A)  be  generated  by  affine 
uncertainties,  and  let  G  be  an  arbitrary  stability  region  in  C.  D(A)  is  G-stable  if  and 
only  if  D(A)  satisfies  the  precondition  for  G  and  D(Edgc(A))  is  G-stable. 

One  of  the  main  reasons  the  theorem  above  is  a  contribution  is  based  on 
computational  considerations.  There  are  methods  for  determining  the  G-stability  of 
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Edge(D)  that  are  significantly  more  computationally  efficient  than  computing 
Root(Edge(D))  [see  Bialas,  1985;  Fu,  Barmish,  1988;  Bartlett,  Hollot,  1988; 
Ackermann,  Barmish,  1988;  Saydy,  Tits,  Abed,  1988;  Bose,  1989].  These  edge  tests 
can  be  combined  with  the  stability  version  of  the  Edge  Theorem  to  efficiently  determine 
if  D  is  G-stable  provided  that  the  restrictions  on  G  and  D  are  satisfied.  If  the 
restrictions  are  violated,  then  the  computationally  advantageous  edge  tests  can't  be 
utilized  to  determine  the  G-stability  of  D  unless  the  precondition  is  used. 

The  usefulness  of  the  precondition  is  illustrated  by  the  next  example.  A  edge 
stability  test  due  to  [Bose,  1989]  will  be  used  to  determine  if  Edge(D)  is  stable.  The 
polytope  of  polynomials  considered  in  the  example  cannot  be  handled  by  previous 
stability  versions  of  the  Edge  Theorem,  so  stability  of  Edge(D)  alone  will  not  imply 
stability  of  D.  By  testing  the  precondition  and  applying  Theorem  3.3,  it  will  be 
possible  to  use  the  results  of  Bose’s  test  to  determine  the  stability  of  the  entire  polytope. 
By  using  this  edge  test  and  the  precondition  instead  of  computing  Root(Edge(D)),  the 
amount  of  computations  required  is  greatly  reduced.  These  saving  could  not  have  been 


realized  without  Theorem  3.3. 


Example  3.6  Let  D  be  the  polytope  of  polynomials  for  which  Ven(D)  is 
comprised  of  the  following  three  vertices 

pi(s)  =  s  +  1 

pzfs)  =  s2  +  (3  +  j)s  +  (2+j2) 


P3(s)  =  s2  +  (4-j)s  +  (3-j3). 

Let  the  stability  region  be  the  open  left  half  plane  Gh-  The  instability  region  Gh^  is 
clearly  comprised  of  a  single  connected  set,  so  the  precondition  requires  only  one  test 
When  the  origin  is  used  as  the  precondition  test  point,  the  value  set  is 
Val(D,0)  =  conv({  1, 2+j2,  3-j3)).  This  polygon  is  contained  in  the  open  right  half 
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plane,  so  the  origin  is  not  covered  by  the  value  set  and  hence  the  precondition  is 
satisfied-  To  shew  that  the  edges  are  GH-stable,  the  resultant  method  of  [Bose.  1989] 
will  be  used.  The  first  condition  is  that  the  vertices  must  be  GH-stable.  By  computing 
Root(Vert(D))  =  (-1,  -2,  -3,  -1-j,  -l+j),  it  is  clear  that  the  vertices  are  GH-stable. 

The  second  condition  requires  the  formation  of  a  resultant  A(X.)  for  each  edge  (see 
[Bose,  1989]  for  details).  The  edge  will  be  stable  if  and  only  if  A(X,)  has  no  zeros  in 
the  interval  (0,1).  For  the  three  edges  of  this  polytope,  the  resultants  are 

Ai.2(X)  =  -4  X3  +  22  -  37  X  -I-  20 

Au(X)  = -18X3 +  78X2-  llOX  +  51 
A2.3(X)  =  -11  X3  +  37  X2  -  57  X  +  51. 

By  computing  the  root  spaces  of  these  polynomials 

Root(  (Au(X)}  )  =  {  2.9156,  1.2922  ±  j  0.2124  ] 

Root(  {Au(X))  )  =  {  1.9133,  1.2100  ±  j  0.1293  } 

Root(  (A2.3(X)}  )  =  {  1.9227,  0.7205  ±  j  1.3756  }, 
it  is  determined  that  the  resultants  have  no  roots  in  (0,1),  so  the  edges  are  all  Gn-stable. 
Since  Edge(D)  is  Gn-stable  and  D  satisfies  the  precondition  for  Gh,  Theorem  3.3 
implies  thjit  D  is  Gn-stable.  '  '' 

In  addition  to  G-stability,  the  previous  sectiibn  raised  the  issue  of  determining.if 
all  polynomials  in  a  polytope  have  m  roots  in  a  given  region  of  the  complex  plane. 

[Soh,  Foo,  1989]  conjectured  that  for  any  polytopc  D  C  C[s]  and  any  simply 
conneaed  region  G  every  element  in  D  has  m  roots  in  G  if  and  only  if  every  element  in 
Edge(D)  has  m  roots  in  G.  Examples  3.3,  3.4,  and  3.5  showed  that  this  conjecture  is 
not  true  as  stated.  The  results  in  this  section  suggest  ways  of  correcting  this  conjecture, 
but  this  may  not  be  the  best  way  of  carrying  out  this  type  of  analysis. 
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An  alternate  approach  is  to  recast  this  problem  in  terms  of  stability.  The  first 
step  in  this  approach  is  to  show  that  the  polytope  15  is  (G  U  B)-stable  where  B  is  a  set 
that  is  separable^  from  G  (there  is  often  a  natural  choice  for  B  based  on  otlier  goals  of 
the  overall  analysis).  Next,  the  continuity  of  root  loci  [Marden,  1949;  Zedek,  1965]  is 
used  to  show  that  (under  certain  conditions)  if  any  polynomial  in  D  has  m  roots  in  G 
then  every  polynomial  in  D  has  m  roots  in  G.  Conditions  under  which  this  last 
statement  is  guaranteed  to  be  true  are  when  G  is  bounded  and/or  when  there  exists  an  n 
such  that  D  C  Cn[s].  This  alternate  approach  is  not  original  to  this  dissenation;  it  has 
been  used  by  others  [for  example,  see  the  discussion  of  the  dominant  pole  location 
problem  by  Fu,  Barmish,  1989]. 

For  the  special  case  of  polytopes  of  polynomials,  the  approach  described  above 
is  one  possible  way  of  carrying  out  the  analysis  suggested  in  [Soh,  Foo,  1989]  (It  also 
extends  [Soh,  Foo,  1989]  because  G  is  not  required  to  be  simply  connected).  In 
addition  to  polynomials,  [Soh,  Foo,  1989]  were  also  interested  in  the  zeros  of  other 
functions.  [Fu,  Olbrot,  Polis,  1989]  have  already  extended  a  stability  version  of  the 
Edge  Theorem  to  "quasi"  or  "delay"  polynomials.  The  extension  to  polytopes  of  more 
general  fiinctions  appears  to  be  more  difficult.  The  results  and  couiiterexa^pltis  abdve 
will  be  useful  in  any  attempt  to  achieve  this  extension,  but  that  undertaking  is  beyond 
the  scope  of  this  dissertation. 


and  B  are  called  sqniable  if  there  exist  disjoint  open  sets  V  and  U  such  that  D  c  v  and  B  c  U. 
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3.7  No  Stability  Edge  Theorem  for  Multiafflne  Uncertainties 

This  section  wiil  review  a  counterexample  due  to  [Barmish,  Fu,  Saleh,  1988]. 
This  counterexample  shows  that  the  stability  of  a  polynomial  set  D(A)  generated  by 
multiaffine  uncertainties  cannot  be  determined  from  the  stability  of  its  edges. 

Example  3.7  Consider  the  following  multiaffine  mapping  D;  S.2  ->  C[s] 

D(  (x,y) )  =  s'^  +  (2.56  +  x  +  yls^  +  (2.871  +  2.06  x  +  1 .561y  +  \y)s^ 

+  (3.164  +  4.841x  +  1.56y  +  1.06xy)s  +  (1.853  +  3.713x  +  1.985y  +  4.032xy) 
and  the  set  of  possible  parameters 

A  =  (  (x,y)  eR.2  ;  0^x<l,  0<y<3}. 

It  was  shown  in  [Barmish,  Fu,  Saleh,  1988]  that  Root(D(A))  <t  Gh  even  though 
Root(D(Edge(A)))  C  Gh- 

The  counterexample  above  is  very  strong  because  D(A)  is  a  basic  set  of 
polynomials  containing  only  4-th  order  real  polynomials  and  because  the  stability 
region  Qh  is  one  of  the  two  most  basic  stability  regions.  Based  on  the  strdhgtH  of  dlis 
counterexample,  it  is  unlikely  that  a  Gn-stability  edge  theorem  for  multiaffine 
uncertainties  exists  without  excessive  restrictions  bn  D(A).  One  might  wonder  if  a  , 
stability  edge  theorem  for  multiaffine  uncertainties  exists  for  other  stability  regions. 
ITie  tollowing  counterexample  shows  that  one  does  not  hold  for  Gs.  The  absence  of  a 
stability  edge  theorem  for  the  two  most  important  stability  regions  Gh  and  Gs  does  not 
generate  much  optimism  concerning  edge  theorems  for  other  stability  regions. 
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Example  3.8  Consider  the  multiaffine  mapping  D:  C[s]  and  the 

interval  family  of  2-tuples  from  Example  3.7.  Define  the  multiaffine  mapping 
P:  3.2  — »  C[z]  as  follows 

P((x,y))  =  (z-(-l)4-t-(2.56-t-x-i-y)(z+l)3(z-l) 

+  (2.871  +  2.06  X  +  1.561y  -t-  xy)(z-t-l)2(z-l)2 
+  (3.164  +  4.841X  -t-  1.56y  +  1.06xy)(z-i-l)(z-l)3 
+  (1.853  -t-  3.773X  -t-  1.985y  -h  4.032xy)(z-l)4. 

For  any  (x,y)  e  A,  the  two  polynomials  d(s)  =  D(  (x,y) )  and  p(z)  =  P(  (x,y) )  are 
related  by  the  equation 

p(z)  =  (z-l)4d^^y 

This  relation  shows  that  the  roots  of  d(s)  (except  those  at  s  -  1)  are  mapped  to  the  roots 
of  p(z)  via  the  bilinear  transformation.  Note  that  all  the  coefficients  of  all  the 
polynomials  in  D(A)  are  positive,  so  none  of  the  polynomials  in  D(A)  have  a  root  a  s  = 
1.  This  implies  that,  for  any  (x,y)  •  A,  if  the  polynomial  D(  (x,y) )  has  m  roots  in  Gh 
and  4-m  roots  in  Gh^,  then  the  polynomial  P(  (x,y) )  will  have  m  roots  in  Gs  and  4- 
m  roots  in.Gs^.  From  the  fact  that  Root(D(A))  Gh  and  Root(D(Edge(idO^)  ^  Gh> 
[Barmish,  Fu,  Saleh,  19881,  it  follows  that  Root(P(A))  Gs  even  though 
Root(P(Edge(A)))  C  Gs.  This  straight  forward  ex^nsion  of  the  [Barmish,  Fu,  Saleh, 
1988]  example  contradicts  a  Gs-stability  edge  conjecture  for  sets  of  n-th  order  real  , 
pol3momials  generated  by  multiaffuie  uncertainties. 

For  polynomial  sets  generated  by  multiaffine  uncertainties,  it  is  doubtful  that  a 
modified  stability  edge  theorem  can  be  obtained  through  the  use  of  a  simple 
"precondition."  This  pessimism  is  based  on  the  fact  that  dRoot(D(A))  is  generally  not  a 
subset  of  Root(Edge(A))  when  D(A)  is  generated  by  multiaffine  uncertainties.  Without 
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this  root  space  propeny,  it  is  not  possible  to  follow  the  precondition  approach  that  was 
used  with  polytopes  of  polynomials. 

3.8  Counterexamples  to  Vertex  Theorems  for  Affine  Uncertainties 

For  a  set  of  polynomials  D(A)  generated  by  affine  uncertainties,  this  section  will 
provide  two  counterexamples  which  show  that  G-stability  of  D(Vert(A))  does  not  imply 
that  D(A)  is  G-stable.  The  first  counterexample  will  show  that  Gn-stability  of  a  set  of 
3rd  order  real  polynomials  generated  by  affine  uncertainties  is  not  implied  by 
Gn-stability  of  the  vertex  polynomials.  This  is  equivalent  to  showing  that  the  set  of  all 
Gn-stable  real  polynomials  is  not  convex.  It  is  not  clear  at  what  point  this  lack  of 
convexity  was  first  discovered,  but  this  fact  easily  follows  from  work  conducted  as  far 
back  as  the  1950's.  In  [Truxal,  1955,  pp.  595-598],  an  example  due  to 
[Kochenburger,  1953]  of  a  conditionally  stable  control  system  is  presented  which 
implies  that  the  set  of  Gn-stable  5-th  order  real  polynomials  is  not  convex.  A  simpler 
3rd  order  example  based  on  the  work  of  [Bialas,  Garloff,  1985]  is  given  next. 

Example  3.8  Consider  the  following  affine  mapping  D:  R  R[s] 

D(5)  =  s3  +  (1-0.75)s2  +  (2-0.9575)  s  +(1-0.9985) 
and  the  set  of  possible  parameter  values 

A={5«R;0^5^1). 

Figure  3.13  shows  the  roots  of  the  vertices  D(l)  and  D(0)  represented  by  x's  and  o's, 
respectively.  The  dotted  line  connecting  the  x’s  and  the  o's  represents  Root(D(A)). 

The  figure  clearly  shows  that  D(A)  is  not  GH-stable  even  though  D(Vert(A))  is 
GH-stable. 
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Root  space  for  Example  3.8. 

Figure  3.13 

For  sets  of  polynomials  generated  by  affine  uncertainties,  a  counterexample  to  a 
GH'Stablility  vertex  conjecture  can  easily  be  transformed  in  to  a  counterexample  to  a'* 
Gs-stabUity  venex  conjecture  by  using  the  bilinear  transformation.  For  this  reason, 
once  it  is  known  that  the  set  of  Gn-stable  n-th  orddr  real  polynomials  is  not  convex,  it 
follows  almost  immediately  that  the  set  of  Gs-stable  n-th  order  real  polynomials  is  aho 
not  convex.  It  is  not  clear  when  this  fact  was  first  pointed  out  Clearly,  (Ackermann, 
1980,  Figure  4]  shows  that  the  set  of  Gs-stable  3rd  order  real  polynomials  is  not 
convex.  A  slightly  modified  version  of  a  4th  order  counterexample  due  to  [Hollot, 
Bartlett,  1986]  is  given  next. 


73 


Example  3.9  Consider  the  following  affine  mapping  D:  a  — >  a[s] 

D(5)  =  s-^  +  5  s3  +  1.35  s2  +  0.243  s  -  0.2916 
and  the  set  of  possible  parameter  values 

A  =  {  5®  a  :  -2.299  <5<  1.79  }. 

Figure  3. 14  shows  the  unit  circle  represented  by  a  solid  line  and  the  roots  of  the 
vertices  D(-2.299)  and  D(1.79)  represented  by  x’s  and  o's,  respectively.  The  roots  of 
the  vertices  are  inside  the  unit  disk,  so  the  vertices  are  Gs-stable.  The  dotted  line 
connecting  the  x's  and  the  o's  represents  Root(D(A)).  The  figure  clearly  shows  that 
D(A)  is  not  Gs-stable  even  though  D(Ven(A))  is  Gs-stable. 


Root  space  for  Example  3.9 

Figure  3.14 
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The  two  examples  above  show  that  in  general  G -stability  of  the  venices  of  a 
polynomial  set  generated  by  affine  uncertainties  does  not  imply  G-stability  of  the  whole 
set.  It  may  be  possible  that  a  venex  conjecture  does  hold  for  certain  stability  regions 
but  not  for  the  two  most  important  regions.  Example  3.8  shows  that  a  GH-stability 
vertex  conjecture  is  false,  and  Example  3.9  shows  that  a  Gs-stability  vertex  conjecture 
is  also  false.  In  addition  to  the  affine  case,  these  examples  obviously  disprove  similar 
conjectures  for  polytopes  of  polynomials  and  polynomial  sets  generated  by  multiaffine 
uncertainties.  The  case  of  interval  families  of  polynomials  will  be  considered  in  the 
next  section. 

3.9  Vertex  Theorems  for  the  Stability  of  Interval  Families 

This  section  will  review  the  existence  and  non-existence  of  G-stability  vertex 
theorems  for  interval  families  of  polynomials.  For  arbitrary  stability  regions, 
G-stability  vertex  theorems  do  not  exist  This  is  demonstrated  by  Example  3.9  above 
which  shows  that  an  interval  family  is  not  Gs-stable  even  though  its  vertices  are 
Gs-stabl&  Despite  this  counterexample,  G-stability  vertex  theorems  do  bold  for  > '  . 
several  important  stability  regions.  The  first  of  these  theorems  concerns  Gh  and  is  due 
to  [Kharitonov,  1978a,bl. 

Theorem  3.4  [see  Kharitonov,  1978a  &  b  for  proof]  Let  D  be  an  interval 
family  of  polynomials.  D  is  GH-stable  if  and  only  if  Vert(D)  is  Gn-stable. 

This  is  known  as  the  weak  version  of  Kharitonov's  Theorem. 
Kharitonov  also  proved  a  much  stronger  theorem.  This  stronger  version  relates 
stability  of  the  family  to  the  stability  of  the  polynomials  defined  below. 
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Deflnition  3.2  For  the  interval  family 

=  {  (Cq+jdq)s‘l  +  (Cq.i+jdq.i)s‘l-l  +  ... +  (ci+jdi)s  +  (co+jdo)  : 

CO^^CO^CQ^,  CiL;Sci<CiH,  ...  ,  Cq^<Cq<CqH 

do^  <  do  ^  do^,  diL<di<diH,  ...  ,  dq^  <  dq  <  dq*^  ] . 

define  the  following  eight  polynomials 

Phr+(s)  =  Co”  +  jdi^  +  C2^s2  +  jda^s^  +  C4”s'‘  +  jds^s^  +  +  jd7”s’  +  cg^s*  +  . . . 

pLR+(S)  =  Co^  +  jdl”s  +  C2”s2  +  jds^S^  +  C4^'*  +  jds^S^  +  +  jd7Ls’^  +  CgLg*  +  . . . 

PHi+(s)  =  jdo”  +  ci”s  +  jd2*-s^  +  C3^3  +  jda^s^  +  cs^s^  +  jd^^^  +  C7^^  +  jdg”s*  +  . . . 
PU+(s)  =  jdo^  +  Ci^  +  jd2”s2  +  C3”s3  +  jd4^'*  +  C5^5  +  jd^HjS  +  C7”s'^  +  jdg^-S*  +  . . . 
Phr-(s)  =  Co”  +  jdi”s  +  C2^^  +  jd3^3  +  €4”$^  +  jd5”s^  +  +  jd7^^  +  cg”s*  +  . . . 

Plr-(s)  =  co^  +  jdl^  +  C2”s2  +  jd3”s^  +  ca^'*  +  jd5^^  +  C6”s®  +  jd7”s^  +  cg^s*  +  . . . 
PHI-(s)  =  jdo”  +  Cl^  +  jd2*^^  +  C3”s^  +  jd4”s^  +  Cs^-S*  +  +  C7”s^  +  jdg”s*  +  . . . 

PU-(s)  =  jdo*-  +  Ci”s  +  jd2”s2  +  C3^3  +  jda^'*  +  C5”s5  +  jd^”s®  +  C7^‘^  +  jdg^*  +  . . . 
These  polynomials  are  used  to  define  the  following  sets 

HiLow+(D)  s=  {  Phr+(s),  PLR+fs).  phi+(s).  pu+(s),  0  ) 

Khar+(D)  =  (  Phr+(s)+Phi+(s),  Phr+(s)+PU+(s),  PLR+(s)+pu+(s),  PLR+<5)+pHi+(sd' ) 
HiLow.(D)  =  (  phr-(s),  Plr-(s),  Phi-(s),  pu-(s),  0  ) 

Khar.(D)  =  {  phr-(s)+Phi-(s).  PHR-(s)-»-pu-(s)J^^pLR-(s)+pu-(s),  Plr-(s)+Phi-(s)  ) 
Khar(D)  =  Khar+(D)  U  Khar.(D). 

The  next  theorem  is  the  strong  version  of  Kharitonov's  Theorem. 

Theorem  3.5  [see  Kharitonov,  1978a,b,  and  Bose,  Shi,  1987  for  proof] 
Let  D  be  an  interval  family  of  polynomials.  D  is  Gn-stable  if  and  only  if  Khar(D)  is 
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GH-siable.  Funhermore.  if  C  ;R[s),  then  D  is  GH-stable  if  and  only  if  Khar+liD)  is 
GH'Stable. 

The  strong  version  of  Kharitonov's  Theorem  has  not  been  extended  to  any 
other  stability  region,  but  the  weak  version  has  been  extended  For  the  stability  region 

Ge  =  {  s  «  C  ;  Jc+8  <  arg(s)  ^  Jt-0  ) 

where  0  <  0  <  7t/2,  [Soh,  Berger,  1988]  showed  that  an  interval  family  of  polynomials 
3;  C  Cn[s]  is  G0-stable  if  and  only  if  Ven(D)  is  Ge-suble.  This  result  is  generalized 
by  the  following  theorem  due  to  [Petersen,  1989]  (some  further  generalizadons  of  this 
theorem  have  also  been  considered  by  [Fu,  1989a]). 

Theorem  3.6  (see  Petersen,  1989  for  proof]  Given  the  following  sets 
Hi  =  {  s  e  C  ;  Rc((s+Oi)exp(-j0i)]  <  0  ] 

H2  =  { s  «  C  ;  Re[(s+O2)exp(-j02)]  <  0  ) 

Hk  =  {  s  «  C  :  Re[(s+ak)exp(-j0k)]  <  0  j 

-  Bi  =  {s«C  :  abs(s+ci)  <  ri  )  ' 

B2  =  ( s «  C  :  abs(s+c2)  <  r2  ] 

Bq  =  (  s  «  C  :  abs(s+Cq)  <  tq  ) 

where  Oi,  02, ,  Ok  ^  0;  0i,  02, ... .  0k  •  [-Jt/2,7i/2];  and  ci  >  n  >  0  for 
i  =  l,2„..,q.  Let  D  C  Cn[s]  be  an  interval  family  of  polynomials,  and  let 
G  =  Hi  n  H2  n ...  n  Hk  n  Bi  n  B2  n ...  n  Bq. 

D  is  G-stable  if  and  only  if  Vcrt(D)  is  G-stable. 
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The  stability  venex  theorems  in  this  section  are  primarily  useful  for  condnuous- 
dme  systems.  For  discretc-dme  systems,  the  best  available  results  are  the  stability 
versions  of  the  Edge  Theorem. 

3.10  Conclusion 

This  chapter  has  given  a  thorough  review  of  the  existence  of  vertex  and  edge 
theorems  pertaining  to  root  location  and  stability  analyses  of  the  four  classes  of 
polynomial  families  considered  in  this  dissertation.  It  was  shown  that,  for  polynomial 
sets  generated  by  multiafftne  uncertainties,  no  vertex  or  edge  theorems  are  available  to 
simplify  root  location  or  stability  analyses.  This  is  true  even  for  the  two  special  cases 
of  Gh  and  Gs-stability  analyses  and  for  the  special  case  of  real  polynomials.  For 
polytopcs  of  polynomials  and  polynomial  sets  generated  by  affine  uncenainties,  the 
availability  of  edge  theorems  and  the  absence  of  vertex  thecaems  were  pointed  out  for 
both  root  locadon  and  stability  analyses.  Care  must  be  taken  with  the  use  of  this 
stability  edge  theorem.  Either  assumptions  on  the  polytope  and  on  the  stability  region 
must  be  satisfied  or  a  precondition  must  be  used.  For  interval  famities  of^l^Iybomihls, 
it  was  demonstrated  that  itx)t  location  analyses  and  general  cases  of  stability  analyses 
can  be  simplified  by  edge  theorems  but  not  by  vertex  theorems.  This  is  true  even  for 
the  special  case  of  Gs-stability  analysis.  However,  for  sooie  special  stability  regions 
including  the  open  left  half  plane  Gh,  it  was  shown  that  powerful  vertex  theorems  exist 
for  the  stability  analysis  of  interval  families  of  polynomials. 
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CHAPTER  4 


FREQUENCY  RESPONSE  ANALYSES 

4.1  Introduction 


This  chapter  will  discuss  frequency  response  analyses  of  the  four  classes  of 
uncenain  systems  defined  in  Chapter  2.  The  main  goal  of  this  chapter  is  to  review  the 
availability  of  vertex  and  edge  theorems  that  simplify  the  computation  of  the  frequency 
response  sets 

Nyq(T,z)=|  [^]  «  C  ;  absj^^j  <  «,  (n(s),d(s))  e  7  ) 
and 

Mag(7.z)='  absj^J^j  •  R  :  abs|^^j<oo,  (n(s);d(s))  e  T  j- 

where  T  is  a  polynomial-pair  set  and  z  is  any  complex  frequency.  Several  vertex 
theorems,  edge  theorems,  and  counterexamples  to  similar  conjectures  will  be  presented. 

The  residts  in  this  chapter  are  directly  applicable  to  Nyquist  plane  and  Bode 
magnitude  plot  analyses.  These  results  are  also  indirectly  applicable  to  analyses  using 
the  Nichols  chan  and  the  Bode  pha%  plot.  This  is  due  to  the  fact  that  theorems  which 
simplify  the  computation  of  Nyq(T,z)  will  automatically  provide  similar  theorems  for 
computation  of  the  template  [Horowitz,  1982] 


Nic(T.i)>{  ^20Log(abs[|g])arg[=g]).  : 

0  <  (n(s),d(s))  •  T 
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and  the  set 


*4rg(T,z)  =  <  arg 


n(zy 


d(z) 


R  :  0  <  abs 


<  oo,  (n(s),d(s))  e  7 


where  T  is  a  polynomial-pair  set  and  z  is  any  complex  frequency.  These  theorems  will 
not  be  stated  explicitly,  but  computation  of  templates  will  be  illustrated  by  example. 


4.2  An  Edge  Theorem  for  Polytopes  of  Polynomial-Pairs 


This  section  will  present  a  frequency  response  edge  theorem  for  polytopes  of 
polynomial-pairs.  This  edge  theorem  is  obtained  by  relating  the  frequency  response  of 
a  set  of  polynomial-pairs  to  the  roots  of  a  set  of  polynomials.  This  is  the  purpose  of  the 
following  lemma. 

Lemma  4.1  If  T  C  Cls]^  and  z  «  C  such  that 

(0,0)  4  Val(T,z)  =  {  (n(2),d(2))  e  C2  :  (n(s),d(s))  c  T  } 

then 

Nyq(T,z)  =  Root(  {  d(z)x-n(2)  «  C[x]  :  (n(s),d(s))  e  T  }..). 

Proof  The  assumption  (0,0)  4  Val(T,2)  implies  that  for  any  (n(s),d(s))  •  T  if 
d(z)  =  0,  then  n(2)  ^  0.  In  turn,  it  follows  that  d(z)x-n(z)  e  C[x]  has  a  root  if  and  only 
if  d(z)  *  0  and  that  abs[n(2)/d(z)]  <  «» if  and  only  if  d(z)  *  0 .  This  implies  the  set 
equalities 

Nyq(T,z)=  {  n(2)/d(z)  «  C  :  d(z)  *0,  (n(s),d(s))  «  T  } 
and 

Root(  {  d(z)x-n(2)  «  C[x]  :  (n(s),d(s))  •  T  }  )  = 

Rootf  d(z)x-n(z)  «  C[x]  ;  d(z)  ^  0,  (n(s),d(s))  •  T  }  ), 
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The  lemma  now  follows  from  the  fact  that  if  d(z)  ^  0  then  n(z)/d(z)  is  the  only  root  of 
the  polynomial  d(z)x-n(z)  e  C[xl.  i 


Lemma  1  has  recast  the  frequency  response  problem  in  terms  of  polynomial 
root  locations.  This  will  allow  use  of  Theorem  3.1  if  T  is  appropriately  structured. 

Theorem  4.1  Given  T  C  C[s]2  and  z  «  C  such  that  (0,0)  4  Val(T,z).  If  T 
is  a  polytope,  then 

3Nyq(T,z)  C  Nyq(Edge(T),z). 


Proof  Lemma  4. 1  shows  that 

Nyq(T,z)  =  Root(  {  d(z)x-n(z)  «  C[x]  :  (n(s),d(s))  e  T  }  ).  (1) 

Because  T  is  a  polytope  in  C[s]2  and  because  d(z)x-n(z)  can  be  treated  as  an  affine 
mapping  from  C[s]2  to  C[x],  it  follows  that  the  set 

?  =  (  d(z)x-n(z)  •  C[xl  ;  (n(s),d(s))  e  T  }  (2) 

will  be  a  polytope  in  C[x]  and  that 

.  Edge(P)  C  {  d(z)x-n(z)  «  C[x]  :  (n(s),d(s))  «  Edge(T)  ^  /  (3) 

Since  P  is  a  polytope.  Theorem  3.1  can  be  used  to  show  that 

9Root(P)  C  Root(Edgc(P)).  .  (4) 

Combining  equations  (3)  and  (4)  gives 

aRoot(P)  C  Root(  {  d(z)x-n(z)  ■  C[x]  :  (n(s),d(s))  «  Edge(D  }  ).  (5) 

From  equations  (1)  and  (2),  it  follows  that 

aNyq(T,z)  =  0Root(P).  (6) 

Applying  Lemma  4. 1  in  the  other  direction  gives 


Root(  {  d(z)x-n(z)  «  C[xl  :  (n(s),d(s))  •  Edge(D  )  )  =  Nyq(Edge(D,z).  (7) 
Substituting  equations  (6)  and  (7)  into  (5)  gives 
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3Nyq('r,z)  C  Nyq(Edge(T),z) 


which  completes  the  proof.  □ 

The  following  corollary  to  Theorem  4.1  is  easily  obtained  using  Fact  2.1. 

Corollary  4.1  Given  T(A)  C  C[s]2  and  z  a  C  such  that 
(0,0)  ♦  Val(T(A),z).  If  T(A)  is  generated  by  affine  uncenainties,  then 
aNyq(T(A),z)  C  Nyq(T(Edge(A)).z). 

Theorem  4. 1  shows  that  for  polytopes  of  polynomial-pairs  most  of  the 
important  information  about  the  frequency  response  set  Nyq(T,z)  can  be  determined  by 
using  just  the  edge  descriptions.  To  determine  the  entire  response  set,  it  is  necessary  to 
determine  the  "pseudo-interior"  Nyq(T,z)  \  Nyq(Edge(T),z).  The  following  theorem 
indicates  an  easy  procedure  for  finding  these  points.  The  proof  follows  directly  from 
the  definition  of  boundary,  so  it  is  omitted. 

'Eheorem  4.2  Assume  that  T  c  C[s]2  and  z  a  C  such  that  yal(T,z), 

and  assume  that  T  is  a  polytope.  Let  c  be  any  point  in  V  where  V  is  a  connected  subsa 
of  C  such  that  V  D  Nyq(Edgc(T),z)  =  0.  If  the  pblytope  of  complex  numbers 
{d(z)c-n(z)  a  C  ;  (n(s),d(s))  a  T)  =conv({d(z)c-n(z)  a  C  :  (n(s),d(s))  a  Ven(T)}) 
contains  the  origin,  then  V  C  Nyq(T,z).  Conversely,  If 

0  ♦  conv({d(z)c  n(z)  a  C :  (n(s),d(s))  a  Ven(T)}), 
then  V  n  Nyq(T,z)  ^  0. 

The  application  of  Theorem  4. 1  and  4.2  to  find  the  response  set  of  a  polytope  of 
polynomial-pairs  is  illustrated  by  the  following  example. 
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1 


I 


Example  4.1  Consider  the  set  of  polynomial-pairs 
7  =  (  (  n(s)-t-aono(s)-Haini(s)-t-a2n2(s),  d(s)-t-aodo(s)+aidi(s)+a2d2(s) ) 
:  ao.  ai,  a2  e  [-0.1.  0.1]  } 


where 

n(s)  =  s‘‘-(-3s3  +  3s2-i-3s  +  2 
no(s)  =  0.1  s3+0.1  s2  -  0.2  s -I- 0.3 
ni(s)  =  -0.2  -0.1 

n2(s)  =  -0.3  s3  -  0.1  $3-1-  0.2  s 
d(s)  =  s5  -t-  15  -t-  99  s3  -I-  495  s^  -i-  1850  s  -t-  3000 

do(s)  =  0 

di(s)  =  -30  s^  -t-  20  s 
d2(s)  =  1000  s2  +  1000  s  +  2000. 

The  edge  frequency  response  Nyq(Edge(T),  jl)  is  shown  in  Figure  4.1.  The 
edge  response  divides  the  Nyquisi  plane  into  seven  bounded  regions  and  one 
unbounded  region.  To  determine  which  of  these  regions  is  part  of  Nyq(T,  j  1), 

-  .  V  '  r 

Theorcm-4.2  is  used.  For  the  test  point  c  =  j3><  10*3,  Figure  4.2  shows  that 
0  #  conv({d(z)c-n(z)  «  C ;  (n(s),d(s))  «  Ven(T))). 

This  implies  that  Nyq(T,  jl)  and  the  region  containing  c  (the  unbounded  region)  share 
no  points  in  common.  For  the  test  point  c  =  0,  Figure  4.3  shows  that 
0  •  conv({d(z)c-n(z)  «  C :  (n(s).d(s))  «  Vert(T))). 

The  bounded  region  containing  c  is  thereforca  subset  of  Nyq(T,  j  1).  By  similar  tests,  it 
can  be  shown  that  the  other  six  bounded  regions  are  contained  in  Nyq(T,  j  1).  A 
complete  representation  of  Nyq(T,  J 1)  is  shown  in  Figure  4.4.  The  equivalent  template 
Nic(7,  j  1)  is  shown  in  Figure  4.5.  The  template  is  unbounded  because  at  least  one  of 
the  possible  descriptions  of  the  system  has  a  zero  at  z  =  j  1 . 
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\ow  consider  the  frequency  z  =  j3.  The  edge  frequency  response 
NyqiEdgefT),  j3)  is  shown  in  Figure  4.6.  Using  the  test  point  c  =  -0.024-j0.024, 
Figure  4.7  shows  that  the  unbounded  region  in  Figure  4.6  is  not  pan  of  Nyq(T,  j3'> 
because 

0  ^  conv(  {d(z)c-n(z) :  (n(s),d(s))  e  Ven(T)  )  ). 

By  similar  tests,  it  can  be  shown  that  all  the  bounded  regions  are  contained  in 
NyqfT,  j3).  A  complete  representation  of  Nyq(T,  j3)  is  shown  in  Figure  4.8.  The 
equivalent  template  Nic(T,  j3)  is  shown  in  Figure  4.9. 

For  the  frequency  z  =  j5.05,  the  edge  frequency  response  Nyq(Edge(T),  j5.05) 
is  shown  in  Figure  4.10.  The  edge  response  divides  the  Nyquist  plane  into  two  large 
regions  and  a  few  thin  regions  that  are  hidden  by  the  curve.  Figure  4.1 1  shows  that 
0  4  conv(  {  d(z)(-l-j0.3)-n(z) ;  (n(s),d(s))  e  Ven(T)  ) ) 
and  hence  the  large  bounded  region  does  not  intersect  NyqCT.jS.OSl.  Figure  4.12 
shows  that 

0  e  conv(  {  d(z)(-l-j)-n(z) :  (n(s),d(s))  e  Ven(T) )  ) 
and  hence  the  large  unbounded  region  is  contained  in  Nyq(7,j5.u5).  The  thin  regions 
hidden  t^the  curve  arc  of  little  significance,  so  Figure  4.13  provides  a  rephesehtatidn 
of  NyqCr,j5.05)  that  is  accurate  enough  for  almost  any  analysis.  By  similar 
procedures,  one  can  produce  Figure  4.14  which  shows  Nic(T,j5.05).  Figures  4. 13. 
and  4. 14  indicates  that  at  least  one  model  of  the  system  has  a  pole  at  j5.05. 

The  results  given  in  this  section  can  only  be  applied  at  frequencies  where  there 
is  no  pole-zero  cancelation,  i.e.  (0,0)  4  Val(T,z).  This  condition  is  very  hard  to  test 
algebraically,  so  it  may  seem  like  a  major  drawback  to  Theorem  4.1  and  4.2.  It  is  not  a 
drawback  because  this  condition  really  does  not  need  to  be  checked  in  advance.  If  there 
is  a  pole-zero  cancellation  at  z,  then  its  existence  wiU  become  apparent  when  the 


84 


-2  -1.5  -I  -0.5  0  0.5  1 


Real 


Edge  frequency  response  at  z  =  j  1  for  Example  4. 1 
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Frequency  response  at  z  =  j  1  of  Example  4. 1 . 
Figure  4.4 
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Edge  frequency  response  at  z  =  j3  of  Example  4.1. 
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Edge  frequency  response  at  z  =  j5.05  of  Example  4.1. 

Figure  4.10 
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Figure  4.13 


procedure  illustrated  in  Example  4.1  is  followed.  The  analyst  will  find  that  according 
to  the  theory  every  region  bounded  by  Nyq(Edge(T),z)  is  contained  in  Nyqrr,z),  so 
the  set  of  all  possible  responses  would  seem  to  be  the  entire  complex  plane  C.  This 
occurs  because  (0,0)  e  Val(T,z)  and  hence  conv({d(z)c-n(z) ;  (n(s),d(s))  e  T))  will 
contain  the  origin  for  every  c  c  C.  Once  the  cancellation  is  detected,  it  must  be 
accepted  that  the  results  in  this  section  are  not  applicable  to  this  system.  This  is  not  of 
much  consequence  because  the  existence  of  an  unstable  pole-zero  cancellation  makes 
the  satisfaction  of  frequency  domain  speciAcations  a  moot  point 

The  theorems  and  example  in  this  section  are  taken  from  [Bartlett,  1990bl. 

These  results  represent  the  primary  original  contribution  of  the  author  to  frequency 
response  analyses  of  systems  with  uncertain  parameters. 

4.3  No  Edge  Theorem  for  MuUiaffine  Uncertainties 

This  section  will  give  a  counterexample  which  shows  that  the  ftequency 
response  of  a  set  of  polynomial-pairs  T(A)  generated  by  multiaffine  uncertaindes  cannot 
be  detert^ed  from  the  frequency  response  of  T(Edge(A)).  Two  classical  texts  from 
1963  indicate  that  it  was  known  to  the  authors  that  no  edge  theorem  exists  for  this 
problem  [Horowitz,  1963,  p.  161,  Figure  4.12-36i  Zadeh,  Desoer,  1963.  p.  475, 
Figure  9. 17.5].  The  example  given  in  this  section  is  based  on  a  more  recent  paper  by 
[Barmish,  Fu,  Saleh,  1988]. 

Example  4.2  Recall  the  multiaffine  mapping  D:  C[s] 

D(  (x,y) )  =  s^  +  (2.56  +  x  +  y)s3  +  (2.871  +  2.06  x  +  1.561y  +  xy)s2 
+  (3.164  +  4.841X  +  1.56y  +  1.06xy)s  +  (1.853  +  3.773x  +  1.985y  +  4.032xy) 
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that  was  given  by  [Barmish,  Fu,  Saleh,  1988].  Using  this  operator,  define  the 
following  multiaffine  mapping  T;  » C[s]2 


T(  (x,y) )  =  (  1,  D(  (x,y) ) ). 

Let  the  set  of  possible  parameters  be 

A  =  {  (x,y)  e  iR2  .  0.2  <  x  <  0.7,  0  <  y  <  3  }. 

Figure  4.15  shows  Nyq(T(Edge(A)),  jl.26),  and  Figure  4.16  shows  an  accurate 
approximation  of  Nyq(T(A),  j  1.26).  These  two  figures  show  that  the  boundary  of  the 
frequency  response  at  z  =  jl.26  of  T(A)  is  not  given  by  the  fiequency  response  at 
z  =  j  1 .26  of  T(Edge(A)).  Since  it  is  not  generally  true  that  9Nyq(T(A),  z)  C 
Nyq(T(Edge(A)),  z)  when  T(A)  is  generated  by  multiaffine  uncertainties,  it  is  hard  to 
conceive  of  any  simple  way  to  determine  the  frequency  response  at  z  of  T(A)  from  the 
frequency  response  at  z  of  T(Edge(A)).  Figures  4.15  and  4.16  also  show  that 
max  Mag(T(A),jl.26)  is  finite  and  larger  than  max  Mag(T(Edge(A))  jl.26).  This 
implies  that  Mag(T(A),z)  cannot  in  general  be  determine  from  Mag(T(Edge(A))  jl.26). 

For  the  case  of  multiaffine  uncertainties,  the  example  above  shows  that  in 
general  ^q(T(A),z)  can't  be  determined  from  Nyq(T(Edge(A)),z).  It  alstxshows  that 
an  edge  theorem  does  not  hold  for  the  special  case  when  z  is  restricted  to  the  jw-axis. 
One  might  wonder  it  there  is  an  edge  theorem  for  the  special  case  when  z  is  restricted  to 
the  unit  circle.  The  answer  is  no.  The  example  above  could  be  used  to  show  this  by¬ 
replacing  s  with  x/1.26.  Figures  4.15  and  4.16  would  give  the  response  of  this  new 
example  at  x  s  j  which  is  on  the  unit  circle. 
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Nyq(T(Edge(A)),  jl.26)  for  Example  4.2. 
Figure  4.15 


Approximation  of  Nyq(T(A),  jl.26)  for  Example  4.2. 
Figure  4.16 
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4.4  No  Vertex  Theorem  for  Affine  Uncertainties 

For  the  case  when  the  set  of  polynomial-pairs  T(A)  is  generated  by  affine 
uncertainties.  Section  4.2  showed  that  the  frequency  response  could  be  determined 
using  just  the  edges  T(Edge(A)).  One  might  wonder  if  the  frequency  response  can  be 
determined  using  the  smaller  set  T(Veri(A)).  Example  4. 1  showed  that  the  set  of 
complex  numbers  Nyq(T(A),z)  can  have  a  variety  of  complicated  shapes.  Given  this 
complexity,  it  is  hard  to  imagine  how  Nyq(T(A),z)  could  be  easily  determined  using  the 
finite  set  of  complex  numbers  Nyq(T(Vert(A)),z).  Because  the  Bode  magnimde  plot 
uses  only  real  numbers,  it  would  seem  much  more  likely  that  the  set  Mag(T(A),z)  could 
be  determined  from  the  finite  set  Mag(T(Vert(A)),z).  Despite  the  advantage  of  using 
only  real  numbers,  this  section  will  provide  an  example  which  shows  that  in  general 
Mag(T(Ven(A)),z)  does  not  provide  adequate  information  concerning  Mag(T(A),z). 

Example  4.3  Given  the  polynomials 

pi(s)  =  s3-K).3665s2-K).0940s+0.0235 
.  P2(s)  =  s3+0.7025s2+1.0452s+0.5191  ^  '  t.- 

P3(s)  *  s3+3s2-f3s+l, 

define  the  affine  mapping  T:  C[s]  as  follow? 

T(  (x,y)  )  =  (  xpi(s)-»-(l-x)p2(s),  p3(s)(  ypi(s)+(l-y)p2(s)  )  ). 

Let  the  set  of  parameter  values  be 

A  =  {  (x,y)  -R^  :  O^x^LOiy^l). 

Figure  4.17  shows  the  Bode  magnitude  plot  of  the  vertices  Mag(T(Vert(A))jw)  for 
w  «  [0.01,  10].  Figure  4.18  shows  the  complete  Bode  magnitude  plot  Mag(T(A)Jw) 
for  several  values  of  w  ■  [0.01, 10].  Comparison  of  the  two  figures  clearly  shows  that 
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Mag(T(Vcn(A))Jw)  does  not  provide  sufficient  information  to  determine 
Mag(T(A)Jw). 

For  the  case  of  affine  uncertainties,  the  example  above  shows  that  in  general 
Mag(T(A),z)  can’t  be  determined  from  Mag(T(Vert(A)),z).  It  also  shows  that  an  venex 
theorem  does  not  hold  for  the  special  case  when  z  is  restricted  to  the  jw-axis.  One 
might  wonder  it  there  is  an  vertex  theorem  for  the  special  case  when  z  is  restriaed  to  the 
unit  circle.  The  answer  is  no.  The  example  above  could  be  used  to  show  this  by 
replacing  s  with  (x+l)/(x-l).  Along  a  portion  the  unit  circle,  the  Bode  magnitude 
response  of  this  new  example  in  x  would  be  very  similar  to  Figures  4.17  and  4.18. 

4.5  A  Simplified  Edge  Theorem  for  Continuous-Time  Interval  Families 

In  Section  4.2,  it  was  shown  that  if  T  is  a  polytope  of  polynomial-pairs,  then 
the  frequency  response  Nyq(T,z)  can  be  determined  using  only  the  edges  of  T.  This 
section  will  show  that,  for  the  special  case  when  T  is  an  interval  family  of  polynomial- 
pair  >  and  z  =  jw  is  a  frequency  on  the  imaginary  axis,  the  set  Nyq(Tjw)  cm  be 
determined  using  just  32  edge-like  subsets  of  T  rather  than  using  all  possible  edges. 
This  result  is  essentially  a  simplification  of  Theoreiii  4. 1  for  fiequency  responses 
analyses  of  continuous-time  systems  represented  by  interval  families  of  polynomial- 
pairs. 

The  results  in  this  section  are  based  on  observations  relating  the  value  set  of 
interval  families  of  polynomials  to  the  value  sets  of  the  Kharitonov  polynomials 
(Definition  3.2).  In  particular,  it  is  known  that  if  ?  is  an  interval  family  of 
polynomials,  then  for  w  2  0, 

VaKP.jw)  =  Val(conv(Khar+(?)),jw)  =  conv(Val(Khar+(?)Ow)),  (8) 
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and  for  w  <  0, 

Val(PJw)  =  Val(conv(Khar.(P)),jw)  =  conv(Val(Khar-(P),jw)).  (9) 
This  relationship  is  known  from  the  works  of  several  authors  such  as  [Bose,  Shi, 

1987;  Dasgupta,  1988;  Barmish,  1989;  Minnichelli,  Anagnost,  Desoer,  1989; 
Chapellat,  Bhattacharyya,  1989].  In  order  to  exploit  this  relationship  for  frequency 
response  analyses,  the  interval  family  of  polynomial-pairs  T  will  be  split  into  two  sets 
of  polynomials 

Num(T)  =  {  n(s)  «  C[s]  :  (n(s),d(s))  •  C[s]2  } 

Den(T)  =  {  d(s)  «  C[s]  :  (n(s),d(s))  «  C[s]2  ). 

It  is  easily  seen  by  comparing  Definitions  2.14  and  2.15  that  Num(T)  and  Den(T)  are 
interval  families  of  polynomials  and  that  T  equals  the  cartesian  produa  of  these  two 
sets  Num(T)  x  Den(T).  These  relationships  are  used  by  the  following  theorem. 

Theorem  4,3  Given  T  C  C[s]2  and  w  •  R  such  that  (0,0)  #  VaKT.jw).  If 
T  is  an  interval  family  of  polynomial-pairs  then,  for  w  ^  0, 

NyqCTjw)  =  Nyq(  conv(  Khar+(Num(T))  x  Khar+(Den(T))  ),  jw), 
andforw=<0.  .  / 

Nyq(TJw)  =  Nyq(  conv(  Khar.(Num(T|)  x  Khar.(Den(D)  ),  jw). 
Khar+(-)  and  Khar.(-)  arc  given  in  Definition  3.2. 

Proof  First,  consider  the  case  when  w  ^  0.  Because  T  is  assumed  to  be  an 
interval  family,  it  is  true  that 

7  =  Num(T)  ^  Den(7). 

From  the  assumption  (0,0)  4  Val(T,jw),  it  can  be  seen  that 

Nyq(T,jw)  =  Nyq(Num(T)  x  Dcn(D,jw)  =  Val(Num(D,jw)  /  Val(Den(7)jw), 
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Since  Num(T)  and  Dcn(T)  are  interval  families  of  polynomials,  it  follows  from 
equation  (8)  that 

Nyq(T,jw)  =  Val(conv(Khar+(Num(T))),jw)  /  Val(conv(Khar+(Den(T))),jw). 
This  in  turn  implies  that 

Nyq(Tjw)  =  Nyq(  conv(Khar+(Num(T)))  ^  conv(Khar+(Den(T))),  jw). 

Since 

conv(Khar4.(Num(T)))  *  conv(Khar4.(Den(T))) 

=  conv(  Khar+(Num(T))  *  Khar+(Den(T))  ), 

it  follows  that 

Nyq(TJw)  =  Nyq(  conv(  Khar+(Num(T))  ^  Khar+(Den(T))  ),  jw). 

This  completes  the  proof  for  the  case  when  w  ^  0.  The  proof  for  the  second  ::ase, 
w  <  0,  is  identical  to  the  proof  for  w  ^  0  except  that  the  set  Khar+(-)  is  replaced  by  the 
set  Khar.(  ). 


The  next  theorem  follows  directly  from  the  combination  of  Theorem  4.1  and 
4.3,  so  it  is  given  without  proof. 


•  ,v  *»  ■. 

Theorent  4.4  Given  T  C  C[s]2  and  w  «  R  such  that  (0,0)  4  Val(Tjw).  If 

T  is  an  interval  family  of  polynomial-pairs  then 

BNyqCTjw)  C  Nyq(Edge(K),z). 
where  K  is  a  polytope  of  polynomial-pairs  given  by 

K  =  conv(  Khar+(Num(T))  x  Khar+(Den(T))  ), 

for  w  2: 0,  and  by 

K  =  conv(  Khar.(Num(T))  *  Khar.(Den(T))  ). 

for  w  <  0. 


106 


The  boundary  of  Nyq(Tjw)  can  be  found  using  either  Theorem  4.1  or  4.4. 
Theorem  4.1  uses  the  (r+q)2^+‘l‘'  edges  of  T,  and  Theorem  4.4  uses  the  32  edges  of 
the  polytope  K.  The  edges  of  K  are  subsets  of  T,  and  they  are  convex  combinations  of 
vertices  of  T.  Despite  these  edge-like  properties,  the  edges  of  K  are  generally  not 
edges  of  T.  This  fact  slighdy  complicates  the  comparison  of  the  two  methods,  but  it  is 
still  clear  that  Theorem  4.4  is  significantly  simpler  to  use  that  Theorem  4. 1 . 

Once  an  overbound  of  3Nyq(T,jw)  is  found,  the  interior  points  of  NyqCTjw) 
can  be  found  using  Theorem  4.2,  but  there  is  a  simpler  method.  The  following 
theorem  indicates  how  to  determine  the  interior  points  using  only  16  vertices  of  T  rather 
than  all  possible  vertices.  The  proof  follows  directly  from  Theorem  4.3  and  the 
definition  of  boundary,  so  it  is  omitted. 

Theorem  4.5  Assume  that  T  C  C[s]2  and  w  e  R  such  that 
(0,0)  4  Val(T,jw),  and  assume  that  T  is  an  interval  family  of  polynomial-pairs.  Let  c 
be  any  point  in  V  where  V  is  a  connected  subset  of  C  such  that  V  D  dNyq(T,jw)  =  0. 
For  w  S  0,  if  the  polytope  of  complex  numbers 

conv(  { d(jw)c-n(jw) ;  n(s)  e  Khar+(Num(T)),  d(s)  e  Khar+(Den^):  }  )  r  : 
contains  the  origin,  then  V  C  Nyq(T,z).  Conversely,  if 

0  ♦  conv(  { d(jw)c-n(jw) ;  n(s)  «  Khar+(Num(T)),  d(s)  e  Khar+(Den(T))  } 
then  V  n  Nyq(T,z)  ^  0.  For  w  <  0,  if  the  polytope  of  complex  numbers 

conv(  { d(jw)c-n(jw) ;  n(s)  •  Khar.(Num(T)),  d(s)  «  Khar.(Den(T))  }  ) 
contains  the  origin,  then  V  C  NyqCTjw),  and  if 

0  4  conv(  {  d(jw)c-n(jw) :  n(s)  «  Khar.(Num(T)),  d(s)  •  Khar.(Den(D)  }  ), 
then  V  n  Nyq(7,z)  *  0. 
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As  was  pointed  out  in  Chapter  1,  the  edge  theorem  formulation  of  the  result  in 
this  section  is  a  contribution  of  the  author  [Baitletu  1990b].  However,  the  overall 
contribudon  of  these  results  is  not  pardcularly  significant  because  [Bailey,  Panzer, 

1988]  have  already  provided  a  simple  method  for  computing  Nyq(T,jw)  when  T  is  an 
interval  family. 

4.6  A  Vertex-Like  Theorem  for  Continuous-Time  Interval  Families 

For  the  case  when  the  set  of  polynomials  T(A)  is  generated  by  affine 
uncertainties.  Section  4.4  showed  that  the  Bode  magnitude  plot  could  not  be  determined 
using  just  the  vertices.  Although  it  has  not  been  shown,  it  is  also  true  that,  for  the 
special  case  when  T  is  an  interval  family  of  polynomial-pairs,  the  set  Mag(T,z)  can't  be 
determined  just  from  the  set  Mag(Vert(D,z).  Even  though  a  "true”  vertex  theorem 
does  not  exist,  this  section  will  show  that,  when  T  is  an  interval  family  of  polynomial- 
pairs  and  z  =jw  is  a  frequency  on  the  imaginary  axis,  the  set  Mag(Tjw)  can  be 
determined  using  only  a  few  vertex-like  polynomials.  The  results  given  in  this  section 

■ar 

use  the  foltowing^defiriition. 

Definition  4.1  For  an  interval  family  of  polynomials  P,  define  the  following 
sets  which  arc  comprised  of  5  or  fewer  complex  numbers 

Aux+(  P,  jw)  =  conv(val(  Khar+(P),  jw))  fl  Val(  HiLow+(P),  jw) 

Aux.(  ?,  jw)  =  conv(val(  Khar.(P),  jw))  D  Val(  HiLow.(P),  jw) 
where  Khar+(  ),  Khar.(  ),  HiLow+(  ),  and  HiLow.(-)  are  given  in  Definition  3.2. 
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The  usefulness  of  the  sets  Aux+(P,jw)  and  Aux.(P,jw)  will  become  apparent  in 
the  following  lemma. 

Lemma  4.1  If  P  is  an  interval  family  of  polynomials,  then  for  w  >  0, 
max  abs[Val(Pow)]  =  maxabsf  Val(  Khar+(P),  jw)  ] 

min  abs[Val(P,jw)]  =  minabsf  Val(  Khar+(Num(T)),  jw)  U  Aux+(  Num(T),  jw)], 
and  for  w  <  0, 

max  abs[Val(P,jw)]  =  maxabsf  Val(  Khar.(P),  jw)  ] 
min  abs[Val(Pjw)]  =  minabsf  Vai(  Khar.(Num(T)),  jw)  U  Aux.(  Num(T),  Jw)]. 

Proof  First,  consider  the  case  when  w  S  0.  The  problem  of  finding 
max  abs[Val(P jw)]  and  min  abs[Vai(Pjw)]  is  equivalent  to  finding  the  maximum 
and  minimum,  respectively,  of 

J(r,i)  =  V  r^  +  i2 

subject  to  the  constraint 

r+ji «  Val(P jw) 

Because  P  is  an  interval  family  of  polynomials,  thejconstraint  set  Val(Pjw)  is  equal  to 
the  polytopc  of  complex  numbers 

conv  (Val(Khar+(P)jw)). 

Since  the  function  J  is  convex,  its  maximum  will  occur  at  a  vertex  of  the  polytopic 
constraint  set.  The  vertices  of  the  constraint  set  conv(Val(Khar+(?)  jw))  are  a  subset 
of  Val(Khar+(P)  jw),  so  it  follows  that 

max  abs[Val(P,jw)]  =  maxabsf  Val(  Khar+(?),  jw)  ]. 
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This  completes  the  maximum  portion  of  the  proof  for  w  >  0. 

The  minimum  portion  of  the  proof  is  more  complicated.  The  first  step  is  to  use 
the  observations  of  [Bose,  Shi,  1987]  to  replace  the  set  constraint  r+ji  e  VaI(P  jw)  by 
the  four  inequality  constraints 

PHR+(jw)  ^  r 
PHl+(iw)  ^  i 
r  ^  PLR+(jw) 
i  2  PLl+(jw). 

From  these  constraints,  it  can  be  seen  that  there  are  nine  possible  values  for  the 
minimum  of  J.  The  first  possibility  is  the  unconstrained  minimum  J(0,0)  =  0,  but  this 
value  can  only  be  the  minimum  if  O+jO  «  ValfPjw).  The  second  possibility  is  the 
minimum  when  the  constraint  PHR+(j'*')  =  active.  This  value  J(pHR+(jw),0)  = 
abs(pHR+0'*'))  can  only  be  the  minimum  if  PHR+O^)  ®  ValfPjw).  The  third 
possibility  is  the  minimum  when  the  constraint  pLR+Ow)  =  r  is  active.  This  value 
•l(PLR+(j'*')>0)  =  abs(pLR+(jw))  can  only  be  the  minimum  if  pLR+(jw)  «  ValfPjw). 
The  fourth  possibility  is  the  minimum  when  the  constraint  PHl+(jw)  =  i  is  active.  This 
value  J(0,pHI+(jw))  =  absfpm+fjw))  can  only  be  the  minimum  if  pHl+fjw)  « 

ValfPjw).  The  fifth  possibility  is  the  minimum  when  the  constraint  PLl+0w)  =  i  is 
active.  This  value  J(0,pLi+fjw))  =  abs(pLi+fjw))  qan  only  be  the  minimum  if 
PLI+(jw)  •  ValfPjw).  Of  the  nine  possibile  values,  the  four  remaining  ones 

J(PHR+Ow)-PHI+(jw)),  J(pHR+(jw),pLI+(jw)),  J(pLR+(jw),PHl+fjw)),  and 
J(PLR+(jw).PLl+(jw)) }  occur  when  constraints  on  both  r  and  i  are  active.  These  nine 
possibilities  including  the  conditional  requirements  are  contained  in  the  equation 

min  abs[ ValfPjw)]  =  minabsf  Val(  Khar+(NumfT)),  jw)  U  Aux+(  NumfT),  jw)]- 


no 


This  completes  the  proof  for  w  ^  0.  The  proof  for  w  <  0  is  identical  except  that  all  ’+' 
subscripts  are  replaced  by  (minus)  subscripts.  u 


This  lemma  easily  le^  to  the  following  theorem.  The  vertex-like  fonnulation 
of  this  result  is  a  contribution  of  the  author  [Bartlett,  1990b]. 


Theorem  4.5  Given  T  C  C[s]2  and  w  e  R  such  that  (0,0)  4  Val(T,jw).  If 
T  is  an  interval  family  of  polynomial-pairs,  then  for  w  >  0, 


sup  Mag(T,jw)  = 

inf  Mag(T,jw)  =• 
and  for  w  <  0, 

sup  Mag(T,jw)  = 


max 


abs  [  Val(  Khar.^(Num(T)),  jw)  ] 


min  abs  [  Val(  Khar+(Den(T)),  jw)  U  Aux+(Den(T),  jw)  ] 

min  abs  [  Val(  Khar+(Num(T)),  jw)  U  Aux+(Num(T),  jw)  ] 
max  abs  [  Val(  Khar+(Den(T)),  jw)  ] 

max  abs  [  Val(  Khar.(Num(T)),  jw)  ] 


minabs[  Val(  Khar.(Den(T)),  jw)  U  Aux.(Den(T),  jw)  ] 


inf  Mag(T,jw)  = 


'min'abs[  Val(  Khar.(Num(T)),  jw)  U  Aux.(Num(T),  jw)  ] 


maxabs[  Val(  Khar.(Den(T)),  jw)  J 


Proof  Because  T  =  Num(T)  x  Den(T)  and  because  (0,0)  4  Val(T,jw),  it  is 
easily  seen  that 

MagC,jw)=  {  abs[n(jw)/d(jw)]  <  «  ;  n(s)  e  Num(T).  d(s)  «  Den(T)  }. 
From  this,  it  follow's  that 


111 


sup  Mag(T,jw)  = 


max  abs 


min  abs 


[  Val(  Num(T),  jw)  ] 
[  Val(  Den(T),  jw)  ] 


min 


in  abs  [  Val(  Num(T),  jw)  ] 


inf  Mag(T,jw)  =  •  _  , 

max  abs|_  Val(  Den(T),  jw)  J 

Both  Num(T)  and  Den(T)  are  interval  families  of  polynomials,  so  the  theorem  now 
follows  directly  from  Lemma  4.1.  □ 


Even  though  a  "true"  vertex  theorem  does  not  exist,  this  section  has  shown  a 
simple  way  to  determine  the  Bode  magnimde  plot  of  an  interval  family  of  polynomial- 
pairs  using  only  a  few  vertex-like  polynomials.  Based  on  this  result,  one  might 
wonder  if  there  is  a  similar  vertex-like  method  of  determining  the  Bode  magititude  plots 
of  polynomial-pair  sets  that  are  polytopes,  are  generated  by  affine  uncenainties,  or  are 
generated  by  multiaffine  uncertainties.  The  answer  is  no.  The  results  in  this  section 
rely  on  the  fact  that  an  interval  family  of  polynomials  is  always  equal  to  the  cartesian 
product  of  two  sets  of  polynomials.  For  the  three  other  classes  of  polynomial-pairs, 
this  is  not  generally  true,  so  the  approach  used  in  this  section  can  not  be  extend^  to^ 
these  classes. 

4.7  Conclusion 


For  the  four  classes  of  polynomial-pair  families  considered  in  this  dissertation, 
this  chapter  has  given  a  review  of  the  existence  of  vertex  and  edge  theorems  pertaining 
to  determination  of  the  frequency  response  sets  Nyq(T,z)  and  Mag(T,z).  It  was  shown 
that,  for  sets  generated  by  multiaffine  uncertainties,  neither  of  the  two  frequency 
response  sets  could  be  determined  using  only  the  frequency  responses  of  the  edge 
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polynomial-pairs.  This  was  true  even  if  z  was  restricted  to  the  unit  circle  or  to  the  jw- 
axis.  For  sets  of  polynomial-pairs  that  are  polytopes  or  are  generated  by  affine 
uncertainties,  it  was  shown  that  an  edge  theorem  but  not  a  venex  theorem  could  be  used 
to  determine  the  frequency  response  sets.  A  vertex  theorem  does  not  exist  even  for  the 
special  case  when  z  is  restricted  to  the  jw-axis  or  to  the  unit  circle.  This  edge  theorem 
for  polytopes  obviously  applies  to  the  special  case  of  interval  families.  It  is  also 
generally  true  that,  for  interval  families  of  polynomial-pairs,  no  vertex  theorem  can  be 
used  to  determine  the  frequency  response  sets.  However,  the  analysis  of  interval 
families  can  be  greatly  simplified  if  attention  is  restricted  to  frequencies  on  the  jw-axis. 
This  restriction  is  too  limiting  for  the  analysis  of  discrete-time  systems,  but  for 
condnuous-time  systems,  this  lestricdon  is  of  essentially  no  consequence.  One  of  the 
simplifying  results  shows  that  an  interval  family  of  polynomial-pairs  and  a  polytopic 
subset  of  it  have  identical  frequency  response  sets.  By  combining  this  fact  and  the  edge 
theorem  for  polytopes,  it  was  shown  that  the  frequency  response  sets  of  an  interval 
family  could  be  determined  using  only  the  edges  (32  or  less)  and  the  vertices  ( 16  or 
less)  of  this  special  polytopic  subset.  A  further  simplify  result,  showed  that,  for 
interval  families,  the  extreme  values  of  the  frequency  response  set  Mag(T  jw)  could  be 

*  ..  tr  -  .. 

determined' using -only  18  polynomials  that  were  easily  derived  from  the  16  vertices  of 
the  special  polytopic  subset.  For  the  special  case  of  z  restricted  to  the  unit  circle,  it  may 
be  possible  to  determine  the  Bode  magnitude  plot  of  an  interval  family  using  a  vertex¬ 
like  theorem,  but  it  will  certainly  be  much  more  complicated  than  for  frequencies  on  the 
jw-axis.  All  the  venex  and  edge  results  presented  in  this  chapter  make  a  theoretical 
contribution  to  the  frequency  domain  analysis  of  uncenain  systems. 
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CHAPTER  5 


TIME  RESPONSE  ANALYSES 


5.1  Introduction 

This  chapter  will  discuss  time  response  analyses  of  uncertain  systems.  The 
results  in  this  chapter  are  primarily  intended  for  analyzing  the  response  to  step  inputs, 
but  these  results  are  also  applicable  to  many  other  types  of  inputs.  The  main  result  of 
this  chapter  will  show  that,  for  continuous  and  discrete-time  stable  systems  represented 
by  sets  of  polynomial-pairs  generated  by  muldaffine  uncertainties,  the  extreme  values 
of  the  steady  sute  response  can  be  determined  using  only  the  vertices.  For  the  special 
case  of  interval  families  of  polynomial-pairs,  a  simplified  steady  state  vertex  theorem 
will  be  presented.  The  treatment  of  cransient  response  analyses  in  this  chapter  will  be 
limited  to  counterexamples  concerning  verttx  conjectures  for  polynomial-pair  sets 
generated  by  affine  uncertainties. 


5.2  A  Steady  .^tate  Vertex  Theorem  for  Multiaffine  Uncertainties 

This  section  will  provide  vertex  theorems  for  the  steady  state  analysis  of 
uncertain  systems  whose  polynomial  representations  are  generated  by  multiaffine 
uncertainties.  For  simplicity,  these  theorems  assume  that  the  system  is  real,  i.e.  its 
numerator  and  denominator  pxjlynomials  are  real.  These  theorems  also  require  that  the 
input  be  real  valued  and  that  its  transform  is  a  real  rational  function.  One  final 
restriction  essentially  requires  the  output  to  be  bounded.  These  three  assumption  are  all 
very  reasonable,  and  they  allow  a  variety  of  important  analyses  to  be  carried  out.  For 
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example,  the  steady  state  step  response  of  any  real  stable  system  (with  multiaffine 
uncertainties)  can  be  analyzed  using  these  vertex  theorems. 

Continuous-time  and  discrete-time  systems  use  two  different  transforms,  so 
analysis  of  their  time  responses  will  be  handled  by  two  different  theorems.  Despite  this 
separation,  the  theorems  are  nearly  idendcal  and  rely  on  the  same  line  of  proof.  The 
following  definition  and  lemmas  are  presented  to  take  advantage  of  this  duplicity  and  to 
efficiently  prove  the  two  theorems  which  follow. 


Definition  5.1  Define  the  following  two  functions 

.  ,  Wi-i.  [5H]i.  [Xli^i,...  ,[X]p)  if  [Xli  =  [5H]i 

‘  mh,  ...  .  [Xli-I,  [5Lli,  ...  ,  [Xlp)  if  [Xli  ^  [5H]i 

.  f([X]i,...  ,[X]i.i,[5L]i.[X]i^i . [X]p)  if  [>.]i  =  [5Mi. 

‘  l([X]i,...  . [X]p)  if  Mi^[5L]ir 

For  simplicity  of  notation,  the  dependence  of  Li(X)  and  Hi(X)  on  5^  and  5^  has  not 

been  explicitly  indicated. 


Lemma  5.1  If  the  two  conditions 

i)  a,  b  «  Multi  {R"’,If) 

ii)  b(6)  0  for  all  5  6  Box  (5^,5^) 
are  satisfied,  then 

1)  max  { a(5)/b(6)  :  5  «  Box(5^,6H)  |  =  max{a(6)/b(5)  :  5  e  Vert{5^,5H} } 

2)  min  {  a(5)/b(6)  :  5  •  Box  ( 6^,5*^ )  }  =  min  {  a(6)/b(5) :  5  e  Vert  { 5^,5^ ) } . 

Proof  For  simplicity  of  notation,  let  the  components  of  5  be  denoted  as 
(5i,  52 . 5m).  Condition  (i)  allows  a(5)  and  b(5)  to  be  written  in  the  form 
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a(5)  =  [  a((5i,...,  Sj-i,  1,  5m))  -  a((5i,...,  Si-i,  0,  5i+i . 5m))  ]  5i 

+  a((5i . 5i-i,  0,  5i+i,...,  5m)) 

b(5)  =  [  b((5i,...,  5i.i,  1,  5i+i,...,  5m))  -  b((5i,...,  5i.i,  0,  5i+i,...,  5m))  ]  5i 
+  b((5it*><*  5|-j*  0*  5m))* 

Using  these  representations,  the  derivative  of  a(5)/b(5)  with  respea  to  5i  is  given  by 


aSi 


a(5)^  /^a((5i,...,  5i.i,  1,  5i.).i.....  5m))  b((5i,...,  5i-i,  0,  5i+i,...,  5m)) 


b(5) 


b((5i.  52, ...  ,  5m))2 


l' a((5{,...,  5i.i,  0,  Sj-t-i,...,  5m))  b((Si,...,  5i-i,  1,  5i.t.i,...,  Sm))^ 

b((6i,  52,  ...  .  5m))^  J 

Condition  (ii)  implies  that  this  derivative  exists  and  that  it  is  zero  if  and  only  if  its 
numerator  is  zero.  Since  this  numerator  is  independent  of  5i,  the  derivative  is  zero  at  an 
arbitrary  point  X  =  (Xi,  X2, ... ,  Xm)  if  and  only  if  it  is  zero  at  all  points  in  the  set 
Box{  Li(X),Hi(X) ) .  This  implies  that  if  the  derivative  is  zero,  then  a(5)/b(6)  is  constant 
for  all  5  «  Box{Li(X),Hi(X)).  If  the  derivative  is  not  zero,  then  X  cannot  be  an 
extreme  point  oTa(5)/b(5)  over  Box{Li(X),Hi(X))  unless  X  equals  Li(X)  dr  Hi(X). 
Together,  these  two  conditions  imply  that 

.  f  a(Li(X))  a(Hi(X))  1  ^  a(X) _ \  a(Li(X))  a(Hi(X))  ] 

min<  - ,  -  >  s  - S  max<  - ,  -  >.  (1) 

I  b(Li(X))  b(Hi(X))  j  b(X)  I  b(Li(X))  b(Hi(X))  J 


Since  Li(X)  and  Hi(X)  arc  elements  of  Vert{Li(e^,Hi(e^)}  for  all  X  •  Vert(eL,eH), 
equation  (1)  implies  the  following 
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min { a(5)/b(5) :  5  6  Vert{Lin(Lin-i(...Li(^)”-))»Hni(Hni.i(...Hi(X)...))}  } 

<  a(X)/b(X)  < 

raax{a(6)/b(6) :  5  s  Vert{Lm(Lin-i(.--Li(^)-*-))>Hin(Hin-i(..-Hi(X)...))}  }• 

At  this  point,  it  is  noted  that 

Vert{Lm(Lm-l(-Li(X)...)).Hm(Hm-l(...H,(X)...))}  C  Vert{5L;5H}. 

This  last  relationship  implies  that  the  following  equation 

min(  V«.|81-.8H|)  8  .  Ven|81-,8Hl  ) 

^  b(6)  b(A.)  b(8) 

is  true  for  arbitrary  X  e  Box  ( 5^;  5^ )  and  thcrefOTC  the  lemma  is  true.  □ 

Lemma  5.2  Let  r  e  H  and  P  e  Multi{R’".R[s]}.  If  there  exists 
X  e  Box{5L,  5^)  such  that  Val(P(X.),r)  *  0,  then  there  exists  e  e  Ven(5^,  5*^)  such 
that  Val(P(e),r)  ^  0. 

Poraf  Let  a;  R™  ^  R  be  the  function  such  that  a(5)  =  Val(P(5),rX''andlet 
b:  R"*  ->  R  be  the  function  such  that  b(5)  =1.  It  is  true  that  a,  b  «  Multi  {R^Jl},  so 
Lemma  5.1  implies  that  there  exist  ei.  £2  «  Vcit{5^,  5”)  such  that  Val(P(ei),r)  ^ 
Val(P(X),r)  ^  Va](P(e2),r).  Since  Val(P(X.),r)  ^  0,  Val(P(ei),r)  or  Val(P(E2),r)  must', 
be  different  from  zero.  ^ 

Lemma  5.3  Let  ro  «  R,  5^  •  R"*,  and  X  e  Box  (6^,  5^}.  If  the 
following  conditions 
i)  P«  Multi  {R^RIs]) 
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ii)  Val(Pa).ro)  =  0 

iii)  ValCPCS)^)  0  for  all  r  >  ro.  5  •  BoxlS*-,  5^} 

are  satisfied,  then  there  exist  e^,  «  Vert{5^,  5^)  such  that 

1)  A.«Box{e^e^) 

2)  Val(P(6).ro)  =  0  for  all  6  •  Box{eK  £«). 

Proof  First,  it  will  be  demonstrated  that  if  Val(P(8)4'o)  =  0  for  all  5  e 
BoxfpL  pH)  c  Box{SL,  5H}  then  Val(P(5),ro)  =  0  for  all  5  e  Box{Li(pL),  Hi(pH)). 
To  prove  this  statement,  it  will  be  shown  that  if  o  is  any  element  in 
Box{Li(pL),Hi(pH)),  then  Val(P(o),ro)  =  0.  If  O  «  Box  {pi-,  pH),  then  clearly 
Val(P(o),ro)  =0-  If  o  ♦  Box  (pi-,  pH),  then  define 

V  =  ([Oh . [oli.i,  X,  [ali+i, ...  ,  [<5]p) 

where  x  is  one  of  the  elements  in  the  interval  [  [pHi,  [p^]i  ^{  [5l-]i,  [5H]j ).  For  the 
selected  value  of  \\f,  consider  the  closed  bounded  interval 

V(r)  =  Val(P(Box{Li(v).Hi(v))),r). 

Since  Box{Li(\|/),  Hi(v))  C  Box {81',  8H),  condition  (iii)  implies  that  V(r)  does  not 
contain  th4 origin  for  all  r  >  ro.  Condition  (i)  ensures  that  the  end  points  of  V(r)'are 
continuous  functions  of  r.  These  last  two  faas  combine  to  show  that  V(ro)  is  contained 
in  (-<>«»,0]  or  (0,oo).  From  the  definition  of  \j/,  it  can' be  seen  that  i|/ «  Box(p^,  p*I},  so 
Val(P(\|/)4‘o)  =  0  and  hence  V(ro)  contains  the  origin.  It  follows  that  minV(ro)  or 
maxV(ro)  equals  zero.  Using  this  fact  and  Lemma  5.1  (setting  a(8)  =  Val(P(8),ro)  and 
b(8)  =  1)  implies  that 

0  «  Val(P(Ven|Li(\|/),Hi(v))),ro)  =  (  Val(P(Li(v)),ro),  Val(P(Hi(v)),ro)  ). 

The  function  Val(P(8),ro)  has  been  shown  to  equal  zero  on  at  least  two  of  the  three 
distinct  points:  Li(v),  Hi(v)  «  Box{Li(\|/),  Hi(v)}.  Because  Val(P(8),ro)  is  an 
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affine  function  when  restricted  to  this  one  dimensional  set,  it  can  only  equal  zero  at  two 
distinct  points  if  it  equals  zero  for  all  5  «  Box{Li(V),  Hi(v))-  Since  o  e 
Box{Li(\l/),Hi(v)  1 .  the  goal  of  showing  that  Val(P(a),ro)  has  been  achieved. 

To  prove  the  lemma,  begin  by  noting  that  Val(P(5)  =  0  for  all  5  e  (X)  = 
Box{X,>.) .  Since  the  first  step  is  true,  the  fact  demonstrated  above  can  be  used 
inductively.  This  process  shows  that  Val(P(5)j-o)  =  0for  all 

5  «  Box{  Lp( ...  L2(Li(X))  ... ),  Hp( ...  H2(Hi(X))  ...  )  }. 

This  set  clearly  contains  X,  so  it  only  remains  to  show  that  =  Lp( ...  L2(Li(X))  ... ) 
and  eH  =  Hp( ...  H2(Hi(X)) ... )  are  contained  in  Vcrt{5L,  5”).  This  final  requirement 

follows  from  the  Definition  5.1.  ^ 


Lemma  5.4  If  the  two  conditions 
i)  U.  «  Multi {R"',Rls]) 

u)  the  rational  function  (s-r)/J9(5)  is  analytic  on  the  real  interval  [r,o*)  for  all 
5  e  Box{6^,  5^1 


are  satisfied,  then 


iiiT>(s-r)  Val(Tl(8)^ .  g  ^  BoxIS^SH) 
val(J9(5),s) 

^  f  lim(s-r)  Vai(Tl(8)£) ,  Vert(5L;5H) 
Val(J9(5),s) 


lim(s-r)  Val( 71(5)4) ,  g  ^  Box{5L;5H} 


Val(J9(5),s) 


=  max 


liin(s-r)  Val(7l(5).s),  g  ^  vert{6L;5H)l 
Val(i9(5),s)  J 
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Proof  Let  X  be  an  arbitrary  element  in  Box  (5^5^).  and  consider  two  cases 
for  X.  First,  consider  the  case  when  Val(  JD(X)j)  =  0.  Lemma  5.3  implies  that  there 
exist  e^,  e  Vert{5^,  6^1  such  that  X  e  Box{e^  e^)  and  Val(J9(5)j)  =  0  for  all 
5  6  Box{e^,  e^}.  Using  THopital's  Rule,  this  implies  that  for  all  5  e  Box{e^,  e^) 


lini(s-r)  Val(U(5).s)_  Val(U(5).r) 

Val(J9(5).s)  Val(^^  r  j 

Condition  (ii)  guarantees  that 

for  all  5  «  Boxie*-,  e^},  so  Lemma  5.1  implies  that  the  value  of  this  limit  for  all  5  « 
Box{e^,  e^}  is  bounded  by  its  extreme  values  on  the  set  Vert{e^,  e^).  Combining 
this  with  the  fact  that  VenfE^,  e^)  is  a  subset  of  VertfS^S^)  implies  that  the  following 
equation  is  true 


f  lim  (s.TlV?l('a(8i.s) .  g  .  Ven(81-;8H|1  c  lim  (s-r).Vai(Uft).s)  ^ 
Val(i9(5).s)  J  Val(J0(X).s) 


maX' 


lim  (s-r)  Val(’n.(5),s) 


S-»r 


Val(J9(6),s) 


:  5  •  Vcrt{5L;6^*)|. 


A 


'(2) 


Now,  consider  the  second  case  when  ValfiSfX)^)  *  0.  Lemma  5.2  implies  that  there 
exists  p  •  Vert{5K5*^)  such  that  Val(iS)(p)a’)  ^  0.  Since  the  denominator  is  nonzera  at 
these  points, 

lim  (s-r)  Val(7l(X).s)  ^  q  _  lim  (s-r)  Val(')l(p),s) 

Val(i9(X),s)  Val(JE)(p),s) 

This  shows  that  equation  (2)  is  also  valid  for  this  second  case.  Since  equation  (2)  is 
valid  for  arbitrary  X  «  Box  {6^5*^),  the  lemma  follows.  □ 
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Theorem  5.1  Let  u  be  a  right-handed,  continuous-time,  input  signal  such  that 


Ujl(^  1 

u<l(s)  J 


where  Un(s),  Ud(s)  e  R[s].  If  the  two  conditions 

i)  N,  De  Multi{]l‘"Jil[s]} 

ii)  the  rational  function  s/[D(5)ud(s)]  is  analytic  in  the  closed  right  half  plane  for  all 
5«  Box{8L 


are  satisfied,  then 


minltlilS-ll  1.56  Box{5L;5H}1 

V—  1  D(5)ud(s)  j  ’I 

=  minl  1.56  Ven{5L;5H}| 

l‘^“  1  D(5)ud(s)  J  J 


-  \v  •-  ■, 

Proof  Condition  (ii)  allows  use  of  the  Final  Value  Theorem  which  shows  that 

lim  2t-l|  1  _  lim  [  S  V«^(  N(S)Un(s).  s)  1  ■ 

1  D(5)ud  J  Val(  D(5)ud(s).  s)  J’ 

Using  equation  (3),  the  proof  can  now  be  completed  by  invoking  Lemma  5.4  with 
TKS)  =  N(5)un(s),  J9(5)  =  D(5)U(j(s),  and  r  =  0.  □ 
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Theorem  5.2  Let  u  be  a  right-handed,  discrete-time,  input  signal  such  that 


u(k)  =  Z-i' 


uji(s)  1 
Ud(s)  j 


where  Un(s),  Ud(s)  e  R[s].  If  the  two  conditions 

i)  N,  D  e  MuIti{R"'JR.[s]} 

ii)  the  rational  function  (s- 1  )/[D(5)u<i(s)]  is  analytic  outside  the  open  unit  disk  for  all 
5  «  Box  {5^,  5^} 

are  satisfied,  then 


1) 


N(5)Un(s) 

D(5)Ud(s) 


=  min' 


lim 

k-»oo'^ 


N(S)un(s) 

D(5)ud(s) 


:  5  6  Box{5L;5M}| 

1:56  Vert{5L;5H} 


2) 


max- 


lim 

k-^oo-^  I 


N(S)Un(s) 

D(5)ud(s) 


=  max- 


lim 


N(5)un(s) 

D(5)ud(s) 


1 :  5  6  Box{5^;5H)| 

1 :  5  6  Vert(5^;5^)|. 


Proof  Condition  (ii)  allows  use  of  the  Final  Value  Theorem  which  shows  tl^at. 

lim  2-l|  N(8)Un(s)  1  Umj  (s-1)  Val(  N(5)un(s),  s)  1 

1  D(5)ud(s)  j  [  Val(  D(5)ud(s),  s)  J  ’ 

Using  equation  (4),  the  proof  can  now  be  completed  by  invoking  Lemma  5.4  with 
U  (5)  =  N(5)un(s),  JS)  (5)  =  D(5)ud(s),  and  r  =  1 .  □ 


Theorems  5. 1  and  5.2  are  the  main  results  of  this  chapter.  Both  theorems  are 
original  contributions  of  the  author  [Bartlett,  1990c).  Application  of  the  continuous¬ 
time  version  of  these  venex  results  is  illustrated  by  the  following  example. 
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Example  5.1  The  following  is  the  transfer  function  of  a  single  axis  of  a 
computerized  numerical  control  (CNC)  positioning  system  [Uliana,  1985].  The  system 
contains  a  DC  motor  which  produces  translational  motion  through  gear  reduction  and  a 
lead  screw. 


H(s)  = 


_ [KtKgP]  /  2k _ [s(LaKgP)-K(RaKgP)]  /  2k 

s3(JLa)+s2(JRa+BLa)+s(BRa+KiKe)  s3(JLa)+s2(JRa+BLa)+s(BRa+KtKe) 

_ sJj^ _  _ Kfi _ 

s2(JLa)+s(JRa+BLa)+(BRa+KtKe)  s2(JLa)+s(JRa+BLa)+(BRa+KtKe) 


Let  the  vector  of  parameters  equal 

5  =  (  Ra.  Kt,  J,  La.  B,  K*,  Kg,  P  ). 

The  parameters  are  only  known  to  lie  in  the  interval  family  Box{5^,5B}  where 
5L  =  (  0.7,  10,  0.05,  0.005,  0.01,  1.1,  0.16,  9.5  ) 

5H  =  (0.8,  11,  2,0.015,0.02,1.2,0.17,10.5). 

The  inputs  to  the  system  U  =  [  V  G  are  the  armature  voltage  and  the  torque  loading. 
The  outputs  of  the  system  Y  =  [  X  I  are  the  tool  position  and  the  armature  current 
Now,  consider  the  response  of  the  tool  position  X  to  the  torque  disturbance 
G(t)  =  [e%os(t)]x(t)  where  x(t)  is  the  unit  step.  In  the  transform  relation'ftom'G  to** 
X,  the  numerator  and  denominator  polynonuals  are  given  by  the  multiafline  mappings 

N(6)  =  s(LaKgP)+(RdKgP) 

D(5)  =  2jt  [s3(JLa)+s2(JRa+DLa)+s(DRa+KiKe)] . 

The  Laplace  transform  of  the  input  G  is  given  by  the  ratio  of  the  two  polynomials 

Un  =  s  +  1 
Ud  =  $2  +  s  +  1 

All  the  coefficients  of  the  2nd  order  polynomials  Ud  and  D(5)/s  are  positive,  so  both 
polynomials  are  Gh  stable.  This  implies  that  s/(D(5)ud)  is  analytic  in  the  closed  right 
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half  plane.  All  the  conditions  are  satisfied,  so  Theorem  5.1  is  applicable.  By 
evaluating  the  steady  state  response  at  the  vertices  Vert  { 5^,5^} ,  the  maximum  and 
minimum  possible  steady  state  values  of  the  tool  position  are  found  to  be  0.0103  and 
0.0064,  respectively. 

With  a  little  algebraic  manipulation.  Theorem  5. 1  can  also  be  used  to  determine 
to  response  of  a  single  output  to  multiple  inputs.  Furthermore,  uncertainty  in  the  inputs 
can  also  be  handles.  To  see  this,  consider  the  response  of  the  armature  current  to  a  unit 
step  armamie  voltage  and  a  step  torque  disturbance  of  amplitude  e  e  [  0.5,  2].  The 
transform  of  the  output  equals 

= _ Kt+sLab+Rae _ 

^  ^  s3(JLa)+s2(JRa+DLa)+s(DRa+KtKe)’ 

To  use  Theorem  5.1,  this  problem  will  be  converted  to  the  standard  form.  To  this  end, 
the  parameter  vector  will  be  expanded  to  include  e.  Let 

6»  =  (  Ra,  Kt,  J,  La,  B,  K®,  Kg,  P,  e  ). 

5. L  =  (  0.7,  10,  0.05,  0.005,  0.01,  1.1,  0.16,  9.5,  0.5  ) 

6. H  =  (  0.8,  11,  2,  0.015,  0.02,  1.2,  0.17,  10.5,  2  ). 

•  r  '  ^ 

The  systettt  will  be  treated  as  if  it  is  single-input  single-output  with  numeratbf  and  ' 

denominator  polynomials  given  by  the  multiaffine  mappings 

N»(5*)  =  Ki+sLab+RaC 

D»(6»)  =s^(JLa)+s(JRa+DLa)+(DRa+KtK€). 

The  input  will  be  treated  as  if  it  is  a  scalar  unit  step  with  u*n  =  1  and  u*d  =  s.  The 

polynomial  (D*(6*)s)/s  is  Gn-stable  for  all  5*  e  Box{5*L,5*H},  so  Theorem  5.1  can 

be  used  to  find  the  range  of  steady  state  values  of 

N.(5*) 


for  5*  e  Box {5*^, 6*'^}.  Using  Vert{5*K5*^),  it  is  found  that  the  maximum  possible 
steady  sute  value  of  I  is  1.0538  and  the  minimum  is  0.8589. 

5.3  A  Simplified  Steady  State  Vertex  Theorem  for  Interval  Families 

The  steady  state  analysis  vertex  theorem  for  systems  with  multiaffine 
uncertainties  can  also  be  used  to  analyze  systems  represented  by  interval  families  of 
polynomial-pairs.  This  section  will  show  that  it  is  actually  sufficient  to  use  only  a  few 
special  vertices  of  an  interval  family  in  order  to  determine  the  extreme  values  of  the 
steady  state  response.  This  simplification  is  given  by  the  following  theorems. 

Theorem  5.3  Let 

(ar’^s*'  +  ...  +  as’^s^  +  a2*s^  +  ai^s  +  ao*,  Cq*s9  -t- ...  +  cs’^s^  +  C2*s^  +  ci’^s  +  cq*) 
be  an  element  in  the  interval  family  of  real  polynomial-pairs 

T  =  {  (  arS^  +  ...  +  a3s3  +  a2s2  +  ais  +  ao,  CqS^l  -t- ...  +  C3s3  -i-  C2s2  +  cis  +  cq  )  : 

-arL<ar<ajH . 32^  <  a2  ^  a2^,  ai^  <  ai  <  ai^,  ao^^^^  ao^, 

Cr^<Cr<Cr^,  ...  ,  C2^^C2^C2^,  CiL<ci<CiH,  cq^^co^cq^  }, 

and  let  u  be  a  right-handed,  continuous-time,  input  signal  such  that 

where  Un(s),  U(i(s)  e  R[s].  If  the  rational  function  s/[d(s)U(i(s)]  is  analytic  in  the  closed 
right  half  plane  for  all  d(s)  e  DenCT)  then 
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' 

1) 


litn  2-i|  n(s)Un(s) 
i-»~  I  d(s)ud(s) 


:  (n(s):d(s))  e  7 


lim  --if  n(s)un(s) 
t-»oo  1  d(s)ud(s) 


(n(s);d(s))  e  V 


2) 


where 


maxH 


lim  -..J  n(s)Un(s) 
t_>oo  ^  d(s)ud(s) 


:  (n(s);d(s))  e  T 


=  max^ 


lim  -.J  n(s)un(s) 
\  d(s)ud(s) 


:  (n(s);d(s))  e  V 


Y  =  {  (ar^s*^  +  ...  +  32*5^  +  ai*s  +  ao,  +  ...  +  C3*s^  +  C2*s2  +  cjs  +  cq)  : 
aoelao^ao”),  Ci  e  (ciLciH),  Coe(coL,co”l  }. 


Proof  The  condition  that  s/[d(s)ud(s)]  is  analytic  in  the  closed  right  half  plane 
for  all  d(s)  e  Den(T)  allows  use  of  the  Final  Value  Theorem  which  shows  that 


lim 


£-li  ^arS^H-  ...  +  a3s3  +  325^  -t-  ais  -h  an)  Un(s)  | 
:  (CqS<l  +  ...  +  C3s3  +  C2s2  +  CIS  +  Co)  Ud(S)  j 


lim  r  s  (arS''  +  ...  +  a3s3  +  a2S^  +  ais  +  an)  Un(s)  ' 

(CqS'l  +  ...  +  C3s3  +  C2s2  +  CIS  +  co)  Ud(s)  • 

limf  S  (an)  Un(s)  ■ 

s^0|_  (cis  +  co)  iWi(s) 


(5) 


for  all 

(  arS''  +  ...  +  a3S-  +  a2S^  +  ais  +  ao,  CqS^  +  ...  +  C3s3  +  C2S^  +  cis  +  cq  )  e  7. 

Equation  (5)  implies  that  the  steady  state  value  does  not  directly  depend  on  ap . 33, 

32,  31.  Cq . C3,  and  C2.  In  other  words. 
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9* 


where 

X  =  {  (ar’^s^  +  ...  +  a2*s2  +  ai’^s  +  ao,  Cq^s^l  +  ...  +  C3*s^  +  C2*s^  +  cis  +  cq)  : 

ao  e  [ao^.ao^],  Ci  e  [ci^.CiH],  cq  e  [co^.cq^]  }. 

Theorem  5. 1  can  be  used  to  show  that 

-  ”"(  :  (n(s);d(s))  .  V  I  (7) 

=  -=-‘1  :  (n<s);d(s))  -  V  ).  (8) 


The  proof  now  follows  from  the  combining  of  equation  (6-8).  □ 

Theorem  5.4  Consider  the  interval  family  of  real  polynomial-pairs 

T  =  (  (  ars’’  +  ...  +  a3s3  +  a2s2  +  ais  +  ao,  Cqs*!  +  ...  +  035^  +  C2s2  +  cis  +  cq  )  : 
arL<ar<ar^,  ...  ,  a2^^a2^a2^,  aiL<ai<ai^,  ao^<ao<ao^, 
Cr^<Cr^c/* . C2^^C2  5C2^,  CiL<Ci<Ci^,  Cq^  ^  CQ  5  cq^  }. 


Let  u  be  a  right-handed,  discrete-time,  input  signal  such  that 


u(k)  *  Z-1 
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where  Un(s),  Ud(s)  e  R(s].  K  the  rational  function  (s-l)/Id(s)ud(s)]  is  analytic  outside 
the  open  unit  disk  for  all  d(s)  e  Den(D  then 


where 


•  I  1  i  n 
^  k-. 


n(s)un(s) 

d(s)ud(s) 


:  (n{s);d(s))  e  T 


maxi  7-lJ  "(s)un(s) 

maxj  d(s)ud(s) 


(n(s);d(s)) 


=  maX' 


lim  ~.tf  n(s)Un(s) 


Y  =  {  (ar^s*’  +  ...  +  a2^s2  +  ai^s  +  ao^,  Cq^s^l  +  ...  +  C2^s2  +  ci^s  +  cq^), 
(ar^s^  +  ...  +  a2^s2  +  ai^s  +  ao^,  Cq^sQ  +  ...  +  C2^s2  +  ci^s  +  cq^), 
(ar^s^  +  ...  +  a2*^s2  +  ai^s  +  ao^,  Cq^s^l  +  ...  +  C2^s2  +  ci^s  +  cq^), 
(ar*^s^  +  ...  +  a2^s2  +  ai^s  +  ao^.  Cq^sQ  + ...  +  C2^s2 +  ci^s  +  cq^)  }. 


Proof  The  condition  that  (s-l)/[d(s)ud(s)]  is  analytic  outside  the  open  unit 

••V 

circle  for  all  d(s)  e  Den{T)  allows  use  of  the  Final  Value  Theorem  which  shows  that 

litn  2-iI  (arS^  +  ...  +  a^s^  +■  a2S^.  +  ais  +  ap)  Un(s)  | 
k^oo  n  4.  +  ^35^  +  C2s2  +  CiS  +  cq)  Ud(s)  J 

1  i m  r  (s-1)  (arS*'  +  ...  +  335^  +  a2S^  +  ais  +  ap)  Un(s)  ' 

L  (CqS^l  +  ...  +  C3S^  +  C2s2  +  CIS  +  CO)  Ud(S) 


=  Sai  Und),!!;^ 
u=o 


-  _ (sd) _ 

(CqS*!  +  ...  +  C3s3  +  CTs’  +  Cis  + 


CO)  Ud(s) 


for  all 


(  arS''  +  ...  +  335^  325“  +  ais  +  30,  CqS^  +  ...  +  C3S^  +  C2S“  +  CIS  +  CO  ) 
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From  the  inequality 


f  ^  ^ 

<  j 

< 

laiH 

d=0  > 

(.1=0  J 

^i=0  > 

it  becomes  clear  that  equation  (9)  can  only  take  on  an  extreme  value  when 
arS*'  +  ...  +  a3s3  +  a2S^  +  ais  +  aq  «  Num(V) 

=  {  ar^s''  +  ...  +  a2^s2  +  ai^s  +  aoK  ar^s*”  +  ...  +  a2^s2  +  ai^s  +  aq^  }  . 
This  implies  that 


H  }:  (n(s);d(s))  .  ~  } 


=  min| 


I  }:  (n(s);d(s))  e  Num(V)  x  Den(T)  ' 


(10) 


max^  7-l|  "islunis) 
max^  k^oo>(.  M  d(s)ud(s) 


:  (n(s);d(s))  e  7 


=  max- 


|:  (n(s);d(s))  e  Num(V)  x  Den(7)  }  (11) 


To  complete  the  proof,  it  must  be  shown  that  Den(D  can  be  replaced  by  Den(V)  in 
equations  ( 10)  and  (11).  This  will  be  achieved  by  considering  two  separate  cases.  ►  , 
First,  consider  the  case  when  udfl)  =  0.  For  this  case,  the  condition  that 
(s-l)/[d(s)ud(s)]  is  analvtic  outside  the  open  unit  circle  for  all  d(s)  e  Den(7)  implies  that 

[^]s=i  =  "d'm  *  0 

q 

d(l)  =  Ici  ^0  (12) 

i=0 

for  all  d(s)  =  (Cqsq  +  ...  +  cbs^  +  C2S^  +  cis  +  cq)  *  Dcn(T).  From  these  facts, 
equation  (9)  can  be  simplified  to 
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lim 

k-»oo  ^  ^ 


(arS^  +  ...  +  a-^s3  +  +  ais  +  ap)  Un(s)  1 

(cqs^l  +  ...  +  C3s3  +  c2s2  +  CIS  +  co)  Ud(s)  J 


for  all 

(  ars’’  +  ...  +  a3s3  +  a2s2  +  ais  +  ao,  CqS*!  +  ...  +  035^  +  C2s2  +  cis  +  cq  )  s  7. 
From  the  inequality 


r "  ^ 

f  ^  ^ 

IciH 

< 

Ici 

< 

IciH 

li=0  J 

v«=0  y 

d=0  > 

combined  with  equation  (12),  it  follows  that 


-I 

f  ^  ^ 

-1 

f  ^  Y 

> 

Ici 

> 

IciH 

vi=0  y 

\»=0  > 

li=0  y 

From  this  latter  inequality,  it  becomes  clear  that  equation  ( 1 3)  can  only  take  on  an 
extreme  value  when 

CfS^  +  ...  +  C3s3  +  c2s2  +  CIS  +  CO  e  Den(V) 

=  {  Cr^s^  +  ...  +  C2'^s2  +  ci^s  +  co'^,  Cr*^s^  +  ...  +  C2^s2  +  ci^s  +  cq^  ) . 

This  achieves  the  goal  of  showing  that  Den(T)  can  be  replaced  by  Den(V)  in  equations 
(10)  and  y  1)  for  the  case  when  ud(l)  =  0. 

Now,  consider  the  second  case  when  Ud(l)  ^  0.  For  this  case,  Denft^  and 
Denf/)  will  both  be  divided  into  two  sets 

-  {  d(s)  e  Den(T)  :  d(l)  ^  0  ) 

D=t  =  {  d(s)  s  Den(T)  :  d(l)  =  0  } 

=  {  d(s)  «  Den(V)  ;  d(l)  ^  0  ) 

:2=v  =  {  d(s)  e  Den(V)  :  d(l)  =  0  ). 

For  all  real  values  of  x  greater  than  or  equal  to  zero,  the  following  inequality  holds 
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(14) 


[  Cr^sr  +  ...  +  02^52  +  ci^-s  +  co^  ]s^x 
<  [  CfS^  +  ...+  C2s2  +  CIS  +  CO  Jj-x 
<  [  +  ...  +  C2^s2  +  Cl^S  +  CO^  ]s=X' 

For  x=l,  this  inequality  implies  that  IVt  is  nonempty  if  and  only  if  D*v  is  nonempty. 
This  combined  with  the  fact  that  equation  (9)  equals  zero  for  all  polynomial-pairs  in 
Num(V)  X  D^t  and  Num(V)  x  D^v  implies  that 


lim 

lc-»oo 


Z-H 


1  i  m 
k->»» 


2-H 


d.t 

n_(s)uii(s)  \ .  (n(5).d(s))  g  Num(V)  x  D^v  I 


[  d(s)Ud(s)  * 


(15) 


The  condition  that  (s-l)/[d(s)ud(s)]  is  analytic  outside  the  open  unit  circle  for  all  d(s)  e 
Den(D  implies  that  Cfi-  and  Cr^  arc  both  positive  or  both  negative  and  it  implies  that 

[  CrS*"  +  ...+  C2s2  +  CIS  +  CO  *  0 

for  all  X  >  1.  d(s)  e  DenCT).  These  together  indicate  that 

[  Cfi-sf  +  ...  +  c2^s2  +  ci^s  +  co^ 

[  Cr^S*^  +  ...  +  C2^s2  +  Ci^s  +  co^  jg-x 


are  both  positive  or  both  negative  for  all  x  >  1.  Continuity  and  equation  (14)  imply  that 
d(s)  6  D«(D  has  a  root  at  1  only  if  d(s)  equals  >  ^  -  » 

Ci^s*"  +  ...  +  C2^s2  -h  cjl-s  +  co^ 


or 


Cr^s^  +  ...  +  C2^s2  +  ci^s  +  co^. 
This  implies  that  D^j  equals  D=v.  so 


lim  n(s)un(s) 
k-»oo-^  [  d(s)ud(s) 


:  (n(s);d(s))  ®  Num(V)  x  D=t  | 


lim  n(s)un(s) 
I  d(s)ud(s) 


:  (n(s);d(s))  e  Num(V)  x  :2=v 


(16) 
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Den(T)  =  U  D=t  and  Den(V)  =  D*v  U  23= v.  so  equations  (15)  and  (16)  show  that 
Den(T)  can  be  replaced  by  Den(V)  in  equations  (10)  and  (1 1)  for  the  case  when 
U(j(l)^0.  This  completes  the  second  case  and  the  proof.  □ 

This  section  has  shown  that  the  steady  state  response  of  stable  systems 
represented  by  interval  families  of  polynomial-pairs  can  be  determined  using  only  a 
small  number  of  vertices.  For  the  continuous-time  case,  eight  vertices  are  needed,  and 
for  the  discrete-time  case  only  four  vertices  are  required. 

5.4  Counterexamples  to  a  Transient  Response  Vertex  Conjecture 

The  steady  state  venex  results  presented  in  the  Section  5.2  are  cause  to 
speculate  that  a  transient  response  venex  result  might  exist  for  stable  systems  with 
muldaffme  uncctainties.  This  section  will  show  that  the  crucial  features  of  the  transient 
response  cannot  be  determined  from  the  vertices  alone  even  when  only  affine 
uncenaintics  are  allowed.  This  negative  answer  to  the  conjecture  is  demonstrated  by 
examples  in  botn  continuous-time  and  discrete  imie. 

.  r  *  r  . 

—  ;  r  •  '  ^ 

Example  5.2  Consider  a  continuous-time  system  whose  polynomial-pair 
description  is  g.  ren  by  the  affine  mapping  T:  R  -4  iR.[s]2  defined  by 
T(k)  =  (1,(3.4  k+0.1)s2+(1.7  k+0.8)s+l). 

The  value  of  the  parameter  k  is  only  known  to  lie  in  the  set 

A  =  [0,1], 

This  system  is  Gh- stable  for  all  k  «  A.  The  cominuous-nmc  step  response  of  this 
system  when  k  takes  on  the  vertex  values  0  and  1  is  shown  in  Figure  5.1.  The  step 
response  for  the  non-venex  value  k  =  0.5  is  also  shown.  Figure  5. 1  shows  that  the 
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maximum  possible  value  of  the  peak  overshoot  does  not  occur  at  a  vertex.  This  implies 
that,  in  general,  the  vital  statistics  of  the  transient  response  of  a  continuous-time  stable 
system  with  affine  uncertainties  cannot  be  determined  from  the  response  of  the  vertex 
descriptions. 


Continuous-time  example  showing  diat  maximum'possible  value  of  the  step  response 
does  not  necessarily  occur  at  a  vertex  for  stable  systems  with  affine  uncertainties. 

Figure  5.1 

A  similar  statement  can  be  made  for  discrete-time  systems. 

Example  5.3  Consider  a  discrete-time  system  whose  polynomial-pair 
description  is  given  by  th :  affine  mapping  T:  ^  ]i[s]-  defined  by 
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T(s,5)  =  (  (0.0130  k  +  0.0014)s+(0.0099  k  +  0.0014), 

s2+(0.1915k-  1.9283)s+(-0.1686k  + 0.9311)  ) 

The  value  of  the  parameter  k  is  only  known  to  lie  in  the  set 

A  =  [0.1]. 

This  system  is  Gs-stable  for  all  k  e  A.  The  discrete-time  step  responses  of  this  system 
for  k  equal  to  0, 0. 1429,  and  1  are  shown  in  Figure  5.2.  Oearly,  the  maximum  peak 
overshoot  does  not  occur  at  a  venex.  This  implies  that  the  vital  statistics  of  the  transient 
response  of  a  discrete-dme  uncertain  system  cannot  be  completely  determined  from  the 
response  of  the  vertex  descriptions. 


Discrete-time  example  showing  that  maximum  possible  value  of  the  step  response  does 
not  necessarily  occur  at  a  vertex  for  stable  systems  with  affine  uncertainties. 

Figure  5.2 
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This  section  has  shown  that  vertices  are  not  sufficient  for  a  complete  transient 
response  analysis  of  a  stable  system  whose  set  of  polynomial-pair  descriptions  is 
generated  by  affine  uncertainties.  Whether  or  not  some  larger  subset  such  as  edges  or 
faces  would  provide  all  the  desired  information  is  still  an  open  question.  Another  open 
question  is  whether  a  vertex  result  exists  for  more  restrictive  uncertainty  classes  such  as 
interval  families. 

5.5  Conclusion 

This  chapter  presented  new  vertex  theorems  applicable  to  the  steady  state 
analysis  of  both  continuous-time  and  discrete-time  stable  uncertain  systems.  For  sets 
of  polynomial-pairs  generated  by  multiaffine  uncertainties,  it  has  been  shown  that  an 
exaa  worst-case  analysis  can  be  carried  out  using  only  the  vertices.  This  automatically 
implies  a  similar  venex  theorem  for  sets  of  polynomial-pairs  generated  by  affine 
uncertainties.  With  a  little  extra  work,  the  multiaffine  vertex  result  could  be  used  to 
prove  a  steady  state  vertex  result  for  polytopes  of  polynomial-pairs.  In  addition,  it  was 
shown  that  a  steady  state  analysis  could  be  carried  out  for  discrete-time  and  continuous¬ 
time  interval  families  of  polynomial-pairs  using  only  four  vertices  and  eight  vertices, 
respectively. 

This  chapter  also  showed  that  the  vertex  results  for  polynomial-pair  sets 
generated  by  affine  uncertainties  were  only  valid  for  steady  state  analysis  and  not  for  a 
complete  transient  response  analysis.  Both  continuous-time  and  discrete-time  counter¬ 
examples  were  presented.  These  examples  showed  that  the  maximum  peak  overshoot 
of  a  stable  system  with  affine  uncertainties  does  not  necessarily  occur  at  a  venex.  This 
suggests  two  possible  directions  for  future  research.  One  is  to  look  for  transient 


135 


response  vertex  results  for  more  restrictive  uncertainty  classes  such  as  interval  families. 
The  other  direction  is  to  investigate  the  possibility  of  transient  response  edge  results. 


CHAPTER  6 


CONCLUSION 

This  dissertation  has  reviewed  the  existence  of  vertex  and  edge  theorems  for  the 
analysis  of  both  continuous  and  discrete-time,  finite-dimensional,  linear,  time-invariant 
systems  with  uncertain  parameters.  The  focus  has  been  on  four  classes  of  uncertain 
systems  and  several  ty  pes  of  classical  analyses.  The  four  classifications  of  uncertain 
systems  are  loosely  called  interval  families,  affine  uncertainties,  polytopes,  and 
multiaffine  uncertainties.  The  analyses  are  pole  locations,  stability,  frequency 
response,  and  time  response.  Several  vertex  and  edge  theorems  as  well  as 
counterexamples  to  similar  conjectures  have  been  presented.  A  few  open  questions 
have  also  been  pointed  out.  Several  of  the  results  concerning  these  topics  are  joint  or 
independent  original  contributions  of  the  author. 

Determination  of  pole  locations  was  the  first  analysis  topic  that  was  considered. 
It  was  shown  that  all  possible  poles  of  an  uncertain  system  represented  by  a  polytope  of 
characteristic  polynomials  could  be  determined  using  only  the  edge  characteristic 
polynomials.  Thrs  result  is  one  of  the  nrain  joint  contributions  of  the  author  [Banlett, 
Hollot,  Huang,  1988;  Hollot,  Looze,  Bartlett,  199Q;  Bartlett,  1990a].  This  result 
automatically  provides  a  pole  location  edge  theorem  for  systems  represented  by  sets  of 
polynomials  generated  by  affine  uncertainties  and  by  interval  families  of  polynomials. 
For  systems  represented  by  sets  of  characteristic  polynomials  generated  by  multiaffine 
uncertainties,  it  was  shown  that  the  edges  polynomials  do  not  provide  sufficient 
information  to  easily  determine  ail  possible  pole  locations.  This  fact  follows  almost 
immediately  from  [Barmish,  Fu,  Saleh,  1988]  and  is  explicitly  shown  by  [Ackermann, 
Hu,  Kaesbauer,  1990].  For  all  four  classes  of  polynomial  sets,  it  is  easily  seen  from 
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traditional  root  locus  examples  that  the  vertices  do  not  provide  sufficient  information  to 
easily  determine  all  possible  system  poles.  These  results  on  pole  locations  naturally 
suggest  results  concerning  stability  analyses. 

Stability  analysis  was  the  second  topic  that  was  covered.  It  was  pointed  out  that 
under  certain  conditions  the  G-stability  of  all  polynomials  in  a  polytope  would  be 
implied  by  the  G-stable  of  all  edge  polynomials.  This  edge  theorem  is  valid  if  the 
polytope  and  the  stability  region  both  satisfy  certain  assumptions  [Bartlett,  HoUot, 
Huang,  1988;  Fu,  Barmish,  1988;  Sideris,  Barmish,  1989;  Hollot,  Looze,  Bartlett, 
1990]  or  alternately  if  a  precondition  is  used  [Bartlett,  1990a].  The  author  is  a  joint 
contributor  to  the  original  version  of  this  edge  theorem  and  to  some  of  the  subsequent 
revisions.  Unfortunately,  this  edge  theorem  does  not  extend  to  multiaffine  uncenainties 
[Barmish,  Fu,  Saleh,  1988].  This  is  true  even  for  the  important  special  cases  when  G 
is  to  equal  Gh  or  Gs  and  when  aU  the  possible  characteristic  polynomials  are  real. 
Besides  edge  results,  vertex  theorems  were  also  discussed.  A  counterexample  similar 
to  that  of  [Kochenburger,  1953]  was  given  which  showed  that  Gn-stability  of  a  set  of 
real  polynomial  generated  by  affine  uncertainties  is  not  implied  by  GH-stability  of  its 
venex  polynomials.  From  this  example,  it  is  straight  forward  to  generate  a 

^  .  r  *  t  . 

counterexample  to  a  sithilar  venex  conjecture  concerning  Gs-stability.  It  follows  that 
venex  stability  theorems  also  do  not  exist  for  the  more  general  cases  of  polytopes  of 
polynomials  or  for  polynomial  sets  generated  by  affine  uncertainties.  For  the  more 
restrictive  case  of  interval  families  of  polynomials,  it  is  also  true  that  Gs-stability  of  the 
venices  does  not  imply  Gs-stability  of  the  whole  family  [Hollot,  Bartlett.  1986]. 
However,  for  some  special  stability  regions  including  Gh,  it  was  pointed  that  powerful 
venex  theorems  exist  for  the  stability  analysis  of  interval  families  of  polynomials 
[Kharitonov,  1978a&b;  Petersen,  1989;  Fu,  1989].  The  result  for  GH-stability  is 
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particularly  amazing  because  it  only  requires  that  the  stability  of  eight  special  vertices  be 
tested  [Kharitonov,  I978a&b]. 

Frequency  response  analysis  was  the  third  topic  that  was  considered.  Given  a 
set  of  polynomial-pair  descriptions  T  for  an  uncertain  system  and  a  frequency  z,  the 
goal  was  to  determine  all  possible  responses  in  Nyquist  p.'ane  form  Nyq(T,z)  or  in 
Bode  magnitude  form  Mag(T,z).  It  was  shown  that,  for  sets  generated  by  multiaffine 
uncertainties,  neither  of  the  two  frequency  response  sets  could  be  determined  using 
only  the  frequency  responses  of  the  edge  polynomial-pairs.  This  was  true  even  if  z 
was  restricted  to  the  unit  circle  or  to  the  jw-axis.  For  sets  of  polynomial-pairs  that  are 
polytopes  or  are  generated  by  affine  uncertainties,  it  was  shown  that  an  edge  theorem 
could  be  used  to  determine  the  two  frequency  response  sets.  This  edge  theorem  is  an 
independent  original  contribution  of  the  author  [Bartlett,  1990b].  In  addition,  it  was 
shown  that  a  vertex  theorem  for  determining  Nyq(T,z)  or  Mag(T,z)  does  not  exist  even 
for  the  special  case  when  z  is  restriacd  to  the  jw-axis  or  to  the  unit  circle.  The 
frequency  response  edge  theorem  for  polytopes  obviously  applies  to  the  special  case  of 
interval  families.  It  is  also  generally  true  that,  for  interval  families  of  polynomial-pairs, 
no  venex  theorem  can  be  used  to  determine  the  frequency  response  sets.  However,  the 

.  V  ■* 
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analysis  of  interval  families  can  be  greatly  simplified  if  attention  is  restricted  to 
frequencies  on  the  jw-axis.  This  restriction  is  too  limitmg  for  the  analysis  of  discrete¬ 
time  systems,  but  for  continuous-time  systems,  this  restriction  is  of  essentially  no 
consequence.  One  of  the  simplifying  results  shows  that  an  interval  family  of 
polynomial-pairs  and  a  polytopic  subset  of  it  have  identical  frequency  response  sets. 

By  combining  this  fact  and  the  edge  theorem  for  polytopes,  it  was  shown  that  the 
frequency  response  sets  of  an  interval  family  could  be  determined  using  only  the  edges 
(32  or  less)  and  the  vertices  (16  or  less)  of  this  special  polytopic  subset.  A  further 
simplify  result,  showed  that,  for  interval  families,  the  extreme  values  of  the  frequency 
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This  dissertanon  has  reviewed  the  availability  of  venex  and  edge  theorems 
which  simplify  pole  location  analyses,  stability  analyses,  frequency  response  analyses, 
and  time  response  analyses  for  four  classes  of  uncertain  systems.  Among  the 
contributions  of  the  author  that  were  included  in  this  review,  three  are  the  most 
significant.  The  first  of  these  main  contributions  is  the  collection  of  edge  theorems  for 
determining  pole  locations  and  stability  of  polytopes  of  polynomials  [Bartlett,  Hollol, 
Huang.  1988;  Fu,  Barmish,  1988;  Sideris,  Barmish,  1989;  Hollot,  Looze,  Bartlett, 
1990;  Bartlett,  1990a].  The  second  contribution  is  tlie  edge  theorem  for  determining 
the  frequency  response  of  polytopes  of  polynomial-pairs  [Bartlett,  1990bl.  The  third 
of  these  main  results  is  the  venex  theorem  for  determining  the  steady  state  time 
response  of  polynomial-pair  sets  generated  by  multiaffine  uncertainties  [Bartlett, 
1990c].  As  was  intended,  all  three  of  these  contribution  can  be  used  to  significantly 
reduce  the  effon  required  to  cany  out  worst  case  analyses  on  systems  with  certain 
general  types  of  parameter  uncertainties. 
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Abstract.  We  present  and  analyze  sounding  rocket  and 
HILAT  satellite  measurements  of  the  low  frequency  (<  1  Hz) 
electric  and  magnetic  fields  5E  and  perpendicular  to  the 
Earth's  magnetic  field  Bq  in  the  auroral  oval.  By  examining 
the  time-domain  field  data  it  is  often  difficult  to  distinguish 
temporal  fluctuations  from  static  structures  which  are  Doppler 
shifted  to  a  non-zero  frequency  in  the  spacecraft  frame. 
However,  we  show  that  such  a  distinction  can  be  made  by 
constructing  the  impedance  function  Z(f)  =  na\SE(f)lSB(f)\. 
Using  Z(f)  we  find  agreement  with  the  static  field 
interpretation  below  about  0.1  Hz  in  the  spacecraft  frame,  i.e. 
Z(f)  =  Lp  i  where  Zp  is  the  height-integrated  Pedersen 
conductivity  of  the  ionosphere.  Above  0.1  Hz  we  find  Z(f)  > 
Zp  i,  which  we  argue  to  be  due  to  the  presence  of  Alfvin 
waves  incident  from  the  magnetosphere  and  reflecting  from 
the  lower  ionosphere,  forming  a  standing  wave  pattern. 
These  waves  may  represent  an  electromagnetic  coupling 
mechanism  between  the  auroral  acceleration  region  and  the 
ionosphere. 

Introduction 

Satellite  measurements  of  high-latitude  fluctuating  electric 
and  magnetic  fields  measured  perpendicular  to  Bo  often  show 
a  high  degree  of  correlation.  The  nature  of  the  correlation  has 
been  explained  by  treating  the  fields  as  static,  with  the 
fluctuations  resulting  from  the  motion  of  the  satellite  through 
spatial  structures  with  scale  sizes  from  a  few  hundred  meters 
to  hundreds  of  kilometers.  Assuming  that  there  are  no 
variations  in  the  zonal  direction,  the  ratio  of  the  zonal  magnetic 
to  meridional  electric  field  amplitudes  will  be  proportional  to 
the  height-integrated  Pedersen  conductivity  in  the  ionosphere 
Zp  [Su^iura  et  al.,  1982;  Sugiura,  1984;  Smiddy  et  at.. 
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1984],  Since  the  spectrum  of  fluemating  fields  measured  in 
such  an  experiment  is  generally  a  monotonically  decreasing 
function  of  frequency,  the  correlation  method  emphasizes  the 
largest  scales  in  the  system. 

The  purpose  of  this  smdy  is  to  investigate  spatial  and/or 
temporal  scales  smaller  than  those  smdied  by  the  authors  listed 
above  and  which  are  closer  to  the  regime  associated  with 
discrete  auroral  arcs.  In  so  doing  we  address  the  possibility 
that  the  fluemation  fields  may  be  due  to  Alfvdn  waves.  In  the 
wave  model,  the  fluctuation  amplitudes  are  related  to  the 
characteristic  impedance  of  Alfvin  waves,  Za  =  fioVA,  where 
Ho  is  the  permeability  of  free  space  and  is  the  Alfv6n  wave 
phase  velocity.  This  effect  was  measured  in  two  events 
lasting  a  few  seconds  each  by  Chmyrev  et  al.  [198S]  using  the 
Intercosmos-Bulgaria-1300  satellite.  Since  the  wave  model 
can  include  reflections  from  the  ionosphere,  the  relation 
between  ^  and  ^  depends  upon  the  conductivity  of  the 
ionosphere  and  upon  the  electrical  length  (i.e.  the  number  of 
Alfven  wavelengths)  between  the  measurement  point  and  the 
ionosphere  as  well. 

The  connection  between  Alfven  waves  and  auroral  arcs  has 
been  discussed  by  many  authors,  including  Hasegawa  [1976], 
Goertz  and  Boswell  [1979],  Haerendel  [1983],  and  Seyler 
[1988].  Alfv^n  waves  have  been  measured  in  and  above  the 
ionosphere,  most  recently  by  Boehm  et  al.  [1990]  who 
identified  step-like  waves  and  near-coherent  oscillations  in 
time-domain  rocket  data,  and  by  Erlandson  et  al.  [1989]  who 
measured  electric  and  magnetic  field  spectral  enhancements  at 
micropulsation  frequencies  using  the  Viking  satellite.  Due  in 
pan  to  the  Doppler  shift  of  spatial  structures  into  the  Alfv6n 
wave  frequency  band,  the  presence  of  Alfvdn  waves  in  either 
the  time-domain  or  spectral  data  is  often  not  so  obvious.  In 
this  paper  we  show  that  the  impedance  function  Z(f)  = 
Ho^5E(f)/SB(f)\  can  be  used  to  distinguish  the  presence  of 
propagating  temporal  phenomena  in  cases  for  which  the 
temporal  nature  would  not  otherwise  be  obvious. 

Method  of  Analysis 

In  the  absence  of  reflections  an  Alfv6n  wave  is 
characterized  by  an  impedance  function  Z(f)  which  is 
independent  of  frequency  and  equal  to  the  characteristic 
impedance  of  the  medium.  Za  -  HoVa  ■  2a  is  typically  much 
greater  than  ij,  L  and  the  detection  of  measured  values  of  Z(f) 


Copyright  1990  by  the  American  Geophysical  Union. 

Paper  number  90GL00672 
0094-8276/90/90GL-00672$03.00 


921 


fi])-  ft- 


fRo/^ 

1^  0  (2  <x  /'n  £  aJ~7^ 

/^S  SBf^^  ~7^° 


3  T'/  C 

0  'T^ 

QR! ^  ^ 


Knudsen  et  al.:  Distinguishing  Alfvdn  Waves  ftora  Static  Structures 


923 


Fig.  2.  Measured  impedance  spectrum  Z(f)  computed  from 
the  data  shown  in  Figure  1. 

have  plotted  Lp  i  as  deduced  from  Sondrestrom  radar  data, 
shown  by  the  dotted  line.  Note  that  Z(J)  tends  towards  Lp~^ 
in  the  low  frequency  limit.  A  trend  towards  increasing 
impedance  at  higher  frequencies  is  clearly  visible.  Quasi-static 
fields  and  a  uniiform  Lp  would  produce  the  flat  line  at  Z(f)  = 

We  now  examine  HILAT  data  for  which  the  satellite  was 
passing  southward  through  the  polar  cap  and  auroral  oval 
between  16:30  and  17:00  MLT.  The  solar  zenith  angle  was 
about  60',  and  the  ionosphere  was  therefore  sunlit  HILAT 
orbits  at  about  800  1cm,  with  a  velocity  of  7.4  km/s.  The 
nonhward  electric  field  is  derived  from  an  ion  drift  meter 
measuring  cross-track  ion  ExB  velocides,  which  periodically 
switches  between  16  and  32  s-i  sample  rates.  The  eastward 
magnetic  field  perturbations  were  measured  with  a  fluxgate 
magnetometer  which  was  sampled  at  20  s-L  These 
instruments  are  described  in  detail  by  Potemra  et  al.  [1984] 
and  Rich  et  al.  11984],  Both  field  quantities  were  averaged  to 
2  Hz,  or  one  measurement  every  3.7  km.  The  meridional 
electric  and  zonal  magnetic  fields  are  shown  in  Figure  3.  The 
slow  variation  in  the  magnetic  field  throughout  the  pass  is  due 
to  thermal  stress  on  and  attitude  changes  of  the  satellite,  but  is 
well  below  the  range  of  frequencies  we  are  considering.  The 
magnetometer  resolution  is  about  IS  nT,  but  averaging  gives 
an  effective  resolution  somewhat  lower  than  this.  The 
resolution  is  still  marginal  for  Alfvdn  wave  measurements,  so 
we  must  choose  times  in  which  sufficient  magnetic  field 
fluctuations  are  available  to  assure  that  we  ate  measuring 
signal  rather  than  noise.  This  is  the  case  in  the  shaded  interval 
in  Figure  3. 


Bweit  Day  122. 1984 


UT  18:47  18:49  18:51  18:53  18:55 

InvLat  86.6  80.0  73.4  66.9  60.7 

MLT  16:19  16:50  16:56  16:59  17:00 


Fig.  3.  Zonal  magnetic  and  meridional  electric  fields 
measured  with  the  HILAT  satellite. 


Proceeding  as  described  above  we  obtained  14  separate 
spectra  which  were  averaged  to  find  the  impedance  function 
Z(f)  shown  in  Figure  4.  Zp  t  (shown  by  the  dotted  line)  was 
estimated  based  on  the  solar  and  particle  input  to  the  E  region 
[Robinson  and  Vondrak,  1984].  For  this  sunlit  case  Zp  was 
quite  uniform.  As  with  the  rocket  measurement,  Z(f)  =  £p-i 
near/=  0,  and  again  an  increase  in  Z(f}  above  £p-^  is 
evident  above  about  0. 1  Hz. 


Oi _ _ _ _ _ _ _ I 
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Fig.  4.  Z(f)  computed  from  the  HILAT  satellite  data. 


Discussion 


Above  0. 1  Hz  the  impedance  functions  for  the  two  cases 
we  have  presented  show  a  marked  increase  over  what  would 
be  expected  from  a  simple  static  electric  ficld/Birkeland  current 
model.  This  result  alone  argues  for  the  importance  of  Alfvdn 
waves  in  the  electrcmagnctic  structure  of  the  disturbed  auroral 
oval. 

If  the  field  fluctuations  vary  in  time,  then  they  will 
propagate  as  Alfvdn  waves  and  reflect  off  of  the  lower 
ionosphere  to  form  a  standing  wave  pattern.  As  in  a 
transmission  line,  the  wave  impedance  has  a  maximum  one 
quaner  wavelength  from  a  conducting  load.  Of  course  in  the 
ionosphere  the  Alfv6n  wavelength  changes  with  varying 
plasma  density,  but  we  can  estimate  the  frequency  of 
maximum  impedance  /noz  by  neglecting  partial  reflections  off 
of  the  F-region  density  gradient  and  assuming  a  single 
reflection  from  the  top  of  the  E  region  (at  Zmin).  The  result  is 


d? 


(1) 


Znoz  is  the  height  at  which  the  measuietnent  is  taken.  If  we 
assume  an  O  plasma  and  use  the  density  profile  taken  with 
the  Sondrestrom  radar  at  the  time  of  the  Black  Brant  rocket 
launch.  (1)  gives  f„ua  =  0.37  Hz.  For  the  satellite  data  we 
estimated  the  density  profile  by  using  Sondrestrom  radar  data 
for  days  close  to  the  pass  and  at  the  same  local  time. 
Unfortunately,  no  radar  data  were  available  at  the  time  of  the 
satellite  pass.  In  this  case  (1)  gives  /max  =  0.25  Hz. 
Comparing  these  values  to  Figures  2  and  4  shows  that 
deviations  of  Z(f)  from  £p  i  are  indeed  maximum  at  roughly  a 
few  tenths  of  Hz. 

Variations  with  frequency  in  the  impedance  spectrum  Z(f) 
can  arise  for  reasons  other  than  the  jmsence  of  Alfv6i  waves. 
A  detailed  study  of  these  possibilities  using  a  realistic 
nuttKrical  model  for  a  distributed,  reflecting  ionosphere  is  in 
progress  and  will  be  published  elsewhere. 

If  we  perform  a  sutistical  analysis  on  the  time-domain  data 
without  filtering  as  done  by  Sugiura  et  al.  [1982],  we  find  for 
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Perturbation  electric  and  magnetic  fields  carry  in  excess  of  10^0  to 
10^^  W  of  electrical  power  between  the  magnetosphere  and  high-latitude 
ionosphere.  Most  of  this  power  is  generated  by  the  solar  wind.  The 
ionosphere  at  large  spatial  and  temporal  scales  acts  as  a  dissipative  slab 
which  can  be  characterized  by  its  height-integrated  Pedersen 
conductivity  Zp,  so  that  the  power  flux  into  the  ionosphere  due  to  a  quasi¬ 
static  electric  field  E  is  given  by  ZpE^. 

The  energy  transferred  to  the  ionosphere  by  time-var3dng 
electromagnetic  fields  in  the  form  of  Alfv6n  waves  is  more  difBcult  to 
calculate  because  density  and  conductivity  gradients  can  reflect  energy. 
Thus,  field  resonances  and  standing  wave  patterns  affect  the  magnitude 
and  altitude  distribution  of  electrical  energy  dissipation.  We  use  a 
numerical  model  to  calculate  the  frequency-dependent  electric  field 
reflection  coefficient  of  the  ionosphere  and  show  that  the  ionosphere  does 
not  behave  as  a  simple  resistive  slab  for  electric  field  time  scales  less  than 
a  few  seconds. 

Time  variation  of  spacecraft-measured  high-latitude  electric  and 
perturbation  magnetic  fields  is  difficult  to  distinguish  from  spatial 


structuring  that  has  been  Doppler-shifted  to  a  non-zero  frequency  in  the 
spacecraft  frame.  However,  by  calculating  the  frequency-dependent 
amplitude  and  phase  relations  between  fluctuating  electric  and  magnetic 
fields  we  are  able  to  show  that  low  frequency  fields  (<  1  Hz)  measured  by 
an  auroral  sounding  rocket  traveling  parallel  to  the  auroral  oval  are  due 
to  standing  Alfv^n  waves  rather  than  quasi-static  structures. 
Comparing  the  field  fluctuations  with  electron  energy  measurements 
indicates  that  the  waves  occur  near  auroral  arcs. 

We  include  satellite  data  in  our  study  as  well.  The  amplitude 
relations  between  electric  and  magnetic  field  measurements  taken  by  the 
HILAT  satellite  (traveling  perpendicular  to  the  auroral  oval  at  an 
altitude  of  800  km)  show  that  the  field  fluctuations  are  due  largely  to 
Doppler-shifted  quasi-static  structures,  but  in  some  cases  standing 
Alfv^n  waves  also  contribute. 
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perturbations  due  to  zonal  neutral  winds  of  the  form  UyU) 

=  100cos(27c(z  -  100  kmVA,).  All  four  profiles  were 
calculated  using  Profile  "EF"  shown  in  Figure  4.2,  and 
the  upper  boundary  condition  demands  that  EglSBy  =  V^. 

B1  Geometry  used  to  calculate  magnetic  fields  due  to  an  idea  186 

auroral  arc  which  produces  no  Hall  current  and  which 
has  an  infinitely  thin  Pedersen  current  layer  at  z  =  0. 
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CHAPTER  1 
INTRODUCTION 


1.1  Background 

Eighteenth  century  scientists  might  have  been  satisfied  with  the  idea 
of  an  infinite  void,  save  for  a  relative  few  heavenly  bodies,  extending 
outward  from  somewhere  above  the  cloud  tops  had  it  not  been  for  the 
tantalizing  geophysical  clues  provided  by  nature.  In  the  early  1700s  the 
Earth's  magnetic  field  was  well  understood,  static  and  predictable 
enough  to  use  as  a  navigational  tool,  but  why  did  G.  Graham's  finer 
measurements  in  1722  reveal  fluctuations?  Balfour  Stewart  was  able  to 
show  in  1882  that  the  magnetic  fluctuations  were  due  to  electrical 
currents  above  the  Earth.  Of  course  this  finding  was  probably  stranger 
than  the  B-field  fluctuations  themselves,  but  Marconi's  trans-Atlantic 
radio  broadcast  in  1901  corroborated  the  idea  of  a  conducting  layer  high 
in  the  atmosphere. 

The  origin  of  the  auroras  borealis  and  australis  had  to  be  and  still  is 
one  of  the  more  interesting  puzzles  posed  to  those  fortimate  enough  to 
view  them,  especially  after  the  turn  of  the  century  when  triangulation 
measurements  placed  the  displays  between  100  and  1000  km  above  the 
Earth's  surface.  The  electrical  nature  of  the  aurora  was  known  from  the 
magnetic  perturbations  measured  at  ground  level  and  associated  with 
individual  auroral  arcs,  but  not  imtil  spacecraft  flights  through  auroras 
in  the  1960s  was  it  known  with  certainty  that  energetic  electrons  (many 
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keV)  crashing  into  the  neutral  atmosphere  from  above  were  responsible 
for  the  optical  fluorescence. 

Two  discoveries  in  the  1950s  pushed  the  envelope  containing  the 
known  part  of  the  Earth's  environment  well  beyond  the  1000  km  upper 
boundary  of  the  visible  aurora.  The  first  was  that  whistlers,  the 
descending  tone,  audio-frequency  electromagnetic  waves  known  since 
World  War  I,  were  due  to  lightning  discharges.  More  importantly,  their 
dispersion  was  found  to  be  the  result  of  propagation  through  charged 
particles  permeating  space  tens  of  thousands  of  km  above  the  Earth's 
surface.  Secondly,  satellite  measurements  in  this  same  region  led  to  the 
discovery  of  the  very  high  energy  particles  comprising  the  Van  Allen 
radiation  belts. 

The  present  view  is  that  the  Earth's  near  space  environment  must 
be  viewed  as  a  complete  system  which  includes  the  Sun's  outermost 
atmosphere.  One  of  the  main  goals  of  present  day  research  is  to 
construct  a  self-consistent  model  of  that  system's  energy  source  (which  is 
to  say  the  Sun  itself),  the  means  of  energy  tranc>inission  (photons  and  the 
particles  and  magnetic  fields  of  the  solar  wind),  and  the  energy 
deposition  in  and  associated  dynamics  of  the  Earth's  magnetosphere, 
ionosphere,  and  neutral  atmosphere.  We  might  separate  the  effort  to 
construct  this  model  into  two  parts:  Da  detailed  study  of  all  the  separate 
constituents  of  the  system,  and  2)  an  examination  of  how  these 
constituents  are  interconnected.  By  and  large  this  dissertation  falls  into 
the  "connecting"  category,  where  the  two  pieces  we  are  trying  to  fit 
together  are  the  magnetosphere  and  ionosphere. 

The  magnetosphere  extends  from  about  ten  to  hundreds  of  Earth 
radii  away  (depending  on  whether  you  are  "upwind”  or  "downwind" 
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from  the  Earth)  down  to  the  ionosphere  starting  at  roughly  1000  km  in 
altitude,  where  collisions  with  the  neutral  atmosphere  begin  to  take 
control  of  the  charged  particle  dynamics.  The  study  of  magnetosphere- 
ionosphere  coupling  pertains  mostly  to  high  latitudes  because  that  is 
where  geomagnetic  field  lines  extend  from  the  ionosphere  deep  into  the 
magnetosphere.  At  lower  latitudes  magnetic  field  lines  are  shorter  and 
do  not  extend  as  far  from  the  Earth. 

Energy  is  exchanged  between  the  magnetosphere  and  ionosphere  in 
two  main  ways,  via  kinetic  energy  of  charged  particles  which  we  will 
consider  briefly  in  Chapter  3,  and  by  quasi-static  and  wave  related 
electric  and  magnetic  fields,  which  we  will  emphasize  throughout.  Each 
of  these  energy  sources  can  at  certain  times  and  places  dominate  the 
other,  but  the  total  power  carried  by  each  of  them  is  roughly  to  1012 
W.  Although  this  is  5  to  7  orders  of  magnitude  smaller  than  the  energy 
flux  into  the  sunlit  polar  cap  from  solar  photons,  most  of  the  solar  fiux 
goes  directly  into  the  neutral  atmosphere  at  relatively  low  altitudes, 
leaving  magnetosphere-ionosphere  energy  exchange  to  determine  a 
significant  part  of  the  ionospheric  plasma  (and  high-altitude  neutral 
atmosphere)  dynamics  at  high  latitudes.  Of  course  much  of  the 
ionospheric  plasma  is  produced  by  photoionization  in  the  first  place,  but 
its  bulk  motions,  structuring,  and  instabilities  are  due  in  large  part  to 
particle  precipitation  and  electric  fields.  In  the  polar  winter,  these 
sources  dominate  the  energetics  and  dynamics  of  the  upper  atmosphere. 
Interactions  with  the  neutral  atmosphere  (e.g.  from  gravity  waves)  and 
chemical  processes  also  play  a  role. 

On  average  the  ionosphere  acts  as  a  dissipative  load  attached  to  the 
magnetospheric  energy  source,  which  in  turn  is  driven  by  the  interaction 
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between  the  magnetosphere  and  the  solar  wind.  The  situation  can  be 
quite  complex  because  magnetospheric  electric  fields  driving  currents  in 
the  ionosphere  are  often  accompanied  by  beams  of  energetic  particles, 
which  modify  the  conductivity  of  the  ionosphere.  This  change  in  the  load 
can  affect  the  ionospheric  electric  fields  and  conceivably  the  particle 
precipitation  itself,  creating  a  feedback  effect  which  is  not  yet  fully 
understood  and  which  we  will  not  attempt  to  address.  Other 
complications  arise  when  neutral  winds  drive  the  ionospheric  plasma, 
creating  dynamo  electric  fields  and  switching  the  role  of  the 
magnetosphere  from  source  to  load. 

1.2  Purpose  and  Organization  of  This  Work 

The  ceutral  topic  we  address  in  this  dissertation  is  the  interpretation 
of  spacecraft  measurements  of  low  frequency  (less  than  1  Hz)  electric  and 
perturbation  magnetic  fluctuations  above  the  high-latitude  ionosphere. 
As  mentioned  in  the  previous  section,  magnetic  perturbations  have  been 
measured  on  the  ground  for  centuries.  Birkeland  [1908]  noted  that  these 
perturbations  were  especially  strong  under  auroral  arcs,  and  suggested 
they  were  caused  by  electric  currents  flowing  along  geomagnetic  field 
lines  associated  with  the  aurora.  The  discovery  of  the  Alfv4n  wave 
[Alfvin,  1950]  allowed  for  the  interpretation  that  B-field  fluctuations 
measured  on  the  ground  were  due  to  Alfv^n  wave  resonances  in  the 
Earth's  dipole  field.  Early  satellite  measurements  [see  Zmuda  et  al., 
1966]  showed  magnetic  fluctuations  in  the  polar  region,  and  these  also 
were  interpreted  predominantly  in  terms  of  Alfvto  waves.  Cummings 
and  Dessler  [1967]  called  into  question  the  Alfv^n  wave  interpretation  by 
arguing  that  it  was  not  possible  for  Alfv^n  waves  to  be  localized  as 


5 


satellite  measurements  had  shown,  and  they  again  proposed,  as 
Birkeland  had,  that  quasi-static  field-aligned  currents  were  primarily 
responsible  for  the  magnetic  fluctuations. 

Despite  their  arguments  that  quasi-static  currents  could  explain 
spacecraft  magnetic  field  measurements,  Cummings  and  Dessler 
acknowledged  the  possibility  that  localized  Alfv^n  waves  are  possible 
when  accompanied  by  field-aligned  currents.  Nonetheless,  the  static 
model  was  generally  accepted  following  the  publication  of  Cummings 
and  Dessler  [1967].  In  the  last  decade,  the  validity  of  the  static  field  model 
has  been  re-examined.  Obliquely  propagating  Alfv6n  waves  known  as 
"shear"  or  "slow"  mode  waves  [Stix,  1962]  carry  field-aligned  currents, 
and  it  is  now  known  that  these  waves  are  indeed  very  important  in 
magnetospheric  electrodynamics.  We  argue  in  this  dissertation  that  the 
static  field  model  alone  does  not  adequately  describe  high-latitude 
electromagnetic  fields,  and  that  it  is  appropriate  to  include  the  effect  of 
shear  Alfv4n  waves  in  studies  of  high-latitude  and  auroral  dynamics. 

In  some  sense  the  static  Birkeland  current  model  is  a  limiting  case 
of  the  shear  Alfv4n  wave  model.  However,  there  are  important 
differences  between  the  static  and  wave  models  because  time-varying 
fields  allow  for  reflections,  resonances,  and  interference.  It  is  difficult  to 
discern  from  measurements  on  board  a  spacecraft  if  electric  and 
magnetic  field  fluctuations  are  due  to  waves  or  to  localized  static 
disturbances  which  are  Doppler-shifted  to  a  finite  frequency  in  the 
spacecraft  frame.  Sugiura  et  al.,  [1982]  used  the  Dynamics  Explorer 
satellite  to  show  that  the  electric  and  magnetic  field  fluctuations  above 
the  auroral  zone  are  often  highly  correlated,  and  they  used  a  novel 
approach  to  distinguish  between  the  wave  and  static  field  cases  by 
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calculating  the  ratio  of  the  r.m.s.  field  amplitudes  HoErms^SBrns-  They 
found  the  value  of  this  ratio  to  be  equal  to  the  inverse  of  the  height- 
integrated  Pedersen  conductivity  of  the  ionosphere  Xp‘^,  and  we  will 
show  in  Chapter  3  that  this  is  expected  from  static  electric  fields  and 
associated  Birkeland  currents. 

A  problem  with  the  analysis  of  Sugiura  et  al.  [1982]  is  that  E  and  SB 
power  spectra  are  usually  monotonically  decreasing  with  frequency,  so 
the  lowest  frequencies  are  emphasized  in  a  correlation  analysis.  In 
Chapter  5  we  remedy  this  problem  by  calculating  the  ratio  of  electric  and 
magnetic  field  amplitudes  as  a  function  of  frequency.  We  will  also  study 
the  frequency-dependent  phase  relation  between  E  and  SB.  In  so  doing 
we  find  that  Alfv6n  wave  dynamics  play  an  important  role  in 
electrodynamical  coupling  between  the  magnetosphere  and  ionosphere 
for  time  scales  less  than  about  10  s.  We  also  show  that,  in  at  least  one 
sounding  rocket  experiment,  most  of  the  Alfvin  wave  energy  lies  near 
regions  of  auroral  precipitation. 

The  Alfv4n  wave  model  can  be  sub-divided  into  two  categories: 
traveling  waves  and  standing  waves.  This  distinction  is  important 
because  standing  waves  are  indicative  of  reflections,  and  an 
understanding  of  these  reflections  is  crucial  in  determining  the  fraction 
of  electrical  energy  incident  from  the  magnetosphere  that  is  dissipated  in 
the  ionosphere.  Our  analysis  in  Chapter  5  shows  that  standing  waves 
are  present  in  both  the  satellite  and  rocket  data  (taken  at  800  km  and  near 
600  km,  respectively). 

The  reflection  characteristics  of  the  ionosphere  are  complicated  and 
change  with  wave  frequency  as  a  result  of  the  strong  altitude  dependence 
of  the  plasma  density  and  collision  frequencies,  and  of  the  fact  that  the 
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thickness  of  the  ionospheric  "load"  is  on  the  order  of  an  Alfv6n 
wavelength.  In  order  to  accurately  compute  the  amplitude  and  phase 
relations  between  E  and  SB  fields  due  to  Alfvdn  waves  reflecting  from  the 
ionosphere,  one  must  in  general  use  a  numerical  model.  We  devote 
Chapter  4  to  the  development  and  general  results  of  such  a  model.  The 
model  we  choose  was  originally  used  by  Hughes  [1974]  to  predict 
properties  of  ground-based  magnetometer  measurements. 

The  electric  field  reflection  coefficient  of  the  ionosphere  is  often 
estimated  by  treating  the  ionosphere  as  a  slab  reflector  with  height- 
integrated  Pedersen  conductivity  Zp,  and  the  region  above  the  ionosphere 
as  a  homogeneous  "transmission  line"  with  characteristic  impedance 
=  where  is  the  Alfr6n  velocity.  The  E-field  reflection  coefficient 
of  the  ionosphere  is  then  given  by  (Zp*l  -  +  Z^)  [see  for  example 

Paul  and  Nassar,  1987].  As  one  of  the  main  results  of  Chapter  4  we  show 
that  this  approximation  is  not  valid  for  time  scales  less  than  a  few 
seconds,  and  we  present  plots  of  the  reflection  coefficient  for  small  time 
scales  and  for  different  ionospheric  density  profiles. 

While  Chapters  4  and  5  treat  time-varying  electric  and  magnetic 
fields.  Chapter  3  is  devoted  to  interpretation  of  satellite  and  soimding 
rocket  estimates  of  ionospheric  Joule  heating  and  Poynting  flux  into  and 
out  of  the  ionosphere  in  the  DC  limit.  The  Poynting  flux  method  has  not 
been  used  extensively,  but  it  has  several  advantages  over  other 
electromagnetic  energy  measurements  and  we  discuss  those  in  detail. 
There  are  several  factors  which  complicate  all  energy  measurements; 
neutral  winds  and  temporal  variations  are  particiilarly  important.  We 
treat  the  topic  of  neutral  winds  in  Chapter  3. 
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Having  established  in  Chapter  5  the  importance  of  Alfv6n  waves  in 
the  high-latitude  ionosphere,  we  turn  in  Chapter  6  to  a  brief  study  of  the 
effects  that  large  amplitude  waves  can  have  on  the  interpretation  of 
incoherent  scatter  radar  data.  But  first  we  will  review  the  literature  and 
some  of  the  physical  concepts  pertaining  to  Alfv4n  waves,  in  Chapter  2. 


CHAPTER  2 

BACKGROUND  AND  REVIEW 

2.1  The  Solar  Wind  and  Magnetosphere 

Much  of  the  previous  work  in  magnetosphere-ionosphere  coupling 
has  emphasized  the  region  extending  from  the  top  of  the  ionosphere  up  to 
several  thousand  km.  The  ionosphere  itself  is  often  modeled  simply  as  a 
conducting  slab  characterized  by  its  height-integrated  Pedersen 
conductivity  (see  references  in  Section  2.6).  We  will  take  the  opposite 
approach  by  thinking  of  the  magnetosphere  only  as  an  "upper  boundary 
condition"  which  supplies  electric  fields,  currents,  and  particles  to  the 
ionosphere  and  treating  in  detail  the  interaction  between  those  energy 
sources  and  the  ionosphere.  In  Chapter  4  we  will  use  a  detailed  model  of 
the  ionosphere  as  input  to  a  numerical  model,  so  we  will  save  a  review  of 
the  ionosphere's  morphology  until  then  and  concentrate  now  on  the 
magnetosphere  and  some  of  the  ways  it  can  produce  Alfrdn  waves  —  the 
magnetosphere-ionosphere  coupling  mode  which  will  receive  most  of  the 
attention  in  this  thesis. 

Figure  2.1  shows  a  cross  section  of  the  magnetosphere  in  the  noon- 
midnight  meridian  plane  when  the  z  component  of  the  interplanetary 
magnetic  field  (IMF)  is  southward,  which  allows  the  IMF  to  penetrate  to 
the  magnetopause  and  connect  with  the  Earth's  magnetic  field.  The 
solar  wind  impinging  from  the  left  is  comprised  mostly  of  protons  and 
electrons  (»  5  cm -3,  T,-  »  Tg  »  10  eV)  traveling  at  about  500  km/s.  The 
kinetic  energy  flux  from  this  bulk  flow  is  thus  -  5x10'^  W/m^,  Assuming 


9 


Ill  E(t)  =  -  Vsw(t)XB 


10 


~W 


11 


that  the  magnetosphere  has  a  cross  section  of  icx  (10  Rsarth)^  leaves  on  the 
order  of  10^3  w  of  available  solar  wind  power.  Solar  photons  carry  more 
than  10®  times  more  energy  flux  (1400  W/m^),  but  the  "capture  area"  is 
100  times  less  since  it  is  the  Earth  rather  than  the  magnetosphere  which 
intercepts  the  energy.  The  solar  wind  has  a  magnetic  field  of  about  5  nT 
which  means  it  can  carry  energy  in  the  form  of  Alfv6n  waves  in  addition 
to  the  kinetic  energy. 

Although  energy  input  from  the  solar  wind  to  the  Earth  is  usually  4- 
5  orders  of  magnitude  smaller  than  from  solar  photon  flux,  solar  wind 
energy  is  also  much  more  variable  and  can  have  important  effects  on 
industry,  electrical  power  systems,  communications,  and  space 
operations  and  astronaut  safety.  This  point  is  illustrated  nicely  by  the 
huge  solar  flare  and  subsequent  geomagnetic  storm  during  the  weeks 
following  March  6, 1989  [Allen  et  al.,  1989].  The  aurora,  normally  visible 
over  the  northern  U.  S.  and  Canada,  was  seen  clearly  in  Georgia,  Texas, 
and  New  Mexico.  HF  commimications  and  navigation  systems  (<  50 
MHz)  which  rely  on  reflection  from  the  ionosphere  were  useless.  Most  of 
Quebec  Province  experienced  a  power  blackout  for  up  to  9  hours,  large 
voltage  swings  appeared  on  undersea  cables,  and  huge  currents  induced 
in  pipelines  caused  concerns  about  corrosion.  In  a  particularly  bizarre 
event  a  Navy  ship  had  to  go  to  a  backup  shore-based  radio  system, 
causing  automatic  garage  door  openers  in  a  California  coastal  suburb  to 
start  opening  and  closing. 

When  the  solar  wind  has  a  velocity  component  perpendicular  to 
magnetospheric  field  lines,  electric  fields  are  created  and  the  process  is 
called  an  "MHD  dynamo"  (see  Figure  2.1).  Magnetic  field  lines  in 
collisionless  plasmas  are  equipotentials,  thus  the  dynamo  electric  fields 
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are  mapped  throughout  the  magnetosphere  where  they  create  a  large 
scale  plasma  convection  pattern  (see  Stern  [1977]  and  references  therein). 
If  the  solar  wind  is  uniform  and  constant  the  convection  pattern  can 
remain  in  a  steady  state.  But  changes  in  the  solar  wind  affect  the  entire 
convection  pattern,  and  the  new  equilibrium  is  found  after  different  parts 
of  the  system  exchange  energy  in  the  form  of  Alfv6n  waves.  Magnetic 
field  lines  which  have  fixed  ends  (e.g.  at  the  Earth)  can  set  up  standing 
Alfv6n  waves  which  oscillate  at  resonant  frequencies.  The  resulting 
magnetic  perturbations  can  be  measured  with  ground-based 
magnetometers,  and  the  phenomenon  has  traditionally  been  studied 
under  the  name  "micropulsations.” 

The  solar  wind  is  certainly  not  the  only  source  of  changes  in  the 
magnetosphere,  and  is  not  necessarily  the  most  important.  A  leading 
explanation  for  the  origin  of  micropvdsations  is  the  Kelvin-Helmholtz 
instability,  which  causes  waves  on  the  boundary  between  two  fluids  in 
relative  motion.  Examples  are  waves  on  lakes  emd  flags  flapping  in  the 
breeze.  See  Melrose  [1986]  for  a  more  detailed  discussion  of  the  K-H 
instability. 

Magnetospheric  substorms  are  another  source  of  Alfvin  waves. 
Over  a  period  of  hours  or  days  the  magnetosphere  can  store  energy  in  the 
form  of  magnetic  fields  in  its  tail.  This  is  thought  to  take  place  through 
the  process  of  dayside  reconnection  of  geomagnetic  field  lines  with  the 
IMF  and  subsequent  deposition  in  the  magnetotail.  At  some  point  the  tail 
thins  and  field  lines  there  reconnect,  sweeping  part  of  the  tail 
downstream  in  the  solar  wind  and  snapping  the  remaining  part  back 
towards  the  Earth.  The  result  is  a  huge  flux  of  particle  and  Alfv4n  wave 
energy  towards  the  polar  caps,  accompanied  by  increases  in  auroral 
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displays,  electrojet  currents,  and  more.  (See  the  review  paper  on 
substonns  by  McPherron  [1979].) 

There  are  other  proposed  sources  of  magnetospheric  Alfv4n  waves 
for  which  references  can  be  found  in  the  review  paper  by  Hughes  [1982]. 
There  one  can  also  find  a  good  review  of  micropulsation  observations 
from  spacecraft. 

The  observations  presented  in  this  thesis  are  taken  within  the 
auroral  oval  because  that  is  where  much  of  the  magnetospheric  energy  is 
deposited.  It  is  this  energy,  not  the  aurora  itself,  with  which  we  are 
primarily  concerned,  but  the  aurora  is  an  important  part  of  the 
environment  we  study  and  we  will  devote  the  next  section  to  a  brief 
overview. 

2,2  The  Aurora 

A  large  part  of  the  study  of  both  space  and  laboratory  plasmas  is 
devoted  to  the  instruments  used  to  make  diagnostic  measurements.  Only 
after  a  huge  amoimt  of  work  can  one  piece  together  the  measured  fields, 
potentials,  drifts,  etc.,  into  a  coherent  picture  of  some  physical 
phenomenon.  The  aurora  is  one  of  the  few  examples  of  a  plasma  physics 
experiment  that  can  be  observed  simply  by  looking  upward  at  the  right 
latitude,  and  the  results  are  displayed  in  3*D  and  brilliant  color  across 
the  entire  sky.  Unfortimately,  even  this  dynamic  display  did  not  provide 
enough  information  for  early  researchers  to  understand  the  cause  of  the 
aurora,  and  today  after  thousands  of  satellite  passes  above  auroral 
displays,  dozens  of  rocket  flights  through  them,  and  countless  hours  of 
groimd-based  radar  observations,  there  are  many  remaining  questions. 
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The  auroral  oval  is  actually  more  of  a  torus  centered  near  the 
magnetic  pole  with  representative  boundaries  extending  from  65°-75°  in 
magnetic  latitude.  The  oval  thickens  and  extends  equatorward  during 
magnetic  activity.  Within  the  oval  are  smaller  "curtains"  or  "arcs" 
extended  in  the  zonal  (E-W)  direction  for  hundreds  or  thousands  of  km 
and  ranging  from  1-100  km  in  latitudinal  thickness.  The  arcs  in  turn 
have  twists,  folds,  and  intensity  enhancements  which  race  along  the 
edge,  and  which  have  been  fotind  to  be  due  to  the  Kelvin-Helmholtz 
instability  [HalUnan  and  Davis,  1970].  The  morphology  of  the  aurora  is 
quite  a  large  subject  in  itself,  but  a  nice  overview  with  color  photographs 
is  given  hy  Bather  [1980]. 

The  term  "aurora"  encompasses  many  different  phenomena  which 
in  general  are  characterized  by  light  emitted  in  the  upper  atmosphere 
(100-1000  km)  due  to  electrons  incident  from  above  and  colliding  with 
neutral  atoms.  The  resulting  fluorescence  extends  from  infrared  to 
ultraviolet  and  beyond,  but  the  visible  aurora  is  due  to  electrons  with  a 
kinetic  energy  of  1-10  keV  directed  along  the  geomagnetic  field.  In  the 
early  1970s  these  electron  beams  were  measured  by  satellites  and  rockets, 
and  their  energy  spectra  were  foimd  to  be  roughly  monoenergetic.  This 
and  other  measurements  led  to  the  discovery  that  the  electrons  were 
accelerated  by  a  quasi-static  potential  drop  maintained  from  1-2  Earth 
radii  above  the  surface  (see  Akasofu,  [1981]  and  references  therein). 

Since  the  plasma  in  the  acceleration  zone  is  collisionless,  it  is  hard 
to  explain  the  existence  of  electric  fields  parallel  to  B  that  last  for  tens  of 
minutes.  The  origin  of  this  energization  is  still  under  debate,  and  is 
possibly  the  strongest  motivator  behind  current  auroral  research.  The 
leading  theories  for  the  potential  drop  associated  with  smaU  scale  intense 
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arcs  involve  anomalous  resistivity,  double  layers,  and  kinetic  Alfv6n 
waves. 

Plasma  wave  turbulence  can  arise  from  the  intense  field-aligned 
currents  which  are  known  to  exist  over  the  aurora.  The  turbulence  can 
in  some  cases  mimic  the  effects  of  collisions,  allowing  a  finite 
conductivity  along  field  lines.  This  effect  is  termed  "anomalous 
resistivity"  and  is  thought  to  play  a  role  in  sustaining  the  kV  potentials 
through  which  auroral  electrons  are  accelerated. 

Double  layers  are  small  structures  (several  Debye  lengths  long) 
which  are  driven  by  field-aligned  currents  and,  most  importantly, 
support  a  net  potential  drop  across  themselves.  The  potential  difference 
is  on  the  order  of  the  electron  temperature,  which  is  only  about  1  eV.  As 
small  as  these  structures  are,  they  have  been  observed  by  the  S3-3  and 
Viking  satellites  [Temerin  et  al„  1982;  Bostrdm  et  al.,  1988;  Koskinen  et 
al.,  1989],  and  if  thousands  of  them  occur  on  a  single  field  line  they  might 
possibly  explain  the  electron  acceleration. 

A  third  contender  in  explaining  auroral  electron  energies  is  the 
kinetic  Alfv4n  wave  theory.  Since  we  will  deal  with  Alfv6n  waves 
throughout  much  of  this  thesis,  we  will  spend  the  next  few  sections 
reviewing  their  linear  theory,  and  in  the  process  we  will  talk  a  little  about 
Alfv4n  waves  as  a  possible  auroral  acceleration  mechanism. 

2.3  Linear  Theory  of  Alfy^n  Waves 

Without  a  static  magnetic  field,  electromagnetic  waves  cannot 
propagate  below  the  electron  plasma  frequency.  Alfv^n  waves  are 
electromagnetic  waves  which  exist  in  a  magnetized  plasma  at 
frequencies  below  all  of  the  cyclotron  frequencies.  They  propagate  as 


perturbations  along  the  static  B-fleld  in  the  plasma.  A  useful  intviitive 
picture  of  Alfv^n  waves  comes  from  thinking  of  B -field  lines  as  taut 
strings  which  propagate  perturbations  when  plucked.  The  linear 
dispersion  relation  for  Alfv4n  waves  is  derived  in  most  plasma  theory 
textbooks  from  the  equations  of  magnetohydrodynamics.  We  will  instead 
stress  the  physical  picture  of  the  mechanism  underlying  Alfv^n  waves, 
and  by  examining  the  motions  of  single  particles  in  the  presence  of  low 
frequency  electric  fields  we  will  find  the  dielectric  response  of  a  plasma  to 
low  frequency  perturbations. 

In  Figure  2.2  an  ion  and  an  electron  are  shown  (schematically)  in 
the  presence  of  a  ^  •  directed  static  magnetic  field  Bq-  Both  particles  are 
initially  on  the  line  y  =  0,  but  when  a  static  electric  field  Ey^  is  applied 
they  begin  to  ExB  drift  in  the  direction.  Since  this  drift  is  the  same  for 
electrons  and  ions,  there  is  no  cxirrent  in  the  direction.  Notice  however 
that  the  average  positions  of  the  particles  have  separated  in  y,  i.e.  in  the 
direction  of  the  electric  field. 

We  can  draw  an  analogy  between  this  situation  and  the  polarization 
of  a  dielectric  solid.  Applying  an  electric  field  to  a  slab  of  dielectric 
material  causes  the  individual  atoms  in  the  dielectric  to  polarize,  which 
gives  them  a  dipole  moment  ed  where  e  is  the  fundamental  unit  of  charge 
and  d  is  an  effective  separation  of  positive  and  negative  charges.  The 
dipole  moment  per  unit  volume  is  known  as  the  polarization  P  »  ned 
where  n  is  the  density  of  atoms.  The  electric  flux  density  vector  is  the 
sum  of  the  "free  space"  flux  density  plus  the  polarization  of  the  material, 
i.e.  D  =  £oE  +  P.  Finally,  the  dielectric  constant  of  the  material  e  is 
defined  by  D  s  £E,  thus 
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Figure  2.2  Applying  a  static  electric  field  E  perpendicular  to  Bo  causes  a 
dielectric  response  in  the  plasma  by  displacing  charges  relative  to  each 
other  in  the  direction  of  E. 
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e  =  +  ncldl/lEI  (2.1) 

This  type  of  analysis  is  commonly  used  in  introductory  electromagnetics 
texts  [e.g.  Paul  and  Nasar,  1987]  to  explain  the  dielectric  behavior  of 
solids,  and  the  picture  is  useful  over  a  wide  band  of  frequencies.  The 
model  breaks  down  at  high  frequencies,  where  the  dielectric  "constant  " 
becomes  frequency  dependent. 

In  plasmas,  the  dielectric  response  is  very  dependent  on  frequency 
due  to  the  various  fundamental  frequencies  in  the  plasma  such  as  the 
plasma  and  cyclotron  frequencies.  It  follows  then  that  plasma  textbooks 
do  not  use  the  polarization  model  reviewed  above  to  find  the  dielectric 
function  for  plasmas.  As  we  will  show,  it  turns  out  that  the  analogy  with 
dielectric  solids  does  predict  the  dielectric  response  of  a  magnetized 
plasma  at  frequencies  well  below  the  plasma  and  cyclotron  frequencies, 
in  the  regime  of  Alfv4n  waves.  We  choose  this  approach  since  it  is  not 
commonly  used  in  the  literature  and  it  does  provide  some  useful  insights. 

Our  main  job  now  in  finding  the  low  frequency  polarizability  of  a 
magnetized  plasma  is  to  find  the  average  total  displacement  (labeled  d  in 
Figure  2.2)  between  ions  and  electrons  after  an  electric  field  is  imposed. 
To  do  this  we  can  solve  the  equations  of  motion  for  a  single  ion  in  the 
presence  of  static  magnetic  and  electric  fields.  Using  the  field  directions 
shown  in  Figure  2.2, 


dv 


dt  ^ 


(2.2a) 


and 


dvy 

IT 


(2.2b) 
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Eliminating  Vy  gives  a  second-order  equation  for 


9  (E.,  \ 

Equation  2.3  has  the  general  solution 

uji)  =  Asia  (X2,i)  +  Bcos  ( Af)  +  (Ey/Bo) 
This  may  now  be  substituted  into  (2.2a)  to  find  VyCt): 


(2.3) 


(2.4) 


Vyit)  =  Acos  (Ait)  -  Bsin  (Ait)  (2.5) 

If  we  require  u^(0)  =  Vy(Q)  =  0  then  A  =  0,  B  =  -EyIBQ.  Finally,  we  can 
integrate  the  velocities  and  impose  x(0)  =  y(0)  =  0  to  obtain: 


(2.6a) 

yit)  =  ^  •  -1-  (l  -  cos  (A,t)) 

Bo  A, 

(2.6b) 

Equation  2.6a  shows  that  the  ion  gyrates  at  the  cyclotron  frequency 
A,  with  a  radius  p^Ey/iBgQi).  Notice  that  this  is  the  "usual"  gyroradius 
with  the  thermal  velocity  Vth  replaced  by  the  ExB  drift  velocity. 
Superimposed  on  the  gyro  motion  is  the  ExB  drift,  represented  by  the 
first  term  in  Equation  2.6a.  Our  main  interest  is  in  the  first  term  in 
Equation  2.6b.  That  is  the  term  which  remains  after  averaging  over  the 
fast  cyclotron  motion,  leaving  an  offset  in  the  y  direction  equal  to  one 
"ExB  gyro  radius."  This  offset  is  proportional  to  Ey,  and  is  the 
polarization  effect  we  are  looking  for.  We  can  now  substitute  I  d  I  = 


EyliBQi2i)  into  Equation  2.1  to  obtain: 


£=£()  +  nmi/Bo^ 


(2.7) 
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It  is  important  to  remember  that  (2.7)  was  derived  assuming  that  the 
applied  electric  field  is  perpendicular  to  Bq.  Our  simple  analogy  with 
dielectric  solids  breaks  down  for  electric  fields  parallel  to  Bq,  althoxigh  we 
can  correct  this  problem,  as  we  will  show  later.  We  have  neglected  the  y 
displacement  of  the  electrons  because  it  is  smaller  than  the  ion 
displacement  by  mjnn,  as  is  evident  from  Equation  2.6b. 

Now  consider  an  electromagnetic  plane  wave  propagating  along  Bgf 
with  a  /-directed  electric  field  and  a  perturbation  magnetic  field 
associated  with  the  wave  in  the  -x  direction.  What  is  the  phase  velocity  of 
such  a  wave?  In  this  case  we  can  use  the  simple  relation 


Combining  (2.7)  and  (2.8)  shows  that  electromagnetic  waves  propagating 
along  Bq  travel  at  the  Alfv6n  velocity,  i.e.  Vp}^  a  V^,  where 

Va=  , 

i^nmi  (2.9) 

We  have  assumed  that  «  c^,  which  is  true  in  the  ionosphere. 

To  summarize,  a  low  frequency  electromagnetic  wave  traveling 
along  the  background  magnetic  field  in  a  plasma  polarizes  the  plasma  by 
displacing  the  ion  gyro  orbits  in  the  direction  of  the  wave  electric  field. 
This  interaction  leads  to  a  high  refractive  index  n  =  c/V^.  In  the 
ionosphere,  n  is  typically  several  himdred.  Some  plasma  textbooks 
treat  Alfv6n  waves  by  solving  for  the  current  caused  by  the  changing 
centers  of  gyration  of  the  ions.  This  current  is  known  as  the  polarization 
current  JpQi  and  can  be  foimd  using  Jpoi  =  ney.  However,  we  cannot  use  ^ 
=  Vy  from  (2.5)  because  we  assumed  that  Ey  was  constant  in  time,  leaving 
only  motions  at  the  cyclotron  frequency  in  the  /  direction.  That  is,  (2.5)  is 


21 


accurate  only  to  zeroth  order  in  O).  It  turns  out  that  the  polarization  drift 
can  be  found  from  (2.6b)  when  one  takes  the  time  derivative  of  the 

"constant "  of  (the  spatial)  integration,  £y/(Bof2,),  yielding 

Jpoi  =  idEyldtViuQVA^)  (2.10) 

In  effect  this  is  a  perturbation  solution  good  to  first  order  in  q}/£2i.  A 
somewhat  more  rigorous  derivation  of  the  polarization  drift  can  be  found 
in  various  plasma  textbooks,  e.g.  Nicholson  [1983]. 


Now  that  we  have  established  the  basic  mechanism  underlying 
Alfv6n  waves,  we  are  ready  to  add  another  detail:  propagation  directions 
with  a  component  perpendicular  to  Bg.  This  is  important  for  use  in 
subsequent  chapters  because  the  Alfv6n  waves  we  will  study  are  confined 
in  at  least  one  spatial  direction  perpendicular  to  Bg.  either  by  the  auroral 
oval  or  by  individual  auroral  arcs. 

To  begin  we  assume  a  homogeneous  plasma  with  a  background 
magnetic  field  Bg  =  Bgf.  We  allow  the  propagation  vector  to  have  along-Bg 
and  off-Bg  components:  k  =  +  kgi.  Thus  we  may  assxime  that  all  field 

quantities  vary  as  expiiat  •  ik^x  •  ikgZ).  In  this  case,  Maxwell's  wave 


equation 


VxVxE  +  /xo^-i-J5^^  =  0 

^  c2a(2 


(2.11) 


can  be  expressed  in  component  form  as  follows: 
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x:  kzEg  -  kJizEj  +  ico^g  -  ^Eg  =  0 

c2 

(212a) 

y :  (*  2  ^  ^  ^  ico^ioJy  -  ^Ey  =  0 

(2.12b) 

z:  kgEg  -  kgkgEg -i- icofioJg  -  ^Eg  =0 

c2 

(212c) 

To  solve  for  the  Alfvr4n  wave  dispersion  relations,  we  need  to  express 
the  currents  J^,  Jy,  and  in  terms  of  the  electric  field  components.  For 
the  two  currents  perpendicular  to  Bq,  and  Jy,  we  can  use  the 
expression  for  the  polarization  current  from  Equation  (2.10).  The 
polarization  current  cannot  operate  parallel  to  Bq,  so  we  need  to  refer  to 
the  particle  equations  of  motion  to  find  the  current: 


<^j.z  SLe 

dt  ~^j  * 


(2.13) 


The  subscript  j  is  a  species  index.  Using  Jg  =  neVg,  we  obtain  (neglecting 
nif  «  m,) 


0)2 


(2JL4) 


Notice  that  since  Eg  and  Ey  are  decoupled  in  Equations  2.12,  the  two 
resulting  wave  modes  are  linearly  polarized.  We  are  now  ready  to 
eliminate  Eg  and  Eg  from  (2.12a)  and  (2.12c)  to  find  the  dispersion  relation 
for  Alfv^n  waves  with  the  perpendicular  electric  field  Eg  in  the  same 
direction  as  the  across- Bg  component  of  the  propagation  vector,  kg.  The 
geometry  of  this  case  is  illustrated  in  the  top  part  of  Figure  2.3,  and  the 
corresponding  dispersion  relation  is 

A?  =  (slow  mode) 

*  t/2  '  * 

’'a 


(215) 
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Oblique  Propagation  of  Alfven  Wa'^es 


Slow  Mode:  ~  oi^y% 


X 


Fast  Mode;  k}  =  oj^ -  k} 


SBx^ 

ExBo 

' 

\SBx  ^ 

k 

Ey 

ExBb 

Figure  2.3  The  two  Alfvdn  wave  modes  as  defined  by  Stix  [1962].  For 
typical  auroral  parameters  the  fast  mode  is  evanescent,  causing  the 
meridional  electric  field  Ex  to  dominate. 


24 


This  mode  is  referred  to  in  the  literature  either  as  the  "slow  mode" 
or  the  "shear  mode"  Alfv^n  wave  [Slix,  1962].  The  term  "slow  mode" 
comes  from  the  fact  that  (neglecting  for  convenience  kx^c^tcOpg^  «  1)  (2.15) 
can  be  re-written  aJk  =  V’^cos(e),  where  B  is  the  angle  between  k  and  f. 
The  phase  velocity  colk  becomes  arbitrarily  small  as  the  propagation 
direction  becomes  perpendicular  to  Bq.  Note  however  that  the  projection 
of  the  phase  velocity  along  Bq  is  always  V^.  The  reason  for  the  term 
"shear  mode"  can  be  seen  in  Figure  2.3.  Since  the  perpendicular  electric 
field  is  along  x,  the  plasma  will  ExB  drift  along  y.  But  the  direction  of  the 
drift  reverses  in  alternating  phases  of  the  wave  as  one  moves  along  £, 
causing  the  ExB  drift  to  be  sheared. 

When  the  electric  field  is  in  the  y  direction,  the  ExB  drift  is  along  x, 
and  from  tlie  bottom  part  of  Figure  2.3  one  can  see  that  there  is  a  non-zero 
divergence  or  compression  in  the  ExB  drift.  For  this  case  the  Alfv6n 
wave  is  referred  to  as  "compressional"  or  "fast."  We  will  use  the  latter 
term.  The  dispersion  relation  follows  directly  from  (2.12b); 

ki  =  -  kx  (fast  mode) 

Vji  (2.16) 

The  interesting  thing  about  (2.16)  is  that  if  is  larger  than  (olVj^, 
becomes  imaginary.  Thus  the  fast  mode  is  evanescent  at  low 
frequencies,  much  as  an  electromagnetic  wave  in  a  waveguide  cannot 
propagate  below  the  cutoff  frequency.  This  phenomenon  lends  insight  to 
the  auroral  ionosphere.  Structuring  in  the  aurora  is  usually  in  the  N-S 
(or  meridional)  direction,  with  the  arcs  and  associated  electric  potentials 
elongated  in  the  zonal  (E-W)  direction.  To  a  first  approximation  we  can 
ignore  zonal  variations  and  choose  A,  =  2]c/^x  ^  ^  between  1  km  (roughly 
the  miniTniim  meridional  thickness  of  an  auroral  arc)  and  1000  km  (the 
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width  of  the  auroral  oval).  Using  typical  ion  densities  in  the  ionosphere, 
we  find  that  Alfv4n  waves  contained  in  the  auroral  oval  are  below  the  fast 
mode  cutoff  for  f  =  a>l2jc  less  than  1  Hz.  In  other  words,  if  we  asstime  that 
the  wave  properties  do  not  vary  in  the  zonal  direction,  the  result  is  that 
the  normal  mode  with  a  zonal  electric  field  cannot  propagate,  leaving 
only  the  meridional  electric  field  in  the  slow  mode.  Spacecraft 
measurements  confirm  that  the  meridional  electric  field  is  dominant  in 
the  aurora,  although  to  be  sure  most  studies  assume  that  this  field  is 
quasi-static.  One  of  our  goals  is  to  find  the  relative  importance  of  static 
versus  Alfv6nic  electric  fields.  We  will  find  in  Chapter  4  that  if  we 
include  the  effect  of  collisions,  the  slow  and  fast  modes  are  coupled,  and 
slow  mode  Alfv6n  waves  propagating  into  the  auroral  ionosphere  from 
above  will  drive  the  fast  mode  in  the  E-region,  giving  a  non-zcrc  zonal 
electric  field  (but  which  is  still  much  smaller  than  the  meridional 
electric  field). 


2.5  Kinetic  Alfy^n  Waves  and  Parallel  Electric  Fields 

There  has  been  quite  a  bit  of  interest  in  the  slow  mode  Alfv^n  wave 
(2.15)  because  it  has  associated  with  it  an  electric  field  parallel  to  Bq.  As 
mentioned  in  Section  2.2,  parallel  electric  fields  are  known  to  play  an 
important  role  in  one  of  the  still  unsettled  problems  concerning  the 
aurora:  the  acceleration  of  auroral  electrons  through  a  large  potential 
drop,  often  as  much  as  10  kV  or  more.  Since  ideally  the  conductivity 
parallel  to  Bq  is  infinite  in  a  collisionless  plasma,  it  is  difficult  to  explain 
the  presence  of  such  a  large  potential  drop  for  tens  of  minutes,  which  is 
roughly  the  lifetime  of  auroral  arcs.  Alfir4n  waves  have  been  considered 
as  a  source  of  parallel  electric  fields  because  a  finite  parallel  conductivity 
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is  not  required  to  maintain  a  parallel  electric  field.  Eg  is  created  as  a 
result  of  the  inertia  of  the  electrons  which  carry  the  current  Jg.  This  can 
be  shown  from  the  £  component  of  Ampere's  Law,  using  (2.14)  to 
eliminate  Jg  in  favor  of  Eg. 


kgBy  = 


CO 


(2.17) 


The  electron  mass  and  therefore  the  inertial  effect  is  contained  in 
the  electron  plasma  frequency  cOpg.  The  term  "kinetic  Alfv4n  wave"  is 
used  to  describe  waves  for  which  kg  is  large  enough  so  that  electron 
dynamics  along  Bq  affect  the  phase  velocity  of  the  slow  mode,  and  allow 
for  finite  Eg  as  indicated  in  (2.17).  Unfortunately,  if  we  assume  co  =  2jt/(10 
minutes)  as  a  representative  auroral  arc  frequency,  then  inserting  even 
"optimistic"  values  into  (2.17)  will  not  yield  nearly  enough  of  a  parallel 
electric  field  to  explain  electron  acceleration  in  aiiroral  arcs.  However, 
C.  Seyler  [personal  communication,  1990]  has  suggested  that  the 
electrons  associated  with  an  arc  drifting  in  the  meridional  direction  with 
velocity  will  experience  an  effective  frequency  co  =  The 

electromagnetic  skin  depth  c/cOpg  is  representative  of  the  smallest 
horizontal  scales  associated  with  auroral  arcs  (  ~  1  km)  so  setting  A,  = 

dci)pg  allows  us  to  estimate  an  upper  limit  for  Eg  using  (2.17), 


Eg  =  VdBy  (2.18) 

A  typical  arc  drift  in  the  ionosphere  is  a  few  himdred  m/s,  and  when 
mapped  up  to  the  electron  acceleration  region  it  is  near  1  km/s. 
Spacecraft  routinely  measure  zonal  magnetic  fields  of  a  few  hundred  nT. 
Thus  a  hundred  |xV/m  parallel  electric  field  is  possible  in  a  drifting  arc. 
This  electric  field  must  be  maintained  over  at  least  10,000  km  to  obtain  kV 


potential  drops,  which  is  possible.  At  present  the  debate  over  the  auroral 
acceleration  mechanism  is  continuing,  and  the  importance  of  Alfv6n 
waves  versus  other  mechanisms  has  yet  to  be  established. 

So  far  in  this  review  of  Alfv6n  waves  we  have  assumed  that  the 
electrons  are  cold.  However,  this  assumption  breaks  down  when  the 
thermal  velocity  of  electrons  Vth.  is  fast  enough  so  the  electrons  can  shield 
parallel  potential  variations.  This  requires  that  Vt^^  »  V4,  or  equivalently 
P  »  rrig! mi.  iP  is  the  ratio  of  the  electron  pressure  nkTg  to  the  magnetic 
field  pressure  When  this  is  satisfied  the  electrons  will  adjust  to 

the  wave  potential  0  according  to  a  Boltzmann  distribution; 


Tig  =  noexpieip/kTg)  (2.19) 

For  small  0  we  can  expand  this  and  differentiate  with  respect  to  z  to 
obtain 


(2.20, 

We're  interested  in  small  horizontal  scales  (as  we  will  see  in  the  result), 
so  we  can  neglect  kg  «  in  the  equation  of  current  continuity 


which  results  in 


V.J  +  %  =  (? 
dt 


(2.21) 


-ik^x  -  i^Srig^e 


(2.22) 


We  can  use  the  polarization  current  from  (2.10)  to  eliminate  Jx>  (2.20) 
to  substitute  Eg  for  dn^,  which  gives 
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Ez  =  -  k^zPt^E^ 


(2.23) 


where  Pj  =  Cg/ is  the  ion  gyro  radius.  Finally,  this  combined  with 
(2.12a)  gives  the  dispersion  relation  for  kinetic  Alfv6n  waves  with  P  » 

nig  I  mi’. 


4=Vi(l+^|p2) 

ki 


(2.24) 


This  dispersion  relation  was  derived  by  Hasegawa  [1977]  and  was 
applied  to  the  aurora  by  Goertz  and  Boswell  [1979].  Notice  the  similarity 
to  the  cold  plasma  dispersion  relation  in  (2.15),  with  the  ion  gyro  radius 
Pi  replacing  the  electromagnetic  skin  depth  cliOpg  as  the  horizontal  length 
scale  at  which  the  phase  velocity  is  significantly  different  from  the  plane 
Alfv4n  wave  case,  and  also  the  scale  at  which  the  parallel  electric  field 
becomes  important.  However,  a  large  causes  an  Increase  in  the  phase 
velocity  (iJkg  in  (2.24),  but  a  decrease  in  (2.15). 

To  estimate  the  electric  field  let  kxPi  =  1  in  (2.23),  which  corresponds 
to  Alfv4n  waves  with  horizontal  scales  on  the  order  of  1  km.  In  this  case 
EglE^  s  k^k^.  If  we  assume  as  before  a  drifting  arc  which  generates  in 
the  arc  frame  a  frequency  cu  =  kgV ^  then  E glE ^  =  V^/V2Vj4 
Perpendicular  electric  fields  of  hundreds  of  mV/m,  arc  drifts  of 
hundreds  of  m/s,  and  Alfv^n  velocities  appropriate  for  a  low  density  (n^ 
100)  hydrogen  plasma  can  produce  parallel  electric  fields  on  the  order  of 
100  pV/m,  just  as  in  the  cold  plasma  case.  If  Alfirdn  waves  associated 
with  drifting  arcs  are  responsible  for  auroral  electron  acceleration,  then 
the  mechanism  shotdd  be  able  to  operate  over  a  range  of  temperatures. 
In  particular,  we  have  shown  that  the  cases  P-0  and  p  »  mg! mi  can 
generate  similar  parallel  electric  fields.  However,  in  obtaining  this 
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result  we  have  assumed  in  the  cold  plasma  case  that  =  cKOpg,  and  in 
the  warm  case  that  =  Pi-  (The  cold  approximation  is  probably  more 
relevant  for  auroral  acceleration.)  For  nominal  parameters  the  proton 
gyroradius  in  the  acceleration  region  is  roughly  a  factor  or  10  smaller 
than  dtOpg,  and  one  can  compare  (2.23)  and  (2.17)  with  the  aid  of  the 
appropriate  dispersion  relations  (2.15  and  2.24)  to  find  “ 

c^l<Opg‘^pp‘.  Thus  for  a  fixed  horizontal  scale  the  electric  field  in  the  cold 
plasma  case  is  larger.  We  have  not  treated  the  intermediate  case  0  <  p  < 
mglnti,  but  it  is  reasonable  to  assume  that  the  magnitude  of  parallel 
electric  fields  from  waves  in  this  regime  woiild  fall  somewhere  between 
the  cases  we  have  studied. 

2.6  Alfy6n  Waves  and  Magnetosphere-Ionosohere  Coupling 

The  simplest  (and  often  entirely  sufficient)  approach  to  M-I  coupling 
comes  from  thinking  of  a  voltage  generator  in  the  magnetosphere  (e.g. 
the  MHD  generator  from  the  solar  wind-magnetosphere  interaction) 
applying  an  electric  field  which  maps  to  the  ionosphere  and  drives  a 
Pedersen  current  in  the  ionosphere  =  OpEj^  where  Op  is  the  Pedersen 
conductivity.  (These  relationships  vdll  be  discussed  in  more  detail  in  the 
next  chapter).  Any  horizontal  divergence  of  this  current  in  the 
ionosphere  must  be  closed  by  field-aligned  currents  to  and  from  the 
magnetosphere  as  required  by  current  continmty  (see  Section  3.6). 

This  simple  model  breaks  down  for  many  reasons.  Vickrey  et  al. 
[1986]  found  that  at  horizontal  scales  between  3  and  80  km  the 
magnetosphere  acts  more  like  a  current  source  than  a  voltage  soiirce. 
This  has  important  consequences  concerning  the  boundary  conditions 
appropriate  for  simulations  of  M-I  coupling,  as  discussed  by  Lysak  [1986]. 
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Weimer  et  al.  [1985]  simultaneously  measured  electric  fields  at  two 
altitudes  with  the  DE  1  and  2  spacecraft  and  found  that  even  for  static 
electric  fields,  field  line  mapping  in  the  collisionless  region  above  the 
ionosphere  is  ineffective  for  horizontal  scales  below  100  km.  This  result 
stems  from  the  presence  of  the  parallel  electric  fields  and  the 
requirement  that  static  electric  fields  must  be  curl-free.  In  this  thesis  we 
will  discuss  other  complications  in  the  simple  coupling  model  above 
which  result  from  neutral  winds  in  the  ionosphere  and  time  varying 
electric  fields. 

Mallinckrodt  and  Carlson  [1978]  were  among  the  first  to  realize  that 
any  changes  in  either  the  magnetospheric  generator  or  ionospheric  load 
must  be  communicated  along  magnetic  field  lines  by  Aliv4n  waves.  They 
modeled  the  wave  as  it  propagated  towards  the  ionosphere  through  the 
changing  refractive  index  which  results  from  the  Earth’s  dipole 
xnagnetic  field  and  the  increasing  plasma  density.  The  ionosphere  is 
treated  as  a  slab  of  conducting  material  characterized  by  its  integrated 
conductivity  Zp  that  causes  a  reflected  wave  resulting  from  the  mismatch 
between  Zp  and  the  intrinsic  impedance  of  Alfv4n  waves  above  the 
ionosphere.  They  also  pointed  out  that  incident  and  reflected  Alfv^n 
waves  with  small  horizontal  scales  will  only  interfere  close  to  the 
ionosphere,  because  plasma  convection  will  carry  the  reflected  wave 
away  from  the  incident  part. 

Goertz  and  Boswell  [1979]  looked  in  detail  at  the  front  edge  of  an 
electric  field  pulse  applied  suddenly  in  the  magnetosphere.  They  showed 
that  such  a  ptdse  will  propagate  at  the  Alfv6n  velocity  and  that  a  parallel 
fringing  field  will  exist  at  the  leading  edge  of  the  pulse.  If  the  pulse 
reflects  enough  times  between  the  ionosphere  and  magnetosphere  it  can 
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repeatedly  accelerate  electrons.  Lysak  and  Carlson  [1981]  showed  that  for 
Alfv4n  wave  pulses  with  typical  parameters,  electrostatic  ion  cyclotron 
wave  turbulence  can  cause  large  effective  collision  frequencies  along  B  in 
the  magnetosphere.  Lysak  and  Dum  [1983]  included  the  effects  of  this 
turbulence  in  a  time-dependent  MHD  simulation  of  Alfv6n  wave 
propagation  and  found  that  a  magnetospheric  region  of  wave  turbulence 
can  support  parallel  electric  fields  and  decouple  the  magnetospheric 
generator  from  an  ionospheric  load.  This  decoupling  may  be  a  useful 
idea  in  explaining  the  fact  that  arcs  are  often  found  to  drift  at  a  velocity 
not  equal  to  the  ExB  drift  velocity  in  the  ionosphere.  Lysak  [1986]  further 
improved  on  these  MHD  simulations  by  dynamically  changing  the 
conductivity  of  the  ionosphere  as  a  result  of  energetic  electrons  incident 
from  above,  creating  a  feedback  effect  between  the  magnetosphere  and 
ionosphere. 

Tests  of  these  competing  and  complimentary  theories  are  suffering 
from  an  absence  of  experimental  data  pertaining  to  the  relative 
importance  of  quasi-static  and  electromagnetic  coupling.  One  of  the 
primary  goals  of  this  thesis  is  to  fill  this  experimental  gap. 


CHAPTERS 

MEASURING  ENERGY  COUPLING  BETWEEN  THE 
MAGNETOSPHERE  AND  HIGH-LATITUDE  IONOSPHERE 


3.1  Introduction 

Energy  is  efficiently  transferred  between  the  solar  wind- 
magnetosphere  system  and  high-latitude  ionosphere  because  of  the 
geomagnetic  field  Bo  =  Bo:^.  The  magnetic  field  facilitates  energy 
exchange  in  two  ways.  First,  in  the  absence  of  electric  fields 
perpendicular  to  Bq  the  field  lines  constrain  charged  particle  motion  to 
the  f  direction,  and  in  this  chapter  we  will  show,  in  agreement  with 
previous  work  (e.g.  Foster  et  al.  [1983]),  that  the  resulting  field-align«d 
flux  of  kinetic  energy  integrated  over  the  high-latitude  region  can  exceed 
1010  W.  The  second  mode  of  energy  transfer  is  electrical.  Magnetic  field 
lines  act  as  "wires"  that  carry  electrical  current  to  the  ionosphere,  where 
Joule  heating  in  the  dense,  partially  ionized  medium  dissipates  the 
incident  energy.  Vickrey  et  al.  [1982]  showed  that  although  the  daily 
averages  of  the  energy  flux  from  particles  and  Joule  heating  are 
comparable  in  the  auroral  oval,  there  is  a  tendency  for  the  two  to  be 
anticorrelated.  Based  on  Chatanika  incoherent  scatter  radar 
measurements,  those  authors  found  the  morning  sector  (westward 
electrojet)  particle  energy  deposition  rate  to  be  generally  larger  than  that 
in  the  pre-midnight  sector  eastward  electrojet.  The  Joule  heating  rate 
has  the  opposite  asymmetry  about  midnight. 
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This  tendency  for  anticorrelation  has  one  straightforward 
explanation.  Where  the  particle  flux  is  relatively  energetic,  as  it  is  in  the 
morning  sector  as  compared  to  the  evening  sector,  ionization  is  produced 
at  lower  altitudes.  At  these  altitudes  the  conductivity  tensor  is  such  that 
electric  fields  and  associated  currents  are  mostly  perpendicular  to  each 
other,  which  limits  the  Joule  dissipation  J-E.  (We  will  discuss  the 
conductivity  tensor  in  detail  in  the  next  section.)  When  precipitating 
electrons  are  less  energetic,  they  increase  the  plasma  density  at 
somewhat  higher  altitudes,  where  J  and  E  are  more  nearly  parallel. 
Thus,  less  kinetic  energy  deposition  leads  to  more  Joule  dissipation 
{Kelley  et  al.,  1990], 

This  interrelationship  is  likely  more  than  coincidental.  It  is 
reasonable  to  expect  that  the  ionosphere/magnetosphere  system  operates 
in  a  feedback  mode.  For  example,  Joule  heating  requires  field-aligned 
currents,  and  when  these  currents  exceed  a  certain  threshold  various 
plasma  waves  can  become  destabilized.  The  waves  may  then  convert 
electrical  to  kinetic  energy  through  wave/particle  interactions,  which 
might  explain  the  anticorrelation  between  kinetic  and  electrical  energy 
deposition  rates  in  the  ionosphere. 

The  possibility  for  such  an  important  interrelationship  between 
electrical  and  kinetic  energy  input  to  the  ionosphere  is  one  of  the  reasons 
for  the  study  we  have  conducted.  In  addition,  on  a  global  scale  Joule 
heating  is  thought  to  be  larger  than  particle  energy  deposition  because  it 
is  spread  over  a  wider  range  of  latitudes.  In  the  summer  polar  cap,  for 
example,  when  Bt  is  southward,  considerable  Joule  heating  occurs  while 
any  particles  that  precipitate  are  generally  soft.  It  is  crucial  therefore  to 
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develop  remote  sensing  techniques  to  determine  the  Joule  heat  input  to 
the  upper  atmosphere. 

Sensing  of  particle  precipitation  is  straightforward  and  is  regxilarly 
performed  by  polar  orbiting  spacecraft.  The  electromagnetic  input,  on 
the  other  hand,  is  not  routinely  monitored  and  its  estimation  usually 
requires  severe  approximations  such  as  neglect  (or  very  simplistic 
modeling)  of  the  atmospheric  wind;  e.g.  Vickrey  et  al.  [1982].  In  this 
chapter  we  show  that  the  electromagnetic  energy  flux  into  the 
atmosphere  can  be  reliably  measured  remotely  by  polar  orbiting 
spacecraft  at  altitudes  in  the  range  400-1000  km  using  the  vertical 
component  of  the  Poynting  flux,  and  we  present  examples  of  its 
measurement  using  both  the  HILAT  satellite  and  a  sounding  rocket. 
Since  this  measurement  is  of  a  local  quantity,  no  assumptions  are 
required  concerning  the  relative  orientation  of  the  spacecraft  velocity  and 
current  sheets  such  as  are  needed  in  determination  of  Birkeland 
currents.  Moreover,  knowledge  of  the  ionospheric  conductivity  and 
conductivity  gradients  are  not  necessary  for  the  measurement  of  the 
energy  input. 

The  concept  of  the  Poynting  flux  as  a  diagnostic  tool  in  the  study  of 
time-varying  electromagnetic  waves  is  well  established.  As  discussed  by 
Feynman  et  al.  [1964],  under  certain  drcxxmstances  the  Poynting  flux 
provides  a  valid  conceptual  measure  of  energy  flow  even  for  steady  or  DC 
electric  and  magnetic  fields.  In  Section  3.2  we  give  a  brief  derivation  and 
a  discussion  of  the  concept  as  applied  to  geophysical  systems.  We  show 
that  a  local  measurement  of  ( 5Ej^x5Bj^)//io  at  typical  ionospheric  satellite 
altitudes  3delds  the  local  electromagnetic  power  input  to  the  Earth's 
atmosphere.  It  is  important  to  note  that  no  geometric  assumptions  are 
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necessary  to  find  this  quantity,  unlike  those  required  to  determine,  say,  Jz 
from  magnetic  field  measurements  along  a  trajectory.  That  is,  although 
/ioJ*  can  in  principle  be  found  from  dByIdx  -  dBJdy,  one  must  in  practice 
neglect  the  y  derivative  for  a  satellite  moving  in  the  JtT  direction.  The 
Poynting  flux  technique  can  also  be  used  to  detect  energy  flow  out  of  the 
Earth's  ionosphere,  which  can  occur  where  a  neutral  wind  dynamo  is 
present. 

While  measurements  of  kinetic  and  electrical  energy  flow  between 
the  magnetosphere  and  ionosphere  are  not  new,  the  various  methods 
used  have  their  own  advantages  and  problems  which  until  recently  have 
not  been  carefully  compared.  In  this  chapter,  Sections  3.3  and  3.4  are 
devoted  to  a  discussion  of  two  methods  for  measuring  the  electrical 
energy  fl\ix  at  high  latitudes.  Later  in  the  chapter  we  will  present  energy 
flow  calculations  using  data  from  the  HILAT  satellite  and  from  a 
sounding  rocket.  Our  piirpose  will  not  be  to  present  an  exhaustive  survey 
of  energy  flow  measurements  from  spacecraft,  but  rather  we  will  develop 
and  compare  techniques  for  doing  so.  We  begin  with  a  discussion  of  the 
theory  behind  these  methods. 

3.2  Techniques  for  Measuring  Electromagnetic  Energy  Flow  Between  the 

Ionosphere,  and  Magnetflaph.ere 

A  satellite  such  as  HILAT,  with  the  capability  to  measure  electric 
and  magnetic  fields  simultaneously,  can  be  a  very  useful  tool  to  monitor 
the  rate  of  electromagnetic  energy  flow  into  or  out  of  the  ionosphere  at  the 
magnetosphere-ionosphere  interface.  However,  as  with  any 
measurement  of  a  physical  parameter,  the  process  is  imperfect  and  we 
must  anticipate  the  various  complications  and  errors  which  will  arise. 
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We  will  begin  with  a  simple  model  of  the  magnetosphere/ionosphere 
energy  exchange.  We  limit  our  discussion  to  high  latitudes,  so  we  can 
assume  that  the  geomagnetic  field  Bo  is  vertical.  In  this  chapter  we  will 
ass\ime  that  the  energy  sources  are  constant  in  time,  but  we  will  relax 
this  requirement  in  Chapter  4.  And  we  will  first  treat  the  case  in  which 
there  is  no  neutral  wind. 


In  the  static  case,  the  amount  of  electromagnetic  energy  generated 
or  dissipated  in  some  volume  V  is  the  Joule  dissipation: 


J  E  dV 


(3.1) 


The  plasma  fluid  equations  allow  us  to  relate  the  current  density  J  and 


electric  field  E  through  the  conductivity  tensor  a: 


where 


and 


(3.2) 

(3.3) 

(3.4a) 

(3.4b) 


(3.4c) 
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j  is  a  species  index  and  gq,  ap,  and  an  are  known  as  the  direct  (or 
specific),  Pedersen,  and  Hall  conductivities  respectively.  We  will  derive  a 
generalized  version  of  a  in  Chapter  4  which  allows  for  time  variation  of 
field  quantities. 

Although  <To  is  generally  much  larger  than  ap  or  ajj  ,  the  field- 
aligned  electric  field  is  much  smaller  than  Ex  and  Ey  for  the  range  of 
physical  parameters  that  are  of  interest  to  us,  and  we  can  safely  neglect 
the  dissipation  term  JiEx.  One  consequence  of  the  small  electric  field 
parallel  to  Bo  is  that  the  perpendiciilar  fields  are  approximately  constant 
along  Bo.  This  allows  us  to  carry  out  the  z  integration  in  (3.1)  to  obtain 


where 


+  Ey)  dx  dy 


f3fi) 


2^  =  I  Op  dz 

'ionosphere  (3.6) 

Equation  (3.5)  can  be  used  to  estimate  the  energy  dissipated  in  the 
ionosphere.  Since  the  electric  field  maps  along  Bo,  it  can  be  measured 
either  by  satellites  or  sounding  rockets  in  or  above  the  ionosphere,  or  by 
high  altitude  balloons  since  the  electric  field  maps  into  the  lower 
atmosphere  [Mozer  and  Serlin,  1969].  Zp  is  more  difficvilt  to  determine 
since  it  requires  altitude  profiles  of  the  plasma  and  neutral  atmosphere 
densities.  Ionospheric  plasma  at  high  latitudes  can  be  produced  by 
electron  precipitation  from  the  magnetosphere  in  an  unpredictable  and 
time  dependent  manner,  and  once  produced  the  plasma  can  quickly 
convect  away.  Thus  without  a  direct  measurement  from  an  incoherent 
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scatter  radar,  for  example,  estimates  of  Ep  are  limited  by  poor  knowledge 
of  the  plasma  density. 

Poynting's  theorem  can  be  used  to  eliminate  the  need  for  a  Ip 
estimate  in  ionospheric  energy  deposition  measurements  as  long  as  the 
magnetic  field  can  be  measured  at  the  same  time  as  the  electric  held.  We 
give  a  formal  derivation  of  Poynting’s  theorem  and  an  example  of  its 
application  to  energy  dissipation  in  a  simple  resistor  in  Appendix  A. 
Poynting's  theorem  states  that 

r  r  .  .  . 


W  = 


Sds  = 


8D 


dB 


\ 

jE+E — +H  — 

dt  dt) 


dV 


J  (3.7a) 

where  S  =  (ExB)/^,  the  vector  di  is  normal  to  an  element  of  surface  area 
and  points  into  the  volume  V  everywhere,  D  is  the  electric  flux  density, 
and  H  is  the  magnetic  field  intensity.  In  the  case  of  DC  energy  flow,  d/dt= 
0  and  thus 


(3.7b) 


For  our  application  to  the  problem  of  magnetosphere-ionosphere 
coupling,  we  first  consider  the  volume  enclosed  by  the  surface  of  the 
Earth  and  a  "cap"  covering  all  latitudes  above  say  50  degrees.  The  cap  is 
located  at  an  altitude  that  is  not  crucial  but  which  is  between  400  and  1000 
km.  (Below,we  assume  that  it  is  the  HILAT  satellite's  orbital  altitude  of 
800  km.)  This  height  is  chosen  to  be  high  enough  that  particle  collisions 
are  rare  but  below  any  region  of  significant  field-aligned  electric  fields 
associated  with  the  aurora. 
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We  assume  that  the  zonal  component  of  the  perpendicular  electric 
field  goes  smoothly  to  zero  at  the  boundary  of  this  region,  that  the 
magnetic  field  lines  are  everywhere  vertical,  and  we  ignore  curvature  of 
the  magnetic  field  lines  over  this  height  range.  The  volume  of  interest, 
shown  in  Figure  3.1,  is  then  boimded  by  the  high  altitude  cap,  Si,  the 
surface  of  the  Earth,  S2,  and  the  sxirface  S3  linking  the  cap  and  the  Earth. 
Since  the  Earth  is  a  good  conductor  the  electric  field  vanishes  on  S2  and 
the  Poynting  flux  is  zero  across  it.  If  no  thxmderstorms  are  located  near 
the  boimdary  then  we  can  assume  that  the  fair  weather  electric  field  is 
vertical  and  the  Poynting  flux  across  S3  is  also  zero.  This  implies  that  the 
entire  electromagnetic  power  dissipated  in  the  voliime  may  be  fotmd  by 
integrating  the  Poynting  flux  across  S/.  Since  Si  is  perpendicular  to  Bo, 
the  power  input  to  the  Earth’s  atmosphere  in  the  high  latitude  zone  is 
given  by 

Mo 

where  Ej^  is  the  perpendicular  electric  field  on  S ;  and  is  the  deviation 
of  the  total  magnetic  field  from  the  undisturbed  value  in  the  plane 
perpendicular  to  Bo. 

We  now  argue  that  the  cross  product  of  these  two  quantities  gives  the 
local  value  of  the  energy  flow  rate  into  the  atmosphere.  Consider  an 
infinitesimal  element  of  the  surface  Si  and  the  volxime  it  subtends 
between  Sj  and  the  Earth.  The  contribution  at  the  Earth  vanishes  as 
before.  Since  we  know  that  the  flow  in  the  high  altitude  ionosphere  is 
incompressible,  it  follows  that  the  integral  of  (Ej^x5Bx)  cf^  over  the  sides 
of  the  volume  vanishes  there.  Furthermore,  since  large  scale  DC  electric 
fields  map  without  distortion  along  field  lines  into  and  through  the  E 


Figure  3.1  Si  is  the  surface  through  which  magnetospheric  Poynting 
flux  S  enters  the  upper  atmosphere.  S2  is  the  Earth's  suiface,  which  is  a 
good  conductor  and  therefore  requires  =  0  and  hence  S  =  0.  Assuming 
that  the  magnetic  field  lines  are  straight  and  vertical,  and  the  fair 
weather  electric  field  is  vertical  implies  that  S  /fa  s  0  where  /fa  is  a  unit 
vector  normal  to  the  surface  Sa- 
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region  and  vertically  deep  into  the  atmosphere  {Mozer  and  Serlin,  1969], 
where  they  go  smoothly  to  zero  near  the  Earth’s  surface,  the  integral  of 
(Ej.x5Bj^)  d^  vanishes  on  these  edges  as  well. 

This  discussion  of  the  amount  of  Poynting  flow  across  various 
siirfaces  of  the  volume  in  Figure  3.1  is  necessary  because  we  need  to 
establish  that  by  integrating  the  Poynting  flux  across  the  high  altitude 
surface  S;  we  are  actually  measuring  a  divergence  in  the  Poynting  flux  - 
i.e.  Poynting  flux  is  entering  the  ionosphere  from  above,  but  it  can't 
"escape"  from  the  sides  (S2)  or  through  the  Earth's  surface  (S3).  A  single 
measurement  of  Poynting  flux  alone  can  be  meaningless.  For  example, 
imagine  placing  a  net  electrical  charge  on  the  surface  of  the  Earth, 
which  woiild  cause  a  radial  electric  field.  At  the  magnetic  equator  the 
Earth's  dipole  field  B©  crossed  into  the  radial  electric  field  gives  a  non¬ 
zero  Poynting  vector  S.  However,  if  we  integrate  S  over  any  closed  surface 
we  find  no  divergence  and  therefore  no  net  dissipation  or  generation  of 
electrical  power,  as  we  can  see  from  the  definition  of  S  with  the  aid  of  a 
vector  identity; 

/ioV  S  s  V  (ExBo)  =  Bo-  (VxE)  -E-  (VxBo)  (3.9) 

In  the  case  at  hand  VxE  =  0,  VxBq  =  /ioJ  =  0,  and  V  S  =  0.  Only  when 
there  is  a  non-zero  current  J  can  there  be  a  net  divergence  of  Poynting 
flux  for  a  steady  state  system.  We  will  show  with  a  specific  example  in 
Section  3.6  that  Poynting  flux  into  the  ionosphere  is  associated  with 
Birkeland  (field-aligned)  currents  that  close  as  Pedersen  currents. 

3.3  The  Role  of  the  Neutral  Winds  in  Energy  Flow 

Thus  far  we  have  assumed  that  all  of  our  measurements  are  made 
in  the  Earth-fixed  reference  frame  and  that  the  neutral  wind  is  zero.  We 
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have  presupposed  an  externally  applied  electric  field  and  studied  the 
energy  dissipated  in  a  conducting  ionosphere.  If  the  neutral  atmosphere 
is  in  motion  however,  it  can  also  be  a  source  of  electric  current  and 
Poynting  fiux.  In  fact  if  we  examine  the  case  with  an  external  medium 
acting  as  a  passive  load  with  an  effective  height-integrated  conductivity 
Ie,  a  wind  generated  current  source  3delds  an  upward  Poynting  flux 
above  the  ionosphere,  and  the  integral  of  (Ex5B)  d§  over  the  surface  of  the 
external  load  is  equal  to  the  volume  integral  of  J-E  within  the  load.  In 
this  case  J-E  <  0  in  the  ionosphere,  indicating  that  the  neutral  wind  in 
the  ionosphere  is  acting  as  a  generator  and  supplying  electrical  energy  to 
the  external  load.  Even  when  the  ionosphere  is  acting  as  a  load,  the 
neutral  wind  affects  its  interaction  with  any  external  energy  sources.  We 
will  look  at  two  examples  of  an  ionospheric  load  with  a  neutral  wind. 

For  the  first  example  consider  an  external  generator  which  applies 
an  electric  field  Eg  across  geomagnetic  field  lines.  The  generator  is  not 
ideal  and  has  associated  with  it  an  internal  conductance  which  we  model 
as  a  thin  strip  extended  in  y  characterized  by  ctg  (mho/m)  such  that  the 
potential  across  it  and  current  density  through  it  are  related  hy  Voq  =  I 
(A/m),  as  shown  in  Figure  3.2.  Magnetic  field  lines  connect  the 
generator  to  an  ionospheric  load  region  with  height-integrated 
conductivity  Ip  and  constant  neutral  wind  Uy.  We  will  treat  the 
ionosphere  as  a  simple  slab,  with  Ip  ^0  outside  of  the  gray  region.  The 
current  density  in  the  £  direction  is  given  by  J*  =  CpiEx  +  UyBo)  (yA/m2)  in 
the  ionosphere,  and  in  the  generator  by  (Eg  -  EgHoq  (A/m)  where  d  is  the 
width  of  the  system  in  the  £  direction.  Current  continuity  requires 


7=111=  IjJiEg  +  UyBo)  *  (Eg  •  E,)do&  (A/m) 


(3.10) 


on  in  the  meridional  plane  of  a  simplified  model 
of  neutral  winds  on  ionospheric  dissipation  of 
'led  electric  field  energy. 
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with  the  direction  of  I  shown  in  the  figure.  The  perturbation  magnetic 
field  at  the  center  of  the  diagram,  which  is  assumed  to  be  very  far  from 
the  cross  field  currents  at  either  end,  is  ^  s  The  Poynting  iiux 

measured  in  the  Earth-fixed  frame  is  thus  S  =  Ex6B/^o  =  IpExiE^  -t- 
UyBo)2. 

With  (3.10)  we  can  solve  for  E,  =  idEcOG  -  UyBQ£p)KZp  +  dao)  which 
allows  us  to  write  the  Poynting  vector  as 


_daa^?  ( Ea .  (£0  *  t/^  B,) 

dco  4- \Xp  doG  I 


(3.11) 


Clearly  for  large  <tg  the  external  sovirce  will  dominate  and  the  Poynting 
flux  will  be  downward.  Likewise  for  Eq  =  0,  electrical  energy  generated 
by  the  neutral  wind  will  flow  upward. 

The  f  component  of  the  Poynting  vector  is  equal  to  the  height- 
integrated  value  of  J  E  in  the  ionosphere 


J  E  dz  s  2^Ex[Ex  +  UyBo) 


'ionosphere 


(3.12) 


J  E  is  the  Joule  dissipation  when  measiired  in  the  frame  of  the  neutral 
wind,  but  in  the  present  case  we  have  written  the  electrodynamic 
quantities  in  a  frame  with  a  non-zero  wind.  We  will  now  discuss  the 
meaning  of  the  quantity  J  E  in  the  presence  of  a  neutral  wind. 

As  long  as  the  wind  velocity  is  non-relativistic,  the  frame  in  which 
the  magnetic  field  is  measured  does  not  matter.  This  can  be  seen  from 
the  equations  which  transform  electric  and  magnetic  fields  from  the 
neutral  wind  frame  (primed  coordinates)  to  the  Earth-fixed  frame  (not 
primed),  where  the  neutral  wind  velocity  is  U; 
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E’  =  E  +  UxB  (3.13a) 

B’  =  B  (3.13b) 

We  have  neglected  UxE/c2  «  B.  A  discussion  of  these  transformations 
can  be  found  in  Chapter  2  of  Kelley  [1989].  Equation  (3.13b)  implies  that  J' 
=  J.  With  these  transformations  we  can  write  the  Joule  dissipation  J'  E' 
in  the  Earth-fixed  frame  as  J-(E  -f  UxBo).  A  vector  identity  allows  us  to 
write  this  as 

JE  =  J’E*  +  U(JxBo)  (3.14) 

hence  in  a  frame  where  the  neutral  wind  is  non-zero  J-E  can  be 
interpreted  as  the  Joule  heat  plus  the  work  done  on  the  neutral  wind  by 
the  JxB  force. 

To  summarize,  in  the  presence  of  a  neutral  wind  the  Poynting  fltix 
measured  by  a  satellite  can  determine  the  amotmt  of  energy  flowing  into 
or  out  of  the  ionosphere.  If  the  neutral  wind  is  acting  as  a  generator, 
some  of  the  energy  will  be  dissipated  by  the  ionosphere  and  the  Poynting 
fliix  will  measure  only  the  net  outward  energy  flow.  Nonetheless,  it  is 
this  very  exchange  of  energy  which  is  crucial  in  the  study  of 
magnetosphere-ionosphere  coupling. 

A  potentially  confusing  aspect  of  Poynting  flux  measurements  is  the 
fact  that  their  value  depends  on  the  reference  frame  in  which  they  are 
measured.  From  Equations  (3.13)  we  can  see  that  the  magnetic  field  does 
not  change  with  reference  frame  but  the  electric  field  depends  on  the 
velocity  of  the  measuring  platform.  We  will  consider  one  additional 
example  which  will  help  to  clarify  the  reason  for  this. 

Consider  two  ionospheres  in  coqjugate  hemispheres  connected  by 
the  geomagnetic  field  Bo.  Figure  3.3  shows  the  configmation  with  the 


Figure  3.3  Cross-section  in  the  meridional  plane  of  a  simplified  model 
illustrating  the  interaction  of  neutral  wind  dynamos  in  conjugate 
hemispheres. 
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field  lines  straightened  into  a  rectangular  geometry.  The  two 
ionospheres  are  labeled  "1"  and  "2"  and  each  has  its  own  height- 
integrated  Pedersen  conductivity  and  neutral  wind  Uy^j  where  j 
indexes  the  ionospheres.  The  conducting  region  is  limited  in  the  x 
direction  to  a  width  d,  and  outside  of  this  region  we  assume  zero 
conductivity.  All  quantities  extend  infinitely  in  the  y  direction  as  before. 

The  neutral  winds  will  carry  plasma  across  geomagnetic  field  lines 
and  in  general  will  create  some  electric  field  £*  which  will  in  turn  drive 
currents  in  both  ionospheres  given  respectively  by 

dx,j  ~  opj  (Ex  +  Uy^j  Bq)  (3.15) 

Current  continuity  at  the  edges  of  the  conducting  troughs  requires  two 
infinite  sheet  currents 


I  =  -Ip,i(Ex  +  Uy,  iBo)i  =  +  Uy,2Bo)i  (3.16) 


where  again  I  has  units  of  A/m.  This  allows  us  to  calculate  the  electric 
field  as  a  fimction  of  the  Uyi 

^P,2t/y,2)Bo 

Ep,i  +  Ep^2  (3.17) 

Using  this  with  (3.16)  allows  us  to  solve  for  magnitude  of  the  sheet 
currents: 


+  (3.18) 

Electric  fields  and  winds  cause  the  ionospheric  plasma  to  collide 
with  neutral  atmosphere  particles  which  results  both  in  increased 
temperature  and  changes  in  the  bulk  velocity  of  the  neutral  wind.  The 
electromagnetic  coupling  between  the  two  ionospheres  will  act  to  cause 
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the  neutral  winds  to  be  equal  eventually.  If  enough  time  passes  so  that 
they  become  equal,  no  current  will  flow  between  the  two  hemispheres,  as 
we  can  see  from  (3.17). 

In  the  case  for  which  Uyj  =  0,  the  Ex  generated  by  Uy^2  will  act  to 
accelerate  the  neutral  wind  in  ionosphere  "1"  and  the  resulting  drag  on 
Uy^  will  slow  it  down.  In  the  Earth-flxed  frame  it  is  natural  to  think  of 
"2"  as  a  generator  and  "1"  as  a  load.  Of  course  this  is  entirely  dependent 
upon  reference  frame.  If  we  happen  to  be  traveling  along  with  the 
neutral  wind  in  "2"  then  the  now  non-zero  wind  in  "1"  will  cause  Uy^2  to 
accelerate,  and  the  role  of  generator  and  load  are  reversed. 

We  will  now  calculate  the  Poynting  flux  that  would  be  measured  by  a 
spacecraft  flying  between  the  two  ionospheres.  The  magnetic 
perturbation  caused  by  the  current  sheets  is  ^  »  HqIS  and  thus 
(assuming  Ipj  =Ip,2  for  simplicity)  the  resulting  Poynting  vector  ExSHyi 
can  be  written 


S  = 


(3.19) 


Equation  (3.19)  tells  us  that  if  one  of  the  ionospheres  has  zero  neutral 
wind  then  the  Poynting  vector  is  directed  towards  it.  This  is  consistent 
with  the  fact  that  a  zero  velocity  neutral  wind  also  has  zero  bidk  kinetic 
energy.  Thus  any  plasma  motion  driven  by  electric  fields  must  increase 
the  kinetic  energy  of  the  neutrals,  and  the  neutral  atmosphere  acts  as  a 
load.  The  neutral  wind  in  the  conjugate  hemisphere  acts  as  a  generator 
and  the  bulk  kinetic  energy  of  the  neutral  wind  there  decreases. 

Of  course  in  the  case  of  an  ionospheric  load  not  all  of  the  Poynting 
flux  energy  increases  the  bulk  velocity  of  the  neutrals,  and  likewise  in  a 
neutral  wind  generator  not  all  of  the  kinetic  energy  supplied  by  the  wind 
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appears  as  Poynting  flux.  In  both  cases  the  neutral  gas  and  the  plasma 
are  heated.  This  leads  us  to  interpret  the  Poynting  vector  measured 
above  the  ionosphere  in  the  Earth-fixed  frame  as  the  rate  at  which 
electromagnetic  energy  from  the  magnetosphere  is  causing  the  neutral 
wind  in  the  ionosphere  (also  measured  in  the  Earth-fixed  frame)  to 
change  its  kinetic  energy  per  unit  area  plus  the  rate  at  which  that  energy 
is  heating  the  atmosphere: 


J^(ExX(5bJ=- 
^  dt 


j 

J  ionosphere 


(3.20) 


where  AQ  is  the  heat  per  unit  volume  supplied  to  the  atmosphere  and  p  is 
the  mass  density  of  the  neutrals.  We  are  neglecting  the  kinetic  energy  of 
the  plasma  since  its  density  is  many  orders  of  magnitude  less  than  the 
neutral  density  in  the  ionosphere.  The  Poynting  vector  is  positive  when 
directed  towards  the  ionosphere. 

The  conclusion  we  can  draw  from  the  above  discussion  is  that  the 
Poynting  vector  E^x^Bj^/po  measured  in  the  Earth-fixed  frame  can  be 
used  to  detect  whether  the  neutral  atmosphere  below  the  measurement 
platform  is  gaining  energy  (i.e.  is  load-like)  or  losing  energy  (generator¬ 
like)  in  the  Earth-fixed  frame.  Since  the  kinetic  energy  of  the  neutral 
wind  depends  on  the  velocity  squared,  its  time  rate  of  change  depends  on 
the  neutral  wind  velocity,  thus  the  time  derivative  of  the  kinetic  energy 
and  the  Poynting  vector  are  frame-dependent. 

There  are  two  situations  which  can  cause  S  s  0,  namely  Ej.  =  0  and 
0.  In  the  first  case  there  is  still  energy  exchange  between  the 
ionosphere  and  a  conjugate  ionosphere  or  the  magnetosphere  if  we  move 
to  a  different  frame.  If  0  there  is  no  energy  exchange  in  any  frame. 


In  this  sense  magnetic  perturbations  associated  with  field-aligned 
currents  are  more  indicative  of  energy  coupling  to  the  ionosphere  than 
are  electric  fields. 


A  disadvantage  that  Poynting  flux  measurements  have  is  that  the 
perturbation  magnetic  field  (5Bj^  is  usually  found  by  subtracting  a  model 
of  the  geomagnetic  field  Bo  from  the  total  field  B  measured  by  the  satellite 
magnetometer.  Since  Bo  is  roughly  40,000  nT  and  perturbations  from 
field-aligned  currents  are  typically  several  hiindred  nT,  small  errors  in 
the  model  can  greatly  affect  5Bj^  measurements.  However,  model  errors 
manifest  themselves  as  DC  (or  low  frequency)  offsets  in  dBj^,  thus  in  the 
following  section  we  will  ignore  the  Po3nnting  flux  from  low-frequency 
fields  by  high-pass  filtering  the  data. 

.4  Satellite  Observations  of  Kinetic  Energy  and  Povnting  Flux 

In  this  section  we  present  examples  of  Poynting  flux  measurements 
in  the  high  latitude  ionosphere.  The  instruments  used  were  not 
optimized  for  measurement  of  this  parameter  and  yet  the  results  are 
quite  reasonable.  We  believe  that  when  interpreted  as  discussed  in  the 
previous  section  that  these  examples  support  the  idea  that  Po3mting  flux 
is  a  useful  diagnostic  quantity,  and  we  hope  that  other  researchers 
pursue  this  concept  with  more  sensitive  instruments  and  better  behaved 
measurement  platforms.  Since  the  electric  fields  detected  are 
considerably  larger  than  UBq  in  the  high  latitude  E  region  we  will  ignore 
neutral  wind  effects. 

The  first  two  examples  come  from  the  HILAT  satellite.  HILAT  is  a 
polar-orbiting,  real-time  satellite  which  means  it  cannot  store  data  on 
board.  Thus  measurements  are  available  only  when  the  satellite  is  in 
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view  of  a  ground  receiving  station.  The  data  we  will  present  were 
recorded  at  the  station  in  Sondrestrom,  Greenland  (67°  N),  so  each  pass 
is  centered  about  this  geographic  latitude.  HILAT  orbits  at  about  800  km 
with  a  velocity  of  7.4  km/s,  and  it  is  in  view  of  a  ground  station  for  about 
10  minutes  per  pass,  depending  on  its  elevation  angle  at  closest 
approach. 

HILAT  measures  the  vector  magnetic  field  using  a  fluxgate 
magnetometer  sampled  at  20  s-^  and  deduces  the  electric  field  from  a 
cross-track  ion  drift  meter  switching  between  16  and  32  s-i.  We  have 
averaged  the  data  to  1.5  s-i.  These  and  other  instruments  on  HILAT  are 
described  in  detail  elsewhere  {Potemra  et  al.,  1984;  Rich  et  al.,  1984]. 
Since  the  satellite  is  in  a  high-inclination  orbit  (81°),  its  orbital  velocity 
(defined  to  be  in  the  £  direction)  is  mostly  meridional.  £  is  taken  to  be 
downward,  and  completes  the  right-band  system  in  HILAT 
coordinates.  The  cross-track  ion  drift  allows  one  to  calculate  the 
meridional  electric  field.  The  in-track  drift  component  yields  the  cross¬ 
track  (zonal)  electric  field  but  is  only  available  once  per  second  since  it 
requires  a  sweep  of  the  retarding  potential  analyzer.  In  the  auroral  zone, 
the  zonal  electric  field  is  generally  much  smaller  than  Eg  and  adds  only  a 
small  correction  to  the  Poynting  flux  foimd  from  the  meridional  electric 
field  alone. 

The  spacecraft  is  gravity  gradient  stabilized  but  suffers  attitude 
perturbations  from  thermal  stress.  Examples  of  the  magnetic  field  data 
which  we  have  used  in  the  two  satellite  orbits  presented  here  are  given  in 
Figure  3.4a  and  show  the  attitude  problem  very  clearly.  The  upper  panel 
shows  magnetic  field  data  obtained  on  Day  164,  1984.  The  sinusoidal 
modulation  of  the  signal  is  due  to  one  of  the  unfortunate  attitude 
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HILAT  Magnetic  Field  Data 


MLT  13:27  11:54  11:51  11:49  11:49 
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Figure  3.4a  Meridional  and  zonal  ma^etic  field  perturbations  for  two 
HILAT  passes.  The  40  second  variation  in  the  Day  164  data  and  the 
longer  period  variation  in  the  Day  122  data  are  due  to  attitude  oscillations 
of  the  satellite.  Superimposed  on  these  are  clear  signatures  of  large-scale 
field-aligned  currents. 
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oscillation  modes  of  the  spacecraft.  Another  mode  is  clearly  seen  in  the 
second  panel  using  data  obtained  on  Day  122  of  the  same  year.  Here  a 
very  long  period  attitude  oscillation  is  seen  in  the  signal. 

It  is  clear  from  both  satellite  passes  that  signals  of  geophysical 
significance  are  present.  On  both  days  the  spacecraft  passes  through 
large  scale  regions  of  field-aligned  current  as  ascertained  from  the 
derivative  of  the  magnetometer  signal,  ignoring  the  sinusoidal 
oscillations  of  the  satellite.  In  the  analysis  below  we  have  filtered  the 
signals  to  remove  these  perturbing  influences.  A  notch  filter  (order  20 
digital  Butterworth)  with  a  center  frequency  of  .0286  Hz  and  a  bandwidth 
of  0.01  Hz  was  used  for  Day  164;  a  high  pass  filter  allowing  only 
frequencies  above  0.0029  Hz  to  contribute  was  used  for  both  days.  This 
necessary  filtering  precludes  measurement  of  the  largest  scale  size 
Poynting  flux  input  to  the  high  latitude  system. 

We  will  see  that  even  after  filtering  out  the  lowest  frequencies  in  the 
HILAT  data,  the  Poynting  flux  is  still  mostly  downward,  which  is  what 
we  would  expect  for  an  ionospheric  load.  One  reason  that  filtering  doee 
not  destroy  the  Poynting  flux  measurement  is  that  the  satellite  is  above 
the  auroral  oval  for  only  a  fraction  of  the  entire  pass,  therefore 
perturbations  associated  with  the  auroral  oval  (and  which  represent 
most  of  the  Poynting  flux)  are  above  the  filter  cutoff.  The  fractional  orbit 
acquisitions  from  a  real  time  satellite  system  such  as  HILAT  are  not 
suited  for  fully  global  measurements,  and  we  are  therefore  restricted  to 
studies  such  as  auroral  oval  crossings.  The  electric  field  after  filtering 
for  these  two  passes  is  presented  in  Figure  3.4b. 

The  Poynting  flux  measured  on  Day  164  is  presented  in  Figure  3.5a 
along  with  the  field-aligned  current  and  precipitating  electrons  in  two 
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Figure  3.4b  Meridional  and  zonal  electric  fields  for  the  two  HILAT 
passes  shown  in  Figtire  3.4a. 
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Comparison  of  electromagnetic  and  particle  energy  inputs  into  the  ionosphere 
ge-scale  field-aligned  current  structure  for  a  summer  noon  descending  pass. 
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energy  bands.  The  latter  are  plotted  positive  for  do vm ward  energy  flow 
since  the  detector  looks  upward.  The  inset  shows  the  pass  in  a  magnetic 
local  time  invariant-latitude  format.  The  satellite  was  acqmred  in  the 
polar  cap  and  passed  over  the  dayside  auroral  oval  just  before  local  noon. 

We  have  plotted  the  Poynting  flux  in  ergs/CcmZg)  to  conform  to  the 
usual  notation  in  presenting  particle  fluxes  in  the  aurora.  The  power 
flux  is  almost  entirely  downward  throughout  the  pass,  with  the  single 
exception  of  a  brief  burst  of  upward  flux  near  12:28  UT.  The  average 
vertical  electrical  power  flux  during  the  pass  is  equal  to  0.45  ergs/(cm2s) 
(or  0.45  mW/m2)  downward,  while  an  upper  limit  for  the  average  kinetic 
power  flux  due  to  the  electrons  was  0.70  ergs/(cm2s).  To  obtain  this  value 
a  distribution  of  downgoing  electrons  isotropic  over  2n  steradians  was 
assumed.  Comparison  of  the  45®  and  vertical  electron  sensors  (not 
shown  here)  indicate  this  is  a  reasonable  assumption.  Integrating  along 
the  trajectory  }nelds  2100  W/m  (electromagnetic)  and  3300  W/m  (kinetic 
energy).  To  give  some  perspective  we  can  estimate  the  total  power  from 
both  sources  into  the  entire  auroral  oval  region  by  assuming  that  the 
energy  input  is  independent  of  local  time.  This  yields  7.9x1  Oio  W.  This 
value  is  a  lower  limit  since  we  cannot  determine  the  Poynting  flux  at  the 
largest  scales. 

Figure  3.5b  is  the  field-aligned  current  derived  from  dByIdx  = 
assuming  that  variation  in  the  y  direction  is  unimportant.  Because  a 
derivative  is  required  some  smoothing  has  been  necessary.  We  restrict 
attention  to  the  three  shaded  current  sheets  in  the  center  of  the  figure 
and  not  the  small  variations  outside  this  region  as  they  may  be  due  to  the 
filter.  The  existence  of  three  sheets  is  quite  common  in  the  noon  sector 
[lijima  and  Potemra,  1976].  The  upward  current  sheet  at  invariant 
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latitudes  below  about  72“  is  co-located  with  fairly  hard  electron 
precipitation,  as  shown  in  Figure  3.5c,  as  well  as  convection  toward  the 
noon  meridian.  The  Poynting  flux  near  the  central  (downward)  current 
sheet  was  greater  than  the  precipitating  electron  energy  flux,  even 
assuming  that  the  down-going  particle  energies  are  distributed  over  2x 
steradians. 

It  is  interesting  to  note  that  the  fliix  of  soft  electrons  in  the  region  of 
downward  current  is  anticorrelated  with  the  measured  current  density. 
Furthermore  the  precipitating  electrons  carry  current  of  the  opposite 
sign  to  that  measured.  A  lower  limit  to  the  current  carried  by  the  soft 
electrons  can  be  estimated  by  assuming  that  the  perpendicular  energy  of 
the  electrons  is  small  so  that  they  all  fall  within  the  aperture  of  the 
detector  (6°  by  4“,  or  7.3x10-3  sr).  The  current  nei/*  due  to  a  1  erg/fcmZs-sr) 
flux  can  be  found  by  multiplying  by  the  angular  area  of  the  aperttire  and 
dividing  by  the  estimated  average  energy  of  the  electrons.  The  current 
caused  by,  say,  10  eV  electrons  is  0.7  pA/m2.  The  implication  is  that  the 
upward  thermal  electron  flux  must  have  been  fairly  large  or  a 
considerable  ion  precipitation  was  occurring  to  counter  the  upward 
current  from  the  soft  electron  precipitation. 

The  Day  164, 1984  orbit  was  such  that  the  ionosphere  was  sunlit  over 
the  entire  trajectory.  By  taking  into  account  the  solar  depression  angle, 
the  electron  density  and  the  conductivity  of  the  E  region  can  be 
determined  [Robinson  and  Vondrak,  1984].  Although  it  is  not 
particularly  important  in  this  case,  we  have  also  estimated  the 
contribution  of  particle  precipitation  to  the  conductivity  by  assuming  that 
the  observed  electron  flux  has  been  present  long  enough  for  a  steady  state 
electron  density  profile  to  be  reached.  With  this  estimate  for  Zp  and  the 
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observed  electric  field  from  the  ion  drift  meter  we  can  estimate  the  Joule 
heating  in  the  ionosphere  and  compare  it  to  the  Poynting  flux  as  shown 
in  Figure  3.6.  The  ratio  of  the  Joule  heating  rate  to  Po5ntiting  flux 
magnitude  in  Figure  3.6c  shows  that  the  two  quantities  coincide  roughly 
within  a  factor  of  two.  The  Joule  dissipation  estimate  relies  on  a  model 
for  the  neutral  atmosphere  to  compute  collision  frequencies.  This  model 
in  turn  uses  an  estimate  of  the  thermospheric  temperature,  but  in 
general  this  parameter  is  difficult  to  determine,  and  this  uncertainty  is 
one  possible  explanation  for  the  deviation  from  unity  of  the  Poynting  Flux 
to  Joule  heat  ratio. 

The  ratio  is  "spikey "  in  places,  which  is  to  be  expected  when  dividing 
two  noisy  quantities,  but  we  will  show  in  Section  3.6  that  the  spike  near 
12:27:45  UT  coincides  with  a  burst  of  temporally  varying  fields,  which 
invalidates  one  of  the  assumptions  allowing  us  to  use  the  Joule 
dissipation  in  Equation  3.5.  Poynting  flux,  on  the  other  hand,  is  a  valid 
way  to  measure  energy  fluxes  in  electromagnetic  waves.  It  is  important 
to  note  that  in  this  case  the  Poynting  flux  is  upwards,  which  means  that 
the  ionosphere  is  either  reflecting  or  generating  instead  of  dissipating 
energy,  and  this  is  not  discemable  from  the  Joule  heating  calculation 
alone.  (Since  we  cannot  measure  Poynting  flux  on  the  largest  scales  it  is 
possible  that  the  measured  upward  Poynting  flux  is  actually  an  upward 
perturbation  on  a  large  scale  downward  fltix.)  For  these  reasons  and 
those  discussed  in  Section  3.3  we  argue  that  Poynting  flux  as  a  tool  is 
superior  to  Joule  heating  estimates.  However,  we  must  qualify  this 
statement  for  HILAT  satellite  measurements  since  the  magnetometer 
resolution  is  about  15  nT.  For  small  signal  levels  the  quantization  noise 
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Figure  3.6  Comparison  of  the  Joule  heating  rate  and  Poynting  flux  for 
the  HILAT  pass  shown  in  Figure  3.5. 
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can  cause  an  anomalously  large  magnetic  Held  (and  therefore  Poynting 
flux)  estimate. 

Data  from  the  second  event  are  presented  in  Figure  3.7  in  a  format 
nearly  identical  to  that  used  in  Figure  3.5.  As  can  be  seen  in  the  raw  data 
in  Figure  3.4a  and  in  the  smoothed  Birkeland  currents  in  the  second 
panel,  several  current  sheets  were  detected  during  this  dusk  pass 
through  the  auroral  oval.  This  is  unusual,  at  least  as  far  as  the 
literature  indicates.  All  significant  upward  ciirrents  are  co-located  with 
a  burst  of  electron  precipitation  and  anti-sunward  convection  while 
downward  current  regions  were  associated  with  sunward  flow  and  no 
precipitation.  There  was  still  significant  Poynting  flux  in  regions  where 
the  particle  input  was  low  and  the  Birkeland  currents  downward.  In  the 
central  downward  current  sheet,  regions  of  both  upward  and  downward 
Poynting  flux  were  found.  Figixre  3.8  shows  this  effect  in  an  expanded 
plot  of  the  meridional  electric  field,  the  Poynting  flux,  and  the  electron 
energy  flux  for  the  period  18:52-18:54  UT.  The  magnitude  of  the  average 
electromagnetic  power  density  over  the  entire  pass  was  0.22  ergs/(cm2s); 
the  rate  of  kinetic  energy  input  was  2.0  ergs/C cm^s).  The  integrated 
values  over  the  pass  are  980  W/m  and  8900  W/m.  Again  we  assumed  an 
angular  spread  of  2k  steradians  in  the  kinetic  energy  based  on  vertical 
and  45°  electron  energy  measurements.  Assuming  no  variation  of 
energy  input  with  local  time  in  this  case  gives  1.5xl0ii  W  for  the  total 
electrical  and  mechanical  power  input  into  the  auroral  oval. 

In  Figure  3.9  we  plot  the  Joule  heating  rate,  the  Poynting  flux,  and 
the  ratio  of  the  two  quantities  for  Day  122, 1984.  There  appears  to  be  good 
agreement  except  near  18:53  UT,  where  the  Joule  heating  estimate  is 
much  larger  than  the  Poynting  fliix.  For  the  periods  in  which  magnetic 
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Figure  3.8  Expanded  view  of  a  two  minute  interval  during  the  HILAT 
pass  on  Day  122, 1984  during  which  upward  Poynting  flux  was  observed. 


Figure  3.9  Comparison  of  the  Joule  heating  rate  and  Poynting  flux  for 
the  HILAT  pass  shown  in  Figure  3,7. 
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field  fluctuations  exceed  the  minimum  resolution  of  the  magnetometer, 
we  attribute  the  disagreement  between  the  two  measurements  mainly  to 
errors  in  the  conductivity  estimate  from  the  particle  flux  and  hence  in  the 
Joule  heating  estimate. 

3.5  Sounding  Rocket  Observations 

As  part  of  the  1985  NASA  Greenland  I  campaign  a  Black  Brant  X 
sounding  rocket  was  launched  from  Sondrestrom  eastward  into  the 
dayside  auroral  oval  and  remained  inside  the  oval  for  the  entire  upleg. 
Other  results  from  that  flight  have  been  published  by  Boehm  et  al.  [1990]. 
The  meastirements  we  present  were  taken  during  the  upleg  of  the  rocket 
flight  at  altitudes  between  400  and  770  km.  Electric  fields  perpendicular 
to  Bq  were  measured  with  perpendicular  3  m  electric  field  booms,  and 
magnetic  measurements  were  taken  with  a  fluxgate  magnetometer.  To 
obtain  electric  fields  below  the  rocket  spin  frequency,  electric  field 
measurements  were  fit  to  a  sine  wave  at  the  spin  frequency,  then 
averaged  to  obtain  two  measurements  per  rocket  spin  period.  The 
resulting  sample  period  is  0.887  s.  The  measured  JE  and  dB  fields 
perpendicular  to  Bq  for  the  ascending  half  of  the  flight  are  shown  in  the 
top  two  panels  of  Figure  3.10. 

To  illustrate  the  amount  of  electromagnetic  power  flowing  between 
the  magnetosphere  and  ionospliere  during  the  flight  we  plot  the  field- 
aligned  component  of  the  Poynting  vector  in  Figure  3.10c.  We  must  be 
especially  wary  of  the  Poynting  flux  estimate  in  this  case  because  1 )  small 
errors  in  the  geomagnetic  field  model  can  cause  large  errors  in  estimates 
of  the  perturbation  magnetic  fields  used  in  the  Posmting  flux 
calculations,  and  2)  we  cannot  distinguish  magnetic  field  pertxirbations 
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due  to  large  scale  current  systems  from  an  error  in  the  zero  order 
magnetic  field  model.  We  can  detect  the  associated  electric  field  however 
since  there  is  no  zero  order  electric  field.  This  effect  almost  certainly 
explains  the  large  difference  between  the  Poynting  flux  and  ZpE^  early 
in  the  flight  where  E  0  but  the  model  subtraction  5delds  dB  ■»  0.  The  high- 
pass  filter  technique  we  used  for  the  satellite  data  does  not  work  in  this 
case,  because  the  data  are  taken  completely  within  the  auroral  oval. 
Recall  that  in  the  satellite  case  the  auroral  oval  crossing  was  only  a 
fraction  of  the  total  duration  of  the  pass,  causing  it  to  lie  in  the  filter 
passband.  We  still  have  some  confidence  in  the  validity  of  the  rocket- 
measured  Poynting  flxix,  however,  because  it  agrees  reasonably  well  with 
ZpE^  as  we  can  see  from  the  Poynting  flux  to  Joule  heat  ratio  shown  in 
Figure  3.1  Od.  The  slow  trend  causing  this  ratio  to  increase  over  the 
course  of  the  flight  could  be  due  to  an  error  in  the  perturbation  magnetic 
field  estimate,  or  to  the  fact  that  we  used  a  constant  value  of  Tp  s  3  mhos 
throughout  the  flight.  The  rocket  flew  eastward  into  regions  of 
increasing  sunlight,  which  would  cause  Lp  to  increase  throughout  the 
flight.  But  due  to  the  general  agreement  between  the  two  power  flow 
estimates  we  will  assume  that  the  perturbation  magnetic  fields  are  not 
too  contaminated  by  low  frequency  field  model  errors.  Notice  that  the 
magnitude  of  the  Poynting  flux  is  consistently  tens  of  ergs/fcm^s),  which 
is  several  times  larger  than  the  peak  power  fluxes  from  the  two  satellite 
passes  discussed  in  the  previous  section. 

The  Poynting  flux  is  predominantly  downward  except  for  2  short 
intervals,  near  09:30:30  and  09:34:40  U.T,  In  Chapter  5  we  will  show  that 
much  of  the  electric  field  energy  during  the  flight  is  dominated  by 
standing  Alfvdn  waves.  Standing  waves  can  produce  both  upward  and 
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downward  Poynting  flux  during  different  phases  of  their  cycle,  and  this 
could  possibly  account  for  the  observed  upward  Po5Titing  flux. 

3.6  Time-Domain  Measurements  of  Auroral  Field  Impedances 

We  have  shown  that  Joule  dissipation  in  the  ionosphere  implies 
electric  and  perturbation  magnetic  fields  perpendicvilar  to  B©  above  the 
ionosphere.  In  order  to  vmderstand  the  origin  of  the  perturbation  fields  it 
is  helpful  to  consider  a  simple  model  of  current  closure  through  the 
ionosphere.  In  this  model  we  assume  that  fields  and  ionospheric 
parameters  such  as  density  and  collision  frequencies  vary  in  the 
meridional  (jf)  direction  only.  As  we  will  show  in  the  next  chapter,  no 
variation  in  the  zonal  (y)  direction  implies  that  the  zonal  electric  field  Ey 
is  much  smaller  in  magnitude  than  the  meridional  field  Eg,  and  we  will 
therefore  neglect  it.  If  we  apply  a  meridional  electric  field  Eg(x)£  above 
the  ionosphere,  that  field  will  map  into  the  ionosphere  and  drive  a 
current  J  =  JgX  +  J^y.  Since  d/dy  =  0  the  current  continuity  equation  V  - J 
=  0  can  be  written 

o*  J  ionosphere  (3.21 ) 

where  Jg  is  the  field-aligned  current  above  the  ionosphere.  Ampere's  law 
in  the  region  above  the  ionosphere  is  fJoJz  =  dBy/dx,  which  we  can  apply  to 
(3.21)  to  obtain 

JgE^dz 

iionosphere  (3.22) 

We  have  assumed  Eg  is  constant  in  altitude,  and  the  constant  of 
integration  over  x  is  t2iken  to  be  zero  to  ensure  that  5^  =  0  in  the  absence  of 
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Joule  dissipation.  As  we  might  expect,  the  i  component  of  the  Poynting 
vector  gives  the  height-integrated  Joule  dissipation  per  unit  area  in  the 
ionosphere.  The  point  we  wish  to  make  with  this  example  is  that  a 
Poynting  vector  measured  above  the  ionosphere  correctly  measures  the 
Joule  dissipation  in  the  ionosphere  because  the  zonal  perturbation 
magnetic  field  By  is  caused  by  field-aligned  currents  which  close  through 
the  ionosphere. 

In  addition  to  Joule  dissipation  in  the  ionosphere,  the 
electromagnetic  fields  above  the  ionosphere  can  be  used  to  predict 
another  useful  quantity.  Replacing  Jx  in  (3.22)  with  IpEx  gives  the 
following  result: 

By  HoEp  (3.23) 

This  allows  us  to  remotely  estimate  the  height-integrated  Pedersen 
conductivity  of  the  ionosphere  directly  below  the  spacecraft.  Again,  we 
have  assumed  no  variation  in  the  zonal  (j?)  direction,  negligible  Ey,  quasi¬ 
static  fields,  and  no  neutral  winds. 

Notice  that  we  were  able  to  eliminate  the  x  derivative  in  (3.21),  which 
means  that  no  assumptions  are  necessary  concerning  the  scale  length  of 
variations  in  x.  Whether  we  measure  fields  associated  with  an  auroral 
arc  or  with  the  entire  auroral  oval,  (3.23)  holds.  However,  we  will  show 
in  the  next  chapter  with  the  aid  of  a  numerical  model  that  (3.23)  is 
violated  at  scales  less  than  a  few  km,  due  to  the  fact  the  small  scale 
electric  fields  do  not  map  without  attenuation  along  the  geomagnetic 
field. 

In  Figures  3.11  and  3.12  we  plot  ^o^^x^By\  along  with  those  same 
values  multiplied  by  Ip  as  a  function  of  time  for  the  two  satellite  passes 
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Figure  3.11  Electromagnetic  field  impedance  as  a  function  of  time 
calculated  from  the  Day  164,  1984  data.  The  impedances  in  the  lower 
panel  are  normalized  to  Zp'^ . 
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Figure  3.12  Electromagnetic  field  impedance  as  a  function  of  time 
calculated  from  the  Day  122,  1984  data.  The  impedances  in  the  lower 
panel  are  normalized  to 


71 


discussed  in  the  previous  section.  Deviations  from  unity  in  Figures  3.11b 
and  3.12b  indicate  either  that  our  Ip  estimates  are  in  error,  that  one  or 
more  of  the  assumptions  leading  to  Equation  (3.23)  are  violated,  or  that 
the  magnetic  field  fluctuations  are  below  the  resolution  of  the 
instrument.  In  one  of  the  cases  we  can  identify  the  exact  cause  of  the 
deviation.  Figure  3.13  shows  the  meridional  electric  field  plotted  at  the 
full  time  resolution  of  the  instrument  for  the  time  period  near  12:27:45  UT 
on  Day  164, 1984.  The  electric  field  shows  a  wave-like  burst  with  a  peak 
amplitude  of  over  100  mV/m.  The  coherent  nature  of  the  burst  is 
indicative  of  temporal  variation.  Thus  the  spike  in  Figure  3.11b  just 
before  12:28  UT  can  be  attributed  to  a  breakdown  in  our  assumption  of 
static  fields. 

A  similar  increase  in  over  Ip-^  occurs  in  the  sounding 

rocket  data,  shown  in  Figure  3,14.  As  in  Figure  3.1  Od,  the  slow  trend  is 
probably  due  tr  our  inadequate  estimate  of  Ip  or  to  errors  in  the 
geomagnetic  field  model.  The  electromagnetic  fields  associated  with  the 
huge  deviation  near  09:31 :30  UT  have  been  identified  as  an  Alfv6n  wave 
by  Boehm  et  al.  [1990].  Thus  in  a  least  two  cases,  one  measured  from  a 
satellite  and  one  from  a  sounding  rocket,  a  substantial  increase  in 
^  I  EJBy  I  over  Ip  coincides  with  temporally  varying  fields.  In  Chapter  5 
we  will  develop  a  technique  which  can  help  to  determine  the  importance 
of  time  varying  fields  (i.e.  Alfv^n  wa^es)  in  time  series  data  for  which  no 
coherent  wave  structures  are  evident.  But  first  wo  will  investigate  the 
details  of  the  interaction  of  Alfv4n  waves  with  the  ionosphere,  which  is 
the  topic  of  Chapter  4. 
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Ex  (Southward)  HILATDay  164,  1984 


Figure  3.13  Electric  field  during  a  short  event  measured  by  HILAT  on 
Day  164, 1984,  plotted  at  the  full  time  resolution  of  the  instrument  (16  s-i 
or  32  s-i).  The  coherent  nature  of  the  burst  is  indicative  of  time  variation 
(i.e.  an  Alfv6n  wave)  rather  that  spatial  structuring. 


Fi^re  3.14  Electromagnetic  field  impedance  as  a  function  of  time 
calculated  from  the  sounding  rocket  data  shown  in  Figure  3.10.  The 
impedances  are  normalized  to  a  constant  value  of  Zp-i  =  (3  mhos)-t. 


CHAPTER  4 

A  NUMERICAL  MODEL  OF  ALFVEN  WAVES  INTERACTING 
WITH  THE  HIGH-LATITUDE  IONOSPHERE 

4.1  Introduction 

If  the  electric  and  magnetic  fields  carrying  energy  from  the  solar 
wind  and  magnetosphere  to  the  high-latitude  ionosphere  do  not  vary  in 
time,  we  can  assume  that  for  the  most  part  magnetic  field  lines  are 
equipotentials,  and  the  energy  dissipated  in  the  ionosphere  is  IpE^ 
(neglecting  neutral  winds),  as  we  discussed  in  the  last  chapter.  Now 
consider  time  var3ring  fields,  but  with  frequencies  less  than,  say,  10  Hz. 
In  the  magnetosphere  and  ionosphere  these  waves  fall  in  the  Alfven 
wave  regime,  and  we  have  to  consider  wave-related  behaviors  like 
reflections,  inteiderence,  and  particle  inertial  effects. 

As  an  Alfven  wave  propagates  towards  the  ionosphere,  it  encounters 
a  steeply  changing  refractive  index  due  to  variations  in  density, 
composition,  and  collision  frequency.  The  plasma  density  varies  over 
severed  orders  of  magnitude  between  1000  km  and  the  Earth's  surface, 
and  at  low  frequencies  this  distance  can  be  much  less  than  an  Alfv4n 
wavelength.  Ion  and  electron  collisions  begin  to  play  an  important  role 
below  a  few  hundred  kilometers,  and  below  a  certain  altitude  (which  we 
will  calculate  later  in  the  chapter)  they  control  the  charged  particles  to 
such  an  extent  that  what  once  was  an  Alfven  wave  above  the  ionosphere 
cannot  now  interact  with  the  charged  particles,  and  the  wave  travels 
towards  the  Earth's  surface  as  a  "light  wave",  i.e.  o)/k  =  c.  Finally,  since 
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the  surface  of  the  Earth  is  a  good  conductor,  it  reflects  most  of  the  wave 
energy.  The  point  to  be  taken  from  this  description  is  that  the  amplitude 
and  phase  of  an  Alfv4n  wave  at  one  point  depend  strongly  on  the  plasma 
characteristics  at  other  points,  and  those  characteristics  change  rapidly 
with  altitude.  Thus  in  general  we  need  a  numerical  model  to  accurately 
describe  Alfv6n  wave  propagation  through  the  ionosphere. 

As  discussed  in  Section  2.6,  there  have  been  many  numerical 
simulations  of  Alfv6n  waves  traveling  through  the  density  gradient 
within  a  few  Earth  radii  of  the  auroral  ionosphere.  All  of  these  models 
treat  various  phenomena  in  the  collisionless  region  between  the  source  of 
Alfven  waves  and  the  ionosphere,  but  they  treat  the  ionosphere  as  a 
single  slab  characterized  by  its  height-integrated  conductivity.  In 
contrast,  we  will  ignore  the  region  above  the  ionosphere  except  to  treat  it 
as  a  source  of  Alfven  waves.  We  will  then  model  the  details  of  the 
interaction  between  these  incident  Alf^r^n  waves  and  the  ionosphere,  with 
realistic  density  and  collision  frequency  profiles.  We  wall  also  find  the 
conditions  under  which  the  ionosphere  can  be  modeled  as  a  conducting 
slab,  and  our  results  can  be  used  to  provide  more  realistic  boundary 
conditions  for  simulations  like  those  mentioned  in  Chapter  2. 

Turning  from  simulations  of  Alfv6n  waves  above  the  ionosphere  to 
waves  in  the  ionosphere,  we  find  an  enormous  amoimt  of  literatiire  on 
the  subject.  Budden  [1985]  is  a  good  general  reference.  One  of  the  first 
computer  solutions  of  Alfven  waves  propagating  through  the  ionosphere 
was  carried  out  by  Francis  and  Karplus  [1960],  who  calculated  the 
amount  of  ionospheric  heating  by  Alfv6n  waves  at  45°  latitude  for 
frequencies  less  than  4  Hz.  Prince  and  Bostick  [1964]  found  the  amoiuit  of 
attenuation  for  waves  below  10  Hz  as  they  propagate  between  the 
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magnetopause  and  the  Earth’s  surface.  These  works  used  relatively 
coarse  models  of  the  ionospheric  profile,  and  treated  only  vertically 
incident  plane  waves.  Greifinger  [1972] ,  Hughes  [1974],  and  Hughes  and 
Southwood  [1976]  allowed  for  obliquely  propagating  waves  and  found  field 
amplitude  profiles  and  reflection  coefficients  for  waves  incident  from  the 
magnetosphere  onto  the  ionosphere  for  a  variety  of  ionospheric 
conditions. 

The  numerical  model  that  we  develop  in  this  chapter  is  nearly 
identical  to  that  presented  by  Hughes  [1974]  and  Hughes  and  Southwood 
[1976],  although  those  authors  dealt  with  wave  periods  of  many  minutes, 
while  we  emphasize  periods  of  several  seconds.  Our  main  purpose  for 
developing  the  model  is  to  carefully  compare  its  predictions  with  satellite 
measurements,  which  we  present  in  Chapter  5  and  which  are  treated  by 
none  of  the  above  references.  While  developing  the  model  we  hope  to 
emphasize  an  understanding  of  the  physical  reasons  behind  different 
features  in  the  modeled  Alfv6n  waves. 

4.2  Derivation 

The  propagation  of  electric  and  magnetic  fields  E  and  B  with 
frequency  at  is  described  by  Maxwell’s  cvu-1  equations 

VxE  =  -idB  (4.1a) 

(4.1b) 

a  =  iJ(CD)  is  the  frequency-dependent  conductivity,  which  for  our  needs 
can  be  derived  from  the  linearized  fluid  equations  of  motion 
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lOJVj  =  „ 

m 


(e  +  y,xBo)  -  vjvj 


-j .  (4.2) 

where  7  is  a  species  index.  The  usual  theory  of  cold  plasma  waves  (see  for 
example  Stix  [1962])  is  also  derived  from  the  flmd  equations  of  motion,  but 
without  the  collision  term.  Notice  that  collisions  can  be  thought  of  as 
creating  an  effective  wave  frequency  to'  =  o}-iv.  We  take  Bq  to  be  in  the  £ 
direction,  solve  for  the  \j  terms  and  substitute  into  the  definition  of 
conductivity: 


J  =  X  ^  ^ 


The  resulting  o  has  the  following  form: 


(4.3) 


Cfi  Oi 
C-\  -02  Oi 
0  0 

where 


(4.4) 


oj; 


w 


j  Yi) 

oi  =  eo2^  , - ^ 

j  l{iQ)+Vjf  +  ^^] 

'C' 

^2  =  esZ - 

j  [{ia+Vjf  +  C^l 


(4.5a) 


(4.5b) 


(4.5c) 


oq  describes  the  relation  between  J  and  E  when  they  are  both  parallel  to 
each  other,  and  to  Bo.  For  «  =  0  it  is  known  as  the  "direct"  conductivity. 
In  the  small  o)  limit  Oi  is  the  Pedersen  conductivity  (Equation  3.4b),  and 
describes  dissipative  currents  (J-E  >  0)  which  are  perpendiciilar  to  Bo.  If 
we  neglect  co  «  fl,  in  the  denominator  and  let  v  =  0  we  find  a\  = 
eaioxop^ ! £1(2  =  IcoI^Va^.,  where  Va  is  the  Alfvdn  velocity.  Thus  Oi  carries 
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the  information  allowing  us  to  model  Alfv6n  waves  while  (T2  is  the 
generalization  of  the  Hall  conductivity  ( JlElBo)  for  to  st  0.  We  have 
written  (4.5c)  in  such  a  way  that  carries  the  sign  of  the  charge,  so  that 
it  is  negative  for  electrons. 

To  solve  Equations  4.1  we  assume  a  flat  Earth  surface,  upward  f, 
periodic  variation  of  the  fields  in  the  x  direction,  and  no  variation  in  the  y 
direction.  The  ambient  magnetic  field  B©  is  vertical,  and  o  is  assumed  to 
be  homogeneous  in  x  and  y .  Under  these  conditions  we  can  eliminate  Ez 
and  Bz  by  substituting  the  ^  component  of  Equation  (4.1b)  i-ikxBy  =  + 

icj/c‘^)Ez)  into  the  y  component  of  (4.1a),  and  the  £  component  of  (4.1a)  ( aBz 
=  kxEy)  into  the  y  component  of  (4.1b).  The  result  is  4  equations  in  4 
unknowns: 


^Ez 

dz 


^ao  +  iaVc2  j 


dz 


=  icoBx 


^  =  -/XoOjjEx  +  \^Oi  +  ^  - 


dz 


iki 


.2  Cl) 


(4.6a) 

(4.6b) 

(4.6c) 


—  =  -  +^\Ez-  ^iQa2Ey 

dz  '  cV  (4.6d) 

The  integration  in  z  is  necessary  because  all  of  the  conductivities 
vary  with  altitude.  Hughes  [1974]  solved  for  Ez  and  B*  explicitly  by 
integrating  V  B  =  0  and  the  current  continuity  equation  V  J  +  dpjdt  =0 
along  with  Equations  (4.1),  which  makes  a  total  of  six  equations  to 
integrate.  The  price  we  pay  for  integrating  two  fewer  equations  is  that  we 
must  apply  the  additional  constraint  <0  ^  0,  as  is  obvious  from  the  term 
proportional  to  co-i  in  (4.6c).  The  physical  reason  for  this  constraint  is 


79 


that  Equations  (4.6)  satisfy  V  B  =  0  identically  as  long  as  0,  which  can 
be  seen  by  taking  the  divergence  of  (4.1a).  Thus  there  is  no  need  to  solve 
V  B  =  0  explicitly.  In  a  similar  way  it  can  be  shown  that  (4.1b)  satisfies 
the  current  continuity  equation  for  a)  ^  0.  We  can  still  treat  "DC"  fields  by 
making  co  very  small.  We  solve  Equations  (4.6)  using  an  adaptive  step 
size,  4th  order  Runge-Kutta  ODE  solver  [Press  et  al,  1986]. 

4.3  Boundary  Conditions 

At  the  upper  boundary  of  the  modeled  region  (1000  km)  we  can 
neglect  ct2  as  long  as  co  »  and  co  «  (recall  that  12^  is  a  signed 
quantity).  Equations  (4.6a)  and  (4.6d)  then  decouple  from  (4.6b)  and  (4.6c), 
and  if  we  assume  no  variation  in  Gq  and  Gi  with  z  above  the  upper 
boundary  we  find  solutions  for  Ex  and  By  vctryn*  g  as  Qxpiikt,,z)  where 

=  a/  ■( - ^ - -  +  io)\{fUG^  +  ico /c^) 

V  \^^GQ  +  ia)/c2  ^  (4.7) 

In  the  MHD  limit  ( v  «  co  «  we  can  take  oo  and  Oi  =  ica/QioVA^) 

where  Va  is  the  Alfv6n  velocity.  Neglecting  l/c2  «  UVa^  results  in  ^*,,2  - 

cfilVA'^.,  which  is  the  dispersion  relation  for  the  slow  Alfv^n  mode  [Stix, 

1962].  By  replacing  didz  with  ikz^,  in  Equation  (4.6d)  we  obtain  a  relation 

between  Ex  and  By  which  serves  as  the  upper  boundary  for  the  slow  mode. 

Turning  to  Ey  and  B*  we  find  from  (4.6b)  and  4.(6c)  that  they  vary  as 
exi)(ikz,f)  where 

kzj- = -{icof^Gi-al^/c^  +  k^)  (4  3) 

Taking  the  MHD  limit  this  time  gives  =  (o^IVa^  -  ^*2,  which  is  the 
Alfv6n  fast  mode.  The  fast  mode  is  evanescent  for  ofilVj^  <  kx^,  which  is 
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satisfied  for  the  range  of  parameters  that  we  will  use  at  the  top  of  the 
model  region.  The  source  of  fast  mode  energy  is  in  the  ionosphere  where 
02*  0,  so  we  choose  boundary  conditions  at  the  top  of  the  model  region 
such  that  the  fast  mode  attenuates  with  increasing  altitude.  Substituting 
kz^f  for  didz  in  (4.6d)  determines  for  arbitrary  starting  values  of  Ey. 

At  the  bottom  of  the  model  region  we  find  two  independent  solutions 
to  Equations  (4.6)  by  first  setting  Bx  =  0,  then  By  =  0.  The  electric  field  is 
also  zero  at  the  perfectly  conducting  surface.  The  two  solutions  are 
integrated  up  to  about  200  km,  where  they  are  matched  to  the  upward  and 
downward  propagating  slow  mode  waves  and  the  upwardly  evanescent 
fast  mode  wave,  which  have  been  integrated  downward.  The  reason  for 
matching  the  solutions  at  200  km  altitude  is  that  the  field  amplitudes 
maximize  there,  and  numerical  integration  of  second  order  differential 
equations  is  most  stable  in  the  direction  that  the  solution  increases.  After 
the  4  independent  solutions  have  been  found,  a  linear  combination  is 
found  that  allows  for  a  downward*propagating  slow  wave  which  has  a 
unit  amplitude  at  1000  km.  The  coefficients  aj  used  to  take  the  linear 
combination  of  solutions  are  foimd  from 


IE,  E  ^  -E  -E  r  \ 

x,gl  ^x,g2  ^x,*,up  ^x,f 

j^x,»,down  ' 

E  ,  E  ^  -E  -E  f  ' 

y.gl  y,g2  ^y.t,up  ‘-‘y.f 

E 

^y,t,down 

^x,gl  ^x,g2  '^x,$,up  '^x,f  j 

“3 

[  ^x,$,down 

\  ^y,g^  ^y,g2  '^y,t,up  '^y.f  j 

\  ^y,  *,  down 

where  subscripts  "gl "  and  "g2"  denote  the  two  solutions  starting  from  the 
ground,  "S"  and  "F"  are  the  slow  and  fast  modes,  and  "down"  and  "up" 
indicate  propagation  direction.  The  field  values  are  all  taken  at  the 
solution  matching  altitude. 
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Figure  4.1  summarizes  the  boundary  conditions.  At  the  top  of  the 
simulation  region  we  impose  a  unit  amplitude  slow  wave  (<u2  = 
propagating  downward.  This  wave  is  also  the  reference  for  zero  phase 
angle  in  the  system.  While  this  mode  has  =  B*  =  0  at  1000  km,  these 
field  components  become  non-zero  as  the  wave  propagates  into  regions 
where  az^O,  which  explains  why  they  cannot  be  neglected  at  the  solution 
matching  altitude  and  thus  appear  in  the  column  vector  on  the  right  side 
of  (4.9).  There  is  also  an  upward-propagating  slow  wave  which  has  an 
amplitude  at  1000  km  as,  given  by  Equation  4.9.  Since  the  downward  slow 
wave  has  unit  amplitude,  03  is  the  "voltage  reflection  coefficient" 
(ErefiecteJE incident)  at  1000  km  for  slow  mode  Alhr^n  waves  incident  on  the 
ionosphere. 

In  addition  to  the  incident  and  reflected  slow  waves,  there  i**  the 
evanescent  fast  wave  which  is  driven  due  to  coupling  of  energy  from  the 
slow  wave  in  the  E  region  where  the  conductivity  az  is  non-negligible. 
Since  the  energy  source  for  this  mode  is  below  1000  km  in  altitude,  we 
choose  the  solution  which  decays  with  increasing  altitude.  After  finding 
the  two  modes  below  200  km  shown  in  Figure  4.1 ,  they  are  matched  to  the 
3  upper  solutions  using  Equation  4.9. 

4.4  Modelinpttt 

The  physical  description  of  the  atmosphere  and  ionosphere  is 
contained  in  the  conductivities  in  Equation  4.5.  To  find  the  conductivities 
we  need  altitude  profiles  from  0  to  1000  km  of  electron  density,  ion 
composition,  collision  frequencies,  and  the  geomagnetic  field. 

We  simplify  the  geomagnetic  field  model  by  restricting  our  attention 
to  high  latitudes,  where  we  can  assume  that  Bq  is  vertical.  In  the  next 
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Figure  4.1  Schematic  representation  of  the  five  independent  solutions 
wluch  are  combined  into  a  single  solution  for  the  electromagnetic  fields 
between  0  and  1000  km. 
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chapter  we  will  compare  the  result  of  the  model  with  experiments 
carried  out  above  Sondrestrom,  Greenland,  so  in  our  model  we  use 
Sondrestrom's  surface  magnetic  field  of  0.56x1 0-^  T  (downward).  In  a 
dipole  field  ,  Bo  “  ^  and  we  let  our  model  magnetic  field  fall  off 
accordingly  with  altitude. 

The  most  important  input  into  our  model  is  the  plasma  density 
profile  above  95  km.  At  high  latitudes  this  is  very  difficult  to  model.  The 
plasma  density  profile  created  by  photoionization  can  be  predicted  by  a 
Chapman  production  function,  but  this  plasma  can  have  a  very  long 
lifetime  in  the  F  region,  and  it  can  convect  far  away  from  its  point  of 
production.  In  addition  to  photoionization,  precipitation  of  energetic 
electrons  produces  a  significant  amoimt  of  the  high  latitude  plasma,  but 
in  an  unpredictable  maimer  Later,  when  we  compare  the  model  results 
with  experimental  measurements,  we  will  use  measurements  of  the 
electron  density  profile  from  the  Sondrestrom  Incoherent  Scatter  Radar. 
Our  purpose  in  this  chapter  is  to  see  how  the  interaction  of  Alfv6n  waves 
with  the  ionosphere  changes  with  various  inputs,  so  we  will  use  each  of 
the  3  different  model  electron  density  profiles  shown  in  Figures  4.2  -  4.4. 
With  each  of  the  profiles  is  plotted  the  conductivities  Oo,  aj,  and  02  with  (o  = 
0.  The  profile  in  Figure  4.2a,  labeled  "EF",  is  a  typical  daytime  profile 
with  both  an  E  and  F  region.  The  "F"  profile  in  Figure  4.3a  lacks  an  E 
region,  and  therefore  has  associated  with  it  a  low  Pedersen  conductivity. 
This  profile  could  occur,  for  example,  after  stmset  when  the  E  region 
quickly  recombines  leaving  an  F  region  only.  The  "E"  profile  in  Figure 
4.4a  could  occur  in  darkness  with  electron  precipitation  leading  to  the 
ionization  bump  below  200  km.  The  E-region  ionization  in  the  "E”  and 
"EF"  profiles  is  modeled  with  a  Gaussian: 


Figure  4.2  a)  A  t3rpical  electron  density  profile  and  the  associated  b) 
direct,  c)  Pedersen  and  d)  Hall  conductivity  profiles  for  a  sunlit,  dajrtime 
ionosphere. 
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Figure  4.4  a)  A  typical  electron  density  profile  and  the  associated  b) 
direct,  c)  Pedersen  and  d)  Hall  conductivity  profiles  for  a  nighttime 
ionosphere  caused  by  relatively  energetic  electron  precipitation. 
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^e.E(z)  =  Nsexpi-z^  /  a2)  (4.1 0) 

The  F-region  ionization  is  from  a  Chapman  profile  [Banks  and  Kockarts , 
1973], 

=  NpexpiO.Sil  •  z  -  expC-zVsec;^)  (4.11) 

where  z'  =  (z  -  Zmax)IH,Znax  is  the  altitude  of  maximum  ionization 
density,  H  is  the  scale  height  of  the  neutral  atmosphere,  and  x  is  the 
angle  between  the  local  zenith  and  the  sun.  For  the  model  density 
profiles  we  have  used  sec(;f)  =  1,  and  we  adjust  the  value  of  if  to  give  a 
"reasonable"  profile  based  on  the  measured  profiles  we  will  present  in 
the  next  chapter.  We  found  that  to  mimic  the  experimental  data, 
different  scale  heights  above  and  below  the  F-region  peak  altitude  were 
sometimes  necessary.  The  various  parameters  used  to  create  the  model 
profiles  are  given  in  Table  4.1. 

We  calcxilate  ion-neutral  collision  frequencies  using  the  formulas  in 
the  appendix  of  Schunk  and  Walker  [1973]  in  conjxinction  with  the 
Jacchia  [1971]  neutral  atmosphere  model.  The  neutral  atmosphere 
model  uses  an  assumed  thermospheric  temperature  as  input,  and 
although  this  parameter  can  vary  widely  we  use  1000  K  throughout  this 
chapter  and  the  next.  Banks  and  Kockarts  [1973]  supply  expressions  for 
electron-neutral  and  electron-ion  collision  rates.  We  add  these  two 
quantities  to  obtain  an  effective  electron  collision  frequency,  i.e.  Ve  =  Ven  ■<- 
Vgi.  Strictly  speaking,  this  is  incorrect  because  the  collisional  drag  term 
in  the  fluid  equations  is  proportional  to  the  velocity  difference  of  the 
colliding  species,  and  we  have  written  (4.3)  in  a  way  that  assumes  that 
charged  particles  are  colliding  with  particles  at  rest.  The  term 
represents  electron  collisions  with  ions  that  are  not  necessarily  at  rest, 
although  at  altitudes  where  Ven  is  not  the  dominant  source  of  collisions  it 
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Table  4.1.  Density  model  input  paramters  as  defined  in  Equations  4.10 
and  4.11. 


Profile  E 

Profile  F 

Profile  EF 

Ne  (an-3) 

5x105 

0 

5x104 

E-region  topside, 
scale,  atop  (km) 

40 

40 

E-region  bottomside 
scale,  ahottom  (km) 

5 

40 

E-region  z^ax  (km) 

100 

140 

Np  (cm-3) 

9.5x104 

9.5x104 

F-region  topside 
scale,  Htop  (km) 

120 

120 

F-region  bottomside 
scale,  H bottom  (km) 

60 

60 

F-region  Znax  (km) 

250 

250 

Background  density 
(cm-3) 

104 

103 

103 

Tp  (mhos) 

14 

0.93 

2.6 

89 


is  reasonable  to  neglect  the  ion  velocity.  We  also  neglect  collisions 
between  ions  of  different  species. 

Below  95  km  we  increase  collision  frequencies  and  decrease  charged 
particle  densities  exponentially  with  a  scale  height  of  6  km, 
corresponding  to  the  scale  height  of  the  neutral  atmosphere.  However, 
we  do  not  allow  the  electron  density  to  decrease  below  1  cm-3  in  order  to 
make  conductivities  within  10  km  of  the  ground  consistent  with  Figure 
20.3  of  Sagalyn  and  Burke  [1985].  Varying  the  density  and  collision 
frequencies  in  the  lower  atmosphere  has  little  effect  on  the  Alfv4n  wave 
electromagnetic  fields  above  the  ionosphere.  Figures  4.5a-c  show  the 
electron  and  ion  collision  frequencies  between  0  and  1000  km  altitude  for 
the  3  model  profiles  in  Figures  4.2-4.4.  The  gross  features  of  the  profiles 
are  quite  similar,  although  v,  in  the  "E"  profile  does  not  decrease  with 
decreasing  altitude  above  500  km  as  in  the  "EF"  and  "F"  profiles.  This  is 
because  electron-ion  collisions  dominate  at  the  highest  altitudes,  and  the 
high  altitude  ion  density  is  constant  in  altitude  for  profile  "E". 

We  use  2  ion  species  in  oxir  model.  Far  above  180  km  we  assume  that 
O-^  is  the  only  constituent,  and  it  changes  smoothly  to  NO-^  over  about  40 
km  (centered  at  180  km)  as  shown  in  Figure  4.5d.  Of  course  there  can  be 
many  other  positively  and  negatively  charged  ions  in  the  D  and  E  regions 
of  the  ionosphere.  Hughes  [1974]  chose  to  incorporate  negative  ions  into 
his  numerical  model,  but  his  purpose  was  to  find  Alfv^n  wave  fields  on 
the  Earth's  surface,  so  he  needed  an  accurate  measure  of  the  attenuation 
of  waves  in  the  D  region.  In  our  case  we  will  be  comparing  the  model  to 
data  taken  at  several  hundred  km  in  altitude,  and  from  working  with  the 
model  we  found  that  for  our  purposes  the  exact  composition  of  the  D 
region  was  unimportant. 
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Figure  4.5  a-c)  Electron  and  ion  collision  frequency  profiles  for  the 
density  profiles  shown  in  Figures  4.2-4.4.  d)  Relative  concentration  of  0+ 
and  NO*  as  a  function  of  altitude  used  for  input  to  the  numerical  model. 
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Charged  molecular  oxygen,  02'^,  can  be  important  in  the  E  region, 
but  its  molecular  mass  (32  a.m.u.)  is  very  close  to  that  of  N0+  (30  a.m.u.), 
causing  only  a  small  change  in  the  gyrofrequency  and  Alfv6n  velocity. 
The  collision  frequency  for  02'*'  is  different  than  that  of  N0+,  bui;  not 
enough  to  significantly  change  the  results  of  the  model.  Later  we  will 
use  the  model  to  illustrate  that  small  changes  in  collision  frequencies 
have  only  a  minor  effect  on  the  fields  above  the  ionosphere. 

Our  purpose  in  this  chapter  is  to  illustrate  with  the  numerical 
model  the  effects  of  various  ionospheric  features  on  Alfv6n  waves 
incident  from  the  magnetosphere.  One  of  the  main  subjects  we  will 
investigate  will  be  the  Alfv6n  wave  reflection  coefficient  (a^  in  Equation 
4.9)  as  a  function  of  frequency  for  various  ionospheric  models.  But  first 
we  will  try  in  the  next  2  sections  to  provide  a  general  idea  of  some  the 
phenomena  associated  with  the  Alfv4n  wave/ionosphere  interaction  by 
examining  altitude  profiles  of  the  electric  and  magnetic  field  amplitudes 
at  two  different  frequencies. 

4.5  Quasi-Static  Fields  in  the  Ionosphere 

Before  we  present  output  from  the  numerical  model,  we  must  make 
a  few  comments  concerning  our  plotting  conventions.  We  plot  altitude 
profiles  of  the  fields  with  3  different  curves.  The  first  is  the  real  part  of 
the  field,  to  give  an  idea  of  the  number  of  wavelengths  contained  in  each 
plot.  We  also  plot  both  the  amplitude  of  the  field  and  the  negative  of  the 
amplitude,  which  creates  a  wave  "envelope".  We  do  this  because  if  we 
plot  only  the  real  part  of  the  wave  and  the  (positive)  amplitude,  it  is  often 
difficult  to  distinguish  between  the  two. 
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A  second  convention  we  use  is  to  plot  all  magnetic  flux  densities 
after  multiplying  them  by  the  speed  of  light  c.  This  means  that  magnetic 
and  electric  fields  are  plotted  in  the  same  units  (V/m).  Furthermore, 
since  the  incident  slow  mode  electric  field  has  a  unit  amplitude,  cBy  is 
related  to  the  refractive  index  of  the  slow  mode.  It  is  equal  to  the 
refractive  index  of  the  slow  mode  in  the  special  case  of  no  reflections. 

Our  model  is  constrained  to  non-zero  frequencies,  but  we  can  make 
the  frequency  small  enough  to  study  the  behavior  of  fields  which  are 
effectively  "DC"  in  the  ionosphere  and  lower  atmosphere.  It  turns  out 
that  /■  =  10-3  Hz  is  sufficiently  low  because  at  that  frequency  the  spatial 
extent  of  the  ionosphere  is  a  very  small  fraction  of  an  Alfv6n  wavelength. 
We  have  calculated  the  electric  and  magnetic  field  profiles  with  the  "EF" 
density  profile  (Figure  4.2)  for  /"=  10-3  Hz  and  a  horizontal  spatial  scale  A, 
=  1000  km. 

Turning  to  Figure  4.6a,  we  see  that  the  meridional  electric  field  Ex  is 
constant  at  a  value  of  about  Eg  =  0.25  until  very  close  to  z  =  0,  where  it 
suddenly  falls  to  zero  as  it  must  since  we  assume  a  perfectly  conducting 
ground.  At  high  altitudes  the  constant  electric  field  Eg  can  be  explained 
by  referring  to  Equation  4.6a.  When  the  neutral  density  becomes  small, 
so  do  the  collision  frequencies,  thus  oq  becomes  large.  Since  we  have 

used  a  very  small  co,  Equation  4.6a  reduces  to 

dEx/dz  -  0  (4.12) 

Equation  4.12  is  equivalent  to  the  statement  that  "large  scale  static 
electric  fields  map  along  field  lines".  We  can  see  from  the  plot  of  the 
zonal  electric  field  Ey  in  Figure  4.6b  that  <to  is  not  infinite,  because  it  is 
evident  that  Ey  does  not  map  along  field  lines.  Note  that  Ey  is  two  orders 


-0.2  0  0.2  -0.0002  0  0.0002 


(V/m)  (V/m) 


Figure  4.6  a)  Meridional  and  b)  zonal  electric  field  profiles  in  the  quasi' 
static  limit. 
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of  magnitude  smaller  than  Ex.  The  reason  for  the  different  behaviord  of 
the  meridional  and  zonal  electric  fields  is  that  we  have  assumed  no 
variation  in  the  y  direction,  thus  there  can  be  no  divergence  in  Ey.  This 
means  that  the  Ey  is  not  sustained  by  electric  charge  concentrations 
building  up  along  magnetic  field  lines,  which  is  the  case  for  Ex.  Instead, 
we  can  think  of  Ey  as  a  sort  of  "fringing  field”  which  decreases  with 
distance  from  its  source  in  the  E  region,  where  <72  is  large.  At  such  a  low 
frequency  the  electric  fields  must  be  essentially  curl-free,  so  the  change 
in  Ey  with  altitude  implies  a  non-zero  parallel  electric  field  Eg,  which  is 
only  possible  in  our  DC  approximation  for  non-zero  Oo-  Both  the  zonal 
and  parallel  electric  fields  have  very  small  amplitudes  compared  to  the 
meridional  electric  field. 

It  is  instructive  to  derive  an  expression  for  Eg  near  the  Earth's 
surface  in  the  DC  approximation.  At  low  altitudes  we  may  safely  neglect 
Q«  V  (i.e.  the  medium  is  completely  collision  dominated),  which  from 
Equations  4.5  means  that  Cq  =■  a;.  We  may  also  neglect  02  because  it 
decreases  as  v-2,  while  Oq  and  oi  decrease  as  v-i.  If  we  assume  that  the 
charged  particle  density  near  the  ground  is  constant  and  v,  <«  exp{-z/H) 
where  H  is  the  neutral  atmosphere  scale  height,  we  may  write 

Ob,  Oi  ‘’‘SoexpizIH)  (4.13) 


If  we  neglect  o)  as  xmimportant  and  use  (4.13)  then  (4.6a)  and  (4.6d)  can  be 
written 


(4.14a) 


(4.14b) 
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A  prime  denotes  differentiation  by  z.  If  we  multiply  Equation  (4.14a)  by 
(4.14b)  by  and  recogmze  that  (e(^'^).Ex'  =  -  {2H)- 

1q{z/2H)Ex,  we  can  solve  for  ExU): 

E^  (z)  =  A  e-* sinh(zV(2i?)‘^  +  k^]  (4.15) 

We  have  eliminated  a  "cosh"  term  from  (4.15)  to  satisfy  Ex(0)  =  0.  In 
the  limit  H  «  Xx,  (4.15)  reduces  to  Exiz)  =  A(i  -  e-^^).  Thus,  in  agreement 
with  Figure  4.7a,  we  see  that  the  DC  meridional  electric  field  maps  from 
the  magnetosphere  through  the  lower  atmosphere,  and  to  within  H  of  the 
Earth's  surface. 

One  final  detail  concerning  the  DC  meridional  electric  field  is  the 
magnitude  of  the  field,  or  "A"  in  (4.15).  The  value  in  Figure  4.6a  of  0.25 
comes  from  Lue  fact  that  we  are  appl5ring  an  incident  field  of  unit 
magnitude  far  from  the  ionosphere,  but  our  model  includes  wave 
reflections.  We  can  infer  then  that  a  reflected  wave  of  amplitude  -0.75  is 
interfering  with  the  incident  wave,  and  therefore  the  low  frequency 
electric  field  reflection  coefficient  for  the  "EF”  profile  we  have  used  is  also 
-0.75.  A  simple  way  to  check  this  is  to  treat  the  ionosphere  as  a 
conducting  slab  with  Ip  =  2.6  mhos  for  profile  "EF"  and  the  region  above 
the  ionosphere  as  a  transmission  line  with  characteristic  impedance  = 
/io^A  =  2.8  Q  at  1000  km  for  profile  "EF".  The  resulting  electric  field 
reflection  coefficient  is  then  (2>-i  -  Za)I{Zp-^  +  ZjO  =  -0.76. 

We  turn  now  to  the  quasi-DC  zonal  magnetic  field  cBy  shown  in 
Figure  4.6d.  As  with  the  meridional  electric  field  Ex,  cBy  "maps "  along 
Bo  at  high  altitudes,  but  it  does  not  penetrate  into  the  lower  atmosphere 
as  does  Ex.  The  reason  for  this  is  that  at  low  frequencies  and  high 
altitudes,  cBy  is  created  by  field-aligned  currents.  Around  a  couple  of 


Figure  4.6  c)  Meridional  and  d)  zonal  perturbation  magnetic  field 
profiles  in  the  quasi-static  limit. 
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htindred  km  altitude  the  field-aligned  currents  begin  to  close  horizontally 
as  the  Pedersen  conductivity  becomes  important.  By  the  bottom  of  the 
ionosphere  (around  100  km)  the  field-aligned  currents  have  been 
completely  closed  by  the  Pedersen  currents. 

The  absence  of  field-aligned  currents  alone  does  not  explain  the  lack 
of  any  magnetic  field  cBy  below  90  km.  That  is,  even  though  the  field- 
aligned  current  sheets  end  at  about  100  km,  one  might  expect  the 
magnetic  field  due  to  them  to  extend  below  100  km.  It  turns  out  that  the 
magnetic  perturbation  from  the  Pedersen  current  layer  exactly  cancels 
the  field-aligned  current  contribution  below  the  current  system,  so  that 
no  zonal  magnetic  field  can  "leak  out”  into  the  lower  atmosphere.  This  is 
similar  to  the  case  of  the  magnetic  field  outside  an  infinitely  long 
solenoid,  which  is  identically  zero  everywhere.  In  Appendix  B  we  prove 
that  the  magnetic  field  is  zero  outside  of  an  idealized  auroral  arc 
consisting  of  two  semi-infinite  field-aligned  current  sheets  which  are 
connected  by  a  thin  Pedersen  current  layer.  The  Hall  current  in  an 
auroral  arc  creates  a  magnetic  field  Bx  that  does  have  a  magnetic 
signature  on  the  ground. 

The  fact  that  the  zonal  magnetic  field  cBy  disappears  below  the  E 
region  is  consistent  with  the  fact  that  almost  no  AlfV^n  wave  energy  is 
dissipated  in  the  lower  atmosphere.  This  can  be  seen  from  the  Poynting 
vector  ExH.  Since  cBy  =  0  in  the  lower  atmosphere,  the  component 
is  also  zero.  The  other  part  of  the  vertical  component  of  the  Poynting 
vector  is  also  zero  because  even  though  the  fast  mode  fields  Ey  and  cBx  are 
both  non-zero  in  the  lower  atmosphere,  they  are  90**  out-of-phase,  thus  the 
time  average  of  their  product  is  zero.  For  example,  at  an  altitude  of  50 
km,  Ey  =  8.79x1 0-5Z87.9®  V/m  and  cB*  =  86,7Z-2.1®  V/m.  Electric  fields 
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measured  with  balloons  were  compared  to  grotind-based  magnetic  field 
measurements  by  Mozer  and  Manka  [1971],  who  showed  Ej^  and  were 
parallel,  thus  it  follows  that  the  vertical  component  of  the  Poynting  vector 
was  zero  in  the  lower  atmosphere. 

The  fast  mode  fields  Ey  and  cBx  (Figures  4.6b  and  c)  maximize  near 
their  source  in  the  E  region,  and  they  fall  off  with  a  scale  length  roughly 
equal  to  the  horizontal  scale  A,.  This  can  be  seen  from  the  zero  frequency 
limit  of  the  fast  mode  dispersion  relation  in  Equation  (2.15),  i.e.  =  -k,^. 
The  narrow  null  in  cBx  (Figure  4.6c)  is  due  to  the  fact  that  there  is  a 
zonal  Hall  current  driven  by  the  meridional  electric  field  E^.  One  would 
expect  cBx  to  have  opposite  signs  above  and  below  the  Hall  current  layer, 
thus  the  field  must  go  through  zero  within  the  current  sheet.  Notice  that 
unlike  the  zonal  field  c.By,  cB^  is  non-zero  at  the  groiind. 

4.6  A 1  Hz  Alfv4n  Wave  in  the  Ionosphere 

At  1  Hz  the  wave  nature  of  electromagnetic  fields  in  the  ionosphere 
is  very  evident.  Another  way  of  saying  this  is  that  the  thickness  of  the 
lower  atmosphere/ionosphere  system  is  on  the  order  of  an  Alfv6n 
wavelength  for  frequencies  on  the  order  of  1  Hz.  Thus  static  electric  field 
mapping  ideas  are  not  applicable.  This  is  evident  in  Figures  4.7a-d, 
where  we  plot  the  four  horizontal  field  components  at  1  Hz,  using  the 
same  "EF"  density  profile  (Figure  4.2a)  as  in  the  previous  section. 

Referring  first  to  the  meridional  electric  field  Ex  yre  see  that  at 
higher  altitudes  the  magnitude  of  the  field  is  much  greater  than  in  the 
quasi-static  case,  and  it  is  not  constant  with  altitude.  This  is  because  we 
are  seeing  the  standing  wave  pattern  caused  by  the  interfering  incident 
and  reflected  slow  mode  Alfv^n  waves.  It  appears  from  Figure  4.7a  that 
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Figure  4.7  a)  Meridional  electric,  b)  zonal  electric,  c)  meridional 
magnetic,  and  d)  zonal  magnetic  field  profiles  due  to  a  1  Hz  Alfv4n  wave 
reflecting  from  the  ionosphere. 
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most  of  the  reHection  takes  place  at  or  above  100  km,  and  at  1000  km 
constructive  interference  leads  to  an  amplitude  greater  than  the  incident 
wave  amplitude  (unity).  The  reflection  coefBcient  at  1  Hz  for  this  density 
profile  is  *0.4,  so  we  expect  a  peak  amplitude  of  1.4  at  half-wavelength 
intervals  above  1000  km. 

Below  100  km  Ex  is  constant  until  about  40  km,  then  it  begins  to  drop 
off,  reaching  zero  at  the  grotmd.  The  zonal  magnetic  field  cBy  in  Figure 
4.7b  is  similar  to  the  quasi-static  case  except  for  the  standing  wave 
pattern  above  100  km.  As  before,  there  is  no  zonal  magnetic  perturbation 
at  the  ground. 

There  are  two  notable  differences  between  the  1  Hz  and  quasi-static 
fast  mode  fields  Ey  and  cBx  (Figures  4.7c  and  d).  First,  Ey  at  1  Hz  is  2-3 
orders  of  magnitude  greater  than  in  the  quasi-static  case,  and  secondly 
there  is  a  "bulge "  in  the  1  Hz  field  amplitudes  above  200  km.  This  is  due 
to  the  fact  that  the  1  Hz  Alfv4n  wavelength  in  the  F  region  peak  is  about 
690  km,  which  makes  it  is  less  than  the  horizontal  spatial  scale  Ax  of  1 000 
km.  From  Equation  2.1 6  this  makes  k,  real.  Thus  the  fast  mode  Alfv4n 
wave  is  not  evanescent  in  the  F  region.  As  the  density  decreases  above 
the  F  region,  kx  again  becomes  imaginary.  If  we  decrease  Ax  to  be  less 
than  690  km  the  bulge  in  the  field  amplitudes  disappears,  but  the  fields  in 
the  E  region  and  below  do  not  change  much. 

As  in  the  quasi-static  case,  the  vertical  component  of  the  Poynting 
vector  for  a  1  Hz  wave  in  the  lower  atmosphere  is  zero  because  cBy  =  0 
and  Ey  and  cBx  are  almost  90°  out-of-phase.  For  example,  at  an  altitude 
of  50  km,  Ey  =  5.9x1 0-2Z11 9.8°  V/m  and  cS*  =  58.3Z28.9°  V/m.  The  phase 
difference  is  thus  90.9°.  Again,  this  is  consistent  witli  the  fact  that 
almost  no  A1^4n  wave  energy  is  dissipated  below  the  E  region. 
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To  provide  a  qualitative  picture  of  the  variation  in  electric  field 
profiles  versus  frequency  and  altitude  we  have  plotted  surface  contours  of 
the  meridional  and  zonal  electric  fields  in  Figures  4.8a  and  4.8b.  We 
have  used  A*  =  1000  km.  As  the  frequency  exceeds  1  Hz  the  zonal  field 
suddenly  "turns  on"  and  resonates  in  the  F-region  cavity.  This 
resonance  is  driven  at  the  expense  of  meridional  electric  field  energy,  as 
is  evident  from  the  slight  decrease  in  the  meridional  field  amplitude  near 
1.2  Hz. 

At  this  point  we  are  ready  to  study  the  effects  of  varying  ionospheric 
parameters  on  Alfv6n  waves.  We  want  to  investigate  the  Alfv4n 
wave/ionosphere  interaction  at  many  different  frequencies;  hence,  the 
field  amplitude  profiles  shown  in  the  last  two  sections  are  not  the  most 
useful  format  for  comparing  numerical  results.  Instead  we  will  use  the 
frequency-dependent  complex  reflection  coefficient  for  the  slow  mode 
Alfv^n  wave. 

4.7  Reflection  of  Alfv4n  Waves  from  Different  Ionospheric  Density 

The  complex  reflection  coefficient  F  for  the  slow  mode  Alfv6n  wave  is 
defined  by 

r=E:^up(2  =  1000) 1000)  (4.16) 

where  the  subscripts  "up"  and  "down"  refer  to  propagation  direction,  and 
the  electric  fields  are  evaluated  at  1000  km.  In  oiir  model  we  impose 
Ex.down(z  =  1000)  =  1  +  iO,  thus  r=  Ex,upiis  =  1000)  =  03.  where  03  is  found 
from  Equation  4.9.  Figures  4.9  a  and  b  show  the  magnitude  and  phase  of 
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Figure  4.8a  Surface  plot  showing  the  variation  of  the  magnitude  of  the 
meridional  electric  field  I JS*  I  as  a  function  of  frequency  and  altitude. 
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Figure  4.8b  Surface  plot  showing  the  variation  of  the  magnitude  of  the 
zonal  electric  field  \Ey\  as  a  function  of  frequency  and  altitude. 
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r  as  a  function  of  frequency  for  each  of  the  three  density  profiles  in 
Figures  4.2  -  4.4.  We  use  A*  =  1000  km  for  these  calculations. 

In  the  low  frequency  limit  for  all  three  profiles  the  reflection 
coefficient  r  can  be  predicted  with  the  transmission  line  analogy 
discussed  in  Section  4.5  by  (Ip-i  -  Za)/(X/>-i  +  Z^)  where  again  Za.  =  MoTa- 
The  height-integrated  Pedersen  conductivities  in  each  case  are  given  in 
Table  4.1 .  As  the  frequency  increases  the  "E"  and  ”EF"  profile  reflection 
coefficients  go  through  pronounced  dips.  This  is  a  result  of  the  fact  that 
the  ionosphere  is  a  distributed  load,  thus  the  slab  reflection  model  is  not 
appropriate  above  roughly  0.1  Hz.  A  lower  reflection  coefficient  F  is  a 
result  of  an  increase  in  Joule  dissipation  given  by  +  Ey2)J{(aj)  + 
The  real  parts  of  the  conductivities  (denoted  by  the  symbol  91) 
are  mostly  unaffected  by  changes  in  frequency.  Thus  the  increase  in 
Joule  dissipation  is  due  to  an  increase  in  electric  field  magnitudes  within 
the  conducting  layer.  At  the  minimum  T  frequencies  in  Figure  4.9a  the 
electric  field  standing  wave  pattern  is  such  that  Eg  is  increased  in  the  E 
region.  This  increase  in  Eg  can  be  seen  in  the  surface  plot  in  Figure  4.8a. 

Superimposed  on  the  dips  in  F  in  the  "EF"  and  "F"  curves  is  a 
general  trend  towards  smaller  reflection  coefficients  at  higher 
frequencies.  This  is  the  propagation  loss  which  increases  as  the 
electrical  length  of  propagation  increases.  In  a  homogeneous  mediiun 
this  loss  increases  exponentially  with  electrical  length.  A  second  energy 
sink  at  higher  frequencies  is  the  zonal  electric  field,  which  increases 
because  it  is  no  longer  evanescent,  at  least  in  regions  of  high  density. 

Figure  4.9b  shows  the  phase  angle  in  degrees  of  TXf).  If  we  again  use 
a  transmission  line/load  analogy,  the  overall  negative  slope  in  r[f)  gives 
an  effective  reflection  altitude  for  the  Alfvdn  waves.  If  we  let  d  denote  the 
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distance  from  1000  km  to  the  reflection  point,  then  the  phase  angle  0 
between  the  upward  and  downward  propagating  slow  Alfv6n  waves  at 
1000  km  is  given  by  0  =  2(360°)<i/A,  thus  d<^df  =  12Q°dJVA..  Applying  this  to 
the  curve  for  the  "E"  profile  in  Figure  4.9b  gives  d  =  820  km,  or  a  reflection 
altitude  of  180  km,  which  corresponds  to  the  steep  conductivity  gradient 
on  the  top  side  of  the  E  region. 

In  all  3  density  profiles  we  have  examined,  the  lower  atmosphere 
plasma  density  profile  was  the  same,  namely  an  exponential  decrease  in 
charge  density  with  decreasing  altitude  below  95  km.  We  have  chosen  a  6 
km  scale  height  for  this  decrease.  We  found  that  doubling  the  scale 
height  to  12  km  had  no  discernable  effect  on  the  0-2  Hz  reflection 
coefficient  for  the  "EF"  density  profile,  hence  we  conclude  that  accurate 
modeling  of  charge  density  in  the  lower  atmosphere  is  unimportant  for 
our  purposes. 

4.8  The  Effect  of  Collisions  on  Hf) 

Small  reflection  coefficients  are  due  to  efficient  dissipation  of 
electrical  energy  in  the  form  of  Joule  heat,  which  is  the  result  of  particle 
collisions.  If  both  electron  and  ion  collisions  are  absent,  then  Hf)  =  1.  To 
determine  the  relative  importance  of  the  two  types  of  collisions,  we  again 
calculated  r(/^  for  the  "EF"  density  profile  in  Figure  4.2a,  but  we 
multiplied  and  divided  the  ion  collision  frequency  Vi  by  3  at  all  altitudes, 
as  shown  in  Figure  4.10.  We  have  re-plotted  the  original  Tlf)  from  Figure 
4.9a  for  reference.  At  low  frequencies,  more  ion  collisions  increase 
and  consequently  the  reflection  coefficient.  The  behavior  is  not  as 
intuitively  predictable  above  1  Hz. 
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Figure  4.10  Illustration  of  the  effects  that  changes  in  ion  collision 
frequencies  (upper  panel)  and  electron  collision  frequencies  (lower  panel) 
can  have  on  the  magnitude  of  I  Tl . 
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The  r  curve  resxilting  from  v,-  =  0  in  Figure  4.10a  shows  that  electron 
collisions  account  for  only  a  small  part  of  the  energy  absorption,  allowing 
most  of  the  incident  wave  to  reflect.  Figure  4.10b  also  illustrates  the 
slight  effect  of  electron  collisions  by  comparing  the  original  Hf)  along 
with  the  curve  for  Ve  =  0.  Above  0.2  Hz  the  two  curves  differ  by  only  a  few 
percent.  We  can  conclude  that  ion  collisions  are  mainly  responsible  for 
the  dissipation  of  Alfv6n  wave  energy. 

Notice  in  Figure  4.10a  that  decreasing  the  ion  collision  frequency  by 
a  factor  of  three  reduces  I  Tl ,  but  eliminating  v,  completely  increases  I  Tl 
to  near  unity.  This  seemingly  contradictory  behavior  is  a  result  of  the 
fact  that  ion  collisions  play  two  distinct  roles  —  they  both  reflect  and 
absorb  energy.  Dividing  Vj  by  three  decreases  Zp  and  allows  for  a  better 
impedance  match  to  the  region  above  the  ionosphere.  As  a  result, 
electric  fields  penetrate  deeper  into  the  E  region,  and  more  energy  is 
dissipated.  But  at  some  point,  decreasing  v,  will  limit  the  amount  of  E* 
region  attenuation  and  the  wave  will  simply  reflect  off  of  the  Earth's 
surface  and  back  into  the  magnetosphere. 

4.9  nx^) 

In  previous  sections  we  have  varied  ionospheric  parameters  but 
assumed  a  constant  horizontal  spatial  scale  A,  of  1000  km.  The  reflection 
coefficient  for  the  slow  mode  Alfv^n  wave  is  mostly  iinaffected  as  long  as 
A*  >  10  km.  To  investigate  smaller  scales  with  the  numerical  model  we 
have  to  neglect  the  fast  mode  completely  because  the  fast  mode  at  x  scales 
near  10  km  is  very  evanescent,  and  over  the  1000  km  simulation  region 
the  code  must  integrate  through  himdreds  of  e-folds  in  amplitude,  which 
is  computationally  prohibitive.  Neglecting  the  fast  mode  probably  doesn't 


cause  significant  errors  in  our  resvdts  because  its  amplitude  is  quite 
small  for  small  Ax.  Figure  4.11  shows  HAx)  between  10  and  1  km  for  quasi- 
DC  fields,  and  although  the  dependence  is  not  strong,  a  clear  trend 
towards  smaller  F  below  2.0  km  scales  is  evident.  A  possible  reason  for 
this  decrease  is  that  electric  fields  with  horizontal  spatial  scales  less  than 
a  few  km  map  poorly  through  the  E  region.  This  scale-size  dependence  of 
electric  field  mapping  is  well  known  [see  for  example  Farley,  I960].  A 
consequence  of  this  poor  mapping  is  that  the  electric  field  "sees"  less  of 
the  conductivity  in  the  E  region,  so  the  effective  height-integrated 
conductivity  is  less.  This  in  turn  means  the  ionospheric  impedance  is 
more  nearly  matched  to  the  Alfv4n  impedance  above  the  ionosphere,  and 
an  impedance  match  implies  a  smaller  reflection  coefficient. 
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Figure  4.11  Reflection  coefficient  magnitude,  ITI,  as  a  function  of 
inverse  horizontal  spatial  scale  Ax'^. 


CHAPTERS 

ROCKET  AND  SATELLITE  MEASUREMENTS  OF 
ALFVEN  WAVES  ASSOCIATED  WITH  THE  DISCRETE  AURORA 


5.1  Introduction 

The  connection  between  AlfV6n  waves  and  auroral  arcs  has  been 
discussed  by  many  authors  [Hasegawa,  1976;  Goertz  and  Boswell  1979; 
Haerendel  1983;  Seyler  1988],  mainly  because  Alfv6n  waves  are  a  possible 
mechanism  for  auroral  electron  acceleration.  One  of  the  purposes  of  this 
chapter  is  to  establish  experimentally  (at  least  in  a  few  examples)  that 
Alfv4n  waves  occur  near  auroral  arcs.  Our  main  goal  is  more  general, 
however.  We  will  develop  and  apply  techniques  to  analyze  auroral 
electric  and  perturbation  magnetic  field  data  and  extract  information 
concerning  the  source,  propagation,  dissipation,  and  relative  amounts  of 
spatial  and  temporal  structuring  of  those  fields. 

Zmuda  et  al.  [1966]  were  among  the  first  to  measure  magnetic 
fluctuations  with  a  satellite.  The  measurements  were  taken  at  1100  km 
with  the  1963  38C  satellite  and  the  authors  interpreted  the  fluctuations  as 
Alfv6n  waves.  Many  authors  have  identified  Alfv6n  waves  in  satellite 
measurements  taken  at  altitudes  of  several  Earth  radii,  most  recently 
Erlandson  et  al.  [1990],  who  measured  very  coherent  burst  of  elliptically 
polarized  waves  below  1  Hz  with  the  Viking  satellite.  lyemori  and 
Hayashi  [1989]  also  found  coherent  bursts  of  Alfv6n  waves  with  the 
Magsat  satellite  orbiting  at  400  km,  but  purposefully  neglected  latitudes 
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above  65°  "because  of  the  difficulty  in  distinguishing  the  waves  fcom  the 
small-scale  field-aligned  current  structures." 

Sugiura  et  al.  [1982],  Sugiura  [1984],  and  Smiddy  et  al.  [1984] 
measured  electric  and  magnetic  fields  perpendicular  to  Bo  with  the  DE-2 
satellite  near  the  ionosphere  (<  1000  km)  at  auroral  latitudes  and  found 
them  to  be  highly  correlated  but  not  coherent  as  in  the  above  studies. 
Furthermore,  they  foxmd  that  the  ratio  Z  =  SBmu  was  not  equal  to 

PLqVa.  as  one  would  expect  from  Alfv6n  waves  but  instead  Z  =  Zp-i.  As  we 
discvissed  at  the  end  of  Chapter  3,  this  can  be  explained  by  a  static  electric 
field/Birkeland  current  model  with  fluctuations  arising  from  the  motion 
of  the  spacecraft  through  spatial  structures  with  scale  sizes  from 
hundreds  of  meters  to  hundreds  of  km.  Since  the  spectrum  of  fluctuating 
fields  measured  by  a  spacecraft  traversing  the  auroral  oval  is  generally  a 
monotonically  decreasing  function  of  frequency,  the  bulk  of  the  spectral 
energy  lies  at  low  frequencies.  A  correlation  analysis  of  electromagnetic 
field  fluctuations  measured  in  the  oval  will  therefore  emphasize  the 
largest  scales  in  the  system. 

Rather  than  forming  a  single  r.m.s.  measure  of  field  fluctuations, 
we  will  relate  the  amplitudes  and  phases  of  electric  and  magnetic  fields 
as  a  function  of  frequency,  which  allows  us  to  investigate  spatial  and/or 
temporal  scales  that  are  smaller  than  those  considered  in  previous 
studies  of  auroral  fields  and  closer  to  the  regime  associated  with  discrete 
auroral  arcs  and  Alfv4n  waves. 

There  are  several  ways  to  detect  Alfv4n  waves  in  the  ionosphere. 
The  most  direct  is  to  look  for  coherent  electromagnetic  field  oscillations  in 
the  time-domain  data.  We  have  already  seen  an  example  of  this  in 
HILAT  satellite  data  in  Chapter  3  (Figure  3.13).  Recently  Boehm  et  al. 
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[1990]  fovind  Alfv6n  waves  in  the  time-domain  data  from  a  Black  Brant  X 
sounding  rocket  launched  into  the  morning  auroral  oval  (see  Section  3.5). 
One  can  also  detect  Alfv6n  waves  by  forming  frequency-time  sonograms 
and  looking  for  narrow-band  enhancements  in  the  electric  and  magnetic 
field  spectra.  For  example  Erlandson  et  al.  [1990]  used  this  technique 
with  Viking  satellite  data. 

The  frequencies  at  which  spectral  enhancements  occur  provide 
information  pertaining  to  the  source  and  propagation  of  Alfvdn  waves 
which  has  to  date  not  been  fully  exploited.  The  peaks  may  represent  the 
frequency  of  the  source  supplying  the  Alfvdn  waves,  or  properties  of  the 

ft 

medium  through  which  they  have  traveled.  For  example  Lysak  [1988] 
showed  that  the  exponential  density  decrease  thousands  of  km  above  the 
ionosphere  can  give  rise  to  resonant  excitations  in  the  ionosphere. 
Another  cause  for  structuring  in  frequency  is  interference  between 
waves  incident  from  the  magnetosphere  and  reflected  from  the 
ionosphere,  i.e.  standing  waves.  One  way  to  distinguish  between  these 
possibilities  is  to  form  the  quotient  of  the  electric  and  magnetic  field 
spectra.  Spectral  enhancements  due  to  the  source  of  Alfvdn  waves  will 
appear  in  both  the  electric  and  magnetic  field  spectra.  Dividing  the 
spectra  gives  what  we  call  the  "impedance  function"  Z(f),  and  we  will 
show  in  the  next  section  that  any  structuring  it  has  in  frequency  must  be 
due  to  standing  Alfv4n  waves.  In  this  chapter  we  will  also  examine  the 
frequency-dependent  phase  relation  between  the  meridional  electric  and 
zonal  magnetic  fields  and  SBy,  and  show  that  this  can  also  be  used  to 
identify  standing  wave  patterns.  These  techniques  have  the  advantage 
that  in  some  cases  they  can  detect  Alfvdn  waves  when  their  presence  in 
time-domain  or  spectral  data  alone  is  not  obvious. 


Let  if)  and  5By  if)  be  the  complex  Fourier  transforms  of  the 
meridional  electric  and  zonal  magnetic  fields  measured  in  the  frame  of  a 
moving  satellite  or  sounding  rocket.  The  complex  impedance  Z  (f)  is 
defined  by 

Z(f)  =  /io4  (/)/  54  ^  (5.1) 

We  will  use  Z(f)  to  denote  the  magnitude  of  Z{f),  and  this  is  what  we  will 
call  the  "impedance  function".  In  practice  we  find  the  impedance 
function  from  HoiP where  Pe  and  Pb  electric  and 

magnetic  field  power  spectra  of  Ej^it)  and  SBy(t). 

We  will  compare  Z(f)  from  spacecraft-measured  electromagnetic 
fields  above  the  aurora  with  the  predictions  of  three  ideal  models:  1) 
Structured  static  fields  and  Birkeland  currents,  2)  traveling  Alfv^n  waves 
with  no  horizontal  structure,  and  3)  standing  Alfv^n  waves  with  no 
horizontal  structxire. 

In  the  static  field  model  the  frequency  f  measured  in  the  spacecraft 
frame  is  due  entirely  to  the  motion  of  the  spacecraft  through  spatial 
structures  with  scale  size  If  the  spacecraft  velocity  in  the  i  direction 
is  Vg,  then  /A,  =  V^.  In  this  case  Zif)  =  for  all  spatial  scales  greater 
than  a  few  km.  This  is  violated  at  small  scales  because  the  electric  fields 
do  not  map  completely  through  the  E  region,  thus  the  height-integrated 
Pedersen  current  decreases. 

A  traveling  Alfv4n  plane  wave  will  have  an  impedance  fimction 
which  is  constant  in  frequency  and  which  is  equal  to  the  characteristic 
impedance  of  Alfv6n  waves,  Z/^  =  Mo^A-  As  we  mentioned  in  the 
introduction,  Zif)  is  constant  in  this  case  even  when  the  Alfv^n  wave 
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source  supplies  waves  at  preferred  frequencies  because  spectral 
enhancements  occur  in  both  Pq  and  and  therefore  divide  out. 
Obliquely  propagating  traveling  waves  have  a  modified  impedance  when 
the  horizontal  wavelength  approaches  the  electromagnetic  skin  depth 
dcopg,  and  this  can  cause  Z(f)  to  vary  with  frequency.  We  will  consider 
this  possibility  in  more  detail  in  the  discussion  section  at  the  end  of  this 
chapter. 

Previous  authors  have  measured  the  ratio  of  electric  and  magnetic 
field  spectra  and  have  found  values  between  and  Zp^.  One  of  the  first 
to  do  this  was  Gurnett  et  al.  [1984]  who  used  the  Dynamics  Explorer  1 
satellite  to  measure  the  refractive  index  cB/E  (proportional  to  Z'^if)) 
between  1.78  and  31.1  Hz.  These  authors  pointed  out  that  a  static  field- 
aligned  current  model  was  not  sufficient  at  all  frequencies.  Berthelier  et 
al.  [1989]  also  caloilated  the  refractive  index  versus  /‘using  the  AUKEOL- 
3  satellite  and  fotmd  a  refractive  index  that  was  structured  in  frequency 
but  again  was  larger  than  could  be  expected  from  Alfv^n  waves.  They 
concluded  that  the  fields  must  have  been  due  to  Doppler-shifted  static 
fields.  As  we  will  see,  both  the  structuring  in  frequency  and  the 
seemingly  high  refractive  index  are  consistent  with  the  standing  Alfv6n 
wave  model. 

Near  a  boundary  such  as  the  ionosphere,  an  Alfv6n  wave  will  be 
partially  reflected  due  to  the  high  conductivity,  and  the  incident  and 
reflected  waves  will  form  a  standing  wave  pattern.  In  this  case  the 
impedance  function  will  vary  with  distance  from  the  reflection  point. 

The  vertically  changing  field  impedances  in  a  standing  wave  pattern 
are  essentially  impossible  to  detect  directly  in  the  Earth's  auroral  zone 
since  satellite  trajectories  are  horizontal,  and  rockets  cannot  make  a 
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vertical  cut  through  a  distance  of  several  times  qmckly  enough  to 
unambiguously  separate  temporal  and  spatial  variations.  (Future 
satellite  or  space  shuttle  experiments  with  tethered  probes  may  make  a 
direct  measurement  of  a  standing  wave  pattern  possible.)  This  is  not 
true  in  the  case  of  whistler  mode  waves  which  have  much  shorter 
wavelengths.  For  example  Siefring  et  al.  [1990]  have  reported  standing 
VLF  waves  at  two  frequencies  below  a  sporadic  E  layer.  In  this  case  the 
transmitters  were  on  the  ground  and  at  a  fixed  frequency  so  the  analysis 
was  straightforward.  Here  we  must  cope  with  a  geophysical  source  of 
unknown  character  which  co-exists  with  a  spatially  turbulent  convection 
electric  field,  and  in  which  are  imbedded  field-aligned  current  sources. 
Furthermore,  in  our  case  the  reflecting  surface  is  almost  certainly 
structured  at  scales  which  in  the  satellite  frame  generate  frequencies  in 
the  Alfv6n  wave  regime.  Despite  these  difficulties,  evidence  for  standing 
AlfV4n  waves  can  be  found  from  the  impedance  function  because 
different  frequencies  correspond  to  different  electrical  lengths  above  the 
ionosphere;  that  is,  higher  frequencies  in  Z{f)  correspond  to  larger 
electrical  distances  above  the  ionosphere. 

For  a  uniform  reflecting  sheet  of  integrated  conductivity  Lp  in 
contact  with  a  uniform  medium  characterized  by  a  constant  impedance 
the  electric  and  magnetic  fields  due  to  an  Alfr6n  wave  can  be  written 

E  {z,  t)  =  Ei„cu&iv(ej(®^  *kzz)  +  reHoit-kzz))  (5.2a) 

B  (z,  t)  =  Binddent  (e  *  kg  z)  .reHcot-  kz  z))  (5.2b) 

where  a  tilde  denotes  a  complex  quantity,  (o/kz  =  and  T  is  the  electric 
field  reflection  coefficient  (Zp*^  -  +  Z^).  (See  for  example  Ramo, 

Whinnery,  and  Van  Duzer  [1965]  or  other  texts  on  plane  wave 
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propagation  or  transmission  lines.)  The  ratio  of  (5.2a)  to  (5.2b)  gives  the 
complex  impedance  function 


Z((o)  =  hoVa 


1  +  rp-2io)zlVA 


[l-  re-2iQ}z/VA\  (5.3) 

The  magnitude  of  the  impedance  function  Zif)  varies  between  Z^/S  and 
ZaS  where  S  is  the  standing  wave  ratio  given  by  S  =  (1  +  I  T  I  )/(l  -  I  F  I ). 
For  ionospheric  reflections  with  Za  >  Zp'^  the  minimum  and  maximum 
impedances  above  the  ionosphere  are  Zp'^  and  Z/^Zp  and  are  separated 
by  a  distance  where  ^^Alf- 

Of  course  the  ionosphere  above  the  reflecting  E  region  is  not 
homogeneous  as  we  have  assumed  above,  and  later  in  the  chapter  we  will 
attempt  to  predict  the  behavim  of  measured  impedance  spectra  using  the 
numerical  model  of  Chapter  4.  However,  a  simple  and  reasonable 
estimate  of  the  frequency  fmax  peak  in  Zif)  can  be  found  by 

neglecting  partial  reflections  off  of  F-region  density  gradients  and 
assuming  a  single  reflection  from  the  top  of  the  E  region  (at  Zmin)-  (This 
assumption  is  valid  under  a  WKB  approximation.)  The  resxilt  is 


u 


dz 


Va{z) 


(5.4) 


which  reduces  to  f^ax  =  ^A/[4(Zmax  *  for  constant  Here  Zjnax 

is  the  height  at  which  the  flelds  are  measured. 

Knudsen  et  al.  [1990]  showed  in  two  examples,  one  from  a  .sounding 
rocket  and  one  from  the  HILAT  satellite,  in  which  measured  peaks  in  the 
impedance  functions  were  predicted  by  (5.4).  We  will  present  some  of 
those  results  along  with  new  data  later  in  the  chapter.  When  calculating 
impedance  spectra  from  sounding  rocket  and  satellite  data,  large 
fluctuations  due  to  noise  arise  when  dividing  the  electric  and  magnetic 
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field  spectra.  To  reduce  the  amount  of  statistical  variation  in  the 
measured  impedance  spectra,  we  split  the  time  series  data  into  several  32 
point  sub-intervals  overlapping  by  16  points.  The  electric  and  magnetic 
field  spectra  from  each  sub-interval  are  averaged  before  dividing  to  find 
Z{f).  Before  calculating  the  individual  spectra  we  subtract  a  linear  least 
squares  fit  from  the  time-domain  data  and  multiply  by  a  Hanning 
window  [Press  et  al.,  1986]. 

5.3  The  Normalized  Cross-Spectrum 

Standing  Alfv^n  waves  can  be  distinguished  from  traveling  waves  or 
static  fields  not  only  by  the  magnitude  of  the  complex  impedance  function 
as  discussed  above,  but  by  its  phase  as  well.  In  a  pure  standing 
electromagnetic  wave  (i.e.  with  r=±l)  the  electric  and  magnetic  fields 
are  shifted  by  ±  90®,  according  to  (5.3).  Dubinin  et  al.  [1985]  measured  this 
effect  with  the  Intercosmos-Bulgaria'1300  satellite  by  calculating  the 
phase  shift  between  each  Fourier  component  of  E  and  5B  field 
fluctuations.  If  the  standing  wave  ratio  is  finite,  I  arg(Z  (/))  I  is  less  than 
90°  and  varies  along  the  propagation  direction.  For  traveling  Alfv4n 
waves  (r  =  0),  and  5By  are  in  phase.  This  is  also  true  for  static  fields 
as  one  can  see  by  letting  o)  =  0  in  Equation  5.3. 

For  Alfv4n  waves  reflecting  from  a  complicated  medium  such  as  the 
ionosphere,  we  can  use  the  numerical  model  in  Chapter  4  to  predict  the 
phase  angle  of  Z  (/)  in  order  to  compare  with  measurements.  An 
experimental  measure  of  the  phase  angle  of  Z[f)  is  given  by  the 
normalized  cross-spectrum  defined  in  general  by 
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C  {s,(f)si{f)) 

‘"(is.(/)ir(g.v)pr  (5.6) 

where  ^  and  S2  are  the  Fourier  transforms  of  the  two  time  series  to  be 
compared,  brackets  denote  ensemble  averages,  and  the  asterisk  sigfnifies 
the  complex  conjugate.  C12  will  provide  us  not  only  with  a  phase  relation 
between  and  SBy  but  also  with  a  measure  of  the  validity  of  that 
estimate.  General  discussions  of  the  cross-spectrum  and  applications 
can  be  found  in  signal  processing  textbooks,  e.g.  Papoulis  [1965]  or 
Jenkins  and  Watts  [1968]. 

The  cross-spectrum  has  been  used  in  a  variety  of  geophysical 
experiments.  For  example,  in  coherent  backscatter  radar  work  ^  and  Sj 
are  the  Fourier  transforms  of  the  received  signals  from  spatially 
separated  antennas,  thus  the  phase  angle  arg(Ci2(/))  (known  as  the 
'phase  spectrum")  can  be  used  to  estimate  the  source  location  of 
scatterers  and  the  magnitude  ICi2(/)l  (the  "coherency  spectrum") 
contains  information  both  on  the  signal-to-noise  ratio  and  the  spatial 


extent  of  the  scatterer  [Farley  et  al.,  1981;  Kudeki,  1983;  Providakes,  1985; 
Sahr,  1990].  Labelle  [1985]  used  the  cross-spectrum  to  measure  plasma 
wave  vectors  by  correlating  the  signals  from  spatially  separated  density 
probes  on  board  a  sounding  rocket. 

In  our  case  we  will  take  ^  and  ^  to  be  the  Fourier  transforms  of  the 
meridional  electric  and  zonal  magnetic  fields  and  SBy  respectively. 
The  phase  angle  given  by  the  cross- spectrum  measures  the  difference  of 
the  phase  angles  of  the  Fourier  components  of  E^  and  SBy  ,  which  of 
course  is  the  phase  angle  of  Z(f).  If  a  constant  phase  relation  between 
and  SBy  is  maintained  throughout  the  time  series  and  the  signal  is  not 
noisy,  then  the  coherency  I  Ci2(f)  I  will  be  close  to  unity.  Smaller  values 
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can  be  due  either  to  a  small  si gnal-to- noise  ratio  or  to  an  E^-SBy  phase 
shift  which  changes  throughout  the  time  series.  In  choosing  the 
duration  of  our  time  series  we  must  balance  these  two  effects. 
Increasing  the  length  of  the  time  series  will  increase  the  number  of 
averages  contributing  to  the  cross- spectrum  and  therefore  reduce  the 
statistical  fluctuations,  but  the  probability  of  the  measured  process 
maintaining  a  coherent  phase  throughout  the  series  decreases. 

A  typical  data  set  which  we  will  analyze  in  this  chapter  has  two  data 
points  per  second  and  is  100  s  long.  We  separate  the  series  into  segments 
of  32  points  which  overlap  by  16  points,  yielding  11  segments.  The  data 
are  then  prepared  in  the  same  way  as  described  in  the  previous  section: 
we  subtract  a  least-squares  linear  fit  from  each  segment,  multiply  by  a 
Hanning  window,  and  Fourier  transform.  We  then  operate  on  the 
resulting  transforms  as  indicated  in.  (5.5). 

Since  our  cross-spectra  have  a  relatively  small  number  of  individual 
time  series  which  contribute  to  the  ensemble  average,  we  can  expect  that 
statistical  fluctuations  might  cause  the  coherency  at  a  given  frequency  to 
be  large  even  in  the  presence  of  uncorrelated  data.  Also,  overlapping 
data  segments  by  N/2  points  can  lead  to  an  artificially  enhanced 
coherency.  To  arrive  at  a  criterion  for  selecting  statistically  significant 
data  we  processed  time  series  of  mock  E  and  5B  data  made  up  of 
Gaussian  white  noise.  We  then  took  ensemble  averages  of  5,  10,  and  15 
individual  cross-spectra  formed  from  32  data  points  each,  overlapping 
the  data  used  to  create  each  spectrum  by  16  points.  We  repeated  the 
process  20  times  using  different  random  data  each  time  to  obtain  an  idea 
of  the  range  of  coherencies  that  a  random  signal  source  can  generate. 
The  results  are  given  in  Table  5.1.  Thus  if  we  choose  to  average  10 
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spectra,  we  expect  noise-generated  coherencies  (averaged  over  frequency) 
to  fall  between  0.27  and  0.37. 


Table  5.1.  Ensemble  average  of  the  frequency-averaged  coherency 
calculated  from  20  different  time  series  consisting  of  Gaussian  white 
noise. 


#  of  individual  spectra 
averaged  for  each 

st(L.,deY. 

cross-spectrum 

5 

0.453 

0.058 

10 

0.323 

0.049 

15 

0J285 

0.035 

5.4  .Greenland  I  Rocket  Data 

In  Section  3.5  we  foimd  the  DC  Poynting  flux  for  the  upleg  of  a 
Black  Brant  X  sounding  rocket  flight  made  during  the  Greenland  I 
campaign.  The  rocket  was  launched  eastward  into  the  morning  auroral 
oval  from  Sondrestrom,  and  it  remained  in  the  auroral  oval  during  the 
entire  upleg.  When  plotted  at  high  resolution,  coherent  Alfv4n  waves  can 
be  identified  in  the  time  domain  data  [Boehm  et  al.,  1990].  Since  we  know 
Alfv4n  waves  are  present  in  the  field  data,  this  data  set  is  ideal  for  testing 
the  impedance  spectrum  and  normalized  cross-spectrum  as  diagnostic 
tools  in  low  frequency  electromagnetic  field  studies. 

To  form  Z(/)  and  Ci2(f)  for  the  rocket  data  we  split  the  entire 
(northward)  and  SBy  (eastward)  time  series  plotted  in  Figure  5.1  into  32 
point  segments  overlapping  by  16  points,  giving  a  total  of  21  power 
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UT  09:30  09:32  09:34  09:36 

Altitude  (km)  421  638  750  759 


Figure  5.1  Data  taken  from  a  Black  Brant  X  sounding  rocket  launched 
from  Sondrestroni,  Greenland  on  23  January,  1985.  The  rocket  traveled 
eastward  along  the  auroral  oval.  (Data  are  courtesy  of  C.  Carlson,  B. 
McFadden,  and  M.  Boehm  at  the  University  of  California,  Berkeley.) 
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spectra.  The  electric  fields  perpendicular  to  Bq  were  measured  with 
perpendicular  3  m  electric  field  booms,  and  magnetic  measurements 
were  taken  with  a  fluxgate  magnetometer.  To  obtain  electric  fields  below 
the  rocket  spin  frequency,  electric  field  measurements  were  fit  to  a  sine 
wave  over  time  intervals  of  one  spin  period,  resulting  in  a  sampling 
period  of  0.887  s.  The  impedance  and  phase  spectra  are  shown  in  Figure 
5.2.  Also  shown  in  Figure  5.2  are  the  predicted  phase  and  impedance 
spectra  from  the  numerical  model  (Chapter  4)  assuming  a  constant 
measurement  altitude  of  600  km  and  a  horizontal  spatial  scale  of  1000 
km.  The  density  profile  used  as  input  to  the  model  is  shown  in  Figure  5.3 
and  was  parameterized  from  a  profile  measured  with  a  Langmuir  probe 
on  board  a  Terrier*Malemute  rocket  latinched  nearly  simultaneously 
with  the  Black  Brant  X  [Earle,  1988].  For  reference  we  have  plotted 
in  Figure  5.2  as  deduced  from  measurements  made  by  the  Sondrestrom 
radar  during  the  rocket  flight. 

The  data  curve  in  the  bottom  panel  of  Figure  5.2  clearly  shows 
that  the  phase  between  and  SBy  varies  with  frequency.  In  either  the 
static  model  or  the  traveling  Alfv6n  wave  model,  electric  and 
perturbation  magnetic  fields  are  shifted  by  0®  or  180°.  In  the  coordinate 
system  we  are  using,  a  180°  phase  indicates  a  downward-directed 
Poynting  vector,  which  is  the  case  in  the  zero  frequency  limit  of  Figure 
5.2  for  both  theory  and  experiment.  At  higher  frequencies  the  measured 
phase  increases  to  a  maximum  of  nearly  260°  at  0.4  Hz.  Fields  such  as 
these  which  are  nearly  out  of  phase  are  exactly  what  is  expected  in 
standing  Alfv6n  waves,  as  shown  by  the  theoretical  curve  plotted  with  the 
data.  Thus  with  the  phase  spectrum  in  this  case  we  are  able  not  only  to 
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UCB  35.009  23  January,  1985 


Figure  5.2  Numerical  results  compared  with  sounding  rocket  data 
averaged  over  the  entire  interval  shown  in  Figure  5.1.  Averages  were 
formed  from  21  sub-intervals  of  32  points  each. 
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Figure  5.3  Electron  density  profile  used  as  model  input  for  the  curves  in 
Figure  5.2.  This  profile  approximates  the  density  profile  taken  on  board  a 
Terrier-Malemute  rocket  launched  nearly  simultaneously  and  in  the 
same  direction  as  the  Black  Brant  [see  Earle,  1988]. 
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detect  the  presence  of  Alfv6n  waves,  but  we  can  determine  that  both 
incident  and  reflected  components  are  present. 

The  impedance  spectrum  in  Figure  5.2  is  also  consistent  with  the 
standing  wave  model.  A  trend  toward  increasing  impedance  at  higher 
frequencies  is  clearly  visible.  The  static  field  model  predicts  Zif)  =  for 
all  Doppler-shifted  frequencies.  As  shown  in  Figure  5.2,  the  standing 
Alfv4n  wave  model  predicts  a  peak  in  the  impedance  spectrum  at  0.5  Hz. 

Qualitatively,  the  theoretical  and  experimental  impedance  curves 
match  well.  However,  the  latter  is  less  peaked,  and  the  peak  is  much 
lower  (1.5  vs.  3.5  Q)  than  the  theory  curve.  There  are  at  least  four  possible 
reasons  for  this:  1)  The  model  asstimes  uniform  ionospheric  density, 
collision  frequencies,  etc.  in  the  horizontal  direction,  which  is  not  the 
case  in  the  auroral  oval.  Icnccpheric  structure  will  tend  to  smear  the 
peaked  nature  of  the  electric  and  magnetic  field  spectra,  which  will  in 
turn  broaden  the  impedance  spectrum  and  decrease  its  peak  value.  2)  If 
static  fields  are  present  in  addition  to  Alfv4n  waves,  the  mixtxire  of  these 
two  will  tend  to  make  the  impedance  fall  somewhere  between  the  pure 
standing  wave  impedance  and  Zp'^.  3)  The  measured  spectral  power  at  a 
single  frequency  is  actually  an  average  of  the  power  in  a  frequency  range 
Af.  Thus  any  spectral  peaks  will  be  reduced  by  averaging  with 
neighboring  values.  Finally,  4)  we  have  assumed  a  constant 
measurement  altitude  for  the  numerical  model's  predictions,  but  in  fact 
the  rocket  altitude  varies  between  400  and  770  km  during  the  interval  we 
have  analyzed.  The  altitude  dependence  of  the  standing  wave  impedance 
will  thus  lead  to  smearing  in  Z{f).  However,  while  the  rocket  actually 
traverses  about  350  km  in  altitude  during  the  time  interval  we  are 
interested  in,  over  half  of  the  data  are  taken  in  the  upper  100  km  due  to 
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the  parabolic  time  dependence  of  the  rocket  altitude.  Running  the 
numerical  model  for  a  700  km  rather  600  km  measurement  altitude 
decreases  the  frequency  of  the  impedance  peak  only  by  about  5%, 
therefore  we  suspect  that  the  altitude  variation  of  the  sounding  rocket  is 
not  the  primary  cause  of  small  measured  impedance  values. 

The  bottom  two  panels  of  Figure  5.1  allow  us  to  compare  the 
fluctuating  electric  field  power  integrated  between  0.25*0.35  Hz  with 
electron  precipitation.  The  two  quantities  are  well  correlated  and  we  may 
conclude  that  much  of  the  Alfv6n  wave  energy  in  this  frequency  band  is 
spatially  coincident  with  auroral  arcs.  The  sounding  rocket  was 
traveling  eastward,  nearly  parallel  to  auroral  structures.  This  allowed 
the  rocket  to  dwell  in  the  vicinity  of  arcs  and  enhanced  Alfvdn  wave 
activity.  Polar-orbiting  satellites  fly  perpendicular  to  the  auroral  oval, 
and  as  a  consequence  they  traverse  auroral  arcs  very  quickly.  We  will 
see  in  the  next  section  that  this  limits  the  amount  of  Alfv^n  wave  energy 
one  can  measure  from  the  HILAT  satellite. 

We  have  used  the  impedance  and  cross-spectrum  to  verify  the 
presence  of  Alf<'<in  waves  in  sounding  rocket  data,  and  also  to  show  that 
incident  and  reflected  wave  components  are  interfering  as  a  result  of  the 
highly  conducting,  and  therefore  reflecting,  ionosphere.  We  will  now 
turn  to  HILAT  measurements  of  Z(/)  and  Ci2(/)  to  search  for  evidence  of 
Alfv4n  waves  which  are  not  obvious  in  the  time  domain  data  alone. 

5.5  HILAT  Satellite  Data 

In  order  to  find  HILAT  data  with  a  significant  correlation 
between  Eg  and  SBy  we  studied  the  26  different  HILAT  passes  listed  in 
Table  5.2.  (In  the  HILAT  coordinate  system,  i  is  the  direction  of  the 
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Table  5.2.  HILAT  passes  searched  for  100  s  intervals  with  a  frequency- 
averaged  E-5B  coherency  exceeding  0.5.  Passes  with  an  asterisk  satisfy 
this  criterion. 


Yaar  Cax  Start  Time  (UT)  MLT  at  60°  Solar  Zenith  Angle 

(deg) 


1983 

344 

13:05 

11.-00 

85 

1984 

019 

09:19 

05:45 

115 

1984 

023 

09:21 

0515 

120 

1984 

047 

18:55 

16:30 

70 

1984 

058 

17:33 

1415 

65 

1984 

063* 

17:04 

13:30 

60 

1984 

067 

02:05 

00:00 

130 

1984 

075 

15:16 

12:00 

55 

1984 

096 

11:16 

1115 

60 

1984 

122 

18:45 

18:45 

60 

1984 

164* 

12:23 

11:45 

35 

1984 

179* 

10:58 

lOKX) 

45 

1984 

217 

04:37 

0515 

90 

1984 

242 

03:56 

01:45 

110 

1984 

245 

04:19 

04:30 

120 

1984 

261* 

15:43 

12:30 

50 

1984 

318* 

19:54 

16:00 

85 

1984 

329 

16:48 

17:00 

80 

1984 

345 

14:56 

12:45 

75 

1984 

346 

14:30 

12:45 

75 

1985 

052 

20:09 

16:45 

80 

1985 

089 

00:59 

23:00 

115 

1985 

112 

12:42 

12:45 

55 

1965 

148 

17:30 

17:45 

45 

1985 

265 

17:06 

13:45 

50 

1985 

277 

15:15 

1215 

56 
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satellite’s  velocity,  f  is  downward,  and  y  completes  the  right-hand 
system.)  Each  pass  contains  roughly  10  minutes  of  data  taken  in  the 
northern  hemisphere  auroral  oval  and  polar  cap.  The  HILAT 
magnetometer  samples  at  20  s'^  and  the  electric  field  is  derived  from  ion 
drift  measurements  taken  either  at  16  or  32  s'^.  Since  for  our  purposes 
we  are  only  interested  in  the  frequency  components  below  1  Hz  we 
averaged  the  field  quantities  to  2  samples/s,  or  one  measurement  every 
3.7  km.  We  did  not  filter  out  the  lowest  frequency  magnetic  field 
variations  due  to  mechanical  oscillations  of  the  satellite  as  we  did  in 
Chapter  3  because  those  variations  are  well  below  the  range  of 
fi*equencies  w'e  will  consider  here.  The  magnetometer  resolution  is  about 
±6.7  nT,  but  averaging  gives  an  effective  resolution  somewhat  lower  than 
this. 

We  separated  the  data  from  the  26  passes  in  Table  5.2  into  284 
data  segments  of  100  s  each  and  found  the  coherency  spectrum  from  11 
sub-segments  as  described  in  Section  5.3.  The  resulting  coherency  from 
each  100  s  interval  we  then  averaged  over  frequency  to  obtain  a  single 
measure  of  the  E^-SBy  correlation.  By  averaging  the  coherency  spectrum 
over  all  frequencies  as  a  test  to  find  meaningful  correlations,  we  allow  for 
the  possibility  of  low  correlation  near  DC  but  high  correlation  at  higher 
frequencies. 

Figure  5.4a  shows  the  distribution  of  frequency-averaged 
coherencies  C12  for  the  288  100  s  intervals  obtained  from  the  HILAT  data 
survey.  Figure  5.4b  shows  for  comparison  the  distribution  of  coherencies 
for  284  lOOs  intervals  consisting  of  Gaussian  white  noise.  The  3  intervals 
with  values  of  C12  exceeding  0.8  are  from  Day  217, 1984  and  occur  during 
periods  of  extremely  small  electric  and  magnetic  fields.  Using  straight 
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Figure  5.4  Distribution  of  frequency-averaged  coherency  spectra  from  a) 
HUjAT  data,  and  b)  Gaussian  white  noise.  Each  coherency  spectrum 
was  formed  from  11  electric  and  magnetic  field  spectra,  which  were  in 
turn  formed  from  32  data  points  each. 
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lines  (i.e.  E{t)  =  a\t  +  ci,  SBit)  =  a2t  +  62)  alone  as  input  to  the  analysis 
routines  yields  coherencies  of  unity,  and  we  suspect  that  the  Day  217 
coherencies  are  high  for  this  same  reason.  That  is,  any  segment  of  the 
magnetic  field  data  has  a  low-order  trend  due  to  the  oscillation  of  the 
satellite,  and  when  no  geophysical  signals  are  present,  the  time  series 
resulting  from  this  trend  can  generate  anomalously  high  coherencies. 
The  passes  of  most  interest  to  us  are  those  with  a  noticeable  amount  of 
signal  energy  present  and  Math  C12  above  0.5,  indicated  by  the  arrow  in 
Figure  5.4a. 

Notice  from  Figure  5.4b  that  even  though  the  noise  used  to 
calculate  the  cross-spectra  has  a  coherence  of  zero,  the  apparent 
coherence  is  near  0.3.  This  is  due  to  the  small  niunber  of  data  segments 
contributing  to  the  ensemble  average  (i.e.  N  =  11).  The  average  coherency 
in  Figure  5.4b  will  decrease  with  increasing  N,  roughly  as  In  fact, 

it  is  easy  to  verify  that  the  average  coherencies  in  Table  5.1  &11  quite  close 
to  in  magnitude. 

Having  now  identified  several  promising  data  intervals  we  moU 
analyze  in  detail  six  examples  which  were  taken  when  the  Sondrestrom 
Incoherent  Scatter  Radar  was  scanning  more  or  less  along  the  N-S 
meridian.  The  radar  measured  ionospheric  density  profiles  up  to  850  km 
altitude  and  over  a  800  km  range  in  latitude  (depending  on  the 
measurement  altitude).  The  density  profiles  were  averaged  over  latitude 
to  obtain  a  single  altitude  profile  [Af.  McCready  and  J.  F.  Vickrey, 
personal  communication,  1990].  Since  the  density  profiles  are  averaged 
in  latitude,  some  of  the  apparent  structure  in  altitude  may  actually  be 
due  to  horizontal  structuring  in  plasma  density. 
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Often  the  upper  range  gates  of  the  radar  data  are  corrupted 
either  by  a  poor  signal-to-noise  ratio  or  by  echoes  from  man-made 
satellites.  When  this  appears  to  be  the  case  we  replace  the  top  portion  of 
the  radar-measured  profile  with  an  exponentially  decreasing  density  to 
use  as  input  to  our  numerical  model.  We  also  smooth  the  radar  profiles, 
and  we  extrapolate  the  profile  below  95  km  using  a  6  km  exponential 
scale  height.  The  high-coherency  HILAT  data  in  each  case  were  not 
necessarily  taken  in  the  same  region  that  the  radar  measured. 

In  Figures  5.5-5.16  we  show  in  chronological  order  the  radar 
density  profiles  (both  measured  and  smoothed),  E^if)  and  SByif)  for  the 
100  s  intervals  of  interest,  and  measured  and  modeled  cross-spectra  and 
impedance  spectra  for  each  of  the  six  HILAT  passes.  While  we  present 
only  the  high-coherency  data  intervals,  it  is  evident  from  the  complete 
data  sets  that  in  each  pass  the  large  coherencies  are  found  within  the 
auroral  oval,  as  indicated  by  large  scale  magnetic  perturbations  from  the 
Region  1/Region  2  current  systems.  Unfortimately,  unlike  the  soxmding 
rocket  example  of  the  previous  section,  in  all  six  HILAT  passes  it  appears 
that  the  measured  phase  spectra  have  very  large  variances,  and  a 
comparison  between  measured  and  modeled  curves  is  unconvincing.  All 
cases  do  show  a  1 80°  phase  shift  between  and  8By,  at  DC  however, 
which  indicates  a  downward-directed  Poynting  vector  for  quasi-static 
fields. 

The  measured  and  modeled  impedance  spectra  are  in  better 
agreement  than  the  measured  and  modeled  phase  spectra.  On  Day  096, 
1984  (Figure  5.10),  Day  179, 1984  (Figure  5.12),  and  Day  277, 1985  (Figure 
5.16),  the  density  profiles  are  somewhat  similar  and  the  numerical  model 
predicts  a  single  impedance  peak  in  the  0.3-0.6  Hz  range.  In  all  three  of 
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HELAT  Day  344, 1983 


Fi^re  5.6  Comparison  of  numerical  model  and  experimental  results 
using  the  smoothed  density  profile  and  electric  and  magnetic  fields 
shown  in  Figure  5.5.  Ensemble  averages  were  formed  from  11  separate 
32  point  (16  s)  intervals  overlapping  by  16  points  each.  Boxes  indicate  a 
coherency  exceeding  0.5. 


Sondrestrom  Radar  HILAT  Day  063, 1 984 
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HILAT  Day  063, 1984 


Fi^re  5.8  Comparison  of  numerical  model  and  experimental  results 
using  the  smoothed  density  profile  and  electric  and  magnetic  fields 
shown  in  Figure  5.7.  Ensemble  averages  were  formed  from  11  separate 
32  point  (16  s)  intervals  overlapping  by  16  points  sach.  Boxes  indicate  a 
coherency  exceeding  0.5. 
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HILAT  Day  096, 1984 


Figure  5.10  Comparison  of  numerical  model  and  experimental  results 
using  the  smoothed  density  profile  and  electric  and  magnetic  fields 
shown  in  Figure  5.9.  Ensemble  averages  were  formed  from  11  separate 
32  point  (16  s)  intervals  overlapping  by  16  points  ea(^.  Boxes  indicate  a 
coherency  exceeding  0.5. 
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HILAT  Day  179, 1984 


Fi^re  5.12  Comparison  of  numerical  model  and  experimental  results 
using  the  smoothed  density  profile  and  electric  and  magnetic  fields 
shown  in  Figure  5.11.  Ensemble  averages  were  formed  from  11  separate 
32  point  (16  s)  intervals  overlapping  by  16  points  each.  Boxes  indicate  a 
coherency  exceeding  0.5. 


Sondrestrom  Radar  HILAT  Day  261 , 1984 
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HILAT  Day  261, 1984 


Fi^re  5.14  Comparison  of  numerical  model  and  experimental  results 
using  the  smoothed  density  profile  and  electric  and  magnetic  fields 
shown  in  Figure  5.13.  Ensemble  averages  were  formed  from  11  separate 
32  point  (16  s)  intervals  overlapping  by  16  points  each.  Boxes  indicate  a 
coherency  exceeding  0.5. 


Sondrestrom  Radar _  HILAT  Day  277, 1985 
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HILAT  Day  277, 1985 


Fi^re  5.16  Comparison  of  numerical  model  and  experimental  results 
using  the  smoothed  density  profile  and  electric  and  magnetic  fields 
shown  in  Figure  5.15.  Ensemble  averages  were  formed  from  11  separate 
32  point  (16  s)  intervals  overlapping  by  16  points  each.  Boxes  indicate  a 
coherency  exceeding  0.5. 


these  cases,  the  maximiim  measured  impedance  value  falls  within  about 
15%  of  the  model's  prediction.  Unfortunately,  the  peak  measured 
impedance  on  Day  096, 1984  (Figure  5.10)  does  not  have  a  coherence  above 
0.5  associated  with  it,  and  therefore  the  fact  that  it  lies  near  the  modeled 
peak  may  be  coincidental.  On  Day  063, 1984  (Figure  5.8),  the  ionospheric 
density  profile  was  such  that  there  are  two  impedance  peaks  below  1  Hz, 
and  two  peaks  are  clearly  visible  in  the  data.  However,  only  the  second 
impedance  peak  has  a  coherency  above  0.5. 

On  Day  261, 1984  (Figure  5.14),  there  is  a  poor  match  between  the 
model  and  experiment,  and  in  fact  the  peak  measured  impedance  occurs 
at  a  frequency  for  which  the  modeled  impedance  is  minimum,  A 
possible  reason  for  the  poor  match  is  that  the  average  density  profile 
measured  by  the  radar  is  not  representative  of  the  actual  ionosphere 
below  HUAT  when  Alfv4n  wave  energy,  if  any,  was  present. 

Day  344,  1983  (Figure  5.6)  is  an  especially  interesting  case.  On 
other  passes  and  in  the  sounding  rocket  data  the  measured  impedance 
function  starts  near  at  zero  frequency  and  tends  to  increase.  This  is 
a  consequence  of  a  highly  conducting  ionosphere  with  Lp'^  <  Zj^  where 
is  the  Alfv4n  impedance  at  the  measurement  altitude.  One  can  see  from 
the  Day  344  density  profile  in  Figure  5.5  that  there  is  not  much  density  in 
the  E  region,  which  causes  a  Zp'^  (~3  Q)  greater  than  Z^  (~2  D).  In  this 
case  the  model  standing  wave  impedance  is  maximum  at  0  Hz  and 
decreases  with  frequency.  While  the  meastired  impedance  values  do  not 
match  the  modeled  values,  the  low  order  trend  in  the  measured  Z  does 
decrease  by  a  factor  of  3  at  higher  frequencies,  prestunably  because  of  the 
low  E-region  density. 
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Turning  again  to  the  example  with  two  impedance  peaks  in  both 
the  measured  and  modeled  data  (Figure  5.8),  we  find  that  the  frequency 
of  the  second  measured  impedance  peak  is  .2  Hz  smaller  than  predicted 
by  the  model.  It  is  interesting  to  note  that  in  the  frequency  range  of  the 
measured  impedance  maximum  (0.6  -  0.8  Hz),  the  measured  cross¬ 
spectrum  has  a  high  coherency  and  the  phase  is  at  a  minimum,  while 
the  modeled  phase  maximizes.  Comparing  the  measured  and  modeled 
phase  spectra,  one  might  expect  that  the  input  to  the  numerical  model 
could  be  adjusted  to  bring  them  into  agreement.  One  would  have  to  find  a 
parameter  that  affects  only  the  higher  frequency  part  of  the  curve  while 
leaving  the  agreement  between  the  impedance  peaks  at  0.3  Hz  imaffected. 
Decreasing  the  electron  density  in  the  E  and  F  regions  will  move  both 
impedance  peaks  towards  larger  frequencies,  thus  an  inaccurate  density 
profile  is  probably  not  the  cause  for  the  disparity  between  the  data  and 
modeled  curves. 

In  contrast  to  the  electron  density  profile,  the  ion  collision 
frequency  v,  near  150  km  can  affect  only  the  high  frequency  part  of  the 
impedance  and  phase  spectra.  The  reason  for  this  is  that,  roughly 
speaking,  Alfv4n  waves  penetrate  down  into  the  ionosphere  as  long  as  the 
wave  frequency  <o  exceeds  v/.  This  effect  is  illustrated  in  Figure  5.17, 
where  we  have  modeled  the  meridional  electric  field  magnitude  I 
two  different  frequencies.  We  have  used  the  "EF"  density  profile  in 
Figure  4.2  as  input  to  the  model.  If  one  defines  the  Alfir4n  wave  reflection 
altitude  as  the  altitude  near  the  E  region  where  I I  is  minimtim,  then 
Figure  5.17  shows  that  a  1.2  Hz  Alfv4n  wave  penetrates  to  about  140  km, 
whereas  a  0.5  Hz  wave  reflects  at  180  km.  Decreasing  Vj  below  150  km 
could  then  lower  the  reflection  altitude  for  waves  with  frequencies  near  1 
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Figure  5.17  Model  meridional  electric  field  profiles  for  two  Alfv^n  waves 
illustrating  the  fact  that  higher  frequency  waves  reflect  from  lower 
altitudes. 
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Hz,  which  in  turn  would  decrease  the  frequency  of  maximum  IZI  for 
those  waves.  Our  modeled  profiles  of  v,-  are  based  on  a  neutral 
atmosphere  model  with  an  assumed  thermospheric  temperature  of  1000 
K.  The  actual  thermospheric  temperature  can  vary  widely,  and  as  a 
result,  the  neutral  atmosphere  density  and  ion-neutral  collision 
frequency  can  also  vary.  Thus  the  lack  of  agreement  between  our 
modeled  and  measured  frequencies  of  peak  I  Z{f)  I  might  be  explained  in 
part  by  our  poor  knowledge  of  Vjfz). 

The  frequency  dependence  of  the  reflection  altitude  also  explains 
why  the  frequency  of  the  second  impedance  peak  in  Figure  5.8  (0.8  Hz)  is 
not  three  times  the  frequency  of  the  first  peak  (0.3  Hz).  This  factor  of 
three  relation  would  hold  for  a  constant  reflection  altitude  because 
impedance  peaks  occur  when  an  observer  is  A/4  and  3A/4  above  the 
reflector.  But  since  higher  frequency  waves  reflect  from  lower  altitudes 
in  the  case  of  ionospheric  reflections,  the  frequency  of  the  second 
impedance  peak  is  somewhat  lower  than  three  times  the  frequency  of  the 
first  peak. 

^.liile  we  have  found  reasonable  agreement  between  measxired 
and  modeled  frequencies  of  the  frequencies  of  maximum  I  Zif)  I ,  in  all 
cases  the  measured  impedance  is  much  smaller  than  predicted  by  the 
standing  Alfv^n  wave  model,  and  in  fact  it  is  less  than  Zp'^  in  most 
cases,  although  this  also  may  indicate  a  problem  with  the  neutral 
atmosphere  or  collision  frequency  models. 

We  pointed  out  that  the  sounding  rocket  discussed  in  the  previous 
section  traveled  mostly  parallel  to  auroral  structures  and  therefore  spent 
a  significant  amo  <.at  of  time  in  regions  where  Alfv^n  waves  seem  to 
occur  the  most.  This  could  account  for  the  good  data/theory  match  in 
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that  case,  especially  in  the  phase  spectrum.  HILAT  flies  mostly 
perpendicular  to  auroral  structures  and  probably  spends  less  time  in 
regions  with  Alfv6n  waves.  In  the  HILAT  passes  we  have  analyzed  it 
appears  much  of  the  field  energy  is  due  to  quasi-static  fields  with  an 
associated  impedance  function  Z(/)  =  Zp*^.  Even  so,  the  impedance 
function  in  most  cases  shows  a  significant  increase  at  frequencies  for 
which  it  is  predicted  to  be  maximum  by  the  standing  weve  model.  Thus 
HILAT  must  have  flown  through  regions  of  Alfv4nic  fluctuations,  and 
most  importantly  the  frequencies  of  detectable  Alfv^n  waves  are 
determined  by  the  standing  wave  pattern,  not  the  wave  source.  That  is, 
in  almost  all  cases  there  is  at  least  some  Alfv4n  wave  energy  present  at 
peaks  in  the  standing  wave  impedance  function,  thus  the  magnetosphere 
is  apparently  supplying  a  continuous  spectrum  of  waves,  but  only  at 
those  frequencies  corresponding  to  peaks  in  Zif)  does  the  electric  field 
from  Alfv4n  waves  constitute  a  significant  fraction  of  the  total  electric 
field  spectrum  measured  across  the  auroral  oval. 

5.6  A  Quantitative  Estimate  of  the  Amount  of  Alfv6n  Wave  Energy  in 

Electromagnetic-Field  Data 

We  have  found  measured  impedances  in  the  soimding  rocket  and 
satellite  data  which  fall  somewhere  between  Zp'^  and  the  numerical 
model's  prediction.  Roughly  speaking,  a  higher  measured  impedance 
means  more  spectral  power  due  to  Alfv4n  waves  and  less  to  Doppler- 
shifted  static  structures.  We  can  attempt  to  state  this  relationship 
quantitatively  by  assuming  that  there  is  no  smearing  in  the  measured 
impedance  spectnun  due  to  variations  in  the  Pedersen  conductivity  along 
the  flight  path,  and  that  at  any  given  time  the  measurements  are  due 
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completely  either  to  Alfv6n  waves  or  to  static  fields.  (The  case  in  which 
both  Alfv6n  waves  and  Doppler-shifted  static  fields  are  present  at  the 
same  time  almost  certainly  occurs  but  is  difticxilt  to  treat  since  we  have 
no  way  of  knowing  the  relative  phase  between  the  Fourier  components  of 
the  two  contributions.)  Under  this  last  assumption  we  can  conceptually 
separate  the  total  power  spectral  density  in  a  time  series  into  2  parts,  i.e. 
Pe  =  Psji  +  Pe,S  and  Pb  =  Pra  +  ^s,s.w^ere  Pej^  and  are  the  power 
spectral  densities  of  electric  and  magnetic  fields  from  sub-intervals 
containing  only  AlfV6n  waves,  and  Pr.S  and  Pb,S  are  from  those  sub¬ 
intervals  containing  static  structures.  The  fraction  of  the  electric  field 
spectral  power  due  to  Alfv6n  waves  at  frequency  f  is 

QE^  =  Pea^^PeA  *  Pe.S^  (5.6a) 

and  for  the  magnetic  field 

QB^T)  =  PbaI^Pba  +  Pb.s)  (5.6b) 

Recognizing  that  ^q'^Pe,S^Pb,S  =  and  Mo^Pea^Pba  =  ^^model  ^^model 
is  the  numerical  model's  prediction  of  the  standing  wave  impedance  at  a 
fixed  altitude)  leads  to 

9e</)  =  (Xp2  -  (8.7a) 

=  (5.7b) 

We  can  evaluate  the  above  expressions  for  rocket  data  shown  in 
Figure  5.2  by  choosing  values  at  the  peak  in  the  impedance  function,  near 
0.5  Hz.  In  this  case  Ip'^  =  0.3  Cl,  Z^easured  =  1-5  Q,  and  Z^odel  -  3-5  Q. 
The  result  is  qe  =  0.96  and  =  0.18,  i.e.  Alfv6n  waves  are  responsible  for 
96%  of  the  measured  electric  field  power  and  18%  of  the  magnetic  field 
power  at  0.5  Hz.  We  expect  the  Alfv4n  wave  magnetic  field  contribution  to 
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be  small  since  the  numbers  were  taken  from  the  peak  in  Z{f)  which 
corresponds  to  a  magnetic  field  node  in  the  standing  wave  pattern.  For 
the  Day  063  HILAT  data  in  Figure  5.8  the  relevant  numbers  near  the 
peak  at  0.3  Hz  are  Zp  ^  =  0.12  O,  ^rneoLsured  ~  0.18  D,  =  3.0  Cl,  Qp  = 

0.55  and  qp  s  0.002.  Thus  half  of  the  electric  field  energy  and  almost  none 
of  the  magnetic  energy  measured  by  HILAT  during  this  particular  pass 
is  attributable  to  Alfv4n  waves. 

At  this  point  we  must  issue  a  note  of  caution  concerning  these 
estimates.  The  quantity  qp  increases  very  rapidly  with  Zjneasured> 
quickly  reaches  a  value  above  90%.Thus  any  anomalous  increases  in  the 
measured  impedance  will  cause  qp  to  fall  in  the  90%  range.  For  this 
reason,  estimates  of  qp  tasty  be  biased  towards  large  values.  Another 
potential  source  of  error  is  our  assumption  of  horizontal  spatial 
homogeneity  in  the  ionosphere.  However,  at  first  guess  it  would  seem 
that  this  effect  would  smear  the  impedance  function  and  decrease  the 
peak  impedance  measurement,  causing  a  decrease  in  the  qp  estimate. 

5.7  Discussion 

The  impedance  function  measured  with  the  Black  Brant  X 
sounding  rocket  flying  nearly  parallel  to  auroral  structures  (i.e. 
eastward)  indicates  that  the  electric  and  magnetic  field  fluctuations 
above  0.1  Hz  in  the  spacecraft  frame  are  due  mainly  to  standing  Alfv4n 
waves  rather  than  Doppler-shifted  spatial  structures.  In  contrast, 
spectral  energy  from  static  structures  plays  a  more  important  role  in  the 
HILAT  measurements,  but  some  Alfv6n  wave  electric  field  energy  is 
clearly  present  in  most  passes  at  frequencies  where  the  electric  field 
standing  wave  pattern  is  predicted  to  be  maximum.  A  plausible  reason 
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for  the  fact  that  HILAT  measured  less  Alfv6n  wave  energy  than  the 
sounding  rocket  is  that  HUAT's  velocity  is  perpendicular  to  most  of  the 
auroral  structure,  and  most  of  the  Alfv6n  wave  energy  seems  to  be 
localized  at  latitudes  near  auroral  arcs.  These  findings  argue  for  the 
importance  of  Alfv4n  waves  in  the  electromagnetic  structure  of  the 
disturbed  auroral  oval,  and  they  lend  credence  to  the  idea  that  at  the  scale 
size  of  auroral  arcs,  magnetosphere-ionosphere  coupling  is  influenced  by 
Alfv6n  waves  as  suggested,  for  example,  by  Hasegawa  [1976],  Goertz  and 
Boswell  [1979],  Haerendel  [1983],  Lysak  and  Carlson  [1983],  and  Seyler 
[1988]. 

While  we  have  concluded  that  the  measured  structure  in  the 
impedance  function  is  due  to  standing  Alfv4n  waves,  we  must  also 
consider  a  few  other  explanations.  For  example,  it  is  possible  that  the 
value  of  Ip  associated  with  small  scale  static  electric  and  magnetic  fields 
is  different  than  the  Ip  relating  large  scale  fields,  since  small  scale 
structures  in  the  aurora,  such  as  arcs,  are  associated  vdth  density 
enhancements.  As  a  result,  a  spacecraft  measuring  Doppler-shifted 
static  structures  might  find  Zif)  at  low  fi*equencie8  (i.e.  large  scales)  to  be 
larger  than  at  high  frequencies  (smedl  scales)  since  the  Ip  relating  small 
scale  fields  would  be  higher.  This  mechanism  is  not  the  cause  for  the 
structure  we  observe  in  Z(f)  because  1)  it  predicts  a  decrease  in  Z  rather 
than  the  observed  increase,  and  2)  it  cannot  account  for  the  phase 
spectrum  measured  by  the  sounding  rocket. 

In  addition  to  standing  waves,  kinetic  Alfv^n  waves  (i.e.  kjfiloDpg  - 
1 )  can  also  increase  the  field  impedance  measured  above  the  ionosphere 
above  Ip'^,  as  we  can  see  from  Faraday's  Law,  which  tells  us  that  k^g  - 
k^g  s  ocBy.  Eliminating  Eg  with  Equation  (2.17)  and  kg  with  (2.15)  gives 


The  correction  term  k^c^loip^  is  small  for  the  HILAT  data  because 
spatial  scales  on  the  order  of  c/o^^  transform  to  several  Hz  in  the  satellite 
frame,  but  the  peaks  we  measure  in  Z(/)  occur  between  0  and  1  Hz.  On 
the  other  hand,  since  the  sounding  rocket  was  traveling  nearly  parallel  to 
auroral  structures  and  in  the  same  direction  as  the  plasma  flow,  it  is 
possible  that  the  Doppler- shifted  frequencies  corresponding  to  auroral 
structures  could  fall  into  the  tenths  of  Hz  range,  and  kinetic  Alfv4n 
waves  could  possibly  cause  higher  impedances  in  the  rocket  data.  Again, 
(5.8)  does  not  predict  the  phase  spectrum  shown  in  Figure  5.2,  while  the 
standing  wave  model  does  make  such  a  prediction.  We  conclude  that 
small  horizontal  wavelengths  are  not  responsible  for  the  structure  in  the 
rocket-measured  Z(/). 

Another  complication  can  arise  if  a  spatially  localized  Alfv^n 
wave  in  a  drifting  plasma  reflects  from  the  ionosphere,  but  the  reflected 
part  of  the  wave  convects  away  from  the  incident  part.  This  pan  happen 
if  dUx  >  drifts  where  d  is  the  distance  of  the  measuring  platform 
from  the  reflection  point,  is  the  spatial  scale  of  the  Alfvin  wave,  and 
^drift  plasma  drift  velocity.  A  spacecraft  above  the  ionosphere 

wotild  then  measure  the  local  Alfv^n  wave  impedance  rather  than  the 
standing  wave  impedance.  This  scenario  was  discussed  by  Mallinckrodt 
and  Carlson  [1978],  but  is  not  relevant  to  the  data  discussed  in  this 
chapter  since  incident  and  reflected  waves  are  clearly  interfering  in  our 
data. 

Throughout  our  analysis  we  have  assumed  that  the  field 
fluctuations  we  measure  at  any  given  time  are  either  purely  spatial  or 
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purely  temporal.  Of  course  both  tjrpes  can  and  most  likely  do  occur 
simultaneously,  and  incorporating  this  fact  would  complicate  our 
analysis  considerably.  For  example,  if  we  measure  a  spatially  modulated 
Alf^^n  wave,  Doppler  shifting  of  the  spatial  structure  would  cause  the 
measured  wave  frequency  to  be  "mixed”  to  different  frequencies.  Future 
work  should  attempt  to  include  complications  such  as  this  and  the  ones 
listed  above,  but  much  more  detailed  information  about  the  3- 
dimensional  density  structure  in  the  ionosphere  will  be  needed,  and 
therefore  measurements  from  a  single  satellite  or  rocket  alone  will  not 
suffice. 

To  compare  our  results  here  with  previous  work  [Sugiura  et  al., 
1982],  we  performed  a  statistical  analysis  on  the  time-domain  rocket  data 
without  filtering  and  we  find  that  the  correlation  coefficient  between  the 
electric  and  magnetic  fields  p  is  0.70,  and  the  rms  field  fluctuations  are 
related  by  noEmsf  ^rms  -  value  is  in  excellent  agreement 

with  the  value  of  Zp'^  deduced  from  the  Langmuir  probe  measurements. 
Since  most  of  the  spectral  energy  in  the  electric  and  magnetic  fields  is  at 
low  frequencies,  this  result  gives  the  same  impedance  as  fotmd  in  the  low 
frequency  limit  of  Z{f).  It  is  interesting  to  note  that  at  short  time  scales 
Sugiura  et  al.  [1982]  noticed  fine  structures  in  the  electric  field  that  were 
not  present  in  the  magnetic  field.  This  corresponds  to  an  increase  in  Z(f) 
at  higher  spatial  and/or  temporal  frequencies,  as  we  have  found  to  occur 
in  the  presence  of  standing  Alfr4n  waves. 

To  reiterate  the  findings  of  this  chapter  we  note  that  even  though 
the  HILAT-measured  impedance  spectra  and  the  modeled  spectra 
presented  in  Figures  5.6  -  5.16  do  not  match  well  in  terms  of  numerical 
values,  there  is  reasonable  agreement  between  the  measured  and 
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modeled  frequencies  at  which  Z(/)  maximizes.  This  fact  along  with  the 
excellent  agreement  between  the  sounding  rocket  data  and  the 
predictions  of  the  numerical  model  allow  us  to  conclude  that  Alfv^n 
waves  are  an  important  part  of  the  overall  electrodynamic  coupling 
between  the  magnetosphere  and  auroral  ionosphere.  Furthermore,  the 
quantitative  estimates  in  Section  5.6  indicate  that  the  electromagnetic 
field  energy  carried  by  Alfv4n  waves  exceeds  the  energy  carried  by 
structured  Birkeland  currents  in  the  vicinity  of  auroral  arcs. 
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THE  EFFECT  OF  .\LF\^N  \VA\^S  ON 
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6.1  Introdustifln 

This  thesis  has  helped  to  establish  the  importance  of  Aliv4n  waves  in 
the  high-latitude  ionosphere,  and  we  might  now  ask  how  the  presence  of 
Alfv4n  waves  might  affect  the  interpretation  of  radar  measurements. 
High-latitude  radars  play  a  crucial  role  in  the  study  of  magnetosphere- 
ionosphere  coupling,  and  rocket  or  satellite  data  are  often  analyzed  in  the 
context  of  supporting  radar  data  since  the  radar  measiirements  in  many 
ways  complement  spacecraft  measurements.  Incoherent  scatter  radars 
are  especially  good  at  measuring  density,  temperature,  and  plasma  drift 
velocity,  among  other  parameters,  both  as  a  function  of  altitude  and 
horizontal  distance.  Unfortunately  the  resolution  of  radar 
measurements  is  limited  spatially  by  the  antenna  beam-width  and 
temporally  by  the  fact  that  many  single  measurements  must  be  averaged 
due  to  the  statistical  nature  of  the  returned  signal.  In  practice, 
integration  times  are  at  least  a  few  seconds  and  usually  longer, 
depending  on  the  ionospheric  plasma  density.  Spacecraft,  on  the  other 
hand,  are  able  to  take  measurements  of  the  electric  field,  for  example, 
with  a  time  resolution  many  orders  of  magnitude  better  than  this,  albeit 
only  at  one  point  in  space  per  measurement. 

The  signal  analysis  which  extracts  plasma  parameters  from  the 
returned  radar  signal  usually  relies  on  the  assumption  that  all 
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macroscopic  quantities  are  homogeneous  within  a  volume  defined  by  the 
ri  lar  beam  width  and  pulse  length,  and  that  they  are  time-stationary 
during  the  integration  period.  However,  high  resolution  satellite 
measurements  have  shown  that  spatial  homogeneity  at  antenna  beam- 
width  scales  is  not  always  a  safe  asstimption  at  high  latitudes.  Swartz  et 
al.  [1988]  gave  an  example  of  a  Millstone  Hill  radar  measurement  which 
suffered  from  a  breakdown  in  the  assumption  of  spatial  homogeneity  by 
using  HHAT  data  to  identify  2  km/s  drift  velocity  variations  within  the  80 
km  width  through  which  the  antenna  beam  scanned  during  the  30  s 
integration  period.  By  simulating  the  distortion  in  a  theoretical 
spectrum  which  would  result  from  the  HILAT-measured  velocity  shears, 
the  authors  showed  that  a  parameter  fitting  program  would  erroneously 
predict  ion  and  electron  temperatures  of  2705  K  and  990  K,  while  the 
undistorted  spectrum  would  have  indicated  1 500  K.  They  suggested  that 
velocity  shears  are  an  alternate  explanation  for  distorted  incoherent 
scatter  spectra  which  had  previously  been  attributed  to  non-Maxwellian 
plasmas  [Moorcroft  and  Schlegel,  1988;  Lockwood  et  al.,  1987;  and 
Lovhaug  and  Fid,  1986]  or  ion  hot  spots  [Kofman  and  Lathuillere,  1987]. 

There  is  evidence  that  time-stationarity  during  the  radar  integration 
period  can  also  be  violated  at  high  latitudes.  From  our  analysis  in 
Chapter  5  of  rocket  and  satellite  data  we  have  established  that  sxibstantial 
time-varying  electric  fields  can  exist  in  the  ionosphere  with  periods  less 
than  a  typical  radar  integration  period  of  5  to  10  s.  The  event  near  09:31 
UT  in  Figure  5.1  shows  an  electric  field  pulse  with  an  amplitude 
exceeding  100  mV/m  and  a  characteristic  frequency  of  about  0.3  Hz.  The 
ExB  drift  velocity  resulting  from  this  electric  field  is  over  2  km/s.  Clearly 
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the  assumption  of  time-stationarity  would  not  be  valid  if  radar 
measurements  were  taken  in  the  vicinity  of  such  a  piilse. 

6.2  Incoherent  Scatter  Spectra  with  Time-Varving  Drifts 

The  theoretical  spectrum  received  by  an  incoherent  scatter  radar 
was  derived  by  Dougherty  and  Farley  [1960, 1963],  Farley  et  al.  [1961],  and 
Farley  [1966].  Data  processing  in  an  ISR  experiment  usually  involves 
measuring  the  spectrum  or  autocorrelation  function  at  each  range  for 
each  inter-pulse  period  (IPP),  then  averaging  over  several  IPPs.  The 
result  is  fit  to  the  theoretical  curve  in  a  least  squares  sense. 

The  theoretical  "ion  line"  or  low  Doppler  shift  portion  of  an 
incoherent  scatter  radar  spectrum  is  shovm  in  Figure  6.1  for  2  different 
plasma  densities.  The  spectra  were  generated  assuming  that  the 
transmitter  frequency  is  1290  MHz  (the  operating  frequency  of  the 
Sondrestrom  radar),  the  plasma  has  O-*^  as  its  only  ion  constituent,  TV  s  Ti 
=  1500  K,  and  the  antenna  is  directed  along  Bq.  The  spectrum  for  =  10^ 
cm'3  is  t}q)ical  for  cases  in  which  the  radar  wavelength  is  much  longer 
than  4xAp  where  Xu  is  the  Debye  length.  With  this  set  of  parameters  Xj)  = 

2.3  mm.  The  wavelengths  of  the  Sondrestrom  and  EISCAT  (933  MHz) 
radars  are  small  enough  so  that  Xradar  is  comparable  to  AuXd  for  lower 
densities,  and  the  measured  spectra  lose  their  double-humped 
appearance  as  evidenced  by  the  a*  =  10^  cm-3  (Ap  =  2.3  cm)  curve  in 
Figure  6.1 .  The  depth  of  the  valley  at  zero  Doppler  shift  depends  not  only 
on  the  Debye  length  but  also  the  ratio  TJTi  and  the  ion  composition. 

If  the  ionospheric  plasma  has  a  bulk  drift,  the  entire  spectrum  is 
shifted  by  an  amotmt  cuu  =  k  Va  where  Va  is  the  line-of-sight  drift  velocity 
and  I  k  I  =  AiUXradar-  If  the  drift  is  due  to  an  Alfv6n  wave,  Va  will  change 
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Figure  6.1  Theoretical  ion-line  spectra  at  1290  MHz  assuming  an  O-^ 
plasma  with  two  different  densities. 
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from  IPP  to  IPP  and  the  spectrum  S  '(co)  resulting  from  the  averaging 
process  will  be 

where  i  is  an  IPP  index  and  N  is  the  number  of  IPPs  included  in  an 
integration  time.  We  have  assumed  that  the  drift  velocity  does  not 
change  substantially  during  a  single  IPP,  which  is  t5T)icadly  on  the  order 
of  10  ms  in  duration. 

In  order  to  quantify  the  amount  of  distortion  introduced  by  an  Alfv^n 
wave  in  a  high  latitude  ISR  experiment  we  distorted  several  theoretical 
spectra  in  the  manner  indicated  by  Equation  (6.1 )  assuming  that  the  drift 
velocity  varies  sinusoidally  with  i,  i.e. 

I  Vjj  I  =  Vd,maxSin(2ni/N)  (6.2) 

where  we  have  used  N  =  1000.  Figure  6.2  shows  the  effect  of  this 
operation  on  both  spectra  in  Figure  6.1  for  V'j.moi  =  750  m/s.  The 
associated  electric  field  amplitude  is  about  38  mV/m,  which  is  certainly 
possible  at  high  latitudes.  The  He  =  106  cm-3  spectrum  appears  to  be  most 
affected,  with  its  double-humped  structure  nearly  obliterated.  Since  the 
peeik-to-valley  ratio  has  changed  drastically,  one  would  expect  a  least- 
squares  fitting  program  to  underestimate  the  temperature  ratio  TJTi. 
Distorting  the  spectrum  in  the  smaller  case  has  widened  it,  but  the 
fact  that  there  was  no  pronounced  valley  in  the  spectrum  to  begin  with 
suggests  that  the  TJTi  estimate  from  a  fitting  program  will  not  suffer 
from  errors  as  large  as  those  in  the  high  density,  small  Debye  length 
case. 

Figures  6.3a  and  b  show  temperature  estimates  from  a  least-squares 
fitting  program  versus  Vd,  max  for  spectra  in  Figure  6.1.  The 
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Figure  6.2  Spectra  which  would  result  from  smearing  the  spectra  in 
Figure  6.1  with  a  750  m/s  amplitude  sinusoidal  drift  velocity  which  has  a 
period  less  than  the  radar  integration  time. 


Figure  6.3  Electron  an  ion  temperature  fits  to  ideal  1290  MHz  ion-line 
spectra  which  have  been  smeared  with  a  drift  velocity  of  the  form  Vd  = 
Vd  maxSin(27ti/r),  where  T  is  less  than  the  radar  integration  time. 
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Figure  6.4  Electron  an  ion  temperatures  fits  to  ideal  933  MHz  ion-line 
spectra  which  have  been  smeared  with  a  drift  velocity  of  the  form  Vd  -  Vd, 
,naiSin(27if/T),  where  T  is  less  than  the  radar  integration  time. 
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codes  for  generating  theoretical  spectra  and  performing  the  fits  were 
supplied  by  P.  Erickson  and  J.  Pingree  [personal  communication,  1990], 
Figures  6.4a  and  b  show  curves  generated  using  parameters  identical  to 
those  in  Figure  6.3  except  for  the  transmitter  frequency,  which  has  been 
changed  to  the  EISCAT  UHF  frequency  of  933  MHz. 

According  to  Figure  6.3a,  velocity  fluctuations  with  amplitudes  of 
250  m/s,  which  are  quite  common  in  the  auroral  zone,  can  generate  an 
anomalous  increase  in  Ti  of  almost  100  K  and  an  associated  decrease  in 
Tf  of  about  30  K  In  the  lower  density  case  (Figure  6.3b)  the  temperature 
estimate  errors  are  less  than  half  of  these  values.  Unfortunately, 
although  the  errors  are  smaller,  lower  density  plasmas  require  longer 
radar  integration  times  and  thus  it  is  more  likely  that  time-stationarity 
will  be  violated.  A  1  km/s  sinusoidal  drift  can  cause  an  erroneous  Tj  of 
nearly  3500  K  and  T*  of  about  850  K  in  the  n«  =  106  cm*3  case.  But  while 
fluctuations  of  this  magnitude  certainly  occur  in  the  auroral  ionosphere, 
the  event  shown  in  the  Black  Brant  data  in  Chapter  5  lasts  only  a  few 
seconds.  In  this  case  a  longer  integration  time  might  serve  to  reduce  the 
error  in  the  Ti  estimate  from  what  it  would  be  if  the  Alfv6n  wave  lasted 
the  entire  integration  period. 

At  933  MHz  with  n«  =106  cm-3  (Figure  6.4)  the  temperature  estimate 
errors  are  slightly  less  than  in  the  1290  MHz  case.  For  =10*  cm-3, 
errors  in  the  estimated  Ti  are  about  the  same  at  both  transmitter 
frequencies,  while  Tg  estimates  are  in  greater  error  at  933  MHz,  although 
only  by  150  K  with  a  1  km/s  drift. 
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6.3  Conclusions 

Swartz  et  al.  [1988]  have  shown  that  spatial  velocity  shears  at  middle 
and  high  latitudes  can  violate  the  assumption  of  spatial  homogeneity 
with  ISR  antenna  beams,  and  can  cause  anomalously  large  ion 
temperature  estimates.  This  phenomenon  can  mimic  the  effect  of  ion  hot 
spots  or  non-Maxwellian  plasma  distributions. 

We  have  shown  that  similar  errors  in  temperature  fits  can  occur  in 
the  presence  of  Alfv6n  waves.  In  the  case  where  Xradar  »  the 

increased  ion  temperature  estimates  are  accompanied  by  a  marked 
decreases  in  Te  estimates.  If  observed  over  a  period  of  several  minutes, 
this  signature  might  help  to  distinguish  anomalously  large  ion 
temperatures  due  to  Alfv6n  waves  from  actual  occurrences  of  ion  hot 
spots  since  the  latter  would  not  likely  occur  simultaneously  with 
decreases  in  the  electron  temperature. 

Ground'based  magnetometers  might  also  be  used  to  identify  ISR 
spectra  distorted  by  Alfv4n  waves,  although  these  instruments  tend  to 
average  over  a  vast  portion  of  the  sky.  An  event  like  the  one  shown  in 
Chapter  5  (Figure  5.1 )  near  09:31 :30  UT  might  have  a  magnetic  signature 
on  the  ground  known  as  a  "giant  pulsation”,  and  simultaneous 
measurement  of  such  a  magnetic  pulsation  vdth  distorted  ISR  spectra 
would  be  a  useful  demonstration  of  the  effect  of  Alfv^n  waves  on  radar 
measurements. 

Optical  data  from  image  intensified  TV  images  might  prove  more 
useful  in  identifying  causes  of  distorted  spectra  since  rapid  motion  of 
auroral  forms  would  be  a  good  indication  of  Alfv6n  wave  activity.  The 
amount  of  spectral  distortion  could  be  compared  inside  and  outside  of 
such  regions,  for  example. 


CHAPTER? 

CONCLUSIONS  AND  SUGGESTICxNS 
FOR  FUTURE  RESEARCH 


7.1  Summary  of  Results 

The  electric  and  magnetic  fields  which  couple  the  magnetosphere 
and  ionosphere  carry  a  wealth  of  information  regarding  the  amount  and 
direction  of  energy  flow,  the  characteristics  of  energy  dissipation  in  the 
ionosphere,  the  temporal  and  spatial  structure  of  magnetospheric  energy 
sources,  and  the  presence  of  neutral  winds  in  the  ionosphere.  Since 
there  are  many  physical  processes  which  create  and  modify  them,  in-situ 
measurements  of  these  fields  can  be  difficult  to  interpret.  In  this  thesis 
we  have  taken  existing  analysis  techniques,  e.g.  spectral  and  cross- 
spectral  analysis,  and  applied  them  in  new  ways  to  auroral  electric  and 
magnetic  field  data.  We  will  now  summarize  the  main  results  presented 
in  this  dissertation.  Since  Chapter  5  contains  the  bulk  of  the  results,  we 
begin  there, 

In-situ  measurements  of  magnetosphere-ionosphere  coupling  via 
Alfv^n  waves.  Chapter  5  contains  data  from  two  different  experiments: 
1 )  a  sounding  rocket  launch  into  the  dayside  auroral  oval,  and  2)  several 
oval  crossings  by  the  HILAT  satellite.  The  results  of  these  two 
experiments  are  similar  in  that  at  frequencies  below  about  0.1  Hz  (as 
measured  in  the  spacecraft  frame)  the  meridional  electric  to  zonal 
magnetic  field  ratio  Zlf)  =  PoEx(f)/SByif)  is  equal  or  nearly  equal  to  the 
inverse  of  the  height-integrated  Pedersen  conductivity  of  the  ionosphere 
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,  and  the  cross-product  of  the  fields  indicates  a  downward  Poynting 
vector.  These  measurements  are  consistent  with  energy  flow  directed 
from  the  magnetosphere  toward  the  ionosphere  in  the  form  of  quasi- 
static  electric  fields  and  field-aligned  ctrrrents.  This  energy  is  dissipated 
in  the  conducting  part  of  the  ionosphere.  The  measurements  in  Chapter 
5  are  also  consistent  with  earlier  findings  from  Sugiura  et  al.  [1982], 
Sugiura  [1984],  and  Smiddy  et  al.  [1984]. 

For  time  scales  shorter  than  10  s  the  results  from  the  rocket  and 
satellite  experiments  differ.  The  rocket-measured  Zif)  increases 
smoothly  to  a  peak  value  of  about  4Zp-^  at  0.3  Hz  and  above.  This  value 
is  near  the  Alfv4n  impedance  indicates  that  the  fields  are 

due  to  Alfv4n  waves  and  the  fluctuations  are  therefore  temporal  rather 
than  spatial  structures  which  have  been  Doppler-  shifted  from  the  rocket 
motion.  Furthermore,  the  shape  of  Z(f)  and  the  phase  relation  between 
and  6Bx  indicate  a  standing  Alfv4n  wave  pattern  due  to  reflections 
from  the  ionosphere. 

The  satellite  data  consist  of  six  passes  for  which  the  frequency- 
averaged  coherency  spectra  were  significantly  larger  than  could  be 
expected  from  random  noise.  The  measured  impedance  spectra  fall  near 
Ip-^  over  most  of  the  spectrum  and  do  not  vary  as  much  as  in  the 
sounding  rocket  case.  However,  in  most  cases  the  frequency  of  the 
maximum  measured  impedance  falls  within  10-15%  of  the  frequency 
predicted  from  the  standing  Alfv4n  wave  model.  A  plausible  explanation 
for  this  is  that  most  of  the  field  energy  measured  by  HILAT  is  from 
structured  quasi-static  fields,  but  occasionally  there  are  Alfv4n  waves 
present.  Alfv4n  waves  can  be  identified  in  the  impedance  spectra  by  their 
increased  impedance,  and  we  find  that  the  frequency  of  the  resulting 
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electric  field  enhancement  is  determined  by  the  electrical  length  of  the 
satellite  above  the  reflecting  part  of  the  ionosphere.  That  is,  HILAT 
measures  increased  impedances  at  frequencies  for  which  its  orbital 
altitude  is  at  the  peak  of  the  electric  field  standing  wave  pattern.  If  the 
frequencies  of  detectable  Alfv^n  waves  were  determined  by  the  wave 
source,  one  would  expect  Increased  impedances  at  frequencies  which 
bear  no  relation  to  those  precicted  by  the  standing  wave  model.  This  is 
apparently  not  the  case.  Unfortunately  the  variances  of  the  satellite- 
measured  phase  spectra  were  too  large  to  predict  the  phase  shift  between 
the  meridional  electric  and  zonal  magnetic  fields. 

We  found  two  pieces  of  evidence  which  suggest  that  the  measured 
Alfven  wave  energy  is  concentrated  near  auroral  arcs.  The  first  is  from 
the  rocket  data  in  Figures  5.1c  and  d,  which  shows  that  increases  in 
electric  field  energy  in  the  0.25-0.35  Hz  range  are  correlated  with 
enhancements  in  precipitating  electron  energy  flux.  The  second  is 
indirect,  and  follows  from  the  observation  that  based  on  the  measured 
impedance  spectra  a  much  larger  fraction  of  the  electromagnetic  field 
energy  measured  from  the  sounding  rocket  is  due  to  Alfven  waves  than 
in  any  of  the  6  HILAT  passes.  Since  the  sounding  rocket  velocity  was 
eastward,  it  is  likely  that  it  spent  much  more  time  in  the  vicinity  of 
auroral  arcs  than  HILAT,  which  moves  mostly  perpendicular  to  auroral 
structures.  Consequently,  HILAT  spends  less  time  near  individual  arcs 
and  this  may  explain  the  diminished  evidence  for  Alfven  waves  in 
HILAT  data. 

Again,  the  major  points  from  Chapter  5  are: 

The  frequency-dependent  relations  between  amplitudes  and 
phases  of  the  meridional  electric  and  zonal  perturbation  magnetic  field 
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data  from  the  Greenland  II  Black  Brant  soimding  rocket  are  in  excellent 
agreement  with  a  standing  Alfv4n  wave  model. 

•  The  values  of  the  impedance  function  measured  by  HILAT  are 
much  lower  thzm  those  predicted  by  the  numerical  Alft^6n  waves  model, 
indicating  that  much  of  the  spectral  energy  is  dominated  by  quasi-static 
structures  Doppler- shifted  by  the  spacecraft  velocity. 

-  HILAT  does  detect  some  Alfv4n  wave  energy  at  frequencies  for 
which  the  satellite  is  at  a  peak  in  the  electric  field  standing  wave  pattern, 
indicating  that  the  shape  of  the  Alfv4n  wave  frequency  spectrum  near  the 
ionosphere  is  determined  by  wave  interference,  not  the  magnetospheric 
wave  source. 

•  Alfv4n  waves  appear  to  be  localized  in  latitude  near  auroral  arcs. 

It  is  not  clear  from  this  study  if  the  spatial  coincidence  of  Alfv^n 
waves  and  arcs  is  due  to  a  causal  link  between  the  two,  as  suggested  by 
previous  authors  (see  Chapter  5).  Hopefully,  future  studies  can  help  to 
establish  such  a  link  by  adding  to  the  amount  of  low-frequency  data  taken 
by  spacecraft  traveling  parallel  to  the  auroral  oval.  These  studies  will 
have  to  be  carried  out  either  with  soimding  rockets  or  satellites  in  a 
somewhat  lower  inclination  orbit  than  HILAT  (81®),  closer  to  70®. 
Successful  experiments  in  the  future  will  need  to  include  many  different 
instruments,  as  in  the  upcoming  Auroral  Turbulence  campaign.  High 
time  resolution  groimd-based  auroral  imaging  will  be  especially  helpful 
in  determining  the  amount  of  spatial  structuring  and  dynamic  activity 
characterizing  the  environment  in  which  in-situ  measurements  are 
taken. 
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Numerical  model  of  Alfuin  wave  reflections  in  the  ionosphere.  A 
model  similar  to  the  one  presented  in  Chapter  4  is  a  very  useful  tool  in 
interpreting  the  data.  Future  models  can  be  improved  by  relaxing  the 
assumption  of  spatial  homogeneity  in  horizontal  directions,  although 
this  will  greatly  complicate  the  code.  However,  we  have  been  able  to 
explain  several  features  in  the  data  without  taking  into  account  auroral 
density  structuring.  Although  we  have  used  the  numerical  model 
mainly  as  an  aid  in  interpreting  experimental  data,  in  Chapter  4  we 
showed  that  it  is  also  a  useful  tool  for  iinderstanding  the  general 
reflection  and  absorption  properties  of  the  ionosphere.  A  siimmary  of 
these  properties  is  as  follows: 

-  The  meridional  electric  field  reflection  coefficient  I  FI  for  Alfv6n 

waves  with  periods  greater  than  10  s  is  close  to  (Tp*!  -  + 

PqVj^)  where  the  Alfv4n  velocity  is  taken  above  but  close  to  the 
ionosphere.  This  can  be  interpreted  as  meaning  that  the  ionosphere 
behaves  as  a  thin  conducting  slab  on  these  time  scales. 

-  For  time  scales  shorter  than  10  s,  I  FI  decreases.  In  model 
ionospheres  with  an  F  region,  I  FI  experiences  sharp  nulls  separated  by 
a  few  tenths  of  Hz.  These  nulls  correspond  to  resonances  which  increase 
the  electric  field  amplitude  (and  thus  the  Joiile  heating)  above  the  E 
region.  Thus  as  a  general  rule,  it  appears  that  more  E-region  ionization 
increases  I  FI ,  and  F-region  ionization  tends  to  decrease  I  FI . 

•  Electron  collisions  have  little  effect  on  the  reflection  coefficient,  nor 
do  the  density  and  ionization  scale  heights  in  the  lower  atmosphere. 
Therefore  the  ion  collision  and  plasma  density  profiles  above  100  km  are 
maiidy  responsible  for  the  behavior  of  I  Hf)  I . 
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-  The  horizontal  spatial  scale  of  the  Alfv6n  wave  has  a  negligible 
effect  on  ITI  for  >  10  km,  and  IT!  decreases  somewhat  as 
approaches  1  km. 

Energy  flow  into  and  out  of  the  upper  atmosphere.  Many 
parameters  of  the  solar-terrestrial  system  (e.  g.  solar  sunspot  number 
and  geomagnetic  activity  indices)  are  continuously  monitored  from 
ground-based  and  orbiting  instruments.  The  total  low-frequency 
electromagnetic  energy  flux  into  the  polar  cap  and  auroral  oval  is  not 
currently  monitored  in  this  way,  yet  it  is  potentially  an  important  factor 
in  characterizing  the  energetics  of  the  upper  atmosphere. 

In  Chapter  3  we  compare  two  quantities  which  are  useful  for 
measuring  EM  energy  input  into  the  ionosphere,  Joule  dissipation  and 
Poynting  flux.  They  have  been  used  by  previous  authors  who  have  made 
case  studies  of  individual  events,  but  they  are  not  routinely  monitored. 
The  first  quantity  relies  on  electric  field  measurements  and  assumed  or 
derived  ionospheric  density  and  collision  frequency  profiles.  Satellites 
which  can  measure  both  electric  and  perturbation  magnetic  fields  can 
determine  the  Poynting  vector  and  thereby  circumvent  the  potential 
errors  in  Joule  dissipation  measurements  arising  from  incorrect 
ionospheric  models.  Another  advantage  of  using  Posmting  flux  is  that  it 
is  that  it  is  a  signed  quantity,  thus  upward  Poynting  fiux  can  be  used  to 
indicate  areas  in  which  the  neutral  wind  is  acting  as  an  electrical 
d3mamo  and  supplying  energy  to  the  magnetosphere. 

Effects  of  Alfvin  waves  on  incoherent  scatter  radar  spectra.  Finally, 
in  Chapter  6  we  have  argued  that  Alfv4n  waves  can  occur  in  the  auroral 
oval  with  amplitudes  and  frequencies  sufficient  to  severely  distort 
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incoherent  scatter  radar  spectra.  The  plasma  drifts  from  a  20  mV/m 
wave  with  a  period  much  less  than  the  radar  integration  period  tend  to 
cause  significant  increases  in  apparent  ion  temperature  as  estimated 
from  least-squares  fitting  programs.  When  the  plasma  Debye  length  is 
much  less  than  the  radar  wavelength,  the  programs  erroneously  predict 
decreased  electron  temperatures  as  well. 

7.2  Future  Research:  Quasi-Static  Fields  and  Neutral  Winds 

In  Chapter  3  we  established  that  in  many  ways,  satellite 
measurements  of  the  DC  Poynting  vector  ExH  are  superior  to  Joule 
heating  estimates.  Hopefully,  satellite  Poynting  flux  measurements  will 
be  part  of  future  synoptic  studies  of  the  high-latitude  ionosphere. 

An  especially  interesting  application  of  Poynting  flux 
measurements  is  in  the  area  of  ionosphere-thermosphere  interactions. 
In  Section  3.3  we  calculated  electric  fields  and  currents  generated  by 
neutral  winds  in  the  ionosphere  for  two  different  electrical  loads,  and  we 
showed  that  neutral  wind  dynamos  give  rise  to  an  upward  Poynting 
vector  above  the  ionosphere.  While  detections  of  upward  Poynting  flux  by 
satellite  can  reveal  much  about  the  ionosphere  and  winds  below,  altitude 
profiles  of  E^iz)  and  SB^iz)  (which  must  be  measured  with  soimding 
rockets  instead  of  satellites)  would  be  of  more  use  in  a  detailed  study  of 
wind-driven  dynamos.  A  reason  that  altitude  profiles  are  necessary  is 
that,  contrary  to  our  assumption  in  the  Section  3.3  examples, 
thermospheric  neutral  winds  can  vary  in  altitude  as  a  restilt  of  tides  and 
gravity  waves.  The  height  variation  of  the  winds  causes  associated 
changes  in  perturbation  magnetic  fields,  as  we  shall  show  later  in  this 
section. 
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At  middle  and  low  latitudes,  global  scale  electric  fields  and  currents 
in  the  ionosphere  are  controlled  mainly  by  tidal  modes  in  the 
thermosphere,  especially  during  the  da3rtime,  as  discussed  by  Richmond 
et  al.  [1976]  and  Richmond  and  Roble  [1987].  The  thermosphere- 
ionosphere  interaction  is  important  at  smaller  scales  as  well,  where 
neutral  atmosphere  dynamics  are  driven  by  gravity  waves.  For  example, 
Rottger  [1973]  and  Kelley  et  al.  [1981]  showed  that  gravity  waves  can  cause 
structuring  of  equatorial  spread-F  irregularities. 

During  magnetically  quiet  periods  the  neutral  wind  is  an  important 
source  of  electric  fields  and  currents  at  high  latitudes  as  well,  as  has 
been  measured  with  the  Chatanika  radar  by  Brekke  et  al.  [1974].  Even 
during  magnetically  active  times  the  neutral  wind  can  be  important.  As 
we  discussed  in  Chapter  3,  the  effective  conductivity  of  the  ionosphere  is 
modified  by  neutral  winds,  so  even  if  the  neutral  winds  are  not  driving 
dynamo  fields,  the  load  characteristics  of  the  ionosphere  are  affected  by 
winds.  Another  neutral  wind  effect  was  considered  by  Forbes  and  Harel 
[1989],  who  showed  that  a  magnetospheric  disturbance  can  accelerate  the 
neutral  wind  in  such  a  way  that  the  net  magnetic  perturbation  decreases 
after  some  time  even  though  the  driving  electric  field  remains  constant. 

Vertical  variation  of  wind  velocities  on  scales  of  tens  to  hundreds  of 
km  in  the  thermosphere  can  occur  as  a  result  of  upwardly  propagating 
gravity  waves  and  tides,  and  the  correlation  of  these  winds  with 
ionospheric  electric  fields  has  been  measured  using  chemical  tracers 
released  by  soimding  rockets  [Mikkelsen  et  al.,  1981, 1987]  and  modeled 
numerically  by  Pereira  [1979],  among  others.  Earle  and  Kelley  [1988] 
compared  Chatanika-measured  electric  fields  with  mesospheric  gravity 
waves  and  foimd  similar  spectral  characteristics,  suggesting  that  during 
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quiet  times,  thermospheric  winds  and  electric  fields  are  strongly 
coupled. 

While  gravity  waves  can  create  dynamo  electric  fields  in  the 
thermosphere,  it  is  difficult  to  show  experimentally  that  a  particular 
spacecraft  or  radar  electric  field  measurement  is  due  to  gravity  waves. 
For  example,  one  might  try  to  show  that  the  electric  field  E  and  neutral 
wind  U  vary  together  in  time,  but  the  minimum  wave  period  for  gravity 
waves  is  on  the  order  of  five  minutes.  Of  course,  spacecraft  are  unable  to 
make  measurements  at  a  single  point  in  space  for  this  long.  Groimd- 
based  radars  can  be  used  for  the  electric  field  measurement,  but  the 
problem  of  measuring  the  neutral  wind  above  100  km  for  tens  of  minutes 
remains. 

A  second  way  one  might  study  the  gravity  wave-electric  field 
interaction  is  to  correlate  the  variations  of  U  and  E  as  a  function  of 
altitude.  But,  as  we  showed  in  Chapter  4,  electric  fields  with  time  scales 
of  over  10  s  map  along  geomagnetic  field  lines,  so  U  may  vary  but  E  will 
not.  However,  since  the  horizontal  current  in  the  ionosphere  can  be 
driven  by  both  electric  fields  and  winds,  it  so  happens  that  does  vary 
with  altitude  in  the  presence  of  gravity  waves.  We  suggest  that 
simultaneous  rocket  measurements  of  66^  and  U  might  be  a  useful  way 
to  study  the  interaction  between  gravity  waves  and  the  ionosphere. 

To  obtain  some  idea  of  the  magnetic  field  magnitudes  one  can  expect 
from  gravity  waves,  we  will  now  calculate  some  wind-driven  magnetic 
field  profiles  for  the  simplified  case  in  which  Bq  is  vertical,  d/dy  =  0  (no 
variation  in  the  zonal  direction),  and  U,  E,  and  ^  vary  as  exp(i^x)- 
Furthermore,  we  will  allow  only  a  zoned  wind  Uy  and  a  meridional 
electric  field  . 


In  general,  the  current  J  is  given  by 


J  =  o  (E  +  UxBo  ) 


(7.1) 


where  0  is  given  by  Equation  (3.3).  As  we  discussed  in  Chapter  3,  (7.1) 
can  be  found  by  transforming  J‘  =  o  E'  from  the  neutral  wind  frame  into 
the  Earth-fixed  frame.  The  x  and  y  components  of  Ampere's  law,  VxB  = 
^  J,  can  now  be  written: 


-  -  Op  -Bq) 


(7.2a) 


(7.2b) 


Thus,  given  (-2)  (which  is  constant),  Vy  (2),  and  a  boundary  condition 
for  By ,  we  can  integrate  (7.2a)  to  find  By  (2).  We  can  find  both  and  a 
boundary  value  for  By  above  the  ionosphere  from  current  continuity  and 
the  fact  that  =  Op(Ex  +  L/y  Bq  ): 

Jg  =  ikx\  op  {Ex  +  UyBo)  dz 

Jionosphere  (7.3) 


We  can  eliminate  with  Ampere's  Law,  ^qJz  =  -  ik^By.  Since  Ex  is 
constant  in  altitude,  (7.3)  can  be  written 

-  By  =  ^alpEx  +  op  UyBo  dz 

JionoBphere  (7.4) 


Notice  that  we  have  divided  all  quantities  by  kx .  This  is  of  course 
only  valid  for  kx  *0,  and  the  physical  reason  for  this  is  that  we  must  have 
at  least  some  variation  in  x  to  have  electric  and  magnetic  fields  above  the 
ionosphere.  If  there  is  no  structure  in  the  £  direction,  the  neutral  wind 
would  still  drive  currents  but  there  would  be  no  divergence  of  currents, 
no  charge  buildup,  and  consequently  no  electric  fields. 


To  completely  solve  for  and  By  above  the  ionosphere  we  need  an 
additional  relation  between  them,  but  this  is  dependent  on  the  "load" 
which  is  receiving  energy  from  the  wind  dynamo.  In  Chapter  3  we  used 
the  conjugate  ionosphere  with  a  neutral  wind  as  a  load.  This  assumes 
that  the  two  ionospheres  have  been  electrically  connected  for  a  long  time 
compared  to  the  time  it  takes  an  Alfv^n  wave  to  propagate  between 
hemispheres  so  that  a  steady  state  has  been  reached,  and  the  example  is 
probably  more  useful  as  an  illustrative  tool  than  as  a  geophysical  model. 

A  more  appropriate  load  model  in  the  auroral  oval  and  especially  in 
the  polar  cap  is  simply  an  outward-traveling  Alfv6n  wave  which  does  not 
reflect  and  never  returns  to  the  ionosphere.  In  the  oval,  field  lines  may 
be  closed  but  they  are  very  elongated,  and  an  Alfv^n  wave  would  likely 
ccnvect  away  from  its  region  of  origin  even  if  it  did  reflect  from  the 
conjugate  ionosphere.  In  the  polar  cap  with  southward  IMF  the  field 
lines  are  open,  so  unless  a  neutral  wind-driven  Alfv6n  wave  reflects  from 
some  magnetospheric  turbulence  or  boundary,  the  neutral  wind  sees 
only  an  Alfv^n  wave  load.  This  means  that  we  relate  the  fields  at  the  top 
of  the  ionosphere  with  the  Alfvdn  impedance,  ^QE^/By  =  =  Zj^. 

From  (7.4),  the  neutral  wind-driven  electric  field  in  and  above  the 
ionosphere  is  then 

=  — ]f  cpUyBodz 

\1  +  HoVa^pIj  hoTiosphere  (7.5) 


In  most  cases  Hq  >  1-  For  a  neutral  wind  which  is  constant  in 

altitude  we  can  put  UyBQ  outside  of  the  integral  in  (7.4),  and  the 
resulting  electric  field  will  be  slightly  less  than  UyBQ.  This  can  be 
understood  as  follows.  Currents  in  the  £  direction  are  driven  by  Uy ,  and 
charges  bmld  up  where  this  is  a  divergence  of  current,  creating  electric 
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fields  which  oppose  the  current.  If  there  were  no  load,  the  electric  field 
would  drive  a  current  exactly  opposing  the  wind-driven  current  and  we 
would  find  the  electric  field  Bq  .  Alfv^n  waves  act  as  a  high  (but 

not  infinite)  impedance  load  and  carry  away  some  of  the  charge,  making 
the  electric  field  magnitude  I I  <  i  -  Bq  I .  For  any  high  impedance 
load,  the  electric  field  will  give  a  fairly  accurate  measure  of  Uy  in  the 
ionosphere,  although  it  is  difficult  to  assure  in  any  given  high-latitude 
measurement  that  no  electric  fields  applied  in  the  magnetosphere  are 
present.  This  should  be  less  of  a  problem  in  the  dayside  mid-latitude  zone 
and  a  study  of  such  regions  might  be  very  interesting.  Fields  with  an 
outward  Poynting  flux  and  which  are  related  by  the  Alfv4n  impedance 
might  be  a  useful  indication  of  fields  produced  solely  by  neutral  winds 

We  are  now  ready  to  investigate  the  altitude  dependence  of  the  zonal 
magnetic  field  By  by  integrating  Equation  (7.2a).  We  will  not  plot  the 
electric  field  since  it  is  constant  in  altitude,  but  we  will  note  the  value  of 
Ex  in  each  of  the  figures.  Figure  7.1a  shows  cByiz)  for  I/^Bq  iz)  -  1  with 
the  "EF"  model  density  profile  (Figure  4.2a).  There  is  not  much 
difference  between  this  and  the  field  profile  due  to  magnetospheric 
forcing  shown  in  Figure  4.7c.  The  relation  between  E^  and  By  is  quite 
different  in  the  two  cases,  however,  since  in  the  wind-driven  case  the 
Poynting  vector  is  away  from  the  ionosphere  and  the  field  impedance  is 
Zyi  instead  of  Zp-^  . 

Altitude-dependent  winds  complicate  By(z).  Thermospheric  winds 
with  amplitudes  of  100-200  m/s  and  wind  shears  with  vertical 
wavelengths  of  tens  to  hundreds  of  km  can  be  caused  by  the  vertical 
propagation  of  gravity  waves  and  tides  [Mikkelsen  et  al.,  1987].  Figures 
7.1b-d  show  cByiz)  for  altitude-dependent  winds  of  the  form  Uy{z)  = 
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By  Profiles 


Figure  7.1  a)  Zonal  ma^etic  field  perturbation  due  to  a  100  m/s  neutral 
wind  which  is  constant  in  altitude,  b-d)  Magnetic  perturbations  due  to 
zonal  neutral  winds  of  the  form  Uyiz)  s  100co8(27c(z  - 100  kmVA«).  All  four 
profiles  were  calculated  using  Profile  "EF"  shown  in  Figure  4.2,  and  the 
upper  botindary  condition  demands  that  EJSBy  s  V^. 
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Umax  cos(2n(z  - 100  kmVA^  )  with  Umax  =100  m/s  and  =  50, 100,  and 
200  km. 

At  wavelengths  for  which  the  integral  in  Equation  (7.5)  is  zero, 
and  By  above  the  ionosphere  vanish  but  there  can  still  be  horizontal 
currents  and  perturbation  magnetic  fields  in  the  ionosphere.  This 
suggests  a  way  in  which  sounding  rockets  might  identify  gravity  wave- 
driven  magnetic  fields:  the  zonal  magnetic  field  due  to  gravity  waves  can 
be  stronger  in  the  E  region  than  above,  whereas  static  E-fields  driven  by 
the  magnetosphere  increase  monotonically  with  height.  This  distinction 
is  true  only  in  the  DC  limit,  thus  such  an  experiment  would  have  to  be 
carried  out  during  low  magnetic  activity.  Although  neutral  winds  at 
ionospheric  heights  are  difficult  to  measure,  an  experiment  which 
correlates  the  neutral  wind  altitude  profile  vdth  By(z)  would  be  very 
useful  in  demonstrating  the  existence  of  a  gravity  wave-driven  dynamo. 
From  (7.5)  we  see  that  in  the  northern  hemisphere  one  would  look  for 
magnetic  perturbations  in  the  same  direction  as  Uy  (since  Bq  <  0)  while 
in  the  southern  hemisphere  the  two  quantities  would  have  opposite  signs. 

Unfortunately,  the  magnetic  fields  generated  by  gravity  waves 
shown  in  Figure  7.1  are  quite  small,  i.e.  1-2  nT.  Winds  on  the  order  of  300 
m/s  could  create  magnetic  fields  of  about  5  nT,  but  the  measurement 
wovdd  still  be  difficult  to  make.  One  woidd  probably  have  to  perform  the 
experiment  at  sub-aiiroral  latitudes  to  minimize  magnetospheric  sources 
of  electric  and  magnetic  fields. 

7.3  Future  Research:  Spacecraft  Measurements  of  Alfy4n  Waves 

The  comparison  of  spacecraft  measurements  and  numerical  model 
predictions  presented  in  Chapter  5  has  proven  to  be  a  fhiitful  method  for 
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studjring  Alfv4n  waves.  Continued  studies  along  these  same  lines  may 
help  to  reveal  the  nature  of  the  relationship  we  observed  between  Alfv6n 
waves  and  auroral  arcs.  A  two  dimensional  (i.e.  vertical  and 
meridional)  model  of  the  Alfv4n  wave-ionosphere  interaction  might  be 
necessary  to  understand  the  latitudinal  dependence  of  Alfv^n  wave 
occurrences. 

Although  we  have  searched  roughly  25  satellite  passes  for  evidence 
of  Alfvr^n  waves,  we  have  only  a  few  cases  for  which  there  is  strong 
evidence  for  waves.  Satellites  with  more  sensitive  instruments  and  lower 
inclination  orbits  than  HILAT  can  possibly  help  to  increase  the  number 
of  observations  of  Alfv4n  wave  associated  with  auroral  arcs.  M.  C.  Kelley 
[personal  communication,  1990]  has  suggested  that  a  statistical  study  of 
field  fluctuations  could  help  to  quantify  the  relative  importance  of  Alfv^n 
waves  in  the  auroral  ionosphere.  This  study  would  be  carried  out  with 
data  from  an  extended  satellite  mission  by  calculating  E_i  and  SBj^ 
fluctuation  amplitudes  within  a  few  wide  frequency  intervals  between  0 
and  1  Hz.  Fluctuation  amplitudes  exceeding  some  minimum  value  (to 
ensure  the  presence  of  geophysical  signals)  would  contribute  to  an  overall 
average,  and  the  resulting  electric  and  magnetic  field  averages  at  each 
frequency  would  be  divided  to  form  impedance  estimates.  The  amount  of 
any  increase  in  field  impedances  with  increasing  frequency  could  be 
used  to  make  a  numerical  estimate,  as  described  in  Section  5.6,  of  the 
relative  importance  of  Alfv4n  waves  and  quasi-static  fields  in  auroral 
electrodynamics. 
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lA  Future  Research:  Incoherent  Scatter  Radar  Measurements  of  the 
Aurora 

Spatially  sheared  and  time-varying  plasxUa  drifts  can  hinder 
attempts  to  measure  ionospheric  plasma  temperatures  with  incoherent 
scatter  radars,  as  discussed  in  Chapter  6.  But  the  same  fluctuations 
responsible  for  the  errors  are  worthy  of  study  in  themselves.  A  joint 
radar-optical  experiment  is  presently  being  planned  for  the  EISCAT 
radar  which  will  seek  to  identify  ISR  spectra  distorted  by  spatial  and 
temporal  electric  field  variations. 

The  EISCAT  radar  is  a  tri-static  system  with  a  transmitter  in 
TrSmso,  Norway  and  receivers  in  Norway,  Sweden,  and  Finland.  The 
antenna  beam  widths  for  the  UHF  system  are  all  0.6®,  thus  the  width  of 
the  Trbmso  beam  at,  say  100,  200  and  300  km  above  IQruna,  Sweden  is  2.3, 
3.0,  and  3.3  km  respectively.  (The  distance  between  Tromso  and  Kiruna 
is  roughly  200  km.)  The  beam  width  of  the  Kiruna  receiving  antenna  in 
the  same  regions  is  1.1,  1.2,  and  3.1  km.  Thus  velocity  shears  in  the 
common  volume  of  the  two  antenna  beams  are  less  likely  to  affect  the 
received  spectrum  at  Kiruna  than  at  Trbmso,  especially  at  lower 
altitudes.  An  enhanced  ion  temperature  or  non-Maxwellian  velocity 
distribution,  on  the  other  hand,  would  affect  spectra  at  both  receivers 
equally.  Comparing  the  spectra  from  both  locations  is  a  good  way  to 
determine  the  relative  importance  of  shears,  ion  hot  spots,  and  non- 
Maxwellian  plasmas. 

The  radar  measurements  will  be  taken  with  a  high  time  resolution 
(tens  of  ms  per  frame)  all-sky  TV  camera  situated  below  the  common 
volume  in  Kiruna.  The  optical  data  will  provide  valuable  information 
concerning  the  spatial  and  temporal  structiire  of  electric  fields  in  the 
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radar  scattering  region.  Although  the  camera  cannot  measure  electric 
fields  directly,  it  can  record  the  optical  signature  of  auroral  arcs,  which 
are  known  to  be  associated  with  large  velocity  shears.  Thus  one  would 
expect  the  velocity  shears  in  a  stable,  quiescent  arc  within  the  common 
vol\ime  to  broaden  the  backscattered  spectrum  in  Tromso  and  have  a 
smaller  effect  on  the  Kiruna  measurement,  due  to  the  smaller  receiving 
antenna  beam  width.  When  interpreting  distorted  spectra  measured  at 
both  receiver  sites  and  in  the  absence  of  auroral  arcs,  one  could  probably 
rule  out  spectral  contamination  from  velocity  shears. 

The  all-sky  TV  camera  can  also  be  useful  for  identifying  conditions 
conducive  to  Alfv4n  waves.  In  at  least  one  example,  namely  the  Black 
Brant  rocket  flight  we  analyzed  in  Chapter  5,  the  very  presence  of  axiroral 
precipitation  was  on  indication  of  Aliv^n  waves.  At  this  point  we  do  not 
know  if  all  arcs  have  associated  Alfv^n  waves,  but  optical  evidence  of  fast 
time  variations  such  as  perturbations  propagating  along  arcs  or 
pulsating  auroras  would  most  likely  be  a  telltale  sign  of  Alfv^n  wave 
electric  fields.  As  we  suggested  in  Chapter  6,  ground-based 
magnetometer  data  might  also  be  used  to  verify  the  presence  of  temporal 
fluctuations.  If,  based  on  measurements  from  several  instruments,  one 
is  fairly  confident  that  Alfv4n  waves  and  spatial  velocity  shears  are  not 
present  in  the  radar  scattering  volume,  the  ion  hot  spot  or  non- 
Maxwellian  interpretation  of  distorted  ISR  spectra  can  be  applied  with 
some  confidence. 

An  important  part  of  the  experiment  we  have  outlined  here  is  the 
fact  that  many  instruments  will  be  used  simultaneously.  There  will  be 
simultaneous  data  from  the  radar,  an  optical  camera,  a  ground-based 
magnetometer,  and  possibly  a  satellite,  if  there  happens  to  be  a  coincident 
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pass.  Multiple  diagnostics  are  necessary  because  although  the  visible 
part  of  the  aurora  lies  in  a  relatively  confined  region,  i.e.  in  the  auroral 
oval  between  100  and  1000  km  in  altitude,  the  keV  electron  energy  source 
is  thousands  of  km  above  the  ionosphere,  and  the  source  of  plasma  is 
probably  much  farther  away  still.  The  structure  of  the  visible  aurora  is 
thought  to  be  imposed  in  the  acceleration  region,  thus  optical  images 
provide  information  from  a  part  of  the  auroral  system  which  is  quite 
removed  from  the  E-  and  F-region  radar  measxirements. 

Unfortunately,  the  regions  of  the  auroral  system  which  lie  beyond 
the  acceleration  zone  are  accessible  only  to  satellites,  and  it  is  next  to 
impossible  to  coordinate  measurements  in  those  regions  with 
ionospheric  measurements  of  the  aurora,  in  large  part  because  of  the  fact 
that  one  cannot  know  exactly  how  geomagnetic  field  lines  map  from  the 
ionosphere  to  the  magnetotail.  Numerical  simulations  can  help  to  piece 
together  an  understanding  of  the  different  parts  of  the  auroral  system, 
but  of  course  simulations  require  accurate  information  concerning 
boimdary  conditions,  and  this  information  must  be  supplied  with 
experimental  data. 


APPENDIX  A 
POYNTING'S  THEOREM 


A  formal  derivation  of  Poynting's  theorem  begins  with 
consideration  of  the  total  magnetic  energy  in  some  volume, 


£b  = 


B^dV 


(Al) 


The  time  rate  of  change  of  this  quantity  can  be  written 


3£b 

dr 


dt 


(A2) 


Using  ^/dt  =  -VxE  and  the  vector  identity  V  (ExB)  =  B  VxE  -  E  VxB  we 
have 


J-(((  V  CExB)  ifl'-J-fff  E  (VxB)  dV 
3,  /*,}}}  Wjjj  (A3) 

If  we  consider  the  static  case  =  0  and  furthermore,  that  VxB  =  /ro  J, 

we  can  write 


X|||V,EXB,.V..||| 


E  J  dV 


(A4) 


Finally,  from  Gauss'  Theorem 


IMII 


E  J  dV 


(A5) 


where  P  =  (ExBV/Xo  and  the  vector  di  is  pointed  into  the  volume 
everywhere. 
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A  classic  example  of  this  result  is  that  of  a  long  thin  wire  of 
resistance  R  carrying  a  current  I  across  a  voltage  V.  Since  the  magnetic 
field  in  this  case  is  given  by  S  =  ^II2m  and E  =  VIL  where  a  is  the  wire 
radius  and  L  is  its  length,  the  total  energy  flux  into  the  wire  is  the 
surface  integral  of  P, 

W'  =  f  f  P  dS  =  -U^i^^lTcaL)  =  VI 

J  J  (A0) 

which  yields  the  total  energy  dissipated  per  xinit  time  in  the  volume. 

Obviously,  in  deriving  this  result  we  have  ignored  the  fringing  fields  and 

the  contributions  at  the  ends  of  the  thin  wire. 


APPENDIX  B 

STATIC  MAGNETIC  FIELDS  FROM 
AN  IDEALIZED  AURORAL  ARC 


Figure  B1  shows  an  ideali2ed  auroral  arc  which  is  constructed  of  3 
infinite  sheet  currents  with  current  density  K  (Amps/(unit  length)).  The 
field-aligned  current  sheet  atx  =  •dl2  has  a  downward  current  in  the  -i 
direction,  and  the  parallel  sheet  at  x  =  +d  1 2  consists  of  upward  current. 
Connecting  the  2  sheets  at  2  =  0  is  a  sheet  of  jf-directed  current  with  width 
d  which  models  the  layer  of  Pedersen  current  in  an  auroral  arc.  To  find 
the  magnetic  field  vector  H  due  to  the  current  sheets  we  can  use  the  Biot- 
Savart  law: 


H=-i- 

An 


A 


dA' 


(Bl) 


dji  is  a  vinit  vector  from  the  current  sheets  (at  primed  coordinates)  to  an 
observation  point  (at  unprimed  coordinates),  and  for  the  f-directed  sheet 
at  jc  =  d  /2  it  is  given  by 

_  (x  -  dl2S  -  y'y  +  (z  -  z')z 

~  —  I  I.  ~  • 

V(x-d/2)2  +  y2^(2-z')2  (A2) 

We  have  assumed  that  we  are  observing  in  the  y  =  0  plane.  Using  this 
with  K  =  (Bl)  leads  to 
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Figure  B1  Geometry  used  to  calculate  magnetic  fields  due  to  an  idea 
auroral  arc  which  produces  no  Hall  current  and  which  has  an  infinitely 
thin  Pedersen  current  layer  at  z  =  0. 
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H,  - 2£±tel^«I_  dy'dz'  . 

We  use  the  subscript  "1"  to  denote  the  magnetic  field  due  only  to  the 
current  sheet  at  x  =  ■>rdi2.  Thex*  component  in  (B3)  vanishes  because  the 
integrand  is  an  odd  function  of  y’ .  Integration  of  the  remaining  term 
over  y'  ran  be  carried  out  with  the  aid  of  the  following  integral: 


The  result  is 


h,=.k:  _ — 

2^  /  (x  -  d/2)^  +  (z  -  z'f' 
Jo 

Another  integral  identity  helps  at  this  stage: 


J  w2  +  a2  a 


Note  that  in  applying  (B6)  to  (B5)  a  sign  change  is  introduced  because 
dw  =  -dz’.  The  result  of  this  integration  gives  the  cor.  'bution  to  the 
magnetic  field  H/  from  the  field-aligned  current  sheet  at  x  =  +dl2: 

®7) 

The  &ga(w)  function  is  +1  for  w>0  and  -1  for  w  <0.  The  contribution  H2 
from  the  current  sheet  at  x  =  'd  1 2  can  be  found  by  changing  the  sign  of  d 
and  K  in  (B7): 
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Next  we  will  calculate  the  magnetic  field  H3  due  to  the  x-directed  current 
sheet  at  2  =  0.  The  unit  vector  from  the  ctmrent  sheet  to  an  observer  is 

..  _  (X  -  x)x  -  y'y  +  zz 

V(x  -  x)^  +  y'^  +  22  (B9) 

This  combined  with  the  fact  that  K=:K£  yields 


H3  =  ^ 


2y  +  y  2 


dy'dx 


(BIO) 


j  ((x  -  x')^  +  y'^  +  2  2f ^ 

With  the  aid  of  (B4)  and  (B6)  the  result  of  the  integration  is 

Finally  we  are  ready  to  siim  the  3  contributions  H;  ,  ,  and  H3  to  find 

the  total  magnetic  field  H  with  the  aid  of  the  identity 


tan'^Cm)  +  tan'kl/u;)  =  ^gnfu;) 


(B12) 


The  result  is 


H  =  ^  (senix  +  d/2)  -  sgn(x  -  d/2)  +  8gn(*-^^^)  -  sgn(^  •  (Bl3) 

Thus  for  all  points  "inside"  the  ideal  arc,  i.e.  z>0  and-d/2<x<d/2, 
H  =  -Ky.  Outside  and  below  the  arc,  H  is  identically  zero.  The  Pedersen 
current  sheet  exactly  cancels  the  magnetic  fields  from  field-aligned 
currents  in  an  ideal  arc,  and  therefore  a  ground-based  magnetometer 
would  not  measure  a  zonal  magnetic  field  under  such  an  arc.  However, 
we  have  neglected  the  Hall  current  associated  with  axiroral  arcs,  and  this 
current  will  produce  a  magnetic  perturbation  on  the  ground  in  the 
meridional  (cross-arc)  direction. 


REFERENCES 


Akasofu,  S.-I.,  Auroral  arcs  and  auroral  potential  structure,  in  Physics  of 
Auroral  Arc  Formation,  edited  by  S.-I.  Akasofu  and  J.  R.  Kan,  pp.  1-14, 
American  Geophysical  Union,  Washington,  D.  C.,  1981. 

Alfven,  H.,  Cosmical  Electrodynamics,  Oxford  University  Press,  New 
York,  1950. 

Allen,  J.,  Sauer,  H.,  Frank,  L.,  and  ReifF,  P.,  Effects  of  the  March  1989 
solar  activity,  EOS  TYans.,  AGU,  70, 1479, 1989. 

Banks,  P.  M.,  and  G.  Kockarts,  Aeronomy,  Part  A,  Academic  Press,  New 
York,  1973. 

Banks,  P.  M.,  and  G.  Kockarts,  Aeronomy,  Part  B,  Academic  Press,  New 
York,  1973. 

Berthelier,  A.,  J.-C.  Cerisier,  J.-J.  Berthelier,  J.-M.  Bosqued,  and  R.  A. 
KovrazkMn,  The  electrodynamic  signature  of  short  scale  field  aligned 
currents,  and  associated  turbulence  in  the  cusp  and  dayside  auroral 
zone,  Electromagnetic  Coupling  in  the  Polar  Clefts  and  Caps,  P.  E. 
Sandhoii  and  A.  Egeland  (edsj,  299,  Kluwer  Academic  Publishers,  1989. 

Birkeland,  K.,  Norwegian  Aurora  Polaris  Expedition,  1902-3  Part  1,  H. 
Aschehoug  and  Company,  Christiania,  1908. 

Boehm,  M.  H.,  C.  W.  Carlson,  J.  P.  McFadden,  J.  H.  Clemmons,  amd  F.  S. 
Mozer,  High  resolution  sounding  rocket  observations  of  large  amplitude 
Alfven  waves,  J.  Geophys.  Res.,  in  press,  1990. 

Bostrom,  R.,  G.  Gustafsson,  G.  Holback,  G.  HolmCTen,  H.  Koskinen,  and 
P.  Kintner,  Characteristics  of  solitary  waves  and  weak  double  layers  in 
the  magnetospheric  plasma,  Phys.  Rev.  Lett.,  61,  82, 1988. 

Brekke,  A.,  J.  R.  Doupnik,  and  P.  M.  Banks,  Incoherent  scatter 
measurements  of  E  region  conductivities  and  currents  in  the  auroral 
zone,  J.  Geophys.  Res.,  79,  3773, 1974. 

Budden,  K.  G.,  The  Propagation  of  Radio  Waves,  669  pp.,  Cambridge 
University  Press,  1985. 

Chmyrev,  V,  M.,  V.  N.  Oraevsky,  S.  V.  Bilichenko,  N.  V.  Isaev,  G.  A. 
Stanev,  D.  K.  Teodosiev,  and  S.  I.  Shkolnikova,  The  fine  structure  of 
intensive  small-scale  electric  and  magnetic  fields  in  the  liigh-latitude 
ionosphere  as  observed  by  Intercosmos-Bulgaria  1300  satellite,  Planet. 
Space  ScL,  33, 1383, 1985. 


189 


190 


Cummings,  W.  D.,  and  A.  J,  Dessler,  Field-aligned  currents  in  the 
magnetosphere,  J.  Geophys.  Res.,  72, 1007, 1967. 

Dougherty,  J.  P.,  and  D.  T.  Farley,  A  theory  of  incoherent  scattering  of 
ra(ho  waves  by  a  plasma,  Proc.  Roy.  Soc.,  A259,  79, 1960, 

Dougherty,  J.  P.,  and  D.  T.  Farley,  A  theory  of  incoherent  scattering  of 
radio  waves  by  a  plasma,  3,  Scattering  in  a  partly  ionized  gas,  J. 
Geophys.  Res.,  63,  5473, 1963. 

Dubinin,  E.  M.,  P.  L.  Israelevich,  N.  S.  Nikolaeva,  I.  Kutiev,  and  I.  M. 
Podgomy,  Localized  auroral  disturbance  in  the  morning  sector  of  topside 
ionosphere  as  a  standing  electromagnetic  wave.  Planet.  Space  ScL,  33, 
597, 1985. 

Earle,  G.  D.,  Electrostatic  plasma  waves  and  turbulence  near  auroral 
arcs,  Ph.  D  Thesis,  Cornell  University,  Ithaca,  New  York,  1988. 

Earle,  G.,  and  M.  C.  Kelley,  Spectral  studies  of  the  sources  of  ionospheric 
electric  fields,  J.  Geophys.  Res.,  92,  213, 1987. 

Eather,  R.  H.,  Majestic  Lights,  The  Aurora  in  Science,  History,  and  the 
Ans,  American  Geophysical  Union,  Washington,  D.  C.,  1980. 

Erlandson,  R.  E.,  L.  J.  Zanetti,  T.  A.  Potemra,  L.  P.  Block,  and  G. 
Holmgren,  Viking  magnetic  and  electric  field  observations  of  Pc  1  waves 
at  high  latitudes,  J.  Geophys.  Res.,  95,  5941, 1990. 

Farley,  D.  T.,  Jr.,  A  theory  of  electrostatic  fields  in  the  ionosphere  at 
nonpolar  geomagnetic  latitudes,  J.  Geophys.  Res.,  65,  869, 1960. 

Farley,  D.  T.,  A  theory  of  incoherent  scattering  of  radio  waves  by  a  plasma, 
4,  The  effect  of  unequal  ion  and  electron  temperatures,  J.  Geophys.  Res., 
71,  4091,1966. 

Farley,  D.  T.,  J.  P.  Dougherty,  and  D.  W.  Barron,  A  theory  of  incoherent 
scattering  of  radio  waves  by  a  plasma,  2,  Scattering  in  a  magnetic  field, 
Proc.  Roy.  Soc.,  A263,  238, 1961. 

Farley,  D.  T.,  Jr.,  H.  M.  lerkic,  and  B.  G.  Fejer,  Radar  interferometry:  a 
new  technique  for  studying  plasma  turbulence  in  the  ionosphere,  J. 
Geophys.  Res.,  86, 1467, 1981. 

Fejer,  B.  G.,  Larsen,  M.  F.,  and  D.  T.  Farley,  Equatorial  disturbance 
dynamo  electric  fields,  Geophys.  Res.  Lett.,  10,  537, 1983. 

Fe3mman,  R.  P.,  Leighton,  R.  B.,  and  M.  Sands,  The  Feynman  Lectures  on 
Physics,  Vol.  II,  Addison-Wesley,  Reading,  Mass.,  1964. 

Foster,  J.  C.,  J.  P.  St.  Maurice,  and  V.  J.  Abreu,  Joule  heating  at  high 
latitudes,  J.  Geophys.  Res.,  88, 4885, 1983. 

Forbes,  J.  M.,  and  M.  Harel,  Magnetosphere-thermosphere  coupling:  An 
experiment  in  interactive  modeling,  J.  Geophys.  Res.,  94,  2631, 1989. 


191 


Francis,  W.  E.  and  R.  Karplus,  Hydromagnetic  waves  in  the  ionosphere,  J. 
Geophys.  Res.,  65,  3593, 1960. 

Goertz,  C.  K,  and  R.  W.  Boswell,  Magnetosphere-ionosphere  coupling,  J. 
Geophys.  Res.,  84,  7239, 1979. 

Greiiinger,  P.,  Ionospheric  propagation  of  oblique  hydromagnetic  plane 
waves  at  micropulsation  frequencies,  J.  Geophys.  Res.,  77,  2377, 1972. 

Gumett,  D.  A.,  R.  L.  Huff,  J.  D.  Menietti,  J.  L.  Burch,  J.  D.  Winningham, 
and  S.  D.  Shawhan,  Correlated  low-frequency  electric  and  magnetic 
noise  along  the  auroi^  field  lines.  J.  Geophys.  Res.,  89,  8971, 1984. 

Haerendel,  G.,  An  Alfv6n  wave  model  of  auroral  arcs,  in  High-Latitude 
Space  Plasma  Physics,  edited  by  B.  Hultqvist  and  T.  Hagfors,  543  pp.. 
Plenum  Press,  New  York,  1983. 

Hallinan,  T.  J.,  and  T.  N.  Davis,  Small-scale  auroral  arc  distortions. 
Planet.  Space  ScL,  18, 1735, 1970. 

Hargreaves,  J.  K.,  The  Upper  Atmosphere  and  Solar-Terrestrial 
Relations,  298  pp..  Van  Nostrand  Reinhold  Company,  New  York,  1979. 

Hasegawa,  A.,  Particle  acceleration  by  MHD  surface  wave  and  formation 
of  aurora,  J.  C^ophys.  Res.,  81,  5083, 1976. 

Hasegawa,  A.,  Kinetic  properties  of  Alfv6n  waves,  Proc.  Indian  Acad.  Sci., 
86  A,  151,1977. 

Hughes,  W.  J.,  The  effect  of  the  atmosphere  and  ionosphere  on  long  period 
magnetospheric  micropulsations.  Planet.  Space  Sci.,  22, 1157, 1974. 

Hughes,  W.  J.,  Pulsation  research  during  the  IMS,  Rev.  Geophys.,  20, 641, 
1982. 

Hughes,  W.  J.,  and  Southwood,  D.  J.,  The  screening  of  micropulsation 
signals  by  the  atmosphere  and  ionosphere,  J.  Geofmys.  Res.,  81,  3234, 
1976. 

lijima,  T.  and  T.  A.  Potemra,  Field-aligned  currents  in  the  dayside  cusp 
observed  by  Triad,  J.  Geophys.  Res.,  81, 5971-5979, 1976. 

Inoue,  Y.,  Wave  polarizations  of  geomagnetic  pulsations  observed  in  hi|^ 
latitudes  on  the  Earth's  surface,  J.  Geophys.  Res.,  78,  2959, 1973. 

lyemori,  T.,  and  K  Hayashi,  PC  1  micropulsations  observed  by  MAGSAT 
in  the  ionospheric  F  region,  *7.  Geophys.  Res.,  94,  93, 1989. 

Jaccia,  L.  G.,  Static  diffusion  models  of  the  upper  ionosphere  above  the  E- 
layer.  Res.  Space  Sci.,  Smith.  Inst.  Astrophys.  Obs.,  Spec  Rep.,  332, 1971. 

Jenkins,  G.  M.,  and  D.  G.  Watts,  Spectral  Analysis  and  Its  Applications, 
Holden-Day,  San  Francisco,  1968. 


192 


Kelley,  M.  C.,  The  Earth's  Ionosphere,  Plasma  Physics  and 
Electrodynamics,  Academic  Press,  Inc.,  San  Diego,  1989. 

Kelley,  M.  C.,  M.  F.  Larsen,  C.  LaHoz,  and  J.  P.  McClure,  Gravity  wave 
initiation  of  equatorial  spread  F:  A  case  study,  J.  Geophys.  Res.,  86,  9087, 
1981. 

Kelley,  M.  C.,  D.  J.  Knudsen,  and  J.  F.  Vickrey,  Quasi-DC  Poynting  flux 
measurements  on  a  satellite:  A  diagnostic  tool  for  space  research,  J. 
Geophys.  Res.  in  press,  1990. 

Knudsen,  D.  J.,  M.  C.  Kelley,  G.  D.  Earle,  C.  Carlson,  M.  Boehm,  and  B. 
McFadden,  Scale  size  dependence  of  auroral  Held  impedances  and 
Poynting  flows,  EOS  Trans.  AGU,  69, 432, 1988 

Knudsen,  D.  J.,  Distin^ishing  Alfv6n  waves  from  quasi-static  fleld 
structures  associated  with  discrete  aurora:  Sounding  rocket  and  HILAT 
satellite  measurements,  Geophys.  Res.  Lett.,  in  press,  1990. 

Kofman,  D.,  and  C.  Lathuillere,  Observations  by  incoherent  scatter 
technique  of  the  hot  spots  in  the  auroral  zone  ionosphere,  Geophys.  Res. 
Lett..  11, 1158, 1987. 

Koskinen,  H.,  R.  Bostrom,  and  B.  Holback,  Viking  observations  of  solitary 
waves  and  weak  double  layers  on  auroral  fleld  lines,  in  Ionosphere^ 
Magnetosphere-Solar  Wind  Coupling  Processes,  edited  by  T.  Chang,  G. 
B.  Crew,  and  J.  R.  Jasperse,  p.  147,  Scientiflc,  Cambridge,  Mass.,  1989. 

Kudeki,  E.,  Plasma  turbxilence  in  the  equatorial  electrojet,  Ph.  D  Thesis, 
Cornell  University,  Ithaca,  New  York,  1983. 

Labelle,  J.  W.,  Ionospheric  turbulence:  Case  studies  in  equatorial  spread 
F  and  development  of  a  rocket-bome  interfermeter,  Ph.  D  'Hiesis,  Cornell 
University,  Ithaca,  New  York,  1985. 

Lockwood,  M.,  B.  J.  I.  Bromage,  R.  B.  Home,  J.  P.  St-Maurice,  D.  M. 
Willis,  and  S.  W.  H.  Cowley,  Non-Maxwellian  ion  velocity  distributions 
observed  using  EISCAT,  Geophys.  Res.  Lett.,  24,  111,  1987. 

Levhaug,  U.  P.,  and  T.  Fid,  Ion  temperature  anisotropy  in  the  auroral  F- 
region  as  measured  with  EISCAT,  J.  Atmos.  Terr.  Phys.,  48,  959, 1986. 

Lysak,  R.  L.,  and  C.  W.  Carlson,  The  effect  of  microscopic  ttirbulence  on 
magnetosphere-ionosphere  coupling,  Geophys.  Res.  Lett.,  8,  269, 1981. 

Lysak,  R.  L.,  and  C.  T.  Dum,  Dynamics  of  magnetosphere-ionosphere 
coupling  including  turbvilent  transport,  J.  Geophys.  Res.,  88,  365, 1983. 

Lysak,  R.  L.,  Auroral  electrodynamics  with  current  and  voltage 
generators,  J.  Geophys.  Res.,  90,  4178, 1985. 

Lysak,  R.  L.,  Coupling  of  the  dynamic  ionosphere  to  auroral  flux  tubes,  J. 
Geophys.  Res.,  91,  7047, 1986. 


193 


Lysak,  R.  L.,  Theory  of  auroral  zone  PiB  pulsation  spectra,  J.  Geophys. 
Res.,  93,  5942, 1988. 

Mallinckrodt,  A.  J.,  and  C.  W.  Carlson,  Relations  between  transverse 
electric  fields  and  field-aligned  currents,  J.  Geophys.  Res.,  83, 1426, 1978. 

McPherron,  R.  L.,  Magnetospheric  substorms,  Reviews  of  Geophysics  and 
Space  Physics,  17,  657, 1979. 

Melrose,  D.  B.,  Instabilities  in  Space  and  Laboratory  Plasmas,  280  pp., 
Cambridge  University  Press,  Camridge,  1986. 

Mikkelsen,  I.  S.,  T.  S.  Jorgensen,  M.  C.  Kelley,  M.  F.  Larsen,  E.  Pereira, 
and  J.  Vickrey,  Neutral  winds  and  electric  fields  in  the  dusk  auroral  oval 
1.  Measurements,  J.  Geophys.  Res.,  86, 1513, 1981. 

Mikkelsen,  I.  S.,  M.  F.  Larsen,  M.  C.  Kelley,  J.  Vickrey,  E.  Friis- 
Christensen,  J.  Meriwether,  and  P.  Shih,  Simultaneous  measurements 
of  the  thermospheric  wind  profile  at  three  separate  positions  in  the  dusk 
auroral  oval,  J.  Geophys.  Res.,  92,  4639, 1987. 

Moorcroft,  D.  R.  ,  and  K.  Schlegel,  Evidence  for  non-Maxwellian  ion 
velocity  ^stributions  in  the  F-region,  J.  Atmos.  Terr.  Phys.,  48,  455, 1DS8. 

Mozer,  F.  S.  and  R.  H.  Manka,  Magnetospheric  electric  field  properites 
deduced  from  simultaneous  balloon  flights,  J.  Geophys.  Res.,  76  (7),  1697, 
1971. 

Mozer.  F.  S.  and  R.  Serlin,  Magnetospheric  electric  field  measurements 
with  balloons,  J.  Geophys.  Res.,  74  (19),  4739, 1969. 

Nicholson,  D.  R.,  Introduction  to  Plasma  Theory,  292  pp„  John  Wiley  & 
Sons,  New  York,  1983. 

Papoulis,  A.,  Probability,  Random  Variables,  and  Stochastic  Processes, 
McGraw-Hill,  New  York,  1965. 

Pavd,  C.  R.,  and  S.  A.  Nasar,  Introduction  to  Electromagnetic  Fields,  742 
pp.,  McGraw-Hill  Book  Company,  New  York,  1987. 

Pereira,  A.  E.  C.,  Numerical  modeling  of  high  latitude  winds  in  the  upper 
atmosphere,  Ph.D  Thesis,  Cornell  University,  1979. 

Poole,  A.  W.  V.,  P.  R.  Sutcliffe  and  A.  D.  M.  Walker,  The  relationship 
between  ULF  geomagnetic  pulsations  and  ionospheric  Doppler 
oscillations:  Derivation  of  a  model,  J.  Geophys.  Res.,  93, 14656, 1988. 

Potemra,  T.  A.,  B^hrow,  P.  F.,  Zanetti,  L.  J.,  Mobley,  F.  F.,  and  W.  L. 
Scheer,  The  HIIAT  magnetic  field  experiment,  Johns  Hopkins  APL 
Technical  Digest,  5, 120-UM,  1984. 


Providakes,  J.,  Radar  interferometer  observations  and  theory  of  plasma 
irregularities  in  the  auroral  ionosphere,  Ph.  D  Thesis,  Cornell 
University,  1985. 

Press,  W.  H.,  B.  P.  Flannery,  S.  A.  Texikolsky,  and  W.  T.  Vetterling, 
Numerical  Recipes:  The  Art  of  Scientific  Computing,  818  pp.,  Cambridge 
University  Press,  Cambridge,  1986. 

Prince,  C.  E.,  Jr.  and  F.  X.  Bostick,  Jr.,  Ionospheric  transmission  of 
transversely  propagated  plane  waves  at  micropmsation  frequencies  and 
theoretical  power  spectrums,  J.  Geophys.  Res.,  69,  3213, 1964. 

Ramo,  S.,  J.  R.  Whinnery,  and  T.  Van  Duzer,  Fields  and  Waves  in 
Communication  Electronics,  John  Wiley  &  Sons.  New  York,  1965. 

Rich,  F.  J.,  Heelis,  R.  A.,  Hanson,  W.  B.,  Anderson,  P.  B.,  Holt,  B.  J., 
Harmon,  L.  L.,  Zuccaro,  D.  R.,  Lippincott,  C.  R.,  Girouard,  D.,  and  W.  P. 
Sullivan,  Cold  plasma  measurements  on  HILAT,  Johns  Hopkins  APL 
Technical  Digest,  5, 114-119, 1984. 

Richmond,  A.  D.,  S.  Matsushita,  and  J.  D.  Tarpley,  On  the  production 
mechanism  of  electric  currents  and  fields  in  the  ionosphere,  J.  Geophys. 
Res.,  81,  547, 1976. 

Richmond,  A.  D.,  and  R.  G.  Roble,  Electrodynamic  effects  of 
thermospheric  winds  from  the  NCAR  thermospheric  general  circulation 
model,  J.  Geophys.  Res.,  92.  12365, 1987. 

Robinson,  R.  M.,  and  R.  R.  Vondrak,  Measurements  of  E  region  ionization 
and  conductivity  produced  by  solar  illumination  at  high  latitudes,  J. 
Geophys.  Res.,  89,  3951, 1984. 

Rottger,  J.,  Wave-like  structures  of  large-scale  equatorial  spread-F 
irregularities,  J.  Atmos,  and  Terr.  Phys.,  35, 1195, 1973. 

Sagalyn,  R.  C.,  and  H.  K.  Burke,  Atmospheric  electricity,  in  Handbook  of 
Geophysics  and  the  Space  Environment,  edited  by  A.  S.  Jursa,  p.  20-1 , 
National  Technical  Information  Service,  Springfield,  VA,  1985. 

Sahr,  J.  D.,  Observation  and  theory  of  the  radar  aurora,  Ph.  D  Thesis, 
Cornell  University,  Ithaca,  New  York  ,  1990. 

Seyler,  C.  E.,  Nonlinear  3-D  evolution  of  bounded  kinetic  Alfv^n  waves  due 
to  shear  flow  and  collisionless  tearing  instablility,  Geophys.  Res.  Lett., 
15,  756, 1988. 

Schunk,  R.  W.,  and  G.  C.  G.  Walker,  Theoretical  ion  densities  in  the  lower 
thermosphere.  Planet.  Space  ScL,  21,  pp.  1875-1896, 1973. 

Siefring,  C.  L.,  and  M.  C.  Kelley,  Analysis  of  standing  wave  patterns  in 
VLF  transmitter  signals:  Effects  of  sporadic-E  layers  and  in^situ 
measurements  of  low  electron  densities,  J.  Geophys.  Res.,  in  press,  1990. 


196 


Smiddy,  M.,  Burke,  W.  J.,  Kelley,  M.  C.,  Saflekos,  N.  A.,  Gussenhoven,  M. 
S.,  Hardy,  D.  A.  and  F.  J.  Rich,  Effects  of  high-latitude  conductivity  on 
observed  convection  electric  fields  and  Birkeland  currents,  J.  Geophys. 
Res.,  85, 6811-6818,1980. 

Stern,  D.  P.,  Large-scale  electric  fields  in  the  Earth's  magnetosphere. 
Reviews  of  Geophysics  and  Space  Physics,  15, 156, 1977. 

Stix,  T.  H.,  The  Theory  of  Plasma  Waves,  283  pp.,  McGraw-Hill,  New 
York,  1962. 

Sugiura,  M.,  N.  C.  Maynard,  W.  H.  Farthing,  J.  P.  Heppner,  and  B.  G. 
Ledley,  Initial  results  on  the  correlation  netween  the  magnetic  and 
electric  fields  observed  from  the  DE-2  satellite  in  the  field-aligned  current 
regions,  Geophys.  Res.  Lett.,  9,  985, 1982. 

Sugiura,  M.,  A  fundamental  magnetosphere-ionosphere  coupling  mode 
involving  field-aligned  currents  as  deduced  from  DE-2  observations, 
Geophys.  Res.  Lett.,  11,  877, 1984. 

Swartz,  W.  E.,  J.  F.  Providakes,  M.  C.  Kelley,  and  J.  F.  Vickrey,  The  effect 
of  strong  velocity  shears  on  incoherent  scatter  spectra:  a  new 
interpretation  of  unusual  high-latitude  spectra,  Geophys.  Res.  Lett.,  15, 
1341,1988. 

Takahashi,  K.  S.  Kokubin,  T.  Sakurai,  R.  W.  McEntire,  T.  A.  Potennra,  and 
R.  E.  Lopez,  AMPTE/CCE  observations  of  substorm-associated  standing 
Alfir^n  waves  in  the  midnight  sector,  Geophys.  Res.  Lett.,  15, 1287, 1988. 

Temerin,  M.,  K.  Cemy,  W.  Lotko,  and  F.  S.  Mozer,  Observations  of  double 
layers  and  solitary  waves  in  the  auroral  plasma,  Phys.  Rev.  Lett.,  48, 
1175, 1982. 

Vickrey,  J.  F.,  Vondrak,  R.  R.,  and  S.  J.  Matthews,  Energy  deposition  by 
precipitating  particles  and  Joule  dissipatioin  in  the  auroral  ionosphere, 
J.  Geophys.  Res.,  87, 5184-5196, 1982. 

Vickrey,  J.  F.,  R.  C.  LivinMton,  N.  B.  Walker,  T.  A.  Potemra,  R.  A.  Heelis, 
M.  C.  Kelley,  and  F.  J.  Rich,  On  the  current-voltage  relationship  of  the 
magnetospheric  generator  at  intermediate  spatial  scales,  Geophys.  Res. 
Lett.,  13, 495, 1986. 

Weimer,  D.  R.,  C.  K.  Goertz,  D.  A.  Gumett,  N.  C.  Ma^ard,  and  J.  L. 
Burch,  Auroral  zone  electric  fields  from  DE  1  and  2  at  magnetic 
conjuctions,  J.  Geophys.  Res.,  90,  7479, 1985. 

Zmuda,  A.  J.,  J.  H,  Martin,  and  F.  T.  Heuring,  Transverse  magnetic 
disturbances  at  1100  kilometers  in  the  auroral  region,  J.  Geophys.  Res., 
71,  5033,1966. 


.9- 


AFOSR-TR-  9  1  0  ^  2 


THESIS  BY: 

THOMAS  J.  MULLEN 

MASSACHUSETTS  INSTITUTE  OF  TECHNOLOGY 


(*) 

r? 


Subcontract  No.#  S-789-000-044 


w 

C-; 


I 


H  p 

a. 


H* 

rn 


TRANSFER  FUNCTION  ANALYSIS  OF 
AUTONOMIC  ACTIVITY  DURING  MOTION  SICKNESS 

by 

THOMAS  JAMES  MULLEN  ■  "  *■ 

!  r  V  .  jT-  4  4  i 

B.S..  Elecmcal  Engineering,  \  ,  '  '  * 

Worcester  Polytechnic  Institute,  1987  '  ■=  ' 

^  •  T  ^ 


Submined  to  the 

Department  of  Elecmcal  Engineering 
In  Partial  Fulfillment  of  the  Requirements 
for  the  Degree  of 


MASTER  OF  SCIENCE  IN  ELECTRICAL  ENGINEERING 

at  the 


MASSACHUSETTS  INSTITUTE  OF  TECHNOLOGY 
June.  1990 


Accepted  by: 


Anhur  C.  Smith.  Chair 
Depanment  Committee  on  Graduate  Smdents 


TRANSFER  FUNCTION  ANALYSIS  OF 
AUTONOMIC  ACTIVITY  DURING  MOTION  SICKNESS 

by 

THOMAS  JAxMES  MULLEN 


Submined  to  the 

Department  of  Electrical  Engineering 
in  partial  fulfillment  of  the  requirements  for  the  Degree  of 
Master  of  Science  in  Electrical  Engineering 


ABSTRACT 

The  physiological  mechanisms  underlying  motion  sickness  are  poorly  understood.  The 
role  of  the  autonomic  nervous  system  is  controversial.  This  thesis  describes  a  series  of 
experiments  on  human  subjects  in  which  a  new  technique  was  applied  to  assess  autonomic 
activity  during  motion  siclmess.  The  technique  (Saul  et  al..  Am  J  Physiol  256:H153-16L 
1989)  requires  esdmation  of  the  transfer  function  between  instantaneous  lung  volume  (ILV) 
and  instantaneous  hean  rate  (IHR).  Components  of  the  transfer  function  provide 
information  concerning  relative  levels  of  autonomic  activity.  In  order  to  broaden  the 
respiratory  si^al,  so  as  to  allow  accurate  transfer  function  estimation,  subjects  breathe  in 
synchrony  with  a  series  of  randomly  spaced  auditory  tones.  This  process  is  termed 
random  interval  breathing. 

Eighteen  subjects  (ages  18-30  yrs,  1 1  male,  7  female)  participated.  Control  recordings  of 
instantaneous  lung  volume  (ILV,  measured  by  inductance  plethysmography)  and 
electrocardiogram  ^CG)  were  made  during  two  fifteen  minute  random  interval  breathing 
segments.  During  the  first  segment,  subjects  were  seated  motionless  and  during  the  second 
they  were  seated  rotating  about  an  earth  vertical  axis.  Each  subject  was  then  Htted  with  a 
pair  of  prism  goggles  which  reverse  the  left-right  visual  field  and  was  asked  to  perform  a 
pre-sp)ccified  series  of  manual  tasks  until  moderate  levels  of  motion  sickness  were  attained. 
A  relatively  constant  level  of  sickness  was  then  maintained  with  periodic  eye  closure  during 
rotation  with  the  goggles.  Lung  volume  and  ECG  were  recorded  during  this  motion  sick 
condition  as  the  subject  complct^  a  third  random  interval  breathing  sequence. 

Comparisons  of  ELV  to  IHR  transfer  functions  from  the  two  non-sick  conditions  with  each 
other  and  with  known  standards,  indicate  no  change  in  autonomic  control  of  heart  rate  due 
to  rotation.  Similar  comparisons  between  the  two  rotating  conditions  indicate  no  change  in 
transfer  function  due  to  motion  sickness.  These  findings  do  not  support  the  widely  held 
notion  that  nmtion  sickness  can  be  classified  as  a  generalized  autonomic  ("stress ") 
response.  A  new  functional  model  depicting  a  more  ^screte,  organ  specific  role  of  t’  e 
autonomic  nervous  system  in  the  development  of  motion  sickness  is  presented. 
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I  Introduction 


1.1  Motivation 

In  modern  society,  most  individuals  have  experienced  motion  sickness  at  one  time  or 
another.  Whether  on  airplanes,  automobiles,  ships,  amusement  park  rides  or  other  modes 
of  transportation,  many  have  felt  the  discomforts  associated  with  sickness.  In  fact,  it  is 
reasonable  to  believe  that  ever  since  humans  began  using  vehicles  for  passive  transport, 
motion  sickness  has  been  a  concern.  The  first  known  written  accounts  of  motion  sickness 
were  made  by  the  ancient  Greeks  and,  interestingly,  the  word  "nausea"  derives  from  the 
Greek  word  "naus",  meaning  ship  (Reason  and  Brand,  1987).  As  modes  of  transportation 
have  become  more  advanced  and  higher  performance  vehicles  have  evolved,  the  incidence 
of  motion  sickness  has  become  more  widespread.  One  of  the  newest  forms  of  motion 
sickness,  termed  Space  Motion  Sickness  (SMS),  afflicts  some  astronauts  during  space 
flight.  (Crampton,  1990)  In  most  cases,  motion  sickness  is  merely  an  inconvenient  and 
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unpleasant  experience,  but  in  space  and  military  operations,  it  becomes  a  more  costly  and 
possibly  life  threatening  occurrence. 

The  nature  of  motion  sickness,  its  relationship  with  space  motion  sickness,  and  its  i.mpact 
on  military  operations  have  aroused  significant  research  interest,  (reviewed  collectively  by 
Tyler  and  Bard,  1949;  Money,  1970;  Reason  and  Brand,  1975;  Crampton,  1990).  As  pan 
of  their  research,  many  groups  have  induced  sickness  in  laboratory  subjects  and  have 
recorded  their  physiological  responses.  Numerous  cardiovascular  (Graybiel  and  Lackner. 
1980),  respiratory  (Cowings  et  al.,  1986),  gastrointestinal  (Stem  et  al,  1987;  Rague,  1987; 
Eagon,  1988),  biochemical  (Eversmann  et  al.,  1978;  Habermann  et  al.,  1978)  and  other 
physiological  measures  (Isu  et  al.,  1987a,  Isu  et  al.,  1987b;  Gaudreault,  1987;  Drylie, 
1987)  have  been  monitored.  Attempts  have  been  made  to  correlate  signs  to  symptoms,  and 
theories  have  been  proposed  regarding  systemic  roles  in  the  development  of  sickness. 

The  autonomic  nervous  system  (ANS)  is  the  division  of  the  human  nervous  system  which 
is  generally  responsible  for  subconscious  control  of  bodily  functions,  maintenance  of 
homeostasis,  and  mediation  of  an  individual's  physiological  responses  to  stresses.  As 
such,  it  has  naturally  been  suspected  to  contribute  to  motion  sickness.  However,  since  no 
acceptable  physiological  definition  of  motion  sickness  is  available,  it  is  not  clear  how  the 
ANS  should  be  expected  to  respond  during  the  syndrome,  and  some  controversy  exists. 
Some  researchers  speculate  that  motion  sickness  should  be  viewed  as  a  generalized  stress 
response  and  that  the  ANS,  therefore,  should  be  expected  to  respond  in  its  classic  "fight  or 
flight"  manner.  The  "fight  or  flight"  response  typically  involves  inhibition  of  the 
parasympathetic  division  of  the  ANS  but  more  importantly,  widespread  activation  of  the 
sympathetic  division.  Evidence  from  pharmacological  studies  and  the  known  effectiveness 
of  certain  drug  therapies,  however,  provide  clues  which  do  not  generally  support  this 
stress  response  view  of  motion  sickness. 
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Furthermore,  if  one  considers  a  hypothetical  functional  purpose  of  motion  sickness,  a 
generalized  stress  response  seems  inappropriate,  perhaps.  It  has  been  proposed  from  an 
evolutionary  standpoint  that  motion  sickness  could  be  a  manifestation  of  an  animal’s  early 
warning  response  to  ingested  toxins  (Treisman,  1977).  That  is,  the  disorientation  and 
sensory  rearrangement  typically  associated  with  motion  sickness  are  similar  to  those 
associated  with  ingestion  of  a  toxin;  therefore,  the  body  responds  by  expelling  the  contents 
of  the  stomach  and  presumably  the  toxin.  Under  this  hypothesis,  it  is  expected  that  the 
parasympathetic  system  is  inhibited  to  retard  gastric  motility  and  thus  confine  the  toxin  to 
the  stomach  for  expulsion  (Davis,  1986).  However,  under  this  hypothesis,  the 
parasympathetic  inhibition  need  not  be  accompanied  by  a  widespread  sympathetic  activation 
as  would  occur  in  a  generalized  stress  response. 

In  attempts  to  invesngate  the  underlying  physiology  of  motion  sickness,  many  studies  have 
focussed  on  observing  trends  in  physiological  parameters  such  as  mean  hean  rate,  skin 
potential,  sweating,  or  skin  pallor.  Researchers  have  interpreted  these  parameters  as 
autonomic  manifestations  and  have  extrapolated  to  draw  conclusions  concerning  the  ANS. 
Interpretations,  however,  are  confounded  by  a  number  of  issues.  First,  the  autonomic 
nervous  system  consists  of  multiple  control  pathways  which  may  interact  in  a  complex 
way.  In  fact,  at  most  organ  sites,  qualitatively  similar  effects  can  be  induced  by  either 
division  of  the  ANS.  For  example,  increases  in  heart  rate  may  be  caused  either  by  an 
increase  in  sympathetic  or  a  decrease  in  parasympathetic  activity  at  the  sinoatrial  node. 
Second,  while  observation  of  local  effects  may  provide  insight  into  local  ANS  activity,  the 
broader  integrated  function  of  the  ANS  is  not  necessarily  represented.  Finally,  trends  in 
these  physiological  parameters  during  motion  sickness  have  not  been  found  to  be  consistent 
either  within  or  between  studies.  These  inconsistencies  may  be  due  in  pan  to  differences 
between  subjects.  However,  they  may  also  be  due  in  pan  to  a  lack  of  controls  implemented 
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in  many  studies.  Activities  such  as  changes  in  posture  or  exercise,  which  are  known  to 
have  autonomic  effects  independent  of  motion  sickness,  have  often  been  uncontrolled. 

In  order  to  better  assess  autonomic  activity  during  motion  sickness,  it  is  desirable  to  use  a 
well  understood  measure  and  a  well  established  technique.  Dr.  R.J.  Cohen  of  MIT  and 
colleagues  have  developed  such  a  technique  using  noninvasive  measures  of  heart  rate 
variability  (Berger  et  al.,  1989a;  Berger  et  al.,  1989b;  Berger  et  al.,  1986;  Chen  et  al., 
1987;  Appel  et  al.,  1989a).  Through  a  number  of  studies,  they  have  demonstrated  that  the 
transfer  function  from  instantaneous  lung  volume  (ILV)  to  instantaneous  hean  rate  (IHR) 
may  be  used  as  sensitive  probe  of  relative  levels  of  autonomic  control  of  heart  rate. 
Funher,  they  have  developed  an  effective  technique,  termed  Random  Interval  Breathing 
(RIB),  to  broaden  the  spectral  content  of  the  respiratory  signal  (input  stimulus)  and  thus 
allow  accurate  estimation  of  the  desired  transfer  function. 

1.2  Purpose 

The  primary  objective  of  this  study  was  to  apply  the  techniques  developed  by  Cohen's 
group  to  determine  whether  or  not  autonomic  changes,  as  detectable  by  these  techniques, 
occur  during  motion  sickness.  As  a  prelude  to  this  research,  it  was  necessary  to  develop  an 
experimental  protocol  which  would  allow  controlled  application  of  the  technique.  A 
protocol  which  limited  confounding  autonomic  effects  and  permitted  subjects  to  complete 
segments  of  random  breathing  was  required. 
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li  Background 


2.1  Motion  Sickness 

2.1.1  General  Characteristics 

.Morion  sickness,  as  the  name  implies,  is  an  illness  which  can  be  induced  by  cenain  motion 
environments.  It  is  characterized  by  a  collection  of  signs  and  symptoms,  the  most  common 
of  which  are  pallor,  cold  sweating,  fatigue,  nausea,  and  vomiting.  However,  many  other 
signs  and  symptoms  have  been  reported  (Money,  1970),  and  the  combination  and  relative 
severity  of  signs  and  symptoms  varies  between  individuals.  Generally,  the  first  symptoms 
are  mild  ones  such  as  fatigue,  headache,  or  stomach  awareness.  These  progress  toward 
pallor,  cold  sweating,  and  nausea  and  eventually  culminate  in  retching  and  vomiting  if  no 
preventive  measures  are  taken.  The  dynamics  of  the  rime  course  of  symptoms  show  four 
consistent  characteristics  (Bock  and  Oman.  1982;  Gillingham,  1986).  First,  there  is  a 
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latency  to  the  appearance  of  first  symptoms.  Second,  there  is  a  tendency  for  symptoms  to 
avalanche  as  one  nears  the  vomiting  end-point.  Third,  symptom  levels  tend  to  overshoot 
upon  the  removal  of  provocative  motion  stimulation;  and  founh,  once  symptoms  are 
established,  there  is  a  period  of  hypersensitivity  to  stimulation.  These  dynamics  have  led 
some  researchers  to  envision  two  pathways  for  the  development  of  symptoms;  a  fast 
pathway  to  help  explain  the  avalanching  phenomena  and  a  slow  path  to  help  explain  latency 
and  hypersensitivity  (Oman,  1982;  Oman  1990).  As  yet,  however,  the  physiological 
mechanisms  associated  with  this  hypothesis  have  not  been  identified. 

Many  motion  sickness  signs  and  symptoms  are  qualitatively  similar  to  those  of  other 
nausea  and  vomiting  syndromes,  such  as  radiation  sickness  or  morning  sickness 
(Grahamme-Smith,  1986).  The  charactenstic  which  differendates  the  various  syndromes  is 
their  underlying  cause.  Unfonunately,  the  physiology  of  motion  sickness,  nausea,  and 
vomiting  remains  poorly  understood;  therefore,  theories  concerning  causation  of  sickness 
must  rely  heavily  on  knowledge  of  what  types  of  stimuli  are  provocative  and  who  is 
susceptible. 

2.1.2  Incidence  Of  Sickness 

Not  all  types  of  motion  cause  motion  sickness.  People  are  generally  able  to  panicipate  in 
high  motion  activities  such  as  running,  dancing,  or  ball  games  without  developing 
sickness.  However,  many  situations  in  which  individuals  are  subjected  to  passive  motion 
induce  motion  sickness.  The  most  common  examples  have  the  common  names  "sea 
sickness",  "car  sickness"  and  "air  sickness".  In  each  of  these  cases,  an  obvious  motion  is 
present.  There  are,  however,  other  situations  in  which  motion  sickness  occurs,  and  yet  no 
real  body  motion  is  involved.  One  common  example  is  "cinema  sickness",  in  which  a 
stationary  individual  develops  symptoms  while  observing  a  moving  visual  scene.  Other 
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conditions  contnved  for  experimental  studies  have  demonstrated  that  true  subject  motion  is 
not  required  for  the  development  of  modon  sickness  (Reason  and  Brand.  1975). 

Nearly  everyone  is  susceptible  to  motion  sickness.  Most  individuals,  given  a  long  enough 
exposure  to  the  proper  stimulation,  will  develop  symptoms.  It  is  difficult,  however,  to 
assess  the  incidence  of  motion  sickness  across  the  general  population.  The  incidence  is 
highly  dependent  on  the  type  of  motion  environment.  A  number  of  studies  provide  rough 
estimates  among  sub-populations.  The  most  recent  of  these  studies  suggest  that  36  percent 
of  20,(XX)  surveyed  ferry  passengers  (Lawther  and  Griffin,  1988)  and  67  percent  of  shuttle 
astronauts  during  their  first  flights  (Davis  J.R.  et  al.,  1988)  were  afflicted.  In  general, 
susceptibility  to  motion  sickness  tends  to  peak  as  a  function  of  age  between  ages  12  and 
21,  and  women  tend  to  repon  that  they  are  more  susceptible  than  men  (Reason  and  Brand, 
1975).  However,  susceptibility  varies  a  great  deal  from  person  to  person,  dependent  on 
the  type  of  stimulation. 

While  very  few  individuals  are  believed  to  be  completely  immune,  most  are  able  to  develop 
at  least  partial  immunity  through  adaptation.  During  a  long  enough  exposure  to  a  particular 
environment,  symptoms  will  eventually  subside  and  individuals  will  become  resistant  to 
motion  sickness  during  continued  stimulation.  However,  upon  return  to  the  normal  motion 
environment  after  extended  time  in  an  unusual  one,  individuals  may  experience  symptoms 
as  they  re-adapt  to  the  normal  situation.  For  example,  after  extended  periods  aboard  ship, 
many  have  reported  symptoms  upon  return  to  land.  This  syndrome  is  termed  "mal  de 
debarquement".  The  rate  at  which  adaptation  can  be  attained  is  dependent  on  the  individual 
and  on  the  degree  of  stimulation  provided  by  a  panicular  environment.  Typically,  several 
days  aboard  ship  or  spacecraft  are  required  to  fully  adapt  and  regain  health.  There  is 
evidence  that  upon  repeated  exr  'sure  to  the  environment  some  aspects  of  adaptation  may 
be  preserved  (Parker,  1972;  Reason  and  Brand,  1975). 
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There  is  one  group  of  individuals  which  does  seem  to  be  immune  to  motion  sickness.  A 
number  of  studies  have  demonstrated  that  those  lacking  vestibular  function  can  endure 
motion  situations  which  are  normally  highly  provocative.  In  studies  conducted  in  the 
Pensacola  Slow  Rotating  Room  and  at  sea.  Graybiel  and  coworkers  found  that  vestibular 
defectives  not  only  reponed  no  adverse  symptoms,  but  typically  enjoyed  the  experience 
(Graybiel,  1963). 

2.1.3  Causation;  The  Conflict  Theory 

Before  it  was  discovered  that  labyrinthine  defectives  seem  immune  to  sickness,  the  most 
prevalent  theories  attributed  motion  sickness  either  to  reduced  blood  flow  to  the  brain  or  to 
mechanical  stimuladon  of  abdominal  afferents  caused  by  motion  of  the  viscera  (Reason  and 
Brand.  1975).  The  discovery  of  the  imponance  of  the  vestibular  system  led  to  the 
vestibular  overstimulation"  theory  which  assens  that  continual  intense  stimulation  of  the 
vestibular  organs  produces  sickness.  It  purponed  to  explain  why  travel  in  ships,  planes, 
and  automobiles  is  provocative,  while  activities  like  running  and  dancing  are  not.  The 
theory,  however,  has  lost  support  panially  due  to  the  realization  that  sickness  can  occur  in 
the  absence  of  true  subject  motion  (Guedry,  1968;  Oman,  1982). 

The  most  popular  current  theory  is  the  Conflict  Theory.  Claremont  (1931)  is  generally 
cited  as  the  first  to  note  that  morion  sickness  develops  when  two  sensory  modalities  receive 
conflicting  motion  cues.  Through  a  number  of  revisions  and  refinements,  this  idea  has 
become  known  as  the  Conflict  Theory.  The  first  major  revision  to  the  theory  was  proposed 
by  Reason  (1978),  who  noted  that  the  essential  conflict  is  more  likely  between  expected 
sensory  input  and  the  input  actually  received  by  the  brain.  This  formulation  was  bener  able 
to  explain  adaptation  and  made  more  physiological  sense  since  the  brain  would  now 
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compare  signals  from  the  same  sensory  modality.  Reason  proposed  the  concept  of  a 
"Neural  Store"  or  neural  memory  in  which  the  brain  maintains  a  sort  of  dictionary  of  paired 
sensory-motor  memory  traces. 

A  second  significant  revision,  proposed  by  Oman  (1982;  1990),  eliminated  the  need  for  the 
"Neural  Store  "  and  provided  additional  insight  into  a  number  of  different  mechanisms  by 
which  adaptation  could  occur.  Oman  (1982;  1990),  using  an  Observer  Theory  approach, 
developed  a  heuristic  mathematical  model  of  body  motor  control  (refer  to  Figure  2.1,  from 
Oman,  1990).  In  this  development,  the  brain  employs  an  internal  model  of  the  body  and  its 
sensors  to  calculate  expected  sensory  signals.  This  internal  model  thus  replaces  the 
"Neural  Store"'.  Furthermore,  in  this  development,  a  "conflict"  signal  has  functional  value 
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Figure  2.1:  A  portion  of  a  mathematical  model  for  sensory  conflict  and  movement  control  based 
on  Observer  Theory  (from  Oman  1990.  1982).  Note  that  the  sensory  conflict  signal  serves  in 
feedback  control. 
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other  than  to  make  one  sick;  it  serves  as  an  error  signal  generated  from  the  feedback  return 
of  the  control  system. 

In  its  present  form,  the  Conflict  Theory  may  be  stated  as  follows  (Oman,  1990);  Motion 
sickness  results  when  a  conflict  signal  in  the  brain,  normally  used  in  posture  and/or  motor 
control,  becomes  large.  This  occurs  when  actual  and  anticipated  sensory  information  are 
not  in  agreement.  Funher,  since  it  is  known  that  labyrinthine  defective  individuals  are 
immune  to  motion  sickness,  the  vestibular  system  must  be  implicated  in  the  conflict. 

2.1.4  Treatment  and  Prevention 

Despite  significant  research  and  a  better  understanding  of  conditions  leading  to  motion 
sickness,  the  best  prevention  still  remains  avoidance  of  provocative  situations  (Gillingham, 
1986).  The  best  treatments  remain  either  removal  of  or  adaptation  to  the  provocative 
stimulation.  Attempts  to  pre-adapt  to  prevent  sickness  in  novel  situations  have  generally 
failed  due  to  the  condition  specificity  of  adaptation  (Reason  and  Brand,  1975). 

Pharmacological  attempts  at  prevention  and  treatment  have  met  with  only  moderate  success. 
Many  drugs  and  drug  combinations  have  been  tested  as  combatants  to  motion  sickness 
(Wood  and  Graybiel,  1970,  1972;  Kohl,  1985,  1987;  Attias,  1989;  Parrot.  1989).  While 
no  drug  therapy  has  been  found  to  confer  immunity,  some  are  effective  in  increasing 
resistance  to  sickness  (refer  to  Figure  2.2  from  Graybiel  and  Lackner,  1980).  Presently, 
the  most  effective  single  drug  seems  to  be  Scopolamine  (Wood  and  Graybiel,  1972; 
Gillingham,  1986).  However,  it  has  undesirable  side  effects  such  as  dry  mouth, 
drowsiness,  pupillary  dilation,  and  impaired  visual  accommodation.  In  effons  to  alleviate 


these  side  effects  two  approaches  have  been  taken.  First,  scopolamine  is  often 
administered  in  combination  with  dextro-amphetamine.  The  amphetamine  alone  is  also 
somewhat  effective  in  combating  sickness.  In  combination,  it  serves  to  abate  some  of  the 
side  effects  of  scopolamine  and  in  fact,  the  combination  is  more  powerful  than  scopolamine 
alone  (Wood  and  Graybiel,  1972).  The  second  approach  is  to  more  accurately  control  the 
serum  levels  of  scopolamine  and  avoid  the  peaking  associated  with  oral  administration.  A 
transdermal  application  patch  worn  behind  the  ear  has  been  shown  to  maintain  effectiveness 
in  combating  sickness.  However,  while  some  have  reported  fewer  side  effects  (Attias, 
1989)  using  this  application,  others  have  found  that  the  side  effects  remain  a  problem 


(Parrot,  1989).  Drug  therapies  have  not  yet  been  demonstrated  to  be  effective  in  astronauts 
during  space  flight,  as  double  blind,  placebo  controlled  studies  have  not  been  attempted. 

An  alternative  prevention  or  treatment  proposed  by  some  researchers  is  biofeedback  and 
autogenic  training.  Individuals  are  trained  to  recognize  their  symptoms  and  through 
biofeedback  and  relaxation  training  are  taught  to  control  their  autonomic  responses  to  the 
motion  stress.  .Accounts  of  the  effectiveness  of  this  treatment  vary.  (Cowings  et  al.,  1990; 
Toscano  and  Cowings,  1982;  Graybiel,  1980;  Levy,  1981;  Dobie,  1987)  In  Section  2.2.2, 
biofeedback  and  autogenic  training  will  be  discussed  in  greater  detail 

2.2  The  Autonomic  Nervous  System 

2.2.1  Basic  Anatomy  and  Physiology 

The  Autonomic  Nervous  System  (ANS)  is  the  motor  division  of  the  human  nervous  system 
which  innervates  smooth  muscle,  cardiac  muscle  and  glands,  (refer  to  Figure  2.3  modified 
from  Tortora  and  Evans,  1986)  It  is  generally  responsible  for  integrating  information  from 
afferents*  and  exerting  subconscious  control  of  bodily  functions.  Its  activities  include 
regulation  of  digestion,  heart  rate  and  contractility,  circulation,  body  temperature, 
breathing,  and  gland  secretions  (Tortora  and  Evans,  1987;  Hockman,  1987;  Guyton, 
1986).  Until  early  in  this  century,  the  ANS  was  considered  to  be  functionally  and 
anatomically  distinct  from  the  Central  Nervous  System  (CNS)  (Hockman,  1987). 
However,  it  is  now  recognized  that  autonomic  control  is  achieved  through  reflexes  at  the 
level  of  the  spinal  cord  or  through  central  nervous  mechanisms  where  control  is  ultimately 

*  By  historical  definition,  stemming  primarily  from  the  writings  of  Gaskcll  and  Langley 
(Guyton,  1986),  the  ANS  includes  only  motor  fibers;  the  forward  loop  of  the  control 
systems.  Afferent  fibers,  which  are  by  strict  definition  not  part  of  the  autonomic  nervous 
system,  provide  regulatory  feedback  to  close  the  control  loops. 
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mediated  by  the  hypothalamus  (Tonora  and  Evans,  1987;  Hockman.  1987;  Van  Toller, 
1979;  Guyton,  1986), 


The  system  is  composed  of  two  divisions,  the  sympathetic  and  the  parasympathetic,  each 
of  which  encompasses  multiple  regulatory  pathways..  Most  visceral  organ  systems 
controlled  by  the  ANS  are  innervated  by  both  systems;  a  phenomenon  termed  dual 
innervation.  Further,  each  division  exens  tonic  control  on  most  organ  systems.  These 


Organization  of  the  Human  Nervous  System 


Figure  2.3:  Functional  represeniaiion  of  the  human  nervous  system  illustrating  the  role  of  the 
Autonomic  Nervous  System  (ANS).  (modified  from  Tonora  and  Evans.  1986) 
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basal  rates  of  activity,  termed  parasympathetic  and  sympathetic  "tone",  allow  each  division 
to  exen  bi-directional  control  over  the  effector  by  either  decreasing  or  increasing  nervous 
activity.  The  two  divisions  most  often  act  functionally  in  opposition  to  one  another.  That 
is,  excitation  of  one  division  will  generally  .lave  the  opposite  effect  on  most  organ  systems 
than  excitation  of  the  other  division.  This  agonist/antagonist  character  of  the  two  systems 
and  the  existence  of  tonic  activity  allows  for  precise  control  of  effector  organ  systems. 

The  sympathetic  division  is  also  called  the  thorocolumbar  division  since  its  fibers  extend 
from  ganglia  projecting  from  the  thoracic  and  lumbar  segments  of  the  spinal  cord,  (refer  to 
Figure  2.4  from  Guyton,  1986)  At  ganglia  and  some  effector  organs,  sympathetic  fibers 
release  acetylcholine.  However,  at  most  effector  sites,  the  neurotransmitter  is 
norepinephrine.  The  effects  of  sympathetic  activation  on  panicular  organs  are  indicated  in 
Table  2.1.  Sympathetic  effects  are  most  prominently  evident  during  mass  activation  of  the 
system  when  it  responds  almost  as  a  complete  unit.  This  mass  activation  often  occurs  as 
the  body  responds  to  fear,  pain  or  other  emotional  or  physical  stress,  and  therefore  it  has 
been  termed  the  "stress  response"  or  "fight  or  flight"  response.  Widespread  sympathetic 
activation  prepares  the  body  to  deal  with  the  stresses  by,  for  example,  increasing  hean  rate 
and  arterial  pressure  and  diverting  blood  flow  from  visceral  organs  to  those  skeletal 
muscles  which  are  needed  for  response. 

In  the  past,  the  sympathetic  system  was  thought  to  always  respond  via  mass  discharge, 
exerting  similar  influence  on  all  controlled  organs.  This  assumption  has  come  into 
question.  In  human  and  animal  studies,  prominent  rhythms  at  the  respiratory  and  heart 
rates  have  been  found  in  renal,  cardiac  splanchnic,  and  muscle  sympathetic  nerves  (Cohen 
and  Gootman,  1970;  Eckberg  et  al.,  1988;  Ninomiya  et  al.,  1976;  Saul  et  al.,  1990) 
indicating  associations  between  the  different  outflows.  However,  there  is  also  evidence 
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Figure  2.4:  The  Sympaiheiic  Division  of 
the  Auionomic  Nervous  System  (from 
Guyton,  1986) 


Figure  2.5:  The  Parasympathetic  Division 
of  the  Autonomic  Nervous  System  (from 
Guyton,  1986) 


from  direct  sympathetic  nerve  recordings  which  demonstrates  dissociation  of  sympathetic 
activity  in  different  organs  during  mild  stresses  (Mark  et  al.,  1986;  Wallin,  1986;  Karim  et 
al.,  1972;  Simon  and  Riedel,  1975;  Victor  et  al.,  1986).  Furthermore,  there  are  a  number 
of  instances  when  the  sympathetic  system  would  be  expected  to  exert  very  narrow  isolated 
effects.  For  example,  in  control  of  body  temperature,  the  system  controls  sweating  and 
blood  flow  to  the  skin  without  affecting  other  organs.  In  fact,  as  body  temperature  rises, 
the  sympathetic  system  must  increase  its  influence  over  the  sweat  glands  to  induce  sweating 
but  decrease  its  activity  in  skin  vessels  to  increase  peripheral  blood  flow  (Guyton,  1986). 
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Table  2.1  Autonomic  Effects  on  Bodily  Organs 


( compiled  from  similar  tables  in  Hockman  (1987)  and  Guyton  (1986) ) 


ORGAN 

SYMPATHETIC 

STIMULATION 

PARASYMPATHETIC 

STIMULATION 

Heart 

Increased  Rate 

Increased  Contractility 

Decreased  Rate 

Decreased  Contractility 

Coronary  Aneries 

Constriction  (Alpha) 
Dilation  (Beta) 

Dilation 

Systemic  Arterioles 
Muscle 

Constriction  (alpha) 

Dilation  (Cholinergics 
&  Beta) 

No  effect 

Abdominal 

Constriction 

No  effect 

Skin 

Constriction 

No  effect 

Piloerector  Muscles 

Contraction 

No  effect 

Small  Intestine, 

Colon  VRectum 

Decrea.sed  Secretions 
Decreased  Peristalsis 

Increased  Secretion 
Increased  Peristalsis 

Adrenal  Medulla 

Increased  Secretion 

No  effect 

Glands: 

Lacrimal,  Nasal, 
Parotid,  Gastric, 
Submandibular 

Slightly  increased 

Secretion 

Largely  increased 

Secretion 

Sweat  Glands 

Largely  increased 
secretion  (Cholinergics) 

No  effect 

Thus,  it  now  seems  evident  that  while  the  sympathetic  system  often  exens  widespread 
control  activity,  it  is  also  capable  of  more  localized  control.  This  issue  will  be  addressed 
further  in  conjunction  with  transfer  function  estimation  in  Section  2.3.3. 


The  parasympathetic  division  is  also  known  as  the  craniosacral  division  since  its  fibers 
extend  from  ganglia  in  the  brainstem  and  sacral  segments  of  the  spinal  cord  (refer  to  Figure 
2.5  modified  from  Guyton,  1986).  At  ganglia  and  effector  sites,  the  fibers  release  the 
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neurotransmitter  acetylcholine.  The  effects  of  parasympathetic  activation  on  panicular 
organs  are  indicated  in  Table  2.1.  In  general,  parasympathetic  stimulation  tends  to  bring 
the  body  toward  a  more  relaxed  state  by,  for  example,  decreasing  heart  rate  and  increasing 
digestive  activity.  In  contrast  to  the  sympathetic  system,  the  parasympathetic  system 
usually  exerts  very  narrow  organ-specific  control.  The  system  often  affects  cardiovascular 
activity  without  altering  activity  of  other  organ  systems.  (Guyton,  1986)  On  many 
occasions,  however,  there  may  be  close  association  between  parasympathetic  activity  in 
different  effectors.  For  example,  although  on  occasion  salivation  and  gastric  secretion  may 
occur  independently,  these  digestive  secretions  are  often  synchronized. 

2.2.2  The  Role  of  the  ANS  in  Motion  Sickness 

The  role  the  autonomic  nervous  system  plays  in  the  development  of  motion  sickness 
remains  undefined  and  a  subject  of  much  speculation.  Generally,  four  categories  of 
evidence  are  cited  in  suppon  of  autonomic  contributions  to  sickness:  (1)  some  success  has 
been  reported  in  applying  biofeedback  and  autogenic  training  to  alleviate  sickness,  (2) 
many  signs  and  symptoms  of  sickness  may  be  autonomic  manifestations,  (3)  some 
“autonomically  mediated"  physiological  parameters  have  been  reponed  to  change  with 
sickness,  and  (4)  the  most  effective  drug  therapies  may  be  ANS  effectors.  While  the 
evidence  does  seem  to  indicate  that  the  ANS  plays  a  significant  role,  it  does  not  seem  to 
support  a  consistent  model  for  ANS  contributions. 

The  first  category  of  evidence,  success  in  applying  biofeedback  and  autogenic  training  in 
combating  sickness,  seems  to  support  the  notion  that  some  role  is  played  by  the  ANS  in  the 
development  of  sickness  but  does  not  imply  a  specific  model.  Biofccdback  training  is  a 
process  in  which  subjects  are  presented  with  augmented  information  about  a  particular 
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"autonomic"  variable  (ie.  hean  rate)  and  are  taught  to  consciously  affect  the  variable 
(typically  through  relaxation  techniques).  .Autogenic  training  is  also  a  self-regulatory 
technique.  However,  it  generally  does  not  involve  augmented  physiological  feedback,  but 
rather,  is  designed  to  teach  subjects  exercises  by  which  they  can  induce  specific  bodily 
sensations. 

Levy  et  al.  (1981)  and  Jones  et  al.  (1985)  have  applied  biofeedback  and  relaxation  training 
in  Air  Force  fliers  grounded  for  chronic  severe  motion  sickness.  The  fliers  were  taught  a 
number  of  relaxation  and  biofeedback  techniques  and  were  provided  feedback  as  they  were 
trained  to  control  their  symptoms  during  Coriolis  stimulation.  Levy  et  al.  and  Jones  et  al. 
have  reponed  between  79  and  84  percent  of  affected  fliers  have  been  successful  in 
overcoming  sickness  and  returning  to  flight  status. 

Other  researchers  have  reponed  similar  successes  in  experiments  at  NASA  Ames  Research 
Center  (Cowings  et  al.,  1990;  Toscano  and  Cowings,  1982;  Cowings  and  Toscano, 
unpublished).  However,  they  supplemented  the  biofeedback  training  with  autogenic 
therapy.  Toscano  and  Cowings  (1982)  have  reponed  that  trained  individuals  have 
significantly  greater  resistance  to  sickness  than  untrained  individuals  or  individuals  taught 
an  alternative  ("sham")  cognitive  task.  Funher.  they  found  that  resistance  to  sickness 
attained  through  biofeedback  and  autogenic  training  under  one  motion  condition  transfers 
to  other  conditions  (Cowings  and  Toscano,  unpublished).  The  successes  of  these 
researchers,  however,  have  not  been  matched  by  others.  Dobie  et  al.  found  that  it  was 
confidence  building  and  desensitization  training  that  provided  a  significant  increase  in 
resistance  to  sickness  and  that  feedback  training  provided  no  significant  additional  benefit 
(Dobie  et  al.,  1987). 
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The  second  and  third  categories  of  evidence  are  most  often  cited  in  support  of  a  model 
involving  increased  sympathetic  activity  during  motion  sickness.  In  fact,  some  researchers 
have  asserted  that  motion  sickness  can  be  viewed  as  a  generalized  stress  response  in  which 
there  is  a  marked,  widespread  increase  in  sympathetic  activity  (Cowings  et  al.,  1986; 
Johnson  and  Jongkees,  1974).  As  evidence,  they  claim  that  symptoms  such  as  pallor,  cold 
sweating,  and  increased  salivation,  and  trends  in  so  called  "autonomic  manifestations"  such 
as  heart  rate,  blood  pressure,  respiration,  gastrointestinal  motility,  or  skin  resistance,  can 
be  explained  by  the  postulated  sympathetic  activation  (Reason  and  Brand,  1975;  Money, 
1970;  Dobie  et  al.,  1987;  Cowings  et  al..  1986;  Johnson  and  Jongkees,  1974).  However, 
this  evidence  is  suspect  since  symptom  patterns  are  known  to  vary  between  individuals 
and,  as  Money  points  out  in  his  1970  review  (Money,  1970),  repons  of  trends  in  most 
physiological  recordings  during  sickness  differ  significantly  (to  the  point  of  contradiction) 
from  study  to  study. 

As  a  more  recent  example  of  inconsistencies  consider  repons  of  heart  rate  and  blood 
pressure  recordings.  In  1980,  Graybiel  and  Lackner  (1980)  subjected  12  individuals  to  a 
repeated  sudden  stop  paradigm  in  a  rotating  chair  and  monitored  hean  rate,  blood  pressure, 
and  skin  temperature  as  motion  sickness  developed.  They  found  no  significant  conelation 
between  any  of  these  measurements  and  motion  sickness  symptoms.  Cowings  et  al. 
(1986)  on  the  other  hand,  utilized  Coriolis  stimulation  in  a  rotating  chair  to  induce  sickness 
in  127  subjects.  They  monitored  hean  rate,  blood  pressure,  basal  skin  resistance,  and 
respiration  and  reported  significant  trends  in  all  of  these  "autonomic  respionscs."  Similar 
controversies  exist  concerning  other  physiological  measures  (Stem  et  al.,  1987;  Eagon, 
1988;  Rague,  1987;  Drylic,  1987;  Gaudreault,  1987;  Gordon,  1988,  1989).  Thus, 
symtomatology  and  physiological  data  do  not  provide  firm  evidence  upon  which  to  base  a 
model. 
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The  founh  category  of  evidence,  drug  therapies,  may  be  taken  to  indicate  an  opposite  role 
for  the  ANS  than  that  indicated  by  categories  two  and  three.  The  most  effective  drug 
therapies  (in  terms  of  allaying  peripheral  motion  sickness  signs  and  symptoms)  are  either 
sympathomimetics,  parasympatholytics  (anticholinergics)  or  combinations  of  the  two 
(Wood  and  Graybiel,  1970,  1972;  Kohl,  1985).  In  addition,  many  sympatholytics  have 
been  shown  to  actually  increase  susceptibility  to  motion  sickness.  These  findings  could  be 
taken  to  imply  that  increases  in  parasympathetic  and  decreases  in  sympathetic  activities 
accompany  sickness  and  the  drugs  are  effective  in  combating  these  shifts.  However,  this 
model  is  confounded  by  evidence  indicating  that  some  sympatholytics  are  mildly  effective 
in  allaying  sickness.  Funhermore,  it  is  not  clear  that  the  drugs  are  affecting  peripheral 
nervous  system  autonomic  centers.  Although  they  are  best  known  for  their  autonomic 
effects,  it  is  quite  possible  that  their  success  against  motion  sickness  is  due  to  other, 
possibly  central  nervous,  mechanisms  (Janowsky,  1985;  Janowsky  et  al.,  1984;  Risch  and 
Janowsky,  1985;  Kohl  and  Homick,  1983).  That  is,  while  motion  sickness  signs  may  be 
mediated  by  autonomic  outflow,  the  drugs  may  interfere  with  the  development  of  sickness, 
not  by  affecting  these  peripheral  autonomic  pathways,  but  rather,  by  affecting  the  central 
mechanisms  which  a'c  promoting  the  autonomic  activation. 

Cowings  et  al.  have  proposed  an  interesting  model  to  explain  the  postulated  trends  of 
sympathetic  activation  in  their  subjects  while  at  the  same  time  accounting  for  the  therapeutic 
effectiveness  of  sympathomimetics  and  parasympatholytics  (Cowings,  1986).  As  indicated 
earlier  in  this  section,  the  model  is  based  on  highly  speculative  assumptions,  nevenheless  it 
has  interesting  parallels  to  other  syndromes.  They  have  postulated  that  motion  sickness  is 
accompanied  by  a  widespread  sympathetic  activation.  This  activation  leads  to  the 
sympathetic  manifestations.  However,  based  on  trends  in  recovering  subjects  and  in  order 
to  explain  drug  effectiveness,  they  postulate  that  this  prolonged  sympathetic  activation  may 
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lead  to  a  "parasympathetic  rebound”  associated  with  nausea  and  vomiting  stages  of 
sickness.  As  Cowings  et  al.  point  out,  this  model  is  quite  similar  to  models  of  migraine 
headache  (Sakai  and  Meyer,  1978)  and  vaso-vagal  syncope  (Graham  et  al.,  1961)  in  which 
parasympathetic  rebounds  seem  to  follow  intense  sympathetic  activations. 

Ishii  et  al.  (1987)  and  Igarashi  et  al.  (1987)  have  studied  hean  rate  variability  in  motion  sick 
squirrel  monkeys  and  based  on  their  findings,  they  have  supported  a  model  in  which  an 
increase  in  parasympathetic  activity  leads  to  the  vomiting  of  motion  sickness.  As  will  be 
discussed  in  Section  2.3.2,  the  variability  in  instantaneous  hean  rate  is  due  in  large  pan  to 
the  control  actions  of  the  autonomic  nervous  system.  Ishii  et  al.  (1987)  monitored  changes 
in  the  coefficient  of  variation  (CV)  of  intervals  between  hean  beats  (RR  intervals)  defined 
as 


Figure  2.6  Time  course  of  coefficient  of  vanance  of  R-R  interval  of  two  squirrel  monkeys  during 
motion  sickness  (from  Ishii  et  al..  1987) 
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An  increase  in  the  CV  indicates  an  increase  in  heart  rate  variability  which  Ishii  et 
al. interpreted  as  indicative  of  increased  parasympathetic  activity  in  monkeys.  They 
reported  consistent  trends  in  the  coefficient  (Figure  2.6)  throughout  the  course  of  the 
experiment.  As  vomiting  became  imminent,  marked  increases  in  the  coefficient  were  noted 
and  immediately  following  vomiting  the  coefficient  decreased.  Therefore,  the  data  of  Ishii 
et  al,  appear  to  support  a  model  of  motion  sickness  in  which  "reactions  involved  with 
vomiting "  are  parasympathetically  mediated.  However,  Ishii  et  al.  failed  to  control  or 
monitor  respiratory  rates  during  their  experiments.  The  CV  is  expected  to  be  very  sensitive 
to  changes  in  respiration.  If  the  monkeys  were  increasing  their  respiratory  rates  (ie. 
panting)  as  they  became  sick,  the  coefficient  of  variation  might  show  increases  which  could 
be  misinterpreted  as  parasympathetic  increases.  This  issue  will  be  discussed  further  in 
Chapter  4. 

In  proposing  models  for  ANS  activity,  researchers  have  met  a  number  of  obstacles  and  it  is 
evident  that  despite  significant  research,  the  role  of  the  autonomic  nervous  system  in 
motion  sickness  remains  a  speculative  issue. 

2.3  Transfer  Function  Estimation:  A  Probe  to  Autonomic  Function 

Cohen  and  colleagues  have  developed  techniques  to  noninvasively  assess  autonomic 
activity  (reviewed  in  Appel  et  al.,  1989a).  By  applying  linear  system  theory  to  analyze 
variability  in  cardiovascular  parameters,  they  have  shown  that  the  characteristics  of  this 
variability  provide  information  about  relative  levels  of  sympathetic  and  parasympathetic 
activity.  Funher,  they  have  demonstrated  that  by  perturbing  pans  of  the  cardiovascular 
control  system  in  a  known  fashion,  one  can  extend  the  amount  of  information  attained  in  a 
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single  experiment  trial.  The  techniques  are  based  on  the  theory  of  non-parametric  transfer 
function  estimation. 


2.3.1  Transfer  Function  Estimation 

Transfer  function  estimation  is  a  linear  system  identification  technique  based  on  a  Wiener 
filtering  approach.  Given  a  record  of  the  input  and  output  of  a  linear  system,  the  Wiener 
filter  is  one  which  operates  on  the  input  and  produces  a  minimum  mean  square  error 
(.MMSE)  approximation  to  the  output  (Papoulis,  1984),  under  certain  conditions  on  the 
random  processes  involved. 

In  discrete  time  (or  for  samples  from  a  band-limited  continuous  time  system),  the 
convolution  relation  for  a  linear  system  is 

y(nl  =  h[n|  S  x(rt|  s  ^  h[/j]x[n-ml  (2.1) 

where  x[«]  and  yfnj  are  the  input  and  output  respectively,  h[nl  is  the  unit  sample  response 
of  the  system  and  ®  is  the  convolution  operator  defined  by  equation  2.1.  In  the  time 
domain,  the  system  identification  problem  is  that  of  estimating  h[n]  given  x[n)  and  y[«].  If 
the  estimate  of  h[n)  is  h  [  n  ],  the  output,  y  ( n ),  from  the  estimated  system  is 

y[/il  =  h(/i)  ®  x(nl  2  ^  h[n]x(n-ml  (2.2) 

m»*» 

The  Wiener  filter  is  that  h  ( n  |  which  minimizes  the  mean  square  error  in  the  output  given  by 

MSE  =  E!(y(«)  -^[n])*}  (2.3) 

where  E{ )  is  the  expectation  operator  (Papoulis,  1984;  Bendat  and  Piersol,  1980,  1986). 
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The  Orthogonality  Principle  and  Projection  Theorem  (Papoulis,  1984)  guarantee  that  MSE 
will  be  minimum  if  the  error  is  orthogonal  to  the  data.  That  is,  for  real  signals, 

E|(y(rt)  -  y(/ij)  x(/i-m]j  =  0;  all  m  (2.4) 

or  by  expanding  the  sum 

E|(y[/jl  x[n-m\  -  y(/i !  =  0;  all  m  (2.5) 

and  substituting  for  y  [  n  1 

EUy[/i)  x\n-m\  }  -  ^  h(f  E{x[n-m  lx[n-p ) )  =  0;  all  m  (2.6) 
p=- 

If  x(«l  and  y[nl  are  stationary,  (2.6)  can  be  written 


Rtyi"*]  =  X  h(p)  R«)i{/w -p]  ;  all  m 

p=-~ 

(2.7) 

where 

R,%{/n ]  =  E!( y («  1  x[n-m\  } 

{2.7a) 

and 

R<si]ml  =  E|(x[n]  x[n-m)  }. 

(2.7b) 

is  the  autocorrelation  function  of  the  input  and  R is  the  cross-correlation 
between  the  input  and  output,  at  lag  m. 

Equation  (2.7)  defines  the  time  domain  constraints  on  the  optimum  unit  sample  response 
estimate.  By  transforming  (2.7)  to  the  frequency  domain,  however,  a  more  useful 
formulation  is  attained.  The  power  spectrum,  S.*;/] ,  of  the  input  and  the  cross-spectrum. 

,  between  the  input  and  output,  from  the  Weiner-Khinchin  Theorem  (Papoulis. 
1984) are 


S,J/]  =  T,DTFT{R,i(m]) 

(2.8a) 

S,y[/]  =  T,DTFT{R,^/n]| 

■  Sb) 

where  DTFT{ )  is  the  Discrete  Time  Fourier  Transform  operator  and  Ts  is  the  sampling 
period  of  the  discrete  time  signals. 
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Convolution  in  the  time  domain  is  equivalent  to  multiplication  in  the  frequency  domain,  so 
(2.7)  becomes 

S.^]=W]S.lf]  (2.9) 

and  rearranging  gives 

m  =  M4  (2.10) 

where  H/]  is  the  transfer  function  of  the  optimum  system  estimate. 

The  transfer  function  defined  in  (2.10)  provides  information  about  both  magnitude  and 
phase  of  the  unknown  system.  Funhermore.  a  function  termed  coherence  permits  an 
assessment  of  the  quality  of  the  provided  information.  The  coherence  function,  y*.  is 
derived  as  follows.  The  power  spectrum  of  the  output  from  a  system  with  transfer  function 
H(/]  given  input  .x[/i]  is 


SyV/]  =  !H/fs,4/]  = 


s«^]| 


S.^] 


(2.11) 


The  fraction  of  the  power  in  S ,  ,j/]^  the  power  spectrum  of  the  true  system  output,  that  is 
accounted  for  by  Syf[/']  as  a  function  of  frequency  is  the  coherence. 

When  the  coherence  is  near  unity,  nearly  all  power  in  y[n]  is  reproduced  in  p  [«];  as  the 
coherence  nears  zero,  very  little  power  is  retained  in  the  output  from  the  estimated  system. 
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Equations  (2.10)  and  (2.12)  define  the  optimal  transfer  function  estimate  and  its  coherence 
function  (Papoulis,  1984;  Bendat  and  Piersol,  1980.  1986;  Kay,  1988).  In  practice, 
infinite  duration  input-output  records  for  a  system  are  unavailable  and  estimates  of  Hj/j  and 
Y*  must  be  made  from  finite  duration  records.  Funher,  if  the  input  signal  does  not  contain 
significant  power  in  a  panicular  frequency  band,  the  signal  to  noise  ratio  is  low  and  the 
coherence  of  the  estimated  transfer  function  will  typically  fall  (Papoulis,  1984;  Bendat  and 
Piersol,  1986).  Therefore,  for  accurate  transfer  function  estimation,  the  spectrum  of  the 
input  signal,  S,4/]^  must  be  significandy  non-zero  over  the  frequency  band  of  interest. 

2.3.2  Cardiovascular  Control 

The  cardiovascular  system  consists  of  two  general  component  pans,  the  hean  and  the  blood 
vessels.  The  system  is  responsible  for  the  delivery  of  blood  to  all  pans  of  the  body.  Since 
blood  delivers  nutrients  to  and  removes  wastes  from  bodily  tissues,  it  is  critical  to  provide 
sufficient  perfusion  to  meet  the  tissues’  metabolic  needs.  It  is,  however,  inefficient  to 
over-perfuse  tissues  during  times  of  low  metabolic  need.  Long  range  regulation  of  tissue 
perfusion  inherently  depends  on  other  systems,  such  as  the  renal  system,  which  regulate 
fluid  balance  and  blood  volume  (Berne  and  Levy,  1982).  Shoner  term  regulation  and 
precision  control,  however,  depend  on  variations  in  the  performance  of  the  two 
cardiovascular  system  components.  Heart  rate  and  contractility  and  vascular  resistance  and 
volume  are  continuously  controlled  to  individually  accommodate  the  varying  metabolic 
needs  of  tissues. 

There  are  a  number  of  factors  which  contribute  to  the  function  of  the  heart  and  blood 
vessels  (Berne  and  Levy,  1982;  Tortora  and  Evans,  1986).  For  example,  excess 
metabolites  accumulated  locally  in  tissues  may  affect  vasodilation  and  blood  bourne 
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Figure  2.7:  Block  diagram  of  short  term  cardiovascular  control,  (from  Berger,  1987) 


hormones,  ions  or  toxins  can  affect  both  vascular  tone  and  cardiac  function  (Berne  and 
Levy,  1982).  Short  term  control  on  the  order  of  seconds  or  minutes,  however,  is  mediated 
primarily  through  neural  mechanisms  (Guyton,  1974;  Berne  and  Levy,  1982).  These 
mechanisms  are  precisely  controlled  through  feedback  loops  involving  the  autonomic 
nervous  system. 


Figure  2.7  depicts  a  block  diagram  model  of  the  autonomic  components  of  short  term 
cardiovascular  control  (from  Berger.  1987).  As  metabolic  needs  in  tissues  such  as  skeletal 
muscle  or  digestive  tract  linings  change,  the  system  acts  to  tightly  control  blood  pressure  in 
critical  bodily  tissues  while  accommodating  the  new  perfusion  requirements. 
Baioreceptors  located  in  the  carotid  sinus  and  the  ao’ic  arch  constantly  sense  arterial  blood 
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pressure  and  feed  this  information  back  to  the  ANS.  In  addition  to  the  baroreceptor 
feedback,  the  ANS  receives  feedback  regarding  atrial  and  chest  wall  stretch  and  anerial 
panial  pressures  of  oxygen  and  carbon  dioxide.  (Berger,  1987;  Berne  and  Levy,  1982) 
The  system  is  also  affected  by  higher  brain  centers  such  as  the  respiratory  center.  Both 
branches  of  the  ANS  exen  control  over  hean  rate  through  innervation  of  the  sinoatrial 
node.  The  sympathetic  system  also  controls  hean  contractility  (type  3i  fibers)  and  vascular 
parameters.  Sympathetic  type  3i  and  ai  fibers  effect  contraction  of  the  smooth  muscles  in 
vein  walls  and  thereby  control  venous  return.  The  fibers  also  innervate  sphincter  muscles 
in  anerioles  and  thus  effect  peripheral  resistance. 

As  the  system  works  to  continuously  meet  bodily  needs,  its  parameters  continually  vary. 
The  variability  in  instantaneous  heart  rate  or  blood  pressure  is  generally  ignored  by 
physicians  who  are  most  interested  in  the  averages  of  these  parameters  over  short  time 
periods.  One  exception  is  the  variability  due  to  respiration.  It  has  long  been  known  that 
respiration  modulates  hean  rate.  (Hirsch  and  Bishop,  1981)  Hean  rate  typically  increases 
during  inspiration  and  decreases  during  expiration.  Kollai  and  Kazumi  (1979),  through 
direct  neural  recordings  in  dogs,  have  demonstrated  that  this  modulation,  termed 
Respiratory  Sinus  Arrhythmia  (RSA),  is  mediated  by  the  autonomic  nervous  system.  In 
the  model  of  Figure  2.7,  it  is  the  input  from  the  respiratory  center  and  feedback  through 
anerial  and  chest  wall  receptors  and  the  baroreceptors  which  most  likely  stimulate  the 
autonomic  modulation. 

2.3.3  Transfer  Function  Estimation  of  Cardiovascular  Control 

Figure  2.8  (from  Berger  et  al..  1988)  presents  a  simplified  and  semi-quantitative  model  of 
cardiovascular  control  which  relates  three  noninvasively  measurable  parameters: 
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Figure  2.8;  Block  diagram  of  cardiovascular  control  illustxaiing  the  relationships  between 
respiration,  arterial  blood  pressure  and  heart  rate,  (modified  from  Berger  et  al.,  1988) 

respiration,  hean  rate  and  blood  pressure.  The  blocks  in  this  model  mask  some  of  the 
details  of  the  model  in  Figure  2.7.  Each  block  is  representative  of  a  lumped  parameter 
system  which  relates  its  input  and  output  signals.  In  large  part,  these  systems  are 
autonomically  mediated.  A  number  of  recent  studies  have  been  conducted  in  attempts  to 
characterize  the  signals  or  systems  depicted  in  this  model. 

In  1981,  Akselrod  et  al.  (1981)  monitored  hean  rate  in  trained,  conscious,  unanesthetized 
dogs.  Using  power  spectral  estimation  of  instantaneous  hean  rate  prior  to  and  during 
pharmacological  blockade  they  identified  frequency  specific  contributions  of  the 
parasympathetic  and  sympathetic  divisions  of  the  ANS.  They  found  that  during 
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parasympathetic  blockade,  high  frequency  components  of  variability,  above  approximately 
0.1  Hz,  were  abolished.  Upon  coincident  sympathetic  blockade,  nearly  all  variability  in 
heart  rate  was  abolished.  Based  on  their  data,  they  concluded  that  both  divisions  contribute 
to  spontaneous  heart  rate  variability  at  low  frequencies  but  at  higher  frequencies  only  the 
parasympathetic  system  contributes. 

In  1985,  Pomeranz  et  al.  (1985)  and  Akselrod  et  al.  (1985)  repeated  similar  studies  in 
humans.  Their  results  were  similar.  They  reported  that  low  frequency  fluctuations  in 
spontaneous  heart  rate  between  0.02  and  0.1  Hz  were  mediated  jointly  by  both  ANS 
divisions,  but  that  at  higher  frequencies  (in  the  range  0. 1-0.5  Hz)  only  the  parasympathetic 
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Figure  2.9:  Instantaneous  heart  rate  time  series  and  power  spectra  in  for  supine  and  standing 
subject.  Note  shift  from  high  frequency  to  low  frequency  oscillations  in  standing  subject,  (from 
Pomeranz  et  al.,  1983) 
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division  contributes.  The  Pomeranz  study  also  demonstrated  the  sensitivity  of  the  power 
spectral  estimates  to  posture  changes.  Individuals  while  standing  tend  to  have  higher 
sympathetic  levels  and  lower  parasympathetic  levels  than  while  supine  (Eckberg  et  al., 
1976;  Burke  et  al.,  1977).  This  change  occurs  in  large  pan  to  counteract  the  force  of 
gravity  which  acts  to  impede  venous  return  in  erect  individuals  (and  perhaps  also  in  pan  to 
accommodate  a  generally  less  relaxed  state).  Pomeranz  et  al.  demonstrated  the  expected 
decrease  in  magnitude  of  the  high  frequency  peak  and  corresponding  increase  in  magnitude 
of  the  low  frequency  peak  upon  transition  from  supine  to  standing  (Figure  2.9). 

Each  of  the  aforementioned  studies  was  designed  to  characterize  the  spontaneous  heart  rate 
signal.  Akselrod  et  al.  (1985)  also  characterized  the  spontaneous  blood  pressure  signal. 
The  spontaneous  respiratory  signal  is  generally  a  very  narrow-band  signal  with  power 
tightly  contained  near  the  mean  respiratory  rate.  In  addition  to  characterizing  the 
spontaneous  activity  of  the  signals  in  the  above  model,  researchers  have  attempted  to 
characterize  the  relationships  between  the  signals  represented  by  the  system  blocks  (Berger 
et  al.  1986;  Berger  et  al.  1988;  Appel  et  al..  1989a;  Appel  et  al..  1989b).  The  respiration  to 
hean  rate  transfer  block  is  of  particular  interest. 

Using  transfer  function  analysis,  as  outlined  in  Section  2.3.1,  Chen  et  al.  (1987),  Saul  at 
al.  (1989),  Berger  et  al.  (1989b),  and  Berger  (1987)  have  studied  the  relationship  between 
respiration  and  heart  rate.  Their  studies  have  built  on  the  results  of  Pomeranz  et  al.  (1985) 
by  characterizing  the  instantaneous  lung  volume  (ILV)  to  instantaneous  heart  rate  (IHR) 
transfer  function  in  supine  and  standing  subjects.  As  discussed  in  Section,  2.3.1,  in  order 
to  extend  the  amount  of  useful  information  attained  through  transfer  function  estimation  the 
system  should  be  excited  by  an  input  with  broad  spectral  content.  Since  the  respiratory 
input  is  generally  quite  narrow  band  with  power  tightly  contained  around  the  mean 
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Pigure  2.10;  (a)  Modified  Poisson  distribution  used  for  generating  random  cue  sequence 

(b)  Schematic  diagram  of  fixed  interval  breathing  and  random  interval  breathing  sequences 


respiratory  rate,  a  technique  to  broaden  its  spectral  content  was  applied.  The  technique  is 
termed  Random  Interval  Breathing  (RIB)  and  is  described  by  Berger  et  al.  ( 1989b).  Under 
this  paradigm,  subjects  are  first  asked  to  breathe  in  synchrony  with  a  two  minute  segment 
of  auditory  tones  equally  spaced  at  the  mean  respiratory  rate.  During  this  time  they  are  able 
to  settle  on  a  comfortable  depth  of  inspiration  for  the  given  mean  rate.  After  this  constant 
interval  segment,  a  segment  of  randomly  spaced  auditory  tones  is  provided  and  subjects 
continue  to  breathe  with  each  tone.  The  tones  are  generated  by  computer  and  occur  at 
random  according  to  a  modified  Poisson  distribution  with  the  same  mean  rate  as  the  first 
segment  (Berger  et  al.,  1989b).  (refer  to  Figure  2.10)  This  modified  Poisson  distribution 
disallows  inter-breath  intervals  outside  the  range  of  one  to  fifteen  seconds.  This 
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Figure  2.1 1  Group  average  transfer  function  magnitude  phase  and  coherence  for  supine  and  upright 
posoires  (means  ±  standard  errors).  Below  O.OS  Hz,  average  transfer  function  values  are  plotted 
with  dotted  lines  because  they  are  unreliable  in  that  range,  (from  Saul  ei  al..  1989) 


distribution  provides  for  a  comfortable  breathing  pattern  while  effectively  broadening  the 
respiratory  signal  over  the  frequency  band  between  0.0  and  0.5  Hz.  Each  of  the  three 
studies  found  that  group  average  transfer  functions  for  standing  subjects  had  significantly 
lower  transfer  magnitude  at  frequencies  above  approximately  0. 1  Hz  (Figure  2. 1 1  from 
Saul  ct  al.,  1989).  Thus,  these  studies  demonstrated  the  sensitivity  of  the  transfer  function 
magnitude  to  shifts  in  autonomic  balance  as  subtle  as  those  associated  with  posture  change 
(Chen  et  al.,  1987). 

Further  studies  have  confumed  the  sensitivity  and  accuracy  of  transfer  function  estimates 
obtained  by  this  technique.  Selective  pharmacological  blockades  in  conjunction  with 
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Figure  2.12;  Respuauon  to  heart  race  transfer  function  analysis  in  humans  using  pharmacological 
blockades.  Transfer  funcuon  magnitudes  and  phases  for  vagal'  and  sympathetic'  states,  (modified 
from  Appel  et  al..  1989a) 


changes  in  posture  have  been  used  to  obtain  transfer  function  estimates  from  subjects  in 
"pure"  parasympathetic  or  "pure"  sympathetic  states.  (Saul  et  al.,  1988;  Appel  et  al, 
1989a)  Parasympathetic  states  were  achieved  in  supine  human  subjects  with  propanolol 
blockade  of  sympathetic  activity.  Sympathetic  states  were  achieved  in  standing  subjects 
with  atropine  blockade  of  parasympathetic  activity.  Figure  2.12  (from  Appel  et  al.,  1989a) 
illustrates  the  differences  in  transfer  functions  from  these  two  states.  In  a  "pure" 
sympathetic  state,  the  system  is  characterized  by  a  dramatic  decrease  in  magnitude  above 
0.1  Hz  and  by  a  decreasing  phase  (time  delay).  The  "pure"  parasympathetic  state  is 
characterized  by  higher  transfer  gain  and  a  near  zero  phase  at  all  frequencies  in  the  band 
between  0.0  and  0.5  Hz. 

In  anesthetized  dogs,  Berger  et  al.  have  investigated  the  transfer  characteristics  of  the 
sinoatrial  node  (Berger  1987;  Berger  et  al.  1989b)  by  applying  broad  band  stimulation 
directly  to  either  parasympathetic  or  sympathetic  efferents  and  monitoring  the  resulting 
heart  rate  fluctuations.  They  report  low  pass  filter  characteristics  for  both  parasympathetic 
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Figure  2.13;  Respirauon  to  hean  rate  transfer  function  model  (from  Saul  et  al..  1989)  The  low  pass 
filter  (LPF)  characteristics  of  the  sympathetic  and  parasympathetic  pathways  in  the  SA  node  are 
dependent  on  the  mean  neural  firing  rates  of  each  division. 


and  sympathetic  stimulation  but  found  the  sympathetic  transfer  function  to  have  a  much 
lower  cutoff  frequency  and  a  pure  time  delay.  The  transfer  characteristics,  however,  were 
found  to  depend  significantly  on  mean  sympathetic  and  parasympathetic  firing  rates.  At 
low  mean  firing  rates,  the  transfer  functions  typically  had  larger  low  frequency  magnitudes 
and  showed  more  rapid  roll  off  than  at  high  mean  rates. 


Saul  et  al.  (1989)  have  incorporated  these  findings  and  those  outlined  above  into  a  model 
relating  respiration  to  heart  rate.  In  their  model  (Figure  2.13  from  Saul  et  al.,  1989),  a 
central  respiratory  drive  is  fed  to  a  Central  Autonomic  Integrator  to  produce  the  sympathetic 
and  parasympathetic  (vagal)  outflow  to  the  sinoatrial  node.  This  Central  Integrator 
incorporates  the  many  bodily  reflexes  and  pathways  through  which  respiration  may  effect 
autonomic  outflow  to  the  hean.  The  constants  Ap  and  As  represent  the  transfer  relation 
between  the  respiratory  drive  and  the  modulation  depth  of  the  parasympathetic  and 
sympathetic  outflow  respectively.  At  the  sinoatrial  (SA)  node,  the  vagal  outflow  is  inverted 
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(since  increased  vagal  activity  decreases  heart  rate)  and  passed  through  a  characteristic  low 
pass  filter,  the  shape  of  which  is  dependent  on  mean  parasympathetic  firing  rate.  The 
sympathetic  outflow  is  delayed  by  Ts  seconds*  and  passed  through  its  characteristic  low 
pass  filter  whose  shape  is  dependent  on  mean  sympathetic  firing  rate.  These  two  filtered 
signals  sum  to  give  instantaneous  hean  rate. 

Four  key  model  parameters.  Ap,  As,  mean  vagal  firing  rate  and  mean  sympathetic  firing 
rate,  may  be  varied  to  independently  manifest  changes  in  the  transfer  function  due  to  shifts 
in  autonomic  balance.  (Ts  and  Tr  are  taken  as  constants.)  In  simulations,  Saul  et  al.  used 
simple  one-pole  low  pass  filters  for  each  of  the  low  pass  filter  (LPF)  blocks  at  the  sinoatrial 
node.  In  simulation  of  the  supine  condition,  Saul  et  al.  chose  a  mean  vagal  rate  of  4  Hz 
and  a  mean  sympatheric  rate  of  0.5  Hz.  Using  these  mean  rates  and  the  experimental  data 
of  Berger  et  al.  (1989b)  they  chose  cutoff  and  gain  factors  of  the  two  low  pass  filters.  The 
weighting  factors  Ap  and  Aj  were  set  to  2.5  and  0.4  Hz/liter,  respectively.  In  simulation 
of  the  standing  condition,  mean  vagal  and  sympatheric  rates  were  each  chosen  as  1  Hz  and 
again  based  on  experimental  data  from  Berger  et  al.,  two  new  low  pass  filter  gains  and 
cutoffs  were  selected.  Ap  and  As  were  set  to  1.6  and  2.0  Hz/liter  respectively.  Saul  et  al. 
note  that  while  the  model  parameter  choices  arc  somewhat  arbitrary,  they  are  consistent 
with  a  shift  from  a  generally  vagal  state  when  supine  to  a  more  sympatheric  state  when 
upright.  Simulated  transfer  functions  for  supine  and  standing  conditions  are  illustrated  in 
Figure  2.14.  Except  at  frequencies  below  0.05  Hz.  the  simulation  matches  well  the 
experimental  data  (compare  to  Figure  2.11).  However,  at  these  low  frequencies  the 
coherence  of  the  experimental  transfer  function  estimate  is  quite  low  and  therefore 
confidence  in  its  accuracy  is  low.  Saul  et  al.  explain  this  drop  in  coherence  by  postulating 


*  The  lag  between  stimulation  of  sympatheric  nerves  at  the  sinoatrial  node  and  the  resulting 
change  in  heart  rate  is  well  recognized  (Warner  and  Cox,  1962;  Scher  et  al.,  1972).  It  has 
been  attributed  to  the  slow  diffusion  rates  of  norepinephrine  (Warner  and  Cox,  1962). 
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Figure  2. 14;  Simulauons  of  transfer  funcuon  magnitudes  (a)  and  phases  (b)  for  supine  and  uptight 
postures. 


that  at  these  low  frequencies  either  significant  nonlinearities  in  the  transfer  relation  or 
dominant  effects  on  heart  rate  from  other  system  inputs  exist. 


It  is  clear  that  estimates  of  the  transfer  function  from  respiration  to  heart  rate  demonstrate 
characteristic  changes  as  autonomic  control  balance  is  altered  and  a  successful  model  to 
qualitatively  describe  the  alterations  of  the  local  control  system  has  been  developed. 
Furthermore,  the  model  suggests  that  knowledge  of  the  respiratory  drive  to  the  system  is 
important  when  interpreting  the  resulting  heart  rate  variability.  Unknown  changes  in  the 
respiratory  drive  to  the  system  could  easily  be  misinterpreted  as  changes  in  the  parameters 
of  the  system  representing  autonomic  balance.  Therefore,  to  assess  autonomic  influences 
on  heart  rate  variability,  transfer  function  estimation  is  a  desirable  technique. 
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There  is,  however,  some  controversy  over  the  issue  of  whether  local  autonomic  control  of 
heart  rate  may  be  interpreted  as  representative  of  more  generalized  autonomic  activity.  As 
indicated  in  Section  2.2.1,  the  function  of  the  autonomic  nervous  system  is  to  control 
subconscious  functions  in  response  to  changing  bodily  needs.  By  the  nature  of  their 
affects  on  particular  organ  systems,  it  is  clear  that  in  many  instances  (such  as  during  bodily 
stress),  generalized  increases  in  the  activity  of  one  division  with  respect  to  the  other  are 
warranted.  However,  in  other  instances  (especially  thermoregulation)  it  is  clear  that  a  more 
localized  control  is  desirable.  The  issue  of  when  local  activity  can  be  expected  to  mirror 
that  of  other  autonomic  activity  remains  a  speculadve  one. 

Many  animal  studies  have  been  conducted  in  which  various  sympathetic  neural  signals  are 
simultaneously  monitored  (Cohen  et  al,  1970;  Ninomiya  et  al.,  1976,  Simon  and  Riedel, 
1975;  Karim  et  al.,  1972;,  Victor  et  al.,  1989).  Due  in  pan  to  the  diversity  of  experimental 
conditions,  the  results  of  these  studies  do  not  provide  a  consistent  representation  of  the 
extent  of  differentiation  in  sympathetic  control.  Many  researchers  report  significant 
correlations  between  different  sympathetic  nerves,  while  others  report  more  localized 
activity. 

Recent  studies  in  humans  have  tended  to  focus  on  recording  sympathetic  activity  from 
either  muscles  or  skin.  (Visceral  organs  and  parasympathetic  nerves  are  less  accessible.) 
Wallin  summarizes  the  results  well  (Wallin,  1986).  In  general,  skin  and  muscle 
sympathetic  nerve  activity  have  not  been  found  to  correlate  well  under  normal  conditions. 
For  example,  during  a  Valsalva  maneuver,  muscle  sympathetic  activity  increases  while  no 
change  is  found  in  skin.  Body  cooling,  sudden  deep  inspirations,  and  loud  noises  typically 
cause  increases  in  skin  sympathetic  activity  but  no  change  in  muscle.  Interestingly,  in 
resting  subjects,  muscle  sympathetic  activity  shows  activity  synchronized  to  the  cardiac 
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cycle  while  skin  activity  does  not.  However,  when  baroreceptor  afferent  activity  is  blocked 
(ie.  by  local  anaesthesia  of  vagus  and  glossopharyngeal  nerves),  the  cardiac  rhythm  in 
muscle  sympathetic  activity  disappears  and  it  more  closely  resembles  that  in  skin.  The 
diversity  in  response  seen  between  skin  and  muscle  is  not  generally  seen  between  two 
different  muscles.  In  most  cases,  activity  recorded  from  different  muscles  is  quite  similar. 
These  findings  are  best  explained  by  considering  the  primary  functions  of  the  different 
sympathetic  outflows.  Wallin  (1986)  points  out  that  skin  sympathetic  activity  is  primarily 
involved  in  thermoregulation,  while  muscle  sympathetic  activity  exerts  control  primarily 
over  blood  pressure. 

Based  on  these  admittedly  limited  findings,  Wallin  (1986)  proposes  a  simple  functional 
model  for  sympathetic  outflow  which  incorporates  a  number  of  central  control  pathways 
influencing  distinct  groups  of  effector  organs.  Some  of  these  pathways  may  be  influenced 
by  particular  feedback  loops,  such  as  baroreceptor  feedback,  while  others  may  not.  He 
proposes  that  the  concept  of  "autonomic  tone"  is  applicable  only  to  these  individual  groups 
and  not  to  the  overall  system  during  typical  bodily  activities.  (Wallin  does  not  discuss  large 
scale  "stress"  response  characteristics,  but  his  model  does  not  exclude  the  idea  of  global 
changes  in  sympathetic  activity  being  associated  with  such  instances.)  It  follows  from  the 
data  and  from  Wallin's  model  that  it  may  be  reasonable  to  assume  associated  sympathetic 
activity  in  different  autonomic  effectors,  if  they  contribute  to  similar  control  functions.  For 
example,  muscle  sympathetic  activity  may  be  expected  to  correlate  with  cardiac  sympathetic 
activity. 

A  recent  study  investigates  the  relationship  between  hean  rate  variability  and  sympathetic 
muscle  activity.  Saul  et  al.  (1990)  monitored  muscle  sympathetic  nerve  activity  (peroneal 
nerve)  and  electrocardiogram  during  pharmacologically  induced  stepwise  increases  or 
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decreases  in  diastolic  blood  pressure.  Muscle  symf  athetic  activity  decreased  with  each 
increase  in  pressure  and  increased  with  each  decrease  in  pressure.  Power  spectra  of 
instantaneous  hean  rate  were  calculated  at  each  pressure  change.  During  decreased  blood 
pressures,  the  fraction  of  power  in  low  frequency  fluctuations  (0.01-0.15  Hz)  was  loosely 
correlated  with  muscle  sympathetic  activity.  However,  at  increased  pressures  no  measures 
of  low  frequency  variability  correlated  with  muscle  activity.  These  findings  are  in  accord 
with  models  of  heart  rate  control  in  which  both  sympathetic  and  parasympathetic  divisions 
influence  low  frequency  heart  rate  variations.  When  blood  pressure  is  decreased, 
parasympathetic  influence  on  cardiac  rate  is  probably  reduced  and  thus  low  frequency 
variations  in  rate  are  due  mostly  to  sympathetic  activity.  Under  these  conditions 
correlations  to  muscle  sympathetic  activity  would  be  more  likely. 

The  transfer  function  from  ILV  to  IHR  has  been  demonstrated  to  be  sensitive  to  shifts  in 
the  relative  levels  of  autonomic  activity  involved  in  the  control  of  cardiac  rate. 
Extrapolating  from  this  information  concerning  local  activity  to  make  assertions  about  more 
global  autonomic  activity  involves  some  speculation  regarding  degrees  of  dissociation  of 
ANS  activity. 
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Ml  Experiment  Design 


3.1  Experiment  Design  Issues 

In  designing  a  motion  sickness  experiment  in  which  respiration  to  hean  rate  transfer 
function  estimation  is  to  be  applied  to  assess  autonomic  activity,  a  number  of  special  design 
issues  arise. 

A  general  paradigm  for  such  an  investigation  must  involve  subjects  random  interval 
breathi.ig  during  periods  of  typical  health  and  during  periods  of  motion  sickness.  It  has 
previously  been  demonstrated  that  cooperative  subjects  are  able  to  random  interval  breath 
while  healthy.  However,  motion  sick  subjects  had  never  been  asked  to  do  so.  Therefore, 
the  first  design  issue  was  that  of  determining  how  well  subjects  were  able  to  follow  the 
random  breathing  cues  while  motion  sick. 
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A  second  design  requirement  was  control  of  possibly  confounding  autonomic  effects. 
Activities  which  could  effect  autonomic  outflow  independently  of  motion  sickness  had  to 
be  limited  when  possible.  Since  exercise  and  posture  changes  are  known  to  alter 
autonomic  activity,  it  was  desirable  that  subjects  in  this  experiment  limit  their  endogenous 
movements  and  remain  in  one  posture  throughout  the  experiment.  A  technique  for 
inducing  motion  sickness  under  these  limiting  conditions  had  to  be  developed. 

A  third  design  concern  was  the  requirement  of  maintaining  a  relatively  constant  level  of 
sickness  throughout  a  random  interval  breathing  segment.  In  order  to  obtain  accurate 
transfer  function  estimates,  the  system  being  observed  must  remain  the  same  over  the 
estimation  period  (or  more  precisely  the  process  must  be  stationary).  Since  random  interval 
breathing  segments  are  typically  15  minutes  in  duration,  a  relatively  constant  level  of 
motion  sickness  had  to  be  maintained  for  this  duration. 

A  series  of  pilot  experiments  were  conducted  to  test  the  feasibility  of  a  proposed 
experimental  protocol  designed  to  meet  these  requirements. 

3.2  Experiment  Apparatus 

Two  key  pieces  of  equipment,  a  rotating  chair  and  a  set  of  reversing  prism  goggles,  were 
employed  in  pilot  experiments  and  subsequently  in  the  primary  motion  sickness 
experiments. 

3.2.1  Rotating  Chair  Assembly 

A  Barany  type  rotating  chair  was  used.  The  complete  assembly  is  depicted  in  Figure  3.1. 
The  chair  is  computer  controlled  and  is  capable  of  sinusoidal,  trapezoidal  or  constant 
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ROTOATING  CHAIR  ASSEMBLY 


Instrumentation 

Shelf 


Figure  3.1;  Rotating  chair  assembly  illustrating  illustrating  retractable  work  surface,  remote 
symptom  reporting  dial  and  instrumentation  shelf. 


velocity  rotation  about  an  eanh  venical  axis  (Tole  et  al,  1981).  A  work  surface  folds  down 
from  an  adjacent  wall  to  provide  a  self  supponed,  approximately  two  foot  by  four  foot 
work  area  which  is  used  by  the  subject  during  provocative  tasking.  An  instrumentation 
shelf,  mounted  behind  the  subject's  seat,  houses  necessary  instrumentation  and  thus  allows 
for  amplification  of  signals  prior  to  their  passing  through  the  chair's  slip  rings.  (This  is 
advantageous  in  increasing  signal  to  noise  ratios.)  A  remote  symptom  reporting  dial  was 
mounted  on  either  the  left  or  right  armrest,  as  preferred  by  a  panicular  subject.  It  consisted 
simply  of  a  linearly  stepped  potentiometer  which  provided  a  voltage  output  proportional  to 
dial  position.  The  signal  was  passed  through  slip  rings  to  a  meter  observable  by  the 
experimenter.  The  system  provided  for  nonverbal  symptom  reporting.  Details  of  symptom 
reporting  are  discussed  in  Section  4.1.3. 
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3.2.2  Reversing  Prism  Goggles 


A  pair  of  reversing  prism  goggles  provided  the  "sensory  rearrangement"  necessary  for 
inducing  motion  sickness.  Employing  two  pairs  of  dove  prisms  (Figure  3.2a.),  one  pair  in 
front  of  each  eye,  the  goggles  act  to  reverse  the  subject’s  left-right  visual  field.  That  is, 
objects  to  the  right  of  a  subject  appear  to  the  left  and  vice  versa.  Furthermore,  when  the 
subject’s  head  moves  rightward,  the  visual  field  is  perceived  to  also  move  rightward.  This 
is  in  direct  opposition  to  the  normal  situation  in  which  rightward  head  movements  result  in 
the  visual  scene  passing  leftward  across  the  field.  The  goggles  used  in  these  experiments 
were  the  same  as  those  used  by  Eagon  (1988).  A  schematic  of  the  goggles  is  provided  in 
Figure  3.2b. 


Figure  3.2:  (a)  Demonsuauon  of  the  optical  properties  of  the  dove  prism  used  in  the  reversing  prism 
goggles  (top  view  of  one-half  of  the  optic  set  used  for  each  eye)  and  (b)  Schematic  diagram  of  the  prism 
goggle  headset  (single  prism  indicated  with  arrow) 
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3.3  Pilot  Experiments 

Four  subjects  participated  in  various  phases  of  pilot  experimentation.  They  will  be  referred 
to  by  the  letter  codes  A  through  D.  Subjects  A,  B,  and  C  were  males  aged  23,  30.  and  45 
years,  respectively.  Each  had  previous  experience  as  a  subject  in  motion  sickness  studies 
and  in  recognizing  and  reponing  motion  sickness  symptoms.  Subject  D  was  female,  aged 
22.  and  had  no  previous  experience  as  a  subject  in  motion  sickness  experiments. 

In  a  first  pilot  experiment.  Subject  C  panicipated  in  an  approximately  1  hour  session 
designed  to  assess  his  ability  to  follow  random  breathing  cues  while  motion  sick.  While 
wearing  reversing  pnsm  goggles,  the  subject  undertook  coordinated  tasks  such  as  writing, 
drawing,  and  stacking  cans  until  moderate  motion  sickness  was  attained.  Upon 
maintaining  these  moderate  symptom  levels  for  ten  minutes,  the  subject  then  undenook  a 
fifteen  minute  segment  of  random  interval  breathing  conducted  in  the  same  manner  as 
described  by  Berger  et  al.  (1989)  (Section  2.3.3).  During  the  breathing  segment,  the 
subject  periodically  continued  tasking  in  order  to  maintain  a  relatively  constant  symptom 
level.  The  subject  demonstrated  an  ability  to  follow  the  random  breathing  sequence  while 
motion  sick,  however,  completion  of  the  manual  tasks  interfered  with  his  ability  to  do  so. 

It  was  therefore  decided  that  manual  tasking  was  not  a  feasible  means  for  maintaining 
symptoms  during  the  random  interval  breathing  segments.  As  an  alternative,  it  was 
proposed  that  subjects  undenake  sinusoidal  rotation  (about  an  eanh  vertical  axis)  in  the 
Barany  chair  while  wearing  the  reversing  prism  goggles.  When  their  symptoms  reached  a 
moderate  level,  by  closing  their  eyes  they  could  effectively  "turn  off  the  provocative 
stimulation  (by  removing  the  sensory  conflict)  and  their  symptoms  were  expected  to  drop. 
By  repeating  the  process  of  opening  and  closing  their  eyes,  they  could  control  their 
symptoms  about  a  moderate  level. 
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Subjects  A,  B,  and  C  each  panicipated  in  the  second  pilot  experiment  which  was  designed 
to  test  whether  sinusoidal  rotation  while  wearing  the  prism  goggles  was  a  provocative  and 
controllable  stimulus.  Each  subject  was  asked  to  wear  the  reversing  prism  goggles  while 
rotating  sinusoidally  in  the  chair.  Rotation  velocity  and  frequency  were  varied  during  the 
experiments  in  order  to  assess  differences  in  the  provocative  nature  of  the  different 
conditions.  Peak  velocity  ranged  between  30  and  120  degrees  per  second  and  frequency 
was  either  0.1  or  0.2  Hz.  Subjects  were  asked  to  report  symptoms  and  comment  on  the 
effectiveness  of  each  condition  in  producing  sickness.  All  subjects  found  the  paradigm 
provocative  and  in  general,  subjects  reponed  that  larger  peak  angular  velocities  were  more 
provocative  than  smaller  peak  velocities  within  the  range  tested.  No  consistent  differences 
were  noted  between  the  two  tested  frequencies.  However,  the  paradigm  tended  to  produce 
symptoms  with  a  variable  latency  but  consistently  rapid  onset  which  made  even  these 
experienced  subjects  anxious  about  their  ability  to  control  their  symptoms. 

Pilot  experiment  number  three  was  designed  to  solve  the  procedural  problems  discovered  in 
pilot  experiments  1  and  2.  A  manual  tasking  paradigm  and  brief  rotation  period  were  used 
to  induce  motion  sickness  symptoms  in  a  more  controllable  fashion.  Rotation  with  the 
goggles  was  employed  as  a  means  to  maintain  the  desired  symptom  levels  during  random 
interval  breathing.  Subjects  B,  an  experienced  subject,  and  Subject  D,  a  naive  subject, 
participated  in  approximately  1.5  hr  sessions.  While  seated,  relaxed,  and  stationary,  each 
subject  undertook  a  twelve  minute  segment  of  random  interval  breathing.  Subjects  were 
then  fitted  with  the  prism  goggles  and  undertook  provocative  tasking  including  writing, 
drawing,  and  stacking  cans  and  a  brief  period  of  rotation.  Upon  reaching  moderate  levels 
of  modon  sickness  and  maintaining  them  for  ten  minutes,  subjects  were  rotated  in  the  chair 
at  a  frequency  of  0. 1  Hz  and  a  peak  velocity  of  120  degrees/second.  They  were  instructed 
to  close  and  open  their  eyes  as  necessary  to  control  and  maintain  symptom  levels.  When 
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they  were  comfortable  in  maintaining  their  symptoms  in  this  fashion,  subjects  undertook  a 
twelve  minute  sequence  of  random  interval  breathing.  Subjects  were  monitored  as  to  their 
ability  to  maintain  symptoms  and  to  follow  the  breathing  sequence.  On  completion, 
subjects  were  asked  to  comment  on  the  same.  Neither  subject  reponed  or  demonstrated 
difficulty  in  following  the  random  breathing  cues  while  not  motion  sick.  Both  subjects 
attained  moderate  symptom  levels  within  1  hour  of  tasking.  Subject  B  demonstrated  and 
reported  no  difficulty  in  completing  a  12  minute  segment  of  random  breathing  while 
rotating  and  maintaining  symptoms.  Subject  D’s  symptoms  increased  slightly  during 
rotation  but  she  reponed  and  demonstrated  close  attention  to  following  the  breathing 
pattern. 

Based  on  pilot  experiments  2  and  3.  it  was  concluded  that  sinusoidal  rotation  while  wearing 
the  prism  goggles  was  a  sufficient  stimulus  for  inducing  and  maintaining  motion  sickness 
during  random  interval  breathing.  However,  it  did  not  allow  for  as  close  control  over  the 
onset  of  symptoms  as  simple  coordinated  tasking  with  goggles  did.  Therefore,  it  was 
desirable  to  use  rotation  with  goggles  for  maintaining  symptoms  once  they  were  first 
developed  but  not  for  original  development  of  symptoms. 

The  final  experiment  protocol  described  in  Section  4.1.4  was  designed  to  take  advantage  of 
these  findings. 
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I V  Methods 


This  chapter  is  divided  into  two  major  sections.  The  first  section  describes  the  motion 
sickness  experiments,  and  the  second  outlines  the  analysis  techniques  applied  to  the  data. 

4.1  Primary  Motion  Sickness  Experiment 

4.1.1  Subjects 

Potential  subjects  panicipated  in  a  screening  interview  designed  to  identify  any  obvious 
vestibular,  cardiovascular,  or  gastrointestinal  disorders.  The  interviewers  guideline  is 
included  in  Appendix  A.  Three  potential  subjects  were  rejected  on  the  basis  of  their 
responses  to  the  interview.  Accepted  subjects  were  briefed  on  the  details  of  the  experiment 
and  were  given  an  information  package  including  a  Motion  Sickness  Questionnaire, 
Magnitude  Estimation  Instructions,  Symptom  Definitions  List,  and  Subject  Instruction 
Sheet.  The  motion  sickness  questionnaire  was  designed  to  provide  greater  detail  in  regard 
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to  the  subjects  motion  sickness  history.  The  Magnitude  Estimation  Instructions  outlined 
for  the  subject  the  technique  to  be  used  in  symptom  reporting.  (Details  of  the  technique  are 
provided  in  Section  4.1.3.)  The  list  of  symptom  definirions  provided  standard  terminology 
for  the  subject  to  use  in  reporting  symptoms.  The  Subject  Instruction  Sheet  listed  a  number 
of  requests  for  limiting  subject  activity  on  the  day  of  the  experiment.  These  instructions 
served  to  protect  the  subjects  and  to  control  a  number  of  variables  which  could  confound 
our  measurements  and  analyses.  They  are  similar  to  those  used  in  previous  studies 
(Eagon.  1988).  Subjects  were  asked:  ( I )  to  eat  their  normal  meal  between  12:00  and  12:30 
PM  on  the  day  of  the  experiment  and  to  eat  nothing  thereafter,  (2)  to  consume  no 
medications  or  alcohol  for  24  hours  prior  to  the  experiment,  (3)  to  drink  no  coffee,  tea  or 
cola  and  to  not  smoke  for  twelve  hours  prior  to  the  experiment,  (4)  to  avoid  heavy  exercise 
six  hours  prior  to  the  experiment,  and  (5)  to  get  a  normal  night’s  sleep  on  the  night  before 
the  experiment.  Copies  of  all  forms  are  provided  in  Appendix  A. 

On  the  day  of  the  experiment,  subjects  were  asked  to  arrive  at  3:30  PM.  They  were  again 
briefed  on  the  nature  of  the  experiment  and  were  asked  to  sign  an  approved  Informed 
Consent  Document  (Appendix  A).  A  questionnaire  was  given  to  verify  the  subjects 
adherence  to  the  instructions  and  the  subject’s  general  health.  (Appendix  A) 

4.1.2  Physiological  Recordings 

Three  physiological  signals,  electrocardiogram  (ECO),  instantaneous  lung  volume  (ILV) 
and  electrogastrogram  (EGG),  were  recorded  during  the  experiment.  EGG,  a  measure  of 
abdominal  biopotentials,  was  recorded  as  part  of  a  companion  study  (Blanford,  1990; 
Blanford  and  Oman,  1990).  It  required  the  placement  of  three  electrodes  on  the  subject’s 
abdomen  and  did  not  interfere  with  the  recordings  of  ECG  and  ILV  important  to  this  study. 
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Elecr'Kardiogram  was  recorded  from  bipolar  surface  electrodes  arranged  to  record 
approximately  standard  primary  leads.  A  Hewlett-Packard  Model  78203A  ECG  monitor, 
mounted  on  the  instrumentation  shelf,  was  used  to  filter  and  amplify  the  ECG  signal.  Of 
Leads  1.  II.  and  III,  the  lead  with  the  qualitatively  nnost  distinguishable  QRS  complex  was 
recorded  (most  often.  Lead  II).  The  output  from  the  ECG  monitor  was  routed  through 
chair  slip  rings  to  one  channel  of  an  FM  tape  recorder  (Hewlett-Packard  Model  3964A). 

Instantaneous  lung  volume  was  recorded  via  inductance  plethysmography.  A  Respitrace 
(Ambulatory  Monitoring  Systems.  Inc.  model  10.9020  with  transducer  model  10.7000) 
was  mounted  on  the  instrumentation  shelf  and  a  single  recording  belt  was  positioned  about 
the  subjects  chest.  The  ILV  signal  from  the  Respitrace  was  routed  through  slip  nngs  to  a 
second  channel  on  the  FM  tape  recorder.  The  respitrace  signal  was  calibrated  periodically 
using  an  800  cc  Spirobag  (Ambulatory  Monitoring  Systems,  Inc.,  model  10-4026).  While 


Figure  4.1;  Schematic  diagram  of  physiological  recording  apparatus.  Lung  volume  and  ECG  were 
monitored  on  an  oscilloscope  and  recorded  to  FM  tape  for  off-line  processing.  EGG  was  directly 
fiitered  and  digitized  for  a  companion  study. 


ILV  was  recorded,  subjects  inhaled  moderately,  exhaled  into  the  bag  and  held  for  five  to 
ten  seconds  and  then  inhaled  from  the  bag  and  held  again.  In  this  way,  two  constant  levels 
of  lung  volume  separated  in  magnitude  by  800  cc  were  recorded.  The  process  was 
typically  repeated  twice  at  each  calibration. 

Tape  speed  of  the  FM  recorder  was  1  7/8  inches  per  second  which  provided  for  recording 
bandwidth  of  625  Hz  for  both  signals.  Both  ECG  and  ILV  were  monitored  in  real-time  on 
an  oscilloscope  (Tektronics  Model  2225).  A  schematic  of  the  recording  apparatus  is 
provided  in  Figure  4. 1 . 

4.1.3  Symptom  Monitoring 

Throughout  the  experiments  motion  sickness  signs  were  monitored  by  two  experienced 
observers.  Symptoms  were  monitored  by  subjects.  They  were  reported  verbally  by  use  of 
standard  definitions  when  possible  and  were  continuously  quantified  by  use  of  Magnitude 
Estimation.  Magnitude  Estimation  is  a  numerical  technique  for  repHjrting  bodily  sensations. 
It  relies  on  subjects  to  report  relative  levels  of  sensations  using  a  numerical  ratio  scale. 

Stevens  (1959)  demonstrated  that  humans  can  reliably  estimate  magnitudes  of  the 
sensatioiis  produced  by  stimuli  such  as  sound,  electric  shock  or  vibrations  using  ratio 
scales.  When  subjects  were  provided  with  a  standard  stimulus  intensity,  they  were  able  to 
give  consistent  estimates  of  subsequent  sensation  intensities  relative  to  the  standard. 
Variations  of  the  technique  have  been  applied  to  motion  sickness  symptom  reponing  in 
studies  by  Bock  and  Oman  (1982),  Eagon  (1988),  and  Rague  (1987),  among  others. 
When  applied  to  nausea,  the  technique  calls  for  subjects  to  choose  a  level  of  nausea  which 
they  consider  "halfway  to  vomiting"  and  assign  it  a  numerical  value.  All  repons  of  nausea 
are  then  to  be  made  proportional  to  this  standard.  Thus,  a  doubling  of  the  numerical  repon 
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is  taken  to  indicate  a  doubling  of  nausea  intensity.  Although  motion  sickness  involves  a 
more  complex  stimulation  and  presumably  more  complex  sensory  modalities,  than 
situations  studied  by  Stevens,  subjects  are  generally  comfortable  applying  the  technique 
and  after  some  experience  they  give  seemingly  consistent  estimates  of  their  discomfort. 
(Bock  and  Oman,  1982;  Eagon,  1988;  Rague,  1987) 

The  technique  applied  in  this  thesis  the  same  as  that  used  by  Eagon  (1988)  with  the 
exception  that  subjects  were  instructed  to  rate  only  their  nausea’  levels  and  not  their 
overall  discomfort’.  Thus,  in  the  current  experiments,  milder  motion  sickness  symptoms 


Figure  4.2;  Schematic  diagram  of  remote  symptom  reporting  mechanism.  Subjects  control  a  dial 
mounted  on  the  chair  to  indicate  their  present  symptom  level.  Symptom  reports  are  monitored 
remotely  by  the  experimenter  on  a  desk  top  meter. 
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such  as  headache  or  fatigue  are  not  included  in  the  magnitude  estimates.  Therefore,  a 
numerical  rating  in  this  experiment  presumably  involves  at  least  as  much  and  probably 
more  nausea  than  an  equal  rating  in  Eagon's  experiment.  The  technique  differs  from  that  of 
Bock  and  Oman  (1982),  or  Rague  (1987)  in  that  subjects  were  not  exposed  to  motion 
induced  nausea  immediately  prior  to  the  experiment.  Subjects'  standard  definitions  of 
nausea  level  "halfway  to  vomiting  "  were  derived  from  their  memories  of  past  experiences 
with  nausea.  This  level  was  assigned  the  numerical  value  "five"  and  all  subsequent  repons 
were  made  relative  to  this  standard. 

During  much  of  the  experiment,  subjects  gave  verbal  repons  of  their  magnitude  estimates. 
However,  during  random  interval  breathing  segments,  the  subjects  were  required  not  to 
speak.  They  reponed  their  symptoms  by  turning  a  dial  mounted  on  the  arm  of  the  chair. 
The  level  of  5  was  indicated  on  the  dial  face  plate.  Each  click  of  the  dial  changed  their 
current  magnitude  estimate  by  one-half.  Dial  position  was  fed  electrically  to  a  meter  on  the 
experimenters  table.  The  experimenter  repeated  the  current  estimates  aloud  periodically  to 
insure  the  proper  level  was  recorded.  The  system  is  illustrated  schematically  in  Figure  4.2. 

4.1.4  Experiment  Protocol 

The  experiment  protocol  which  follows  was  approved  by  the  MIT  Comminee  on  the  Use  of 
Humans  as  Experimental  Subjects  (MIT-COUHES  1293).  The  rotating  chair  and  reversing 
prism  goggles  described  in  Section  3.2.2  were  used.  A  time  line  of  the  protocol  is 
illustrated  in  Figure  4.3.  Complete  experimental  sessions  lasted  between  3  and  4  hours. 

Once  subjects  gave  written  informed  consent,  they  were  instrumented  for  physiological 
recordings  and  were  seated  in  the  Barany  chair  (Section  3.2. 1 ).  They  remained  in  the  chair 
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Figure  4.3:  Time  line  of  the  expenmental  protocol  indicating  the  three  Random  Interval  Breathing 
(RIB)  segments.  Typical  expenment  duration  was  3.5  hr. 


throughout  the  experiment.  The  experiment  protocol  and  symptom  reporting  were 
reviewed,  and  cued  breathing  was  briefly  practiced. 


During  the  first  one-half  hour  of  each  experiment,  baseline  EGG  was  recorded  for  the 
companion  study  (Blanford,  1990;  Blanford  and  Oman,  1990)  as  subjects  sat  relaxed. 
EGG  recording  continued  throughout  the  experiment.  Instantaneous  lung  volume  (ILV) 
and  electrocardiogram  (ECG)  were  recorded  during  three  separate  Random  Interval 
Breathing  (RIB)  segments.  The  ILV  signal  was  calibrated  either  prior  to  or  immediately 
after  each  RIB  segment. 


RIB  segments  were  completed  in  the  same  manner  as  that  developed  by  Berger  (1989b).  A 
fifteen  minute  sequence  of  randomly  spaced  tones  was  prerecorded  on  cassette  tape  for 
playback  during  each  experiment.  The  same  sequence  of  tones  was  used  during  each  RIB 
segment.  The  tones  were  generated  by  computer  and  were  separated  by  intervals  derived 
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from  a  modified  Poisson  distribution  with  a  mean  rate  of  12  breaths/minute  (refer  to 
Section  2.3.3,  Figi're  2.10).  The  distribution  was  proposed  by  Berger  et  al.  since  the 
energy  in  a  sequence  of  Poison  intervals  is  constant  over  all  frequencies.  The  modified 
distribution  disallows  intervals  outside  the  range  of  1  to  15  seconds  but,  as  Berger  et  al. 
show;  despite  this  modification  fhe  process  remains  quite  broad  band.  During  each  RIB 
segment,  subjects  were  insmicted  to  initiate  an  inspiratory-expiratory  cycle  each  time  they 
were  cued  by  a  tone.  The  first  RIB  segment  was  preceded  by  a  two  minute  sequence  of 
tones  spaced  equally  at  the  same  mean  rate  of  12  breathes/minute.  During  this  time  subjects 
were  able  to  settle  on  a  comfortable  depth  of  respiration.  The  second  and  third  RIB 
segments  were  preceded  by  20  to  30  seconds  of  constant  interval  breathing. 

During  the  first  RIB  segment,  subjects  were  seated  and  the  chair  was  stationary.  During 
the  second  segment,  subjects  remained  seated  but  the  chair  was  rotated  sinusoidally  about 
an  eanh  venical  axis.  The  chair  peak  velocity  was  120  degrees/second  at  a  frequency  of 
0.1  Hz.  At  this  rate,  a  full  360  degrees  of  rotation  was  completed  in  each  half  cycle. 

After  these  two  control  recordings,  subjects  were  fitted  with  the  prism  goggles  (Section 
3.2.2)  and  the  retractable  work  surface  was  lowered  in  front  of  them.  Subjects  began  a 
series  of  coordinated  tasks  designed  to  induce  motion  sickness  in  most  subjects  within 
approximately  one-half  hour.  The  tasks  are  similar  to  those  described  by  Eagon  (1988) 
with  the  exception  of  his  head  movement  protocol. 

The  first  task  was  to  complete  a  one  page  questionnaire  (Appendix  A,  identical  to  that  used 
by  Eagi'-’,  1988).  The  questionnaire  was  printed  mirror  reversed  so  that  it  appeared  normal 
to  the  subject.  It  required  that  the  subject  exercise  eye-hand  coordination  in  writing  simple 
words,  copying  simple  pictures,  and  solving  simple  math  problems.  This  task  was 


performed  for  a  maximum  of  fifteen  minutes.  Subjects  were  not  required  to  complete  the 
entire  questionnaire  in  this  time. 

The  second  task  was  can  structure  building.  A  schematic  drawing  representing  15  soda 
cans  arranged  in  a  panicular  stacked  structure  was  placed  in  front  of  the  subject.  (Photo- 
reduced  copies  of  the  schematics  are  provided  in  Appendix  A.)  Fifteen  empty  soda  cans 
were  placed  on  the  right  side  of  the  work  surface.  Subjects  were  instructed  to  use  one  hand 
to  move  one  can  at  a  time  from  the  right  side  of  the  work  surface  to  the  left  side,  building 
the  structure  represented  in  the  drawing  as  they  did  so.  When  the  first  structure  was 
complete  or  5  minutes  elapsed,  any  remaining  cans  were  moved  to  the  left  side  of  the  work 
station  and  a  second  schematic  drawing  was  presented.  The  subject  was  asked  to  repeat  the 
process  except  this  time  building  the  new  structure  by  moving  one  can  at  a  time  from  left  to 
right.  Again,  the  subject  was  allowed  five  minutes  to  complete  the  structure.  A  complete 
can  structure  protocol  required  repetition  of  this  process  until  a  total  of  ten  structures  were 
attempted. 

The  third  tasking  protocol  involved  copying  drawings  and  solving  simple  mathematical 
problems  on  a  white-board.  A  2  by  3  foot  white  board  marked  with  two  drawings  and  four 
mathematical  problems  was  positioned  in  front  of  the  subject.  The  subject  was  provided 
with  a  marker  and  was  asked  to  replicate  the  drawings  and  solve  the  problems. 

Upon  completion  of  the  white  board  task,  the  subject  completed  a  sequence  of  two  more 
can  structures  and  then  repeated  the  white  board  task  with  new  drawings  and  problems. 
The  process  of  white  board  work  followed  by  two  can  structures  was  repeated,  as 
necessary,  for  the  remainder  of  the  tasking  period. 
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Subjects  who  reached  a  level  of  nausea  which  they  estimated  to  have  a  magnitude  of 
between  3  and  4  (where  5  is  "halfw  ay  to  vomiting"),  were  asked  to  moderate  their  activity 
in  order  to  maintain  but  not  exceed  these  symptoms.  They  were  instructed  in  the 
therapeutic  value  of  closing  their  eyes  and  holding  their  heads  still,  and  were  asked  to  try  to 
apply  these  techniques  to  control  their  symptom  level.  "While  their  symptom  levels 
remained  between  3  and  4  they  were  instructed  to  continue  tasking,  but  when  their 
symptoms  began  to  increase  above  this  level  they  were  to  stop  tasking,  relax  and  close  their 
eyes  until  symptoms  began  to  subside. 

The  tasking  period  was  ended  under  one  of  four  conditions:  (1)  the  subject  reponed  and 
maintained  for  fifteen  minutes,  a  sickness  level  between  3  and  4  on  the  magnitude  estimate 
scale,  (2)  one  and  one-half  hours  of  tasking  was  completed,  (3)  the  experimenter  opted  to 
terminate  the  session  in  the  best  interest  of  the  subject,  and  (4)  the  subject  chose  to 
withdraw  from  the  experiment. 

Subjects  who  were  able  to  continue  the  expenment.  panicipated  in  the  final  RtB  segment. 
The  table  top  was  retracted  and  the  same  chair  rotation  profile  used  in  RIB  segment  two 
was  repeated.  In  this  case  however,  subjects  were  motion  sick  and  continued  wearing  the 
prism  goggles.  Subjects  were  instructed  to  hold  their  heads  motionless  against  the  headrest 
and  to  try  to  maintain  symptom  levels  of  3  to  4  by  opening  and  closing  their  eyes.  During 
the  first  few  cycles  of  rotation,  subjects  were  allowed  to  again  become  comfortable  with 
controlling  their  symptoms.  Symptoms  were  reported  non-verbally  using  the  chair 
mounted  system  described  in  Section  4.1.3.  The  third  and  final  RIB  segment  was 
completed  as  subjects  rotated  while  maintaining  the  desired  symptom  level. 
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4.2  Analysis 


The  objective  of  the  data  analysis  was  to  estimate  and  compare  the  transfer  functions  of  ILV 
to  IHR  under  the  three  different  experimental  conditions  represented  by  the  three  RIB 
sessions.  The  first  step  in  the  analysis  was  to  sample  the  data  to  computer  and  extract 
sequences  of  ILV  and  IHR  representative  of  each  condition  (Section  4  2  1  and  4.2.2).  The 
second  step  was  to  estimate  the  transfer  and  coherence  functions  (Section  4.2.3).  The  third 
and  final  step  was  to  quantitatively  compare  the  transfer  functions  (Section  4.2.4  and 
4.2.5). 

4.2.1  Digitization 

Electrocardiogram  and  instantaneous  lung  volume  signals  were  replayed  from  FM  tape  and 
were  digitized  through  a  12  bit  analog  to  digital  (A/D)  converter  for  computer  analyses 
(Masscomp  MC-SOO).  Hardware  constraints  and  timing  considerations  necessitated  that 
both  signals  be  sampled  at  the  same  rate.  Neither  signal  contains  significant  power  above 
100  Hz,  so  in  order  to  satisfy  Nyquist's  criterion  and  thus  preserve  signal  integrity,  a 
sampling  rate  of  200  Hz  would  suffice.  However,  in  order  to  allow  for  accurate 
determination  of  temporal  locations  of  heart  beats  without  the  requirement  of  interpolation, 
a  sampling  rate  of  360  Hz  was  used  (refer  to  Berger,  1987,  for  further  discussion).  Each 
signal  was  passed  through  a  six  pole  Butterworth  (anti-aliasing)  filter  with  cutoff  frequency 
of  180  Hz  prior  to  sampling. 

Instantaneous  lung  volume  signals  were  digitally  filtered  and  decimated  down  to  an 
effective  sampling  rate  of  3  Hz.  (Decimation  is  completed  using  an  efficient  four  stage 
algorithm  described  by  Berger  (1987))  Instantaneous  hean  rate  signals  were  derived  from 
the  ECO. 
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4.2.2  Estimating  Instantaneous  Heart  Rates 


Many  different  algorithms  have  been  proposed  for  estimating  instantaneous  hean  rates.  All 
of  the  algorithms  require  the  detection  and  timing  of  individual  hean  beats.  Since  the  QRS 
complex  or,  more  specifically,  the  R  peak  is  the  most  easily  distinguishable  component  of 
the  ECG  of  a  single  hean  beat,  most  algorithms  begin  with  detection  of  R  peaks.  The  time 
between  two  consecutive  R  peaks  is  defined  as  an  R-R  interval  (Figure  4.4).  Perhaps  the 
simplest  algorithm  for  estimating  instantaneous  hean  rate  is  to  take  the  inverse  of  a  series  of 
R-R  intervals.  However,  such  a  technique  provides  estimates  of  hean  rate  on  a  per  beat 
basis  and  therefore  provides  a  series  of  estimates  unevenly  spaced  in  time.  It  is  desirable  to 
work  with  a  true  time  senes  in  the  sense  that  samples  of  hean  rate  are  at  constant  time 
intervals  (and,  therefore,  spectra  and  transfer  functions  have  units  per  Hz). 

Instantaneous  heart  rates  were  calculated  as  described  by  Berger  et  al.  (1986)  Their 
technique  provides  IHR  estimates  evenly  spaced  in  time,  at  any  chosen  frequency,  and 
avoids  problems  of  bias  and  time  delay  accompanying  other  techniques  (refer  to  Berger, 


Figure  4.4;  Sketch  of  an  electrocardiogram  of  two  hean  beats  indicaung  the  P,Q,R,S,  and  T  wave 
segments  and  the  R-R  interval. 
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Figure  4.5:  Calculation  of  Instantaneous  Heart  Rate  (IHR)  (a)  a  segment  of  ECO  signal  (b)  the 
instantaneous  heart  rate  samples  corresponding  to  the  ECG  signal.  The  number  of  RR  intervals 
within  the  local  window  centered  at  tj  is  given  by;  RR(tii  =  a/l2  and  at  t2:  RR[t2]  =  b/13  +  c/Lj- 
(modified  from  Berger  etal.,  1 986) 

1986,  for  funher  discussion).  In  this  study  the  sampling  frequency,  Fs  (equivalently  the 
inverse  of  sampling  period,  1/Ts)  was  chosen  as  3  Hz  for  synchrony  with  the  ILV  signal. 
The  estimate  of  IHR,  lHR[n] ,  at  the  n^^  sample  point  is  given  by: 

IHR[nl=  (4.1) 

2T,  2 

where  RR[n]  is  the  number  of  RR  intervals,  including  fractional  intervals,  which  are 
contained  in  the  time  interval  between  the  (ti-l)^^  and  (n+1)^^  sample  points.  Thus, 
n-lR[/il  is  calculated  as  the  number  of  RR  intervals  within  a  local  window,  divided  by  the 
duration  of  the  local  window,  (for  further  discussion  refer  to  Berger.  1986)  Sample 
calculations  are  demonstrated  in  Figure  4.5  (from  Berger.  1986). 

Two  1024  point  (5.69  min.  at  3  Hz)  paired  sections  of  the  ILV  and  IHR  signals  were 
extracted  from  each  15  minute  random  interval  breathing  segment  for  each  subject.  Each 
ILV[rt]  data  sequence  was  calibrated  using  the  calibration  data  most  closely  associated  with 
each  RIB  segment.  Figure  4.6  depicts  a  flow  chart  of  the  data  processing  involved  in 
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Figure  4.6;  Row  graph  indicaimg  the  sicps  applied  lo  derive  six  paired 
ILV  and  IHR  data  segments  for  each  subject 
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obtaining  these  paired  sections.  The  six  paired  data  sections  will  be  referred  to  as 


ILVclW.  IHRcIN  : 
ILVc2[n].  IHRc2[«]  : 
ILVri[n].IHRrl[/il: 
ILVr2[«],  IHRr2[«]  : 
ILVsiW.IHRsUn]; 

ILVs2[n],  IHRs2[«] 


First  segments  from  stationary  control  segment 
Second  segments  from  stationary  control  segment 
First  segments  from  rotating  control  segment 
Second  segments  from  rotating  control  segment 
First  segments  from  rotating  post  stimulus  segment 
Second  segments  from  rotating  post  stimulus  segment 


Each  of  these  pairs  was  used  to  estimate  one  ILV  to  IHR  transfer  function.  Thus,  a  total  of 
six  transfer  functions  (two  from  each  of  three  experimental  conditions)  were  estimated  for 
each  subject. 


4.2.3  Calculating  Individual  Transfer  Functions 

Each  transfer  function  was  estimated  as  follows  (Figure  4.7).  Autocorrelation  functions. 
Rui^l  and  Rhh(^1’  of  the  paired  finite  data  segments  ILV[n]  and  IHR[n],  respectively, 
were  estimated  by 

^  N  -  '  *1  ■  I 

RHMjfcj  =  — ! -  y  IHR(/i]  l-N</fc<N-l  (4.2a) 

•N  -  u  i  ,ro 

and 

^  N  -  N  -I 

Ruiik]  =  - 1 -  y  ILV[«]  lLV[n  +  lt|]  ;  l-N<*<N-l  (4.2b) 

N  -U| 

where  data  points  in  each  segment  are  indexed  from  one  n=0  to  n  =  N- 1=1023. 
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Similarly,  the  crosscorrelation,  Rhh[^]  between  ILV[nJ  and  IHR[/i]  was  estimated  by 

N  .|*i  -1 

_ I _  Y  ILV[n]  IHR[rt  +  U|]  ;  0<1:<N-1 

M-UI  ,To 

N  -1 

- 1 -  Y  ILV[rt]  IHR[  n  +  U(]  ;  1-N<jk<0 

where,  again,  data  points  in  each  segment  are  indexed  from  n=0  to  n=N-l  =  1023.  In  this 
case  separate  definitions  for  the  cases  k  >  0  and  ^  <  0  are  required  since  the  indices  of 
ILV[/i]  and  EHR(^]  are  not  interchangeable.  Note  that  the  auto-  and  crosscorrelation 
functions  are  estimated  at  2047  different  lags  and  therefore  these  time  series  are  2047 
(instead  of  1024)  points  long. 

Since  the  auto-  and  crosscorrelation  function  estimates  are  based  on  finite  data  records, 
there  is  significant  variance  in  the  estimates.  Furthermore,  as  1^1  approaches  N,  the 
correlations  are  based  on  fewer  data  points  and  therefore  the  variance  of  the  estimates 
increase  as  lifel  increases.  Application  of  a  window  to  the  correlation  functions  prior  to 
calculating  power  spectra  or  cross  spectra  serves  to  reduce  the  variance  of  the  spectral 
estimates  at  the  expense  of  spectral  resolution  and  bias.  A  Gaussian  window  of  the  form 

w(*|  =  c‘*  ;  1-N<i<.\-1  t4.4a) 

was  applied  to  each  autocorrelation  and  crosscorrclation  function.  A  value  of  Ot  =  NTs/47t 
=  27.16  was  used.  This  value  provides  roughly  a  14%  decrease  in  the  variance  of  the 
spectral  estimates  from  that  of  their  unwindowed  levels  (Berger,  1987).  Jenkins  and  Watts 
(1968)  have  shown  that  the  effective  frequency  resolution  of  the  windowed  spectra  is 
decreased  by  a  factor  of  1/Q  where 

Q  =  -L_  V  w*[  k  iTs  (4.4b) 

NTs  *.i  .  >• 
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Figure  4.7;  Flow  graph  indicating  the  steps  applied  to  estimate  each  transfer  function  from  one 
paired  ILV  and  IHR  data  segment 


For  the  Gaussian  window  defined  above,  Q  =  141  and  therefore,  effective  spectral 
resolution  is  reduced  by  approximately  seven  times.  As  a  result,  independent  frequency 
samples  are  separated  by  approximately  0.01  Hz.  Windowing  also  introduces  an 
estimation  bias  in  the  form  of  a  tendency  toward  underestimation  of  spectral  peaks  and 
overestimation  of  spectral  valleys. 
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Samples  of  the  power  spectra  of  IHR[/i)  and  [LV[n)  and  the  cross- spectrum  between  the 
two  were  calculated  as 

Slu/  ,  =  TsDFtIRllI  1:  ]  w[  1:  l)  (4.5a) 

Shhl/  :  =  T’sDFTtRHHl  ^  1  w[  ^  j)  (4.5b) 

and 

Slhl/  J  =  T'sDF^Rlh[^]  w  1:])  (4.5c) 

respectively,  where  DFT()  is  a  2048  point  Discrete  Fourier  Transfomi  operator. 

In  practice,  efficient  Fast  Fourier  Transform  (FFT)  algorithms  are  used  in  calculating  both 
the  correlation  function  estimates  and  the  power  spectrum  estimates  (refer  to  Berger,  1987). 


Finally,  the  transfer  function  and  coherence  function  are  estimated  as 


|4Li 

Sttlif  ] 


(4.6a) 


and 

;{/].  „  IstK/ir 

ShK/  ]  Sul  /  ] 


(4.6b) 


Following  the  method  outlined  above,  six  transfer  function  estimates  per  subject  were 
calculated  from  the  six  ILV-IHR  pairs.  Hencefonh  they  will  be  referred  to  as  follows: 


HcK/]: 
Hc2[/1: 
Hrl[/1: 
Hr2[/1  : 
Hsl[/]: 
Hs2[/I: 


First  estimate  from  stationary  control  segment 
Second  estimate  from  stationary  control  segment 
First  estimate  from  rotating  control  segment 
Second  estimate  from  rotating  control  segment 
First  estimate  from  rotating  post  stimulus  segment 
Second  estimate  from  rotating  post  stimulus  segment 
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Although  3  Hz  sampling  rate  allows  estimation  of  the  transfer  functions  from  0  to  1.5  Hz. 
generally  only  the  first  one  third  (or  1024/3  =  342  sample  points)  of  the  transfer  function 
(0.0  to  0.5  Hz)  was  considered  accurate  and  physiologically  meaningful  (Berger,  1987). 

4.2.4  Calculating  Group  Average  Transfer  Functions  and  Confidence  Intenrals 

In  the  interest  of  identifying  consistent  changes  in  the  transfer  functions  between  the  three 
conditions,  group  average  transfer  functions  with  confidence  intervals  were  calculated. 
The  nonsick,  stationary  condition  was  represented  by  an  average  of  all  Hd  and  Hc2 
transfer  functions.  The  nonsick  and  rotating  condition  was  represented  by  an  average  of  all 
Hri  and  Hr2  transfer  functions  from  the  subject  population.  Finally,  the  motion  sick  and 
rotating  condition  was  represented  by  an  average  of  all  Hd  and  Hc2  transfer  functions. 
The  algorithm  for  computing  these  pooled  estimates  was  developed  by  Berger  and 
colleagues  (personal  communication)  and  is  similar  to  that  described  by  Berger  (1987). 
The  development  th.at  follows  closely  parallels  that  given  by  Berger  (1987)  with  the 
exception  that  magnitude  and  phase  components  (as  opposed  to  real  and  imaginary  pans)  of 
the  transfer  functions  are  treated  independently. 


The  maximum  likelihood  formulation  for  computing  the  group  means  weights  each  estimate 
by  the  reciprocal  of  its  variance.  The  average  magnitude,  <IH|/1I>,  and  average  phase, 
<i3>,  (assumed  independent)  are  given  by 
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and 


y  id 

1  =  1 

M  -  --- 

i  — — 

1  =  1  ^f/  J 

where  the  index,  i,  iterates  across  the  M  individual  estimates  to  be  included  in  the  average. 
The  variance  in  each  individual  estimate  of  the  magnitude  and  phase  (as  a  function  of 
frequency)  are  denoted  ^hiil/ ]  and  ],  respectively.  These  variances  are  unknown  and 
must  themselves  be  estimated. 


Berger  distinguishes  two  components  of  these  variances,  the  estimator  variances.  . 


and  and  the  population  variances,  and  PiHii/].  The  estimator  variances 

characterize  the  error  inherent  in  the  estimation  procedure  itself  as  a  function  of  frequency 
for  a  panicular  transfer  function.  Berger  (1987,  personal  communication),  using  results 
from  Jenkins  and  Watts  (1968),  has  demonstrated  that  the  estimator  variances  can  be 
approximated.through  use  of  the  coherence  function,  as 

P?Hii/]  =|H.[/f  (;-^f2.^.2(0.68)^^)  (4.8a) 


and 


-  nf]  \ 


.‘{-2 

|P- 

where  f2.ii-2(0-68)  is  a  number  such  that 


(4.8b) 


Prob[F2,^-2  ^  f2.n.2(0.68)]  =  0.68  (4.9) 

where  F2.n-2  is  the  F  distribution  with  2  degrees  of  freedom  in  the  numerator  andM--2 
degrees  of  freedom  in  the  denominator.  The  value  of  the  constant,  P,  is  the  number  of 


*  In  practice,  due  to  the  periodic  nature  of  phase,  direct  solution  to  equation  4.7b  involves 
calculation  of  the  roots  of  an  Mth  order  equation  and  selecting  the  proper  root  as  solution. 
A  computationally  less  burdensome  approach  is  typically  used.  The  average  phase  is  taken 
to  be  the  phase  of  a  weighted  vector  sum  of  unit  vectors.  Each  unit  vector  has  the  same 
phase  as  one  of  the  original  vectors  in  the  average.  Each  is  weighted  by  the  inverse  of  its 
total  variance.  This  algorithm  gives  similar  results  to  that  of  direct  solution  of  4.7b 
(Berger,  personal  communication). 
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degrees  of  freedom  in  the  chi-squared  distributions  chaiactenzing  the  spectral  estimates.  It 
is  a  function  of  the  svindow  used  in  the  spectral  estimation  process  and  is  equal  to  14  in  this 
analysis  (Berger,  1987;  Jenkins  and  Watts.  1968). 

The  population  variances,  Pijl/  J  and  9\\iJ  ],  characterize  the  variability  in  the  transfer 
function  estimates  due  to  individual  differences  across  the  population.  They  can  be 
approximated  by 

i  [|H|i[f]  -  (|h[/]|)1'  (4. 10a) 

i  =  I 

and 

pllf]  =  ^  i  [^if]  -  (4.10b) 

However,  equations  4.10a  and  4.10b  employ  the  group  average  magnitude  and  phase 
which  are  unknown  and  their  estimation  depends  on  knowledge  of  the  population 
variances.  An  iterative  approach  to  simultaneously  solving  equations  4.7  and  4.10  is 
possible,  however,  Berger  (1987,  personal  communication)  has  successfully  demonstrated 
a  less  computationally  burdensome  approach.  For  the  purposes  of  estimating  these 
population  variances,  the  group  averages  were  temporarily  estimated  using  equations  4.7a 
and  4.7b  with  equal  weights.  That  is,  all  variances  were  temporarily  taken  to  be  equal,  to 
allow  approximation  of  ( iH  (/  il )  and  (d  (/  ) ).  Using  these  approximations,  Pol/ ]  and 
were  calculated. 

The  total  variance  was  then  taken  as  the  sum  of  the  estimator  variance  and  the  population 
variance.  That  is. 


(4.11a) 

(4.11b) 
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Group  average  transfer  magnitude  and  phase  were  then  recalculated  using  these  variances 
as  the  new  weights  in  equations  4.7a  and  4.7b. 


The  standard  error  of  the  group  means  were  then  given  by 


1=  1 


and 


(4.12a) 


(4. 12b) 


4.2.5  Comparing  Transter  Functions  tor  Individuals 

The  method  developed  by  Berger  ( 1987,  personal  communication)  and  described  in  the 
previous  section,  allows  quantitative  comparisons  between  group  average  responses  to  the 
three  experimental  conditions.  In  order  to  make  such  comparisons  for  individual 
responses,  a  different  approach  was  taken.  Recall  that  for  an  individual,  two  transfer 
functions  representing  each  of  the  three  experimental  conditions  were  calculated.  Two 
distinct  comparisons  between  these  transfer  functions  were  made.  First,  to  assess  changes 
due  to  rotation,  the  stationary  control  segments  (Hcl(/1  and  Hc2l/1)  were  compared  with 
the  rotating  control  segments  ("Hr  I  [/I  and  Hr2l/1)-  Second,  in  order  to  assess  changes  due 
to  motion  sickness,  the  rotating  control  segments  CHrl[/]  and  Hr2[/])  were  compared  to  the 
rotating,  motion  sick  segments  (Hsi[/I  and  Hs2[/1)-  Both  of  these  comparisons  were 
made  in  the  same  manner. 
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The  first  step  was  to  obtain  independent  samples  of  each  transfer  function.  As  mentioned 
in  Section  4.2.3,  adjacent  frequency  samples  are  correlated  due  to  the  windowing 
procedure  incorporated  in  the  spectral  estimation.  Transfer  function  samples  separated  by 
0.01  Hz  (or,  equivalently,  by  seven  discrete  samples)  are  mostly  uncorrelated.  Arithmetic 
(complex)  averages  across  blocks  of  seven  samples  were  calculated  for  each  transfer 
function  as  follows; 

J=-3 

H[f,]  =  X  Hf/,.;;  i  =  4,ll. 18,25 . 333,340  (4.13) 

'  J  =  -3 

where  the  1024  samples  of  the  transfer  function  between  0  and  1.5  Hz  are  denoted 
sequentially  by  H(/i] ,  H[/2j ,  HI/3],  ...,  H(/io24].The  H[F/]  are  taken  as  independent 
estimates  of  the  transfer  function  at  frequencies,  Fi,  Only  the  first  one-third  of  the  transfer 
function  is  used.  Thus,  fony-nine  independent  samples  of  the  transfer  function  between  0 
and  0.5  Hz  were  obtained. 

To  test  the  null  hypothesis  that  rotation  has  no  effect  on  an  individual’s  transfer  function 
estimates,  the  following  statistic  was  calculated  at  each  independent  frequency,  Fi : 


cM  = 


HrilT.l  -Hci[T,l  Y  ^  iH,2[F.] 

■  ^ 


'2o- 


Hri[F.]  -Hr2[FJ  ‘  |Hcl[F,]  -Hc2[F 


(4.14) 


'2o* 


Under  the  null  hypothesis,  the  four  transfer  function  estimates  Hci[Fj],  Hc2[/^t].  Hrl[/^j] 
and  Hr2(f  il  are  realizations  of  the  same  random  process.  This  process  has  unknown 
variance  O^.  Under  this  hypothesis,  each  of  the  four  squared  differences  in  the  ratio  is 
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distributed  as  a  chi^  with  one  degree  of  freedom  (chii^).*  The  sum  of  two  chii^  statistics 
is  distributed  as  chi2^i  and  the  ratio  of  two  chi2^  is  distributed  as  F  with  2  degrees  of 
freedom  in  both  the  numerator  and  denominator  (F2,2)-  Thus,  under  the  null  hypothesis, 
the  statistic,  Cr[Fj],  is  distributed  as  a  F2,2-  (Note  that  in  practice,  the  value  of  o~  is  not 
needed  to  calculate  Cr[F'i]  since  the  factors  ila-  cancel.) 


A  similar  statistic  was  calculated  to  test  for  effects  of  motion  sickness.  The  statistic, 
Cs[/^i].  was  calculated  as 


Under  the  null  hypothesis  that  motion  sickness  has  no  effect  on  the  transfer  function, 
Cs[/^i]  is  also  distributed  as  F2,2- 


*  The  distribution  of  each  squared  difference  may  be  derived  as  follows.  Each  H[Fj]  under 
the  null  hypothesis  is  one  realization  of  a  random  process.  For  simplicity  the  two 
realizations  in  each  squared  difference  will  be  denoted  generally  as  Xj  and  X2. 

/X, -X2I2  ((Xi -X)  +  {X- X2)P  u  V  -  K 

^  — - - — ! - ^  ;  where  X  is  the  sample  mean 

1  1  2a2 

((X  i-X)-^(X-X2)f  ^  (Xi  -  Xp  ^  2(Xi  -  XXX  -  X2)  +  (X  -  Xif 
2a^  2o^ 

and(Xi  -X)  =(X  -  X2)  so 

(Xi  -XP-h2(Xi  -XKX-X2)-t-(X-X2p  ^  4{Xi  -Xf  ^  2(Xi  -Xp 
2o‘  2o^ 

MF=xtlx,-xf, 

i  =  1 

which  is  distributed  as  chii^.  [Rice,  1988,  pp.  172-3] 
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For  each  subject,  CHF/]  and  Cs[Fi].  were  plotted  as  functions  of  frequency,  F/  and  the 
distributions  of  their  magnitudes  were  plotted  as  histograms.  Comparison  to  the  F2,2 
distribution  were  made  to  assess  significance  of  effects. 

In  order  to  assess  the  sensitivity  of  the  analysis  to  the  assumption  that  independent 
frequency  samples  of  the  transfer  function  are  separated  by  0.01  Hz,  the  process  was 
repeated  assuming  a  separation  approximately  half  as  large  (0.0044  Hz  or  equivalently  3 
discrete  samples).  The  calculations  were  identical  to  those  above  except  that  the  H[F/]  were 
calculated  as; 

j  =-! 

H[F,J  =  V  1  =  2,5,8.1  1 . 338.341  (4.16) 

^  j  =  .1 

In  this  case  1 14  independent  samples  of  the  transfer  functions  between  0  and  0.5  Hz  were 
obtained.  Equations  4.14  and  4.15  were  used  to  calculate  the  new  Cr[fi]  and  Cs[/^i]. 
Again,  CHFj]  and  Cs[Fi]  were  plotted  as  functions  of  frequency  and  the  distributions  of 
their  magnitudes  were  plotted  as  histograms. 
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V  Results 


5.1  Subject  Information  and  Motion  Sickness  Levels 

Eighteen  subjects  each  panicipated  in  one  experiment  session.  Seven  subjects  were  female 
and  eleven  were  male.  The  average  subject  age  was  22.3  years  (min  18  yr;  max  30  yr, 
average  female  22.29  years;  average  male  22.36  years).  All  subjects  were  non-smokers 
and  reported  no  medical  problems.  All  reported  not  using  any  medication  or  consuming 
any  alcohol  within  24  houn  of  the  experiment  session.  All  reponed  consuming  no  coffee, 
tea  or  cola  within  twelve  hours  of  the  experiment  session  and  undertaking  no  exercise 
within  6  hours  of  the  session.  Each  had  a  normal  night's  sleep  on  the  evening  prior  to  the 
experiment  and  had  their  usual  meal  between  three  and  four  hours  prior  to  the  session.  All 
experiments  began  between  3:30  and  4;30  PM. 

Subject  genders,  ages,  experience,  self  ratings  of  susceptibility  and  experiment  endpoints 
are  provided  in  Table  5.1.  Subjects  were  categorized  as  either  experienced  or  not 
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experienced  based  on  whether  they  had  previously  participated  in  motion  sickness 
experiments.  Self  ratings  of  susceptibility  were  taken  from  Section  C  of  the  .Motion 
Sickness  Questionnaire  completed  by  each  subject  prior  to  the  experiment.  Experiment 
endpoints  were  denoted  as  either  Normal',  'Time',  Abon'  or  Emesis'.  'Normal' 
experiment  endpoint  was  reached  if  the  subject  attained  symptoms  which  were  estimated  as 
magnitude  3  or  greater  and  maintained  symptoms  near  this  level  for  15  minutes  prior  to  and 
during  the  final  random  interval  breathing  segment.  Time'  endpoint  was  reached  if  a 
subject  competed  1.5  hours  of  tasking  without  developing  significant  symptoms.  Abort' 
endpoint  indicates  that  the  experiment  was  aboned  prior  to  completion  of  the  tasking 
period.  'Emesis'  endpoint  was  reached  if  a  subject  vomited  prior  to  completion  of  the 
tasking  period  despite  all  effons  to  prevent  such  occurrence.  Two  subjects  (13  and  14) 
reached  the  Time'  endpoint,  two  (subject  15  and  16)  reached  the  'Abort'  endpoint  and  two 


Table  5. 1  Subject  Information 


SUBJECT 

NUMBER 

GENDER  AGE 

EXPERIENCE 

SELF  RATED 
SUSCEPTIBILITY 

EXPT 

ENDPOINT 

1 

F 

19 

No 

Immune 

Nonnal 

2 

F 

23 

No 

Immune/Lcss 

NorniaJ 

3 

M 

19 

No 

Less 

Normal 

4 

M 

25 

Yes 

Less 

Normal 

5 

F 

24 

No 

Average 

Normal 

6 

M 

25 

No 

Less 

Normal 

7 

M 

20 

No 

More 

Normal 

8 

F 

24 

No 

Average 

Normal 

9 

M 

20 

No 

Less 

Normal 

10 

F 

19 

No 

Immune 

Normal 

11 

M 

18 

No 

Less 

Normal 

12 

F 

22 

Yes 

Average 

Normal 

13 

M 

28 

Yes 

Less 

Time 

14 

M 

30 

Yes 

More 

Time 

15 

M 

19 

No 

Average 

Abort 

16 

F 

25 

No 

AverageA-ess 

Abort 

17 

M 

19 

No 

Less 

Emesis 

18 

M 

23 

Yes 

Average 

Emesis 
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(subjecc  17  and  18)  reached  the  Emesis'  experiment  endpoint.  The  remaining  twelve 
subjects  (1  through  12)  reached  the  ‘Normar  endpoint.  No  consistent  relationships  are 
evident  between  the  parameters  in  Table  5.1.  In  particular,  neither  age,  gender,  experience 
or  self  rated  susceptibilities  were  predictive  of  experiment  endpoint. 

Analyses  were  conducted  on  the  sub-population  of  twelve  subjects  who  achieved  a 
Normal'  experiment  endpoint  (six  male,  six  female;  age  18-25  yr,  avg.  21.5  yr). 
Magnitude  estimates  of  nausea  for  these  subjects  are  plotted  in  Figure  5.1.  Statistics  of  the 
magnitude  estimates  are  given  in  Table  5.2.  .Most  subjects  controlled  their  symptoms 
closely  about  a  mean  level  between  3  and  4  on  their  magnitude  estimate  scale.  Subjects  3 
and  10  reported  slightly  higher  levels  and  Subjects  2  and  7  reponed  slightly  lower  levels. 


Table  5.2  Magnitude  Estimation  Statistics  for  ’Normal’  Subjects 
during  the  final  RIB  Segment 


SUBJECT 

NUMBER 


MAGNITUDE  ESTIMATE  OF  NAUSEA 


MEAN 


STANDARD 

deviation 


MINIMUM  MAXIMUM 


Tia«  Coura«  of  Syaptoma  Subjcci 


1UPM«  Tia«  latAwitii 

Tim«  Court*  of  Syaptoaa  Subject  2 


z  t 


3  *1 

t 


fU9M«  Tias  latawi*** 

Tiai*  Court*  of  Syaptoai  SuD|*ct  3 


Tifl*  Court*  of  Sysptoai  Subiect  c 


Tia*  Court*  of  Syaptoac  Subject  5 


Tia*  Court*  of  Syaptoat  Subiect  6 


9 

i 

11 

V 

M 


Tia*  Court*  Of  Syaptoat  Subiect  7 


Tia*  Court*  of  Syaptoat  Subject  I 


Tia*  Court*  of  Syaptoat  Subject  ^ 


liitMt  Tia* 

Tia*  Court*  of  Syaptoat  Subiect  10 


! 

K 

S'* 


Tia*  Court*  of  Syaptoat  Subiect  M 


Ua»»««  Tis*  laasiMi 

Tia*  Court*  of  Syaptoat  Subject  12 


Figure  5.1:  Time  course  of  Magnitude  Estimates  of  Nausea  for  'Normal*  Subjects 
(t  =0  corresponds  to  the  start  of  provocative  tasking) 
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Subject  8  completed  only  8  minutes  of  the  final  RIB  segment.  The  group  mean  magnitude 
estimate  level  during  the  final  RIB  segment  was  3.4  (standard  error  0.65). 

Each  of  the  twelve  subjects  showed  significant  signs  of  sickness  (evident  to  two 
experienced  observers)  such  as  pallor  and  sweating.  During  the  tasking  period,  when 
verbal  reports  of  symptoms  were  possible,  or  retrospectively,  after  the  final  RIB  segment, 
each  subject  reponed  other  symptoms  of  sickness  accompanying  their  nausea.  Seven  of 
twelve  subjects  reponed  sweating,  seven  reponed  subjective  feelings  of  warmth  or  cold, 
four  reported  increased  salivation,  four  reported  fatigue  and  all  reponed  feelings  of 
"fullness  in  the  throat". 

5.2  Sample  Heart  Rate  and  Lung  Volume  signals 

For  each  of  the  twelve  subjects  except  Subject  8,  six  paired  ILV  and  IHR  data  segments 
(DLVci-IHRci,  ILVc2-IHRc2.  ILVn-IHRri.  ILVr2-IHRr2,  HVsi-IHRsi  and  ILVs2-IHRs2) 
were  extracted  (Figure  4.6).  Due  to  the  limited  duration  of  Subject  8's  final  RIB  segment, 
ILVs2  and  IHRs2  could  not  be  calculated.  Sample  plots  of  ILV  and  IHR  time  series  and 
their  power  spectra  are  given  in  Figure  5.2  (data  from  Subject  1).  The  random  breathing 
pattern  is  evident  in  the  plots  of  the  ILV  time  series.  The  effective  broadening  of  the 
frequency  content  of  ILV  is  evident  in  the  power  spectra. 

5.3  Individual  Transfer  Function  Estimates 

In  Figures  5.3  through  5.14,  plots  of  the  magnitude,  phase  and  coherence  of  the  six 
transfer  functions,  Hcl,  Hc2.  Hrl,  Hr2.  Hsi  and  Hs2.  are  given  for  the  twelve  "Normal’ 
subjects.  Note  that  Hs2  was  not  calculated  for  subject  8  due  to  the  limited  duration  of  the 
final  RIB  segment. 
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Figure  5.2;  Six  paired  IHR-ILV  data  segments  and  their  associated  power  spectra  (Subject  1). 
Note  random  breathing  pattern  and  effective  broadening  of  ILV  spectra.  IHR  time  series  are  in 
units  bpm  vs  minutes  and  spectra  are  bpm^  vs  Hz.  ILV  time  series  are  in  units  liters  vs  minutes 
and  spectra  are  liters^  vs  Hz. 
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5.4  Group  Average  Transfer  Functions 


Group  average  transfer  function  plots  with  error  bars  calculated  from  the  data  from  the 
Normal’  group  are  given  in  Figure  5.15.  Figure  5.15a  is  the  group  average  for  the  non- 
sick,  stationary  RIB  segment.  Figure  5.15b  is  the  group  average  for  the  non-sick.  rotating 
RIB  segment.  Figure  5.15c  is  the  group  average  for  the  motion  sick,  rotating  RIB 
segment.  The  transfer  function  magnitudes  are  not  significantly  different  from  one  another 
over  any  band  of  frequencies  between  0.0  and  0.5  Hz.  The  transfer  function  phases  appear 
to  differ  only  over  the  frequency  band  of  0.0  to  0.03  Hz.  Specifically,  the  transfer  function 
from  the  motion  sick  condition  tends  to  drop  off  from  0.0  radians  toward  -2.0  radians 
while  the  non-sick  cases  tend  to  increase  from  -1.5  radians  toward  -1.0  radians  and  then 
drop  back  toward  -2.0  radians.  Note  that  these  trends  are  simply  approaches  from  different 
directions  toward  essentially  zero  phase.  Funhermore,  at  these  very  low  frequencies,  the 
transfer  function  estimates  are  generally  not  reliable  as  they  are  associated  with  low 
coherence.  Thus,  the  group  average  transfer  function  estimates  are  not  significantly 
changed  due  to  rotation  or  motion  sickness. 

5.5  Comparison  of  Transfer  Functions  for  Individual  Subjects 

In  Figures  5.16-5.26,  Cr  (A)  and  Cs  (B)  (Equations  4.14  and  4.15)  are  plotted  as  a 
function  of  frequency  and  their  distributions  are  plotted  as  histograms  for  11  of  the  12 
subjects  in  the  ’Normar  group.  (€$  and  Q  were  not  calculated  for  Subject  8  due  to  the 
incomplete  data  set.)  Plots  are  shown  for  two  different  assumptions:  (1)  that  independent 
frequencies  are  separated  by  7  discrete  samples  (0.0 1  Hz)  and  (2)  that  independent 
frequencies  are  separated  by  3  discrete  samples  (0.044  Hz).  No  significant  differences  in 
the  appearance  of  Cr  or  Cs  are  evident  between  the  two  cases.  Thus,  within  reasonable 
limits  the  analysis  is  not  sensitive  to  this  choice. 
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Figure  3.3:  ILV  to  IHR  Transfer  function  and  coherence  estimates  for  Subject  1  from  (A)  nonsick 
sutionary  RIB  segment  (B)  nonsick  rotating  RIB  segment  and  (C)  motion  sick  rotating  segment 
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Hc2l/1 


TRANSFER  MACKTTUDE 


Figure  5.4:  ELV  to  IHR  Transfer  funcuon  and  coherence  estimates  for  Subject  2  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  rotating  RIB  segment  and  (C)  motion  sick  rotating  segment 


HPMA.oa  lH  iitthUS  iio 


B.  Hrl(/]  Hrllf] 


Figure  5.6:  ILV  to  IHR  Transfer  funcuon  and  coherence  estimates  for  Subject  4  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  roiaung  RIB  segment  and  (C)  motion  sick  rotating  segment 
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Hell/-]  Hc2[/^1 


Figure  5.7:  ILV  to  IHR  Transfer  funcuon  and  coherence  estimates  for  Subject  5  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  rotating  RIB  segment  and  (C)  motion  sick  rotating  segment 
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Figure  5.9:  ILV  to  IHR  Transfer  funcuon  and  coherence  esdmates  for  Subject  7  ftom  vA)  nonsick 
stationary  RIB  segm^i  (B)  nonsick  rotaung  RIB  segment  and  (C)  motion  sick  rotating  segment 


92 


Not  Calculated  due  to  the 
limited  duration  of  the  final 
Random  Breathing  Segment 


Figure  S.IO:  ILV  to  IHR  Transfer  funcuon  and  coherence  estimates  for  Subject  8  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  rotating  RIB  segment  and  (Q  motion  sick  rotating  segment 
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Figure  S.ll:  ILV  to  IHR  Transfer  funcuon  and  coherence  estimates  for  Subject9  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  rotating  RIB  segment  and  (C)  motion  skk  rotating  segment 
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Figure  5.12:  ILV  to  IHR  Transfer  function  and  coherence  estimates  for  Subject  10  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonstck  rotating  RIB  segment  and  (C)  motion  sick  rotating  segment 
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Figure  S.13:  DLV  to  IHR  Transfer  function  and  coherence  estimates  for  Subject  1 1  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  roiaung  RIB  segment  and  (C)  motion  sick  rotating  segment 
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Figure  5.14;  ILV  to  IHR  Transfer  function  and  coherence  esumates  for  Subject  12  from  (A)  nonsick 
stationary  RIB  segment  (B)  nonsick  rotating  RIB  segment  and  (C)  motion  sick  rotating  segment 
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Figure  5  15  Group  average  transfer  functions  with  error  bars  for 
Normal  subjects  during  'A  )  non  sick  stationary  RIB  segment  (average 
of  all  Hcl[fl  and  Hc2(fl)  (B  )  non  sick  rotating  RIB  segment  (average  of 
all  HrKfl  and  Hr2(fl)  and  (C  )  motion  sick  rotating  RIB  segment 
(average  of  all  HsKfl  and  Hs2(f|)  (current  and  previous  page) 
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Figure  5.16:  Subject  1  Statistics  Q  (A)  and  Cj  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  i=7. 1 14  for  i=3). 
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Figure  5.18:  Subject  3  Statistics  Q  (A)  and  C,  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bm  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  i=7,  114  for  i=3). 
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Figure  5.19:  Subject  4  Statistics  Cr  (A)  and  C*  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  i=7,  1 14  for  i=3). 
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Figure  5.20:  Subject  5  Statistics  Q  (A)  and  Cj  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
nave  uniu  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  bv  the  total 
number  of  values  included.  (49  for  i=7.  1 14  for  i=3). 
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Figure  5.21:  Subject  6  Statistics  Cr  (A)  and  Cj  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  1=7,  1 14  for  i=3). 
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Figure  S.22;  Subject  7  Smisiics  Cr  (A)  and  Cj  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  i=7,  1 14  for  i=3). 
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Figure  5.23:  Subject  9  Statistics  Q  (A)  and  Cs  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  i=7,  1 14  for  i=3). 
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Figure  5.25:  Subject  1 1  Statistics  Q  (A)  and  C,  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  i=7, 1 14  for  i»3). 
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Figure  3.26;  Subject  12  Statistics  Q  (A)  and  Cs  (B).  plotted  as  functions  of  frequency  and  as 
histograms  of  magnitudes  for  two  choices  of  independent  frequency  separations,  i.  Histograms 
have  units  of  count  per  bin  vs  bin  mean.  Histograms  can  be  normalized  by  dividing  by  the  total 
number  of  values  included.  (49  for  1=7, 1 14  for  1=3). 
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Under  the  null  hypothesis  that  there  is  no  change  in  the  transfer  function  due  to  rotation,  Q 
is  distributed  as  F2,2-  Similarly  under  the  null  hypothesis  that  there  is  no  change  in  the 
transfer  function  due  to  motion  sickness,  Cs  is  distributed  as  F2,2-  The  95%  significance 
level  for  the  F2,2  distribution  is  19.0  the  90%  significance  level  is  9.0  and  the  75% 
significance  level  is  3.0.  A  plot  of  the  F2,2  distribution  is  given  in  Figure  5.27. 

A  wide  band  of  frequencies  with  Cr  or  €$  values  above  19.0  would  indicate  a  significant 
difference  (with  95  %  confidence)  in  transfer  functions  due  to  rotation  or  motion  sickness, 
respectively.  In  the  plots  versus  frequency,  a  number  of  subjects  exhibit  large  values 
(outliers)  of  Cs  and  Cr  at  a  few  discrete  frequencies  or  over  a  few  small  frequency  bands. 
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However,  these  outliers  occur  in  limited  number  and  there  are  no  peaks  in  the  Qor  Cs 
plots  that  reappear  at  the  same  frequency  in  different  subjects*.  Therefore,  in  general,  the 
outliers  are  consistent  with  the  null  hypothesis.  Further,  the  plots  of  Cr  and  Cj  as 
histograms  appear  similar  to  the  F2,2  distribution  (Figure  5.27)  as  they  are  expected  to 
under  the  null  hypothesis.  Thus,  the  analyses  of  individual  transfer  functions  indicate  no 
significant  changes  due  to  rotation  or  motion  sickness  in  any  individual  subject. 


*  If  peaks  in  Cr  or  Cj  were  associated  with  the  same  frequencies  in  different  subjects,  they 
could  not  be  interpreted  as  resulting  from  randomly  occurring  outliers  and  therefore  would 
not  be  consistent  with  the  null  hypothesis.  A  frequency  dependent  effect  would  be 
indicated. 
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VI  Discussion 


6.1  The  Development  of  Motion  Sickness 

The  experiment  protocol  was  successful  in  eliciting  motion  sickness  symptoms  in  sixteen 
of  eighteen  subjects.  Funher,  twelve  of  these  sixteen  subjects  were  able  to  control  their 
symptoms  around  a  moderate  level  during  random  interval  breathing.  The  success  of  the 
paradigm  was  due.  in  part,  to  the  moderate  levels  of  symptoms  induced  in  subjects. 
Although  magnitude  estimates  presumably  represent  slightly  different  subjective  feelings  in 
different  subjects,  it  has  been  our  experience  that  when  magnitude  estimates  above  5  are 
attained,  avalanching  of  symptoms  toward  the  vomiting  endpoint  becomes  more  likely. 
Rarely  do  symptoms  avalanche  from  levels  of  3  or  4  to  culminate  uncontrollably  in 
vomiting.  However,  above  levels  of  5,  a  single  nauseogenic  stimulus  (such  as  a  single 
head  movement)  may  lead  rapidly  to  vomiting  despite  all  subsequent  effons  of  the  subject 
or  experimenter.  Ethical  considerations  and  the  desire  to  avoid  inducing  severe  nausea. 
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retching  or  vomiting,  therefore  required  that  subjects  attempt  to  maintain  only  moderate 
symptoms  near  3  or  4  on  their  magnitude  estimate  scales. 

The  concern  therefore  arises  over  the  severity  of  sickness  experienced  by  the  twelve 
Normal'  subjects  during  the  final  RIB  segment.  The  average  level  of  sickness  reported 
during  the  segment  varied  to  some  degree  between  subjects  (Table  2.1).  Funhermore,  a 
magnitude  estimate  of  3  or  4  for  one  subject  is  probably  not  the  same  as  that  for  other 
subjects.  However,  the  level  of  symptoms  maintained  by  each  subject  presumably  did 
involve  significant  nausea.  The  presence  of  significant  motion  sickness  is  further 
supported  by  subjective  repons  and/or  objective  observations  of  signs  and  symptoms  such 
as  pallor,  sweating  and  feelings  of  fullness  in  the  throat'  (Section  5.1).  None  of  the 
twelve  'Normal'  subjects  experienced  the  retching  or  vomiting  which  is  associated  with 
severe  motion  sickness. 

Thus,  data  from  the  final  RIB  segment  .;>  representative  of  subjects  in  moderate  but  perhaps 
not  severe  motion  sick  conditions.  It  is  reasonable  therefore  to  interpret  the  ILV  to  IHR 
transfer  functions  from  the  final  RIB  segment  as  representative  of  ANS  cardiac  control 
balance  in  moderately  motion  sick  subjects.  Comparisons  between  transfer  functions  from 
the  three  segments  should  allow  identification  of  autonomic  effects  associated  with  rotation 
and  with  moderate  motion  sickness. 

6.2  Analysis  of  Transfer  Functions 

Two  techniques  were  used  to  compare  ffansfer  functions  and  each  was  designed  to  meet 
specific  criteria. 
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The  first  technique,  pooling  transfer  functions  to  generate  group  averages,  ;k'as  designed  to 
identify  changes  in  the  transfer  function  magnitude  and  phase  which  were  consistent  over 
the  population.  It  treats  magnitude  and  phase  components  independently  and  accounts  for 
differences  in  the  coherence  function  both  in  calculation  of  the  averages  and  in  estimation  of 
confidence  intervals.  It  does  not.  however,  take  advantage  of  the  paired  nature  of  the  data 
sets.  That  is,  in  averaging  the  transfer  functions  across  different  subjects  information 
concerning  trends  characteristic  of  individual  subjects  is  lost. 

The  second  technique,  calculation  of  Q  and  Cs  (Equations  4.14  and  4.15),  was  developed 
to  identify  differences  in  the  complex  transfer  functions  between  two  conditions  for  a  single 
subject.  It  is  a  more  powerful  statistical  test  for  two  reasons.  First,  it  takes  advantage  of 
the  paired  nature  of  the  data  sets  and  second,  it  does  not  assume  independence  of 
magnitude  and  phase.  However,  this  technique  treats  all  transfer  function  estimates  (at  all 
frequencies  between  0.0  and  0.5  Hz  and  for  all  conditions)  with  equal  confidence.  That  is. 
it  does  not  explicitly  account  for  differences  in  the  coherence  functions  (the  measure  of 
confidence  in  the  transfer  function  estimates).  Therefore,  the  test  results  should  be 
interpreted  carefully  with  particular  regard  for  not  over-interpreting  large  values  found  in 
frequency  bands  associated  with  low  coherence  in  one  or  more  of  the  transfer  functions. 
For  example,  in  ILV  to  IHR  transfer  functions  the  frequency  band  between  0.0  and  0.05 
Hz  is  typically  associated  with  low  coherence,  and  therefore  values  of  Cr  or  Cs  found  in 
this  frequency  band  may  be  unreliable.  Although  this  second  test  is  a  more  powerful 
statistical  test,  physiological  interpretation  of  significant  results  may  be  more  complicated. 
The  pertinent  physiological  models  are  based  on  analyses  of  magnitude  and  phase 
differences  in  the  transfer  functions  (Section  2.3.3).  Therefore,  if  a  significant  difference 
is  identified  between  the  complex  transfer  functions,  using  Cr  or  Cs,  the  transfer  functions 
must  then  be  decomposed  into  their  magnitude  and  phase  components  in  order  to  relate  the 
changes  to  their  underlying  physiological  cause. 
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6.3  Physiological  Interpretation 


The  experiment  results  indicate  that  neither  rotation  nor  motion  sickness  was  associated 
with  changes  in  the  group  mean  or  in  any  individual’s  ILV  to  IHR  transfer  function. 
Physiological  interpretation  of  these  findings  relies  on  the  model  of  Saul  et  al.  (1989) 
discussed  in  Section  2.3.3  and  presented  in  Figure  2.13.  The  model  is  reproduced  in 
Figure  6. 1 . 


As  indicated  in  Section  2.3.3,  four  model  parameters,  Ap,  Aj,  mean  vagal  rate  and  mean 
sympathetic  rate  may  be  varied  to  independently  affect  the  transfer  function.  In  order  to 
generate  their  simulations  of  supine  and  standing  transfer  functions,  Saul  et  al.  chose  the 
model  parameters  to  be  consistent  with  the  current  knowledge  of  autonomic  responses 
associated  with  posture  change.  That  is.  mean  vagal  rate  and  depth  of  modulation,  Ap, 
were  set  higher  for  the  supine  condition  than  for  the  standing  condition.  Mean  sympathetic 


Figure  6.1:  Respiration  to  heart  rate  transfer  function  model  (from  Saul  et  al.,  1989)  The  low  pass 
filter  (LPF)  characteristics  of  the  sympathetic  and  parasympathetic  pathways  in  the  SA  node  are 
dependent  on  the  mean  neural  firing  rates  of  each  division. 
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firing  rate  and  depth  of  modulation,  Aj,  were  set  lower  for  the  supine  condition  than  for  the 
standing  condition.  Within  these  restrictions,  the  parameters  were  then  chosen  to  provide 
transfer  functions  which  matched  the  experimental  data. 


In  the  exploratory  analysis  of  autonomic  responses  to  motion  sickness,  no  a  priori 
restrictions  are  placed  on  the  model  parameters.  However,  no  changes  were  identified  in 
the  experimental  transfer  functions.  Therefore,  to  simulate  the  three  experimental 
conditions,  either  (1)  no  changes  should  be  made  in  the  model  parameters  between 
conditions  or  (2)  changes  in  the  model  parameters  between  conditions  must  not  alter  the 
overall  transfer  relations.  The  question,  then,  is  whether  model  parameters  can  be  altered 
and  yet  effect  no  change  in  the  overall  transfer  characteristics. 


In  Figure  6.2,  the  transfer  characteristics  of  the  parasympathetic  and  sympathetic  pathways 
through  the  sinoatrial  node  are  plotted  for  a  number  of  mean  firing  rates  (from  Berger  et  al., 
1989b).  At  all  mean  firing  rates,  the  sympathetic  pathway  has  non-zero  transfer  magnitude 


Figure  6.2:  Transisr  magnitudes  for  parasympathetic  and  sympathetic  stimulation  at  the  sinoatrial 
node.  (Note  differences  in  scale)  (from  Berger  et  al..  1989b) 


117 


only  below  0. 1  Hz.  while  the  parasympathetic  pathway  has  non-zero  transfer  magnitude 
throughout  the  range  below  0.5  Hz.  Therefore,  it  is  clear  that  the  depths  of  modulation  Ap 
or  As  could  not  be  modified  in  such  a  way  as  to  exhibit  no  change  in  the  overall  ILV  to 
IHR  transfer  function.  If.  for  example,  the  depth  of  modulation  of  parasympathetic 
stimulation,  Ap,  were  increased,  no  change  in  the  other  model  parameters  could 
compensate  for  increased  gains  v*.hich  would  be  seen  at  frequencies  above  0.1  Hz. 
However,  it  is  also  clear  that  changes  in  the  shape  of  the  transfer  function  due  to  changes  in 
mean  firing  rates  may  be  subtle.  If  such  changes  occurred  they  could  effect  little  change  in 
the  overall  ILV  to  IHR  transfer  characteristics.  However,  in  most  situations,  increases  in 
mean  firing  rates  are  expected  to  be  associated  with  increases  in  depths  of  modulation  (or 
variability)  of  the  firing  rates.  Therefore  the  gain  parameters  Ap  and  Ag  are  taken  as 
indicative  of  the  relative  levels  of  parasympathetic  and  sympathetic  control  of  heart  rate 
fluctuations  (Berger,  1987;  Chen  et  al..  1986;  Saul  et  al.,  1989;  Appel.,  1989a).  Under 
this  assumption,  the  parameters  of  the  model  could  not  be  altered  in  such  a  way  as  to  leave 
the  overall  ILV  to  IHR  transfer  function  unchanged. 

Therefore,  no  change  in  the  ILV  to  IHR  transfer  functions  between  the  three  experimental 
conditions  may  be  taken  to  indicate  no  change  in  the  model  parameters.  Thus,  it  may  be 
concluded,  neither  rotation  nor  motion  sickness  is  associated  with  changes  in  the  relative 
roles  of  the  parasympathetic  and  sympathetic  divisions  in  control  of  heart  rate. 

It  is  not  particularly  surprising  that  autonomic  modulation  of  heart  rate  in  seated  subjects  is 
unaffected  by  sinusoidal  rotation  about  an  earth  vertical  axis.  Rotation  rates  were  most 
likely  not  rapid  enough  to  generate  accelerations  which  would  significantly  affect  the 
distribution  of  blood  volume  or  blood  flow  in  the  seated  subjects.  The  cardiovascular 
strain  induced  by  the  motion  was  presumably  insignificant  and  autonomic  counteractions 
were  not  warranted. 
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It  may  surprise  many,  however,  that  no  significant  shift  in  autonomic  modulation  of  heart 
rate  was  detected  in  association  with  motion  sickness.  This  result  is  in  direct  opposition  to 
the  findings  of  Ishii  et  al  (1987).  As  described  in  Section  2.2.2,  Ishii  et  al.  reponed  trends 
in  the  coefficient  of  variation  (CV)  of  RR  interval  as  motion  sickness  was  induced  in 
squirrel  monkeys.  Three  major  distinctions  must  be  drawn  between  the  paradigm  used  in 
their  experiment  and  the  one  used  in  this  experiment.  First,  Ishii  et  al.  explored  the  entire 
range  of  motion  sickness  symptoms  up  to  and  including  the  point  of  vomiting  and  they 
repon  that  the  most  consistent  and  significant  changes  in  CV  occurred  just  prior  to 
vomiting.  Subjects  1  through  12  did  not  experience  these  severe  symptoms  and  therefore 
this  experiment  provides  no  evidence  concerning  the  role  of  the  ANS  in  the  severe  phases 
of  sickness.  Activation  patterns  associated  with  severe  sickness  may  differ.  Second.  Ishii 
et  al.  did  not  control  or  record  respiration.  If  the  monkeys  tended  to  begin  panting  as 
vomiting  became  eminent,  the  change  in  CV  of  RR  intervals  could  be  due  to  the  changing 
respiratory  effect  on  hean  rate.  In  other  words  it  may  be  that  what  Ishii  et  al.  identified 
were  not  changes  in  the  parameters  of  the  control  system  but  rather  changes  in  the  input  to 
the  system.  That  is,  the  changes  in  CV  may  be  due  solely  to  changing  respiratory  patterns 
and  not  to  changing  levels  of  autonomic  activation.  The  transfer  function  estimation 
technique  applied  in  our  study  specifically  eliminates  this  problem.  Thirdly,  the  possibility 
of  species  dependent  differences  in  cardiovascular  responses  must  be  considered. 

The  results  are  also  not  in  accord  with  the  models  discussed  in  section  2.2.2.  The  three 
broad  models  discussed  were  (1)  generalized  sympathetic  activation  during  sickness,  (2) 
parasympathetic  activation  during  sickness,  and  (3)  sympathetic  over  stimulation  leading  to 
parasympathetic  rebound  as  vomiting  became  eminent.  If  a  generalized  sympathetic 
activation  accompanied  the  development  of  moderate  motion  sickness,  the  transfer  function 
from  the  motion  sick  condition  would  be  expected  to  exhibit  greater  magnitude  at  low 
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frequencies  (<  0. 1  Hz)  and  perhaps  decreased  magnitudes  at  higher  frequencies.  No  such 
trends  were  evident  either  in  individuals  or  in  the  population  mean.  If  a  generalized 
parasympathetic  activation  accompanied  the  development  of  motion  sickness,  a  relative 
increase  in  the  magnitude  throughout  the  associated  transfer  function  would  be  expected. 
Again  no  such  increases  were  identified.  It  is  more  difficult  to  draw  comparisons  to  the 
third  model.  In  these  experiments,  subjects  were  generally  in  what  would  be  considered 
the  early  to  middle  stages  of  sickness.  Therefore,  the  model  would  seem  to  predict  that 
subjects  were  experiencing  effects  of  sympathetic  over  stimulation.  The  transfer  function 
estimates  do  not  suppon  this  assertion.  All  three  of  these  models  involves  a  generalized 
activation  of  the  ANS.  To  the  extent  that  no  changes  were  identified  in  ANS  control  of 
hean  rate,  any  model  involving  generalized  ANS  activity  is  not  supported  by  the  transfer 
function  data. 

The  models  described  in  Section  2.2.2  all  assume  that  the  ANS  exerts  diffuse,  body  wide 
effects  as  in  a  stress  type  response.  This  is  a  classic  model  for  autonomic  activity  which  is 
based  on  the  idea  that  the  sympathetic  nervous  system  exerts  body  wide  control.  That  is, 
the  system  is  presumed  to  be  described  by  a  single  parameter  termed  'sympathetic  tone' 
which  is  a  measure  of  the  global  activity  level  of  the  system.  A  functional  model 
representing  this  pattern  of  activation  is  given  in  Figure  6.3  (modified  from  Wallin,  1986). 
Autonomic  outflow  is  generally  viewed  as  arising  from  a  central  control  (in  large  part,  the 
hypothalamus)  to  produce  similar  shifts  in  autonomic  outflow  throughout  the  body. 
Supraspinal  and  spinal  reflex  responses  are  also  assumed  to  be  expressed  in  all  effector 
organ  systems.  In  Figure  6.3,  these  characteristics  are  functionally  represented  by  a  single 
control  pathway  which  is  affected  by  reflexive  feedback  and  influences  all  organ  systems 
with  identical  activation  patterns. 
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Figure  6.3:  Classic  functional  model  of  sympathetic  nervous  outflow.  Note  that  all  organ 
systems  receive  the  same  central  control  outflow  which  is  modulated  by  reflex  feedback,  (modified 
from  Wallin.  1986) 


If  the  conaol  mcxJel  in  Figure  6.3  is  accurate,  then  a  lack  of  change  in  sympathetic  outflow 
to  one  organ  system  would  necessitate  that  all  organ  systems  exhibit  no  change.  This  does 
not  seem  to  be  the  case  during  motion  sickness.  No  change  was  detected  in  the  autonomic 
modulation  of  hean  rate  during  these  experiments.  However,  the  presence  of  motion 
sickness  symptoms  such  as  pallor  and  sweating  suggests  that  sympathetic  outflow  to  the 
blood  vessels  and  sweat  glands  in  the  skin  may  have  increased. 

As  indicated  in  Section  2.3.3,  microneurographic  smdies  demonstrate  that  the  sympathetic 
nervous  system,  in  particular,  can  exert  very  narrow,  isolated  control  (Wallin  et  al.,  1986). 
For  example,  sympathetic  nerves  in  the  skin  and  in  muscle  demonstrate  dissociated  activity. 
The  more  recent  knowledge  of  autonomic  outflow  characteristics  and  the  current 
experimental  results  suggest  a  different  model  for  the  role  of  the  ANS  in  the  development 
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Central  Control 


Spinal  reflex 
modulations 


Hvoothetical  effects  of  motion  sickness 


outflow  increased  -  '  ■'  outflow  unchanged 

during  motion  sickness  during  motion  sickness 


Figure  6.4.  New  funcuonal  model  of  sympathetic  outflow.  Note  that  different  subgroups  of  organ 
systems  may  receive  different  cenual  control  outflow  and  respond  independently  to  supraspinal 
reflexes.  Spinal  reflex  modulations,  however,  may  be  closely  associated  in  different  subgroups.  It 
is  suggested  nai  d.  ring  motion  sickness  skin  sympathetic  activity  may  increase  while  muscle  and 
cardiac  sympaJ.;’.c  activity  remain  unchanged,  (modified  from  Wallin,  1986) 


of  motion  sickness.  A  new  functional  model  of  sympathetic  outflow  proposed  by  Wallin 
(1986)  is  illustrated  in  Figure  6.4  (modified  from  Wallin,  1986).  In  this  model,  different 
subgroups  of  organ  systems  receive  independent  control  from  central  mechanisms. 
Subgroups  of  organ  systems  are  comprised  of  organs  involved  with  similar  control 
functions.  Organs  within  a  subgroup  receive  similar  sympathetic  outflow.  Different 
subgroups  may  receive  different  central  control  outflow  and  may  be  effected  independently 
of  one  another  by  supraspinal  refle,\  control  loops  such  as  the  baroreceptor  reflex.  Finally, 
spinal  reflex  loops  tend  to  effect  a  more  global  control  which  is  apparent  only  in  the 
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absence  of  more  central  control  activity.  These  characteristics  are  functionally  represented 
in  Figure  6.4  by  a  number  of  control  pathways,  some  of  which  involve  specific  supraspinal 
reflex  feedback. 

The  current  experiment  results  may  be  explained  on  the  basis  of  the  model  in  Figure  6.4. 
During  motion  sickness,  increased  sympathetic  outflow  to  the  skin  may  occur  through  one 
pathway  independently  of  sympathetic  activity  in  muscle  and  cardiac  nerves.  The  increase 
in  skin  sympathetic  activity  would  elicit  the  sweating  and  pallor  seen  in  many  subjects 
during  sickness.  Since  skin  sympathetic  activity  is  known  to  be  sensitive  to  arousal 
stresses,  it  may  be  that  the  skin  response  is  evoked  by  an  emotional  arousal  stress 
associated  with  motion  sickness.  Cardiac  sympathetic  activity,  on  the  other  hand,  may  not 
be  affected  during  motion  sickness.  In  the  model  of  Figure  6.4,  this  is  explained  if  cardiac 
sympathetic  outflow  is  dissociated  from  skin  sympathetic  outflow.  Since  the  two  organ 
systems  are  involved  in  different  primary  control  tasks  and  since  cardiac  outflow  is 
influenced  by  baroreceptor  feedback  while  skin  sympathetic  activity  is  not  (Wallin,  1986), 
it  may  be  reasonable  to  assume  such  a  dissociation. 

The  model  presented  in  Figure  6.4  is  speculative  but  it  is  consistent  with  the  current 
experiment  results.  The  results  suggest  that  motion  sickness  is  not  accompanied  by 
changes  in  autonomic  modulation  of  heart  rate  but  that  it  is  accompanied  by  other  seemingly 
autonomic  manifestations.  Thus,  it  seems  that  the  ANS  does  not  exen  global  changes 
during  the  development  of  motion  sickness  but  rather  it  effects  more  localized,  organ 
specific  manifestations. 
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VII  Summary  and 
Conclusions 


A  series  of  experiments  were  conducted  on  human  volunteers  to  investigate  the  role  of  the 
autonomic  nervous  system  in  the  development  of  motion  sickness.  A  new  technique 
exploiting  the  relationship  between  respiration  and  hean  rate  was  applied  to  assess 
autonomic  activity. 

It  is  widely  accepted  that  respiration  influences  hean  rate  and  that  its  influence  is  mediated 
through  autonomic  mechanisms.  In  a  series  of  studies,  involving  pharmacological 
blockades  of  the  autonomic  subsystems.  Dr.  Cohen  and  colleagues,  at  MIT,  demonstrated 
that  the  transfer  function  from  instantaneous  lung  volume  (ILV)  to  instantaneous  heart  rate 
(IHR)  provides  information  concerning  relative  levels  of  parasympathetic  and  sympathetic 
activity.  Further,  they  developed  an  experimental  technique  which  allows  accurate 
estimation  of  the  transfer  function  over  the  range  of  0.0  to  0.5  Hz.  The  technique  termed. 
Random  Interval  Breathing  (RIB)  requires  that  subjects  breathe  in  sequence  with  a  fifteen 
minute  series  of  randomly  occurring  auditory  cues. 
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Motion  sickness  was  induced  in  the  laboratory  using  a  pair  of  reversing  prism  goggles  and 
a  rotating  chair.  Each  of  eighteen  subjects  (ages  18-30  yrs,  1 1  male,  7  female)  panicipated 
in  one  four  hour  experimental  session.  Control  recordings  of  instantaneous  lung  volume 
(DLV)  and  electrocardiogram  (ECG)  were  made  during  two  random  interval  breathing 
segments.  During  the  first  segment,  subjects  were  seated  motionless  and  during  the  second 
they  were  seated  rotating  about  an  earth  vertical  axis.  Each  subject  was  then  fitted  with  a 
pair  of  prism  goggles  which  reverse  the  left-right  visual  field  and  performed  a  series  of 
coordinated  tasks  until  pre-specified  moderate  levels  of  motion  sickness  were  attained. 
When  moderate  symptoms  were  reached,  subjects  were  asked  to  close  their  eyes  as  they 
were  again  rotated  about  an  eanh  vertical  axis.  They  were  instructed  to  open  their  eyes  if 
symptom  levels  dropped  and  re-close  their  eyes  when  the  desired  level  was  regained. 
Through  repetition  of  this  process,  a  relatively  constant,  moderate  level  of  sickness  was 
maintained.  Lung  volume  and  ECG  were  recorded  during  this  motion  sick  condition  as  the 
subject  completed  a  third  random  interval  breathing  sequence. 

ELV  to  IHR  transfer  functions  were  calculated  from  segments  of  data  collected  during  each 
of  the  three  RIB  segments.  Comparisons  of  individual  and  group  mean  transfer  functions 
from  the  two  non-sick  conditions  with  each  other  and  with  known  standards,  indicate  no 
detectable  shift  in  autonomic  cardiac  control  due  to  rotation.  Similar  comparisons  between 
the  two  rotating  conditions  indicate  no  consistent  and  significant  shift  in  autonomic  tone 
due  to  motion  sickness.  It  was  therefore  concluded  that  moderate  motion  sickness  is  not 
accompanied  by  changes  in  the  autonomic  outflow  controlling  heart  rate. 

The  lack  of  an  identifiable  shift  in  autonomic  cardiac  control  is  not  in  accord  with  nrxxiels  of 
motion  sickness  involving  generalized  autonomic  activations.  In  particular,  the  results  are 
at  variance  with  the  widely  held  notion  that  motion  sickness  can  be  viewed  as  a  generalized 
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stress  response.  However,  the  presence  of  possibly  autonomic  manifestations  such  as 
pallor  and  sweating  in  bodily  organ  systems  other  than  the  hean  indicates  that  the  ANS  may 
act  independently  at  different  organ  systems  during  motion  sickness.  A  new  functional 
model  of  autonomic  outflow  during  motion  sickness  was  presented.  Based  on  the  work 
reviewed  by  Wallin  et  al.  ( 1987),  it  was  postulated  that  a  number  of  sympathetic  pathways 
act  independently  during  the  expression  of  moderate  motion  sickness.  It  was  suggested 
that  many  of  the  outwardly  visible  symptoms  of  motion  sickness,  panicularly  pallor  and 
cold  sweating,  may  be  due  to  increased  sympathetic  outflow  to  skin  effector  systems. 
Conversely,  sympathetic  outflow  in  pathways  associated  with  muscle  and  cardiac  organ 
systems  was  postulated  not  to  change  significantly  during  motion  sickness. 

The  development  of  moderate  motion  sickness  does  not  involve  a  significant  change  in 
autonomic  control  of  heart  rate.  Therefore,  motion  sickness  does  not  involve  a 
widespread,  generalized  activation  of  the  autonomic  nervous  system.  Rather,  it  is 
postulated  that  the  ANS  plays  a  more  discrete  organ  specific  role  in  the  development  of 
sickness  in  which,  for  example,  skin  effector  systems  exhibit  significant  changes  in  ANS 
activity  but  cardiac  systems  do  not. 
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Vill  Recommendations 


In  this  study,  the  ILV  to  IHR  transfer  function  was  applied  to  assess  autonomic  activity. 
Numerous  studies  have  demonstrated  the  sensitivity  of  the  transfer  function  to  changes  in 
autonomic  activity  (Section  2.3.3).  However,  the  transfer  function  remains  an 
investigational  measure  and  has  not  yet  been  widely  used.  Therefore,  a  null  result,  such  as 
that  described  in  this  thesis,  is  rendered  somewhat  questionable.  One  way  to  suppon  the 
results  of  this  study  is  to  demonstrate  a  change  in  the  transfer  function,  due  to  a  well 
understood  stress  (ie.  change  from  supine  to  standing  posture),  in  the  same  subjects  in 
which  no  change  is  found  due  to  motion  sickness.  It  is  therefore  recommended  that  future 
studies  applying  transfer  function  techniques  to  explore  ANS  activity  during  motion 
sickness  or  other  "stresses "  should  include  a  supine  vs  standing  comparison. 

A  second  recommendation  also  concerns  future  application  of  the  transfer  function 
estimation  technique  to  assessing  autonomic  responses  to  stresses.  The  possibility  of 
shortening  random  interval  breathing  segments  should  be  investigated.  If  accurate  and 
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meaningful  transfer  function  estimates  can  be  attained  from  shoner  duration  random 
breathing  segments  the  technique  may  have  broader  application.  Panicularly  in  situations 
which  are  uncomfortable  or  dangerous  to  subjects  (ie.  motion  sickness,  increased 
gravitational  stresses),  the  fifteen  minute  duration  segments  may  be  excessive. 

The  results  of  this  work  suggest  a  new  direction  for  experiments  in  motion  sickness 
physiology.  In  order  to  assess  autonomic  activity  during  motion  sickness,  direct 
recordings  from  muscle  and  skin  sympathetic  nerves  could  be  made.  A  dissociation 
between  muscle  sympathetic  and  skin  sympathetic  activity  during  motion  sickness  would 
support  the  hypothesis  that  motion  sickness  involves  dissociated,  organ  specific  autonomic 
contributions.  Furthermore,  direct  neural  recordings  would  provide  a  running  hme  course 
of  sympathetic  activity  rather  that  the  effectively  discrete  sampling  provided  by  transfer 
function  estimation. 
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SESSSION  NO. 


SCREENING  INTERVIEW  QUESTIONS 

TRANSFER  FUNCTION  ANALYSIS  OF  AUTONOMIC  REGULATION 

DURING  MOTION  SICKNESS 


SUBJECT: _  TODAY’S  DATE: 


The  following  questions  are  to  be  asked  of  potential  subjects  in  a  telephone  or  in  person  interview.  The 
answers  to  these  questions  will  be  used  only  for  screening  of  subjects.  Subjects  are  to  be  excluded  from  the 
study  if  the  answers  to  these  questions  reveal  a  possible  biasing  of  experimental  results  or  an  unusually 
high  risk  to  the  subject  resulting  from  his  or  her  participation.  The  interviewer  should  record  the  subjects 
responses  by  circling  the  appropriate  response  and  noting  any  comments  and  explanations. 


INSTRUCT  SUBJECT:  I  will  need  to  ask  a  number  of  questions  regarding  your  medical  and  motion 
sickness  history.  Your  answers  will  be  treated  in  the  strictest  confidence. 

1 .  Subjects  Age: _  GENDER: _  LEFT  OR  RIGHT  HANDED _ 

2.  Have  you  ever  been  diagnosed  with  a  heart  or  lung  disorder?  NO  YES 

If  yes,  EXCLUDE. 

3 .  Do  you  expenence  frequent  hean  palpitations  or  abnormal  beats?  NO  YES 

If  yes,  how  often? _ 

If  greater  than  daily,  EXCLUDE. 

4.  Have  you  ever  been  diagnosed  with  Diabetes,  Epilepsy  or  Aids?  NO  YES 

If  yes,  EXCLUDE. 

5 .  Are  you  a  smoker  or  ex-smoker?  NO  YES  If  yes,  what  and  how  frequently? 

If  yes.  Marginal  Exclusion. 

6.  Have  you  ever  been  diagnosed  with  a  gastrointestinal  disorder  such  as  an  ulcer,  hiatus  hernia, 

carcinoma  or  recently  diagnosed  with  gastritis?  NO  YES  If  yes.  EXCLUDE. 

7.  Do  you  frequendy  have  abdominal  pain  or  discomfort  which  is  relieved  by  antacids  or  food? 

NO  YES  If  yes.  EXCLUDE. 

8 .  Have  ever  had  an  unexplained  episode  of  nausea  and/or  vomiting?  NO  YES 

If  yes,  when? _  If  recently,  EXCLUDE. 

9.  Have  you  recendy  suffered  a  loss  of  appetite  or  unusual  weight  loss?  NO  YES 

If  yes,  marginal  exclusion. 


10.  Do  you  have  a  hearing  defect?  NO  YBS 

If  yes  suspect  vestibular  defect 

1 1 .  Have  you  ever  experienced  a  persistent  noises  in  your  cats  conunuing  for  more  than  a  few 

moments?  NO  YES  If  yes,  suspect  vestibular  defect 

12.  Have  you  ever  experienced  repeated  episodes  of  disorientation  or  vertigo  while  not  in  a  moving 

vehicle?  NO  YES  If  yes.  suspect  vcsubular  defect. 
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SESSSION  NO. 


If  suspect  vestibular  defect  (from  10-12),  pursue  with; 

Do  you  have  trouble  walking  outside  at  night?  NO  YES 
Do  you  ever  have  spells  of  dizziness?  NO  YES 
Have  you  ever  had  surgery  for  otosclerosis?  .NO  YES 
Have  you  ever  been  diagnosed  with  a  vestibular  defect? 

UF  yes,  or  if  high  suspicion  of  vestibular  defect,  EXCLUDE. 

13.  Have  you  ever  experienced  motion  sickness  before? 

14.  If  you  have  experienced  motion  sickness,  how  long  does  it  usually  take  for  you  to  recover 

completely  when  the  motion  stimulus  is  removed?  _ 

If  long,  suspect  high  susceptibility  and  pursue  by  asking  for  examples  of  when  subject 
experienced  sickness.  EXCLUDE  those  who  describe  very  high  susceptibility  (ie.  such  that 
symptoms  may  be  hard  to  control.) 

15.  Is  your  vision  better  than  20/50  after  correction  with  contact  lenses  (if  necessary)  ?  (Glasses  may 
not  be  worn  during  the  expenment.)  YES  NO  If  No,  EXCLUDE. 

16.  Are  you  presently  taking  any  medications?  If  yes,  what  type? _ 

Exclude  for  drugs  with  central  nervous  effects(ie.  antihistamines  or  anu-seizure  medications). 

17.  Have  you  recently  been  under  the  care  of  a  psychiatrist? _  If  yes.  be  concerned  about 

paranoids  or  schizophrenics  who  may  be  problem  subjects. 

WHEN  QUE.STIONING  IS  rOMPLETFO: 

If  subject  does  not  warrant  exclusion,  schedule  a  session. 

Remind  him/her  of  the  following  instructions  and  inform  him  that  an  instruction  packet  will  be  mailed.  If 
a  face  to  face  interview,  the  subject  can  immediately  be  provided  a  packet 

A.  Please  read  the  Motion  Sickness  Symptom  Definitions. 

B.  Please  read  the  Magnitude  Estimation  Instructions. 

C.  Please  fill  out  the  Motion  Sickness  Questionnaire. 

D.  Prior  to  the  experimental  session  please  try  to  do  the  following: 

1 .  On  the  day  of  the  experiment,  please  eat  your  normal  meal  between _ and _ , 

and  eat  nothing  thereafter  prior  to  the  experiment. 

2.  Please  take  no  medications  for  24  hours  prior  to  the  expenment. 

3.  Please  consume  no  alcohol  for  24  hours  prior  to  the  experiment. 

4.  Please  drink  no  coffee,  tea  or  cola,  and  do  not  smoke  for  12  hours  prior  to  the 
experiment 

5 .  Try  to  avoid  heavy  exercise  for  6  hours  prior  to  the  experiment 

6.  Try  to  get  a  normal  night’s  sleep  the  night  before  the  experiment 


TJM  4/18/89 
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SUBJECT  NO. 

MOTION  SICKNESS  QUESTIONNAIRE 


This  questionnaire  is  designed  to  help  us  assess  your  susceptibility  to  motion  sickness  and  the  types  of 
motion  which  have  been  most  effective  in  causing  your  motion  sickness.  The  form  is  divided  into  three 
pans.  Section  A  is  concerned  with  your  childhood  experiences  of  motion  sickness  (prior  to  the  age  of  12). 
Section  B  deals  with  your  experience  since  the  age  of  12  and  Section  C  asks  you  to  estimate  your  present 
overall  susceptibility  to  motion  sickness. 

Please  try  to  accurately  complete  all  sections.  Your  replies  to  all  questions  will  be  treated  in  the  strictest 
confidence. 


SUBJECTS  NAME: 


DATE; 


TJM  4/18/89 


adapted  from  (Eagon.  1987  and  Reason  and  Brand.  1975) 


SFCnON  A 


SUBJECT  NO. 


AJl  questions  refer  ONLY  to  your  childhood  experiences  with  motion  sickness  (if  any)  and  travel,  where 
childhood  is  defined  as  the  period  prior  to  12  years  of  age.  It  is  quite  possible  that  you  will  have  difficulty 
recalling  childhood  motion  sickness.  Nevertheless,  please  try  to  answer  the  questions  to  the  best  of  your 
ability. 

Put  your  answers  to  column  I  in  column  1  of  the  table  below;  your  answers  to  question  2  in  column  2  and 
so  on. 


1.  Indicate  approximately  how  often  you  travelled  as  a  passenger  on  each  of  the  following  vehicles  (before 
age  12)  by  using  the  following  numbers;  0  No  experience  2  Between  5  and  10  trips 

I  Less  than  5  trips  3  More  than  10  trips 


Considering  ONLY  those  types  of  transportation  that  you  marked  1,  2  or  3  (i.e.  those  that  you  have 
travelled  on  as  a  passenger),  go  on  to  questions  2  and  3  below.  Use  the  following  letters  to  indicate  the 
appropriate  category  of  responses;  N  Never  F  Frequently 

R  Rarely  A  Always 
S  Sometimes 

2.  How  often  did  you  feel  sick  (e.g.  queasy  or  nauseated)  while  travelling.’ 

3.  How  often  did  you  actually  vomit  while  travelling? 


1 

2 

3 

CARS 

BUSES  OR  COACHES 

TRAINS 

AIRLINERS 

AEROBATIC  AIRCRAFT 

LIGHT  AIRCRAFT 

SMALL  OPEN  BOATS 

BOATS  WITH  CABINS 

SHIPS 

GYM  SWINGS 

MERRY  GO  ROUND 

ROLLER  COASTER 
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SUBJECT  NO. 


■SECTION  B 

This  section  is  concerned  with  your  experiences  of  motion  sickness  and  travel  SINCE  the  aee  of  12.  Please 
try  to  answer  the  questions  to  the  best  of  your  ability.  Put  your  answers  to  column  1  in  column  1  of  the 
table  below;  your  answers  to  question  2  in  column  2  and  so  on. 

1.  Indicate  approximately  how  often  you  travelled  as  a  passenger  on  each  of  the  following  vehicles  (before 
age  12)  by  using  the  following  numbers;  0  No  experience  2  Between  5  and  10  trips 

1  Less  than  5  trips  3  More  than  10  trips 


Considering  ONLY  those  types  of  transportation  that  you  marked  1,  2  or  3  (i.e.  those  that  you  have 
travelled  on  as  a  passenger),  go  on  to  questions  2  and  3  below.  Use  the  following  letters  to  indicate  the 
appropriate  category  of  responses:  N  Never  F  Frequently 

R  Rarely  A  Always 
S  Sometimes 

2.  How  often  did  you  feel  sick  (e.g.  queasy  or  nauseated)  while  travelling? 

3.  How  often  did  you  actually  vomit  while  travelling? 


1 

2 

3 

CARS 

BUSES  OR  COACHES 

TRAINS 

AIRLINERS 

AEROBATIC  AIRCRAFT 

LIGHT  AIRCRAFT 

SMALL  OPEN  BOATS 

BOATS  WITH  CABINS 

SHIPS 

GYM  SWINGS 

MERRY  GO  ROUND 

ROLLER  COASTER 

PLEASE  SPECIFY  TYPE. 

(USE  REVERSE  IF  NECESSARY) 

SECTION  C 

In  general,  how  would  you  grade  your  present  susceptibility  to  motion  sickness  compared  to  others? 

(Circle  One.) 

TOTALLY  IMMUNE  LESS  SUSCEPTIBLE  THAN  MOST  AVERAGE 
MORE  SUSCEPTIBLE  THAN  MOST  EXTREMELY  SUSCEPTIBLE 
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MAGNITUDE  ESTIMATION  INSTRUCTIONS 


We  are  interested  in  monitoring  a  number  of  physiological  parameters  during  motion  sickness.  We  will 
attach  electrodes  to  monitor  electrocardiogram  and  abdominal  biopotentials  and  a  belt  to  measure 
instantaneous  lung  volume  as  motion  sickness  symptoms  develop.  However,  the  most  important 
symptoms  of  motion  sickness  are  uniquely  subjective  and  cannot  be  measured  with  an  instrument.  We 
therefore  must  rely  on  estimates  which  you  make  of  the  sensation  intensity.  We  ask  you  to  apply  a 
technique  which  is  called  "magnitude  estimation".  We  will  ask  you  to  judge  the  intensity  of  the  sensation 
by  comparing  it  to  a  "standard"  intensity  which  you  have  previously  experienced.  You  must  then  estimate 
the  ratio  between  the  cunent  sensation  and  your  memory  of  the  "standard."  Subjects  usually  find 
magnitude  estimation  to  be  an  easy,  natural  method  of  reporting  the  intensity  of  sensation.  Some  subjects 
are  at  first  skeptical  of  whether  meaningful  reports  can  be  obtained  with  such  a  simple  method  until  they  try 
it  and  see  how  consistent  their  reports  can  be. 

To  give  you  the  basic  idea  of  magnitude  esiimauon.  try  the  following  experiment  which  involves  the 
length  of  lines; 

Suppose  we  say  the  "standard"  line  is  one  inch  long,  and  we  call  this  line  "10".  You  must  now  recall  the 
image  of  a  ruler  or  some  such  object  which  everyone  in  our  culture  has  experienced. 

Now  suppose  we  present  you  with  a  line  of  unknown  length: 

_  If  the  standard  is  "10",  how  long  is  this  line? 

How  accurate  do  you  think  your  estimate  is? 

Now  how  long  is  this  line? 


Finally,  how  long  is  this  one? 


On  this  last  one.  if  you  find  the  line  length  rauo  so  small  that  it  is  difficult  to  judge,  it  is  better  to  say  that 
the  sensation  (ie.  the  line)  is  present  but  is  too  small  to  judge. 

We  will  ask  you  to  use  this  same  technique  to  report  the  intensity  of  your  sensation  in  our  motion  sickness 
tests.  The  only  real  difference  is  in  the  type  of  sensation  being  judged  --  nausea.  You  will  have  \d  rely  on 
your  memory  of  previous  times  that  you  have  been  nauseated  in  order  to  define  your  standard  sensation 
level.  We  expect  that  it  may  take  a  little  time  before  you  feel  your  memory  of  the  standard  has  stabilized 
and  you  believe  your  reports  are  consistent. 

Once  you  begin  to  perform  tasks  while  wearing  the  reversing  prism  goggles,  after  some  time  (depending  on 
your  susceptibility),  you  will  begin  to  experience  symptoms,  which  may  include  stomach  awareness  or 
discomfort,  nausea,  sweating,  salivation,  headache  or  dizziness.  Most  people  are  familiar  with  nausea 
which  can  be  defined  as  an  unpleasant  sensation,  usually  referred  to  the  stomach,  chest  or  throat  which  at 
very  high  levels  may  eventually  be  associated  with  vomiung. 

In  this  experiment,  we  want  you  to  use  the  magnitude  estimation  technique  to  tell  us  about  the  intensity  of 
your  nausea.  We  want  to  work  with  only  slight  to  moderate  sensation  levels,  in  order  to  minimize  any 
chance  that  you  will  reach  the  point  of  vomiting,  so  do  your  best  to  tell  the  experimenter  exactly  how  you 
feel  at  all  times,  early  in  the  experiment,  we  will  show  you  that  if  you  stop  moving  your  head  and  close 
your  eyes,  after  a  few  moments,  symptoms  will  rapidly  subside.  Once  you  have  gained  experience  with 
this,  you  will  gain  confidence  that  symptoms  can  be  limited  to  acceptable  levels  throughout  the  experiment 
with  little  difficulty.  If  at  any  time  during  the  experiment,  despite  all  precautions,  you  feel  your  symptoms 
are  getting  intolerably  high,  stop  head  movements  and  close  your  eyes  immediately.  Do  not  wait  for  the 
experimenter  to  so  instruct  you. 
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At  the  outset  of  the  experiment,  the  experimenter  wiU  ask  you  to  choose  a  sensation  magnitude  of  nausea 
in  the  middle  range  of  your  experience  or  "halfway  to  vomiting."  You  should  call  this  standard  intensity  a 
"5"  and  try  to  remember  how  it  feels.  Your  task  will  be  to  estimate  the  magnitude  of  your  subsequent 
sensation  of  nausea  with  respect  to  this  standard.  In  other  words,  if  you  feel  you  sensation  is  half  the 
standard  you  should  report  2.5,  if  it  is  double  the  standard,  report  a  10.  and  so  forth.  If  you  are  not 
experiencing  the  sensation  say  "absent." 

We  will  review  and  practice  the  technique  prior  to  the  experimental  session. 


TJM  4/18/89  (adapted  from  Eagon.  1987,  and  Bock  and  Oman,  1982) 
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SUBJECT  INSTRUCTIONS  AND  SESSION  SCHEDULE 


SUBJECT: _  TODAY'S  DATE; 


Your  Session  has  been  scheduled  for:  SESSION  DATE; _  /  / 

SESSION  TIME: _  AT  MIT.  RM  37-146 


The  session  should  last  between  3  and  4  hours.  If  a  conflict  arises  which  makes  it  impossible  for  you  to 
attend  this  session,  please  call  to  reschedule.  -Tom  Mullen  m  37-2 19  @  253-7805 

m  37-155  @  253-7509 


IN  PREPARATION  FOR  YOUR  SESSION: 

Please  skim  over  the  motion  sickness  symptom  definitions  which  are  attached.  Most  people  are  familiar 
with  the  sensations  experienced  in  motion  sickness  but  terminology  is  rarely  the  same  from  person  to 
person. 

Also,  please  read  the  Magnitude  Estimation  Instructions  which  are  attached.  We  will  employ  the  technique 
as  our  primary  measure  of  the  time  course  of  your  symptoms.  If  you  have  questions,  we  can  discuss  the 
technique  when  you  arrive  for  the  experimental  session. 

Please  complete  the  enclosed  motion  sickness  questionnaire  and  bring  it  to  the  experimental  session. 
Again,  if  you  have  questions,  you  can  complete  the  questionnaire  when  you  arrive  for  the  session. 

Motion  sickness  susceptibility  may  be  affected  by  a  variety  of  extraneous  factors  for  which  we  want  to 
control  as  much  as  possible.  Because  this  control  is  important  we  ask  that  on  the  following; 

1 .  On  the  day  of  the  experiment,  please  eat  your  normal  meal  between _ and _ _ 

and  eat  nothing  ther^ter  prior  to  the  experiment. 

2.  Please  take  no  medications  for  24  hours  prior  to  the  experiment. 

3.  Please  consume  no  alcohol  for  24  hours  prior  to  the  experiment. 

4.  Please  drink  no  coffee,  tea  or  cola,  and  do  not  smoke  for  12  hours  pnor  to  the 
experiment. 

5.  Try  to  avoid  heavy  exercise  for  6  houn  pior  to  the  expenmenL 

6.  Try  to  get  a  normal  night's  sleep  the  night  before  the  expenmeni. 

7.  Please  bring  or  wear  a  loose  T  shirt  to  the  experimental  session. 

Thank  you  for  your  participation. 

enclosures: 

Motion  Sickness  Symptom  OeHnitions 
Magnitude  Estimation  Instructions 
Motion  Sickness  Questionnaire 

TJM  4/18/89 
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The  following  outline  is  meant  to  provide  ail  subjects  with  the  same  definitions  for  common  motion 
sickness  symptoms.  We  expect  that  most  subjects  are  familiar  with  most  of  the  terms  but  we  provide  the 
outline  to  help  insure  that  expenmenter  and  subject  are  speaking  the  "same  language"  when  symptom 
reports  are  given.  You  may  find  some  of  these  terms  handy  in  reporting  your  own  symptoms.  As  was 
emphasized  earlier.  WE  WISH  YOU  TO  EXPERIENCE  ONLY  MODERATE  SYMPTOMS.  Early  in  the 
experiment,  we  will  demonstrate  for  you  how  to  control  your  symptoms  and  you  should  avoid  reaching  the 
point  of  severe  nausea,  retching  or  vomiting. 


EPIGASTRIC  awareness  -  Sensation  which  draws  attention  to  the  epigastric  area  (stomach,  throat 
etc.)  but  is  not  uncomfortable 

EPIGASTRIC  DISCOMFORT  -  Sensation  in  epigastric  region  which  is  just  becoming  uncomfortable. 
This  is  an  intermediate  report  between  epigastric  awareness  and  nausea. 

SLIGHT  NAUSEA  -  Unpleasant  sensation  which  can  unequivocally  be  associated  with  vomiting  but 
vomiting  IS  not  imminent. 

MODERATE  NAUSEA  -  Same  sensation  as  above  except  more  intense  (an  mtermediate  repon) 

SEVERE  NAUSEA  •  Vomiting  is  imminent  if  stimulation  continues  "beginning  to  reach  for  the  bag" 
RETCHING  OR  VOMITING  -  unproductive  "dry  heaves'*  or  actual  emesis 
FLUSHING  -  an  mcreased  reddening  of  the  skin  color 

SUBJECTIVE  FEELING  OF  WARMTH  -  a  sudden  sensation  of  warmth  of  the  body  surface 

PALLOR  -  blanching  or  paling  of  the  skin  color 

SWEATING  MILD  •  small  specks  of  perspiration  skin  feels  cool 

MODERATE  -  an  intermediate  repon  beads  of  sweat  are  apparent 
PROFUSE  -  rivulets  or  sheets  of  sweat  are  apparent 


OTHER  SYMPTOMS  WHICH  ARE  SELF  EXPLANATORY: 

INCREASED  SALIVATION 
HEADACHE 
DIZZINESS 
DROWSINESS 
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INFORMED  CONSENT  STATEMENT 


TRANSFER  FUNCTION  ANALYSIS  OF  AUTONOMIC  REGULATION 

DURING  MOTION  SICKNESS 


1  have  been  asked  to  panicipace  as  a  subject  in  a  quantitative  snidy  of  the  pattern  of  autonomic  regulation 
during  motion  sickness.  The  stimuli  to  used  are  active  head  movements  and  passive  rotation  while  wearing 
left/right  vision  reversing  goggles.  I  will  be  asked  not  to  drink  alcohol  or  take  medication  for  24  hours 
prior  to  the  experimental  session,  and  not  to  drink  coffee  or  other  stimulants  for  12  hours  prior  to  the 
experiment.  I  understand  that  during  the  testing,  1  will  probably  experience  mild  to  moderate  motion 
sickness  symptoms  such  as  stomach  discomfort,  nausea,  pallor,  sweating  or  drowsiness  and  that  these 
symptoms  may  persist  for  some  time  after  the  session.  I  will  attempt  to  report  my  symptoms  to  the 
experimenter  who  will  be  simultaneously  noting  my  objective  symptoms.  Conventional  disposable  surface 
electrodes  may  be  applied  to  my  chest  and  abdomen  to  record  electrocardiogram  and  gastric  potentials.  The 
sites  of  the  abdominal  electrodes  may  be  lightly  scratched  with  a  sterile  hypodermic  needle  prior  to  the 
application  of  the  electrode. 

Although  participation  in  a  complete  session  is  requested,  I  understand  that  1  am  free  to  withdraw  from 
further  participation  at  any  time  and  for  any  reason.  1  realize  that  there  is  a  slight  chance  that  1  may  become 
nauseated  to  the  point  of  vomiting,  although  every  effort  will  be  made  to  prevent  this  by  limiting  head 
movements  and  closing  my  eyes.  I  have  no  medical  history  such  as  heart  or  lung  disease  or  chronic 
stomach  trouble  which  would  make  an  accidental  vomiting  episode  medically  undesirable.  I  am  not  diabetic 
or  epileptic. 

I  understand  that  I  should  not  operate  a  motor  vehicle  for  three  hours  after  the  end  of  the  experiment,  and 
that  I  should  report  any  persisting  motion  sickness  symptoms  to  the  expenmenter. 

I  understand  that  my  anonymity  will  be  preserved  when  my  questionnaires  and  experimental  results  are 
reported. 

In  the  unlikely  event  of  physical  injury  resulting  from  participation  in  this  research.  I  understand  that 
medical  treatment  will  be  available  from  the  MIT  Medical  department,  including  first  aid.  emergency 
treatment  and  follow-up  care  as  needed,  and  that  my  insurance  carrier  may  be  billed  for  the  cost  of  such 
treatment.  However,  no  compensauon  can  be  provided  for  medical  care  apart  from  the  foregoing.  I  further 
understand  that  making  such  medical  treatment  available,  or  providing  it,  does  not  imply  that  such  injury  is 
the  Investigator's  fault.  I  also  understand  that  by  my  participation  in  this  study,  1  am  not  waiving  any  of 
my  legal  rights.* 

*  Further  information  may  be  obtained  by  telephoning  the  Institute  s  Insurance  and  Legal  Affairs  Office  at 
253-2882. 

I  understand  that  I  may  also  contact  the  Chairman  of  the  Committee  on  the  Use  of  Humans  as  Experimental 
Subjects,  Dr.  Walter  Jones  (MIT  E23-389. 253-1772),  if  I  feel  1  have  been  treated  unfairly  as  a  subject. 


I  agree  to  participate  in  this  expenment 


Signed;. 


Date:. 


Experimenter. 


Date: 
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PRE-SESSION  QUESTIONNAIRE 


SESSION  NO. 


TRANSFER  FUNCTION  ANALYSIS  OF  AUTONOMIC  REGULATION 

DURING  MOTION  SICKNESS 


NAME: _ 

DATE: _ 

LEGAL  ADDRESS: _ 

SOCIAL  SECURITY  NUMBER: 


Responses  evaluated  during  this  study  may  be  directly  or  indirectly  influenced  by  factors 
addressed  in  the  following  questions.  Please  answer  each  lo  the  best  of  your  ability.  Your 
responses  will  be  treated  in  the  strictest  confidence. 

1 .  Are  you  in  your  usual  state  of  physical  fitness  today? _ 

If  No,  Please  explain. _ 

2.  Have  you  taken  any  medication  (e  g.  aspirin,  cold  preparations,  prescriptions  or  "recreational "  drugs) 

during  the  past  24  hours? _ 

If  yes,  what  type  and  how  much? _ 

3.  How  much  alcohol  have  you  consumed  during  the  past  24  hours? _ 

If  any,  what  type  and  when? _ 

4.  How  much  coffec/tea/cola  have  you  drunk  during  the  past  24  hours? _ 

If  any,  what  type  and  when? _ 

5.  How  much  tobacco  have  you  used  during  the  past  24  hours  (#  cigarettes,  cigars  or  pipe-fuUs)? _ 

6.  Hour  many  hours  sleep  did  you  get  last  night? _ 

How  many  hours  would  you  estimate  you  get  in  a  usual  night? _ 

7.  How  long  has  it  been  since  your  last  meal  ? _ 

What  did  you  eai/drink? _ 

Subjectively,  how  hungry  do  you  feel  now? 

Very  Hungry  Slightly  Hungry  Normal  Slightly  Overfed  Very  Overfed 

8.  Have  you  felt  any  stomach  awareness,  stomach  discomfort  or  nausea  during  the  past  24  hours? _ 

If  yes,  when  and  why? _ 

9 .  Have  you  engaged  in  heavy  exercise  during  the  past  6  hours? _ 

10.  Please  estimate:  Your  weight _ lbs  Your  Height _ 


TJM  4/17/89 
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Abstract 


A  new  linear  MHD  stability  code,  \0\ A-VV.  is  described  and  applied  to  the  study 
of  the  feedback  stabilization  of  the  axisymmetric  mode  in  deformable  tokamak  plas¬ 
mas.  The  NOVA-W  code  is  a  modification  of  the  non-variational  MHD  stability  code 
\'0\’A‘  that  inciudes  the  effects  of  resistive  passive  conductors  and  active  feedback 
circuits.  The  vacuum  calculation  has  been  reformulated  in  terms  of  the  perturbed 
.)oic‘i(ial  fiiix  to  allow  the  inclusion  of  perturbed  toroidal  currents  outside  the  plasma. 
The  bi  onciary  condition  at  the  plasma- vacuum  interface  relates  the  instability  dis- 
piacciiivnt  to  the  perturbed  poloidal  flux.  This  allows  a  solution  of  the  linear  MHD 
-lability  equations  with  the  feedback  effects  included. 

The  cfide  has  been  tested  for  the  case  of  passive  stabilization  against  a  simplified 
analytic  model  and  against  a  different  numerical  calculation  for  a  realistic  tokamak 
configuration.  The  comparisons  demonstrate  the  accuracy  of  the  .\0\A  W  results. 
The  utility  and  performance  of  the  .N'OV'.A-VV  code  are  demonstrated  fur  calculations 
of  varying  configurations  of  passive  conductors.  .Xctive  feedback  calculations  are 
jjerforrned  for  the  CIT  tokamak  design  demonstrating  the  effect  of  varying  the  position 
•  if  the  fltfx  loops  w  hich  provide  the  measurements  of  vertical  displacement.  The  results 
compare  well  to  those  of  earlier  calculations  using  a  less  efficient  nonlinear  code. 

The  .N'0\.\-\V  code  is  used  to  examine  the  effects  of  plasma  deformability  on 
‘’cedback  stabilization.  It  is  seen  that  plasmas  with  shaped  cross  sections  have  un¬ 
stable  motion  different  from  a  rigid  shift.  Plasma  equilibria  with  large  triangularity 
show  particularly  significant  deviations  from  a  uniform  rigid  shift.  Furthermore,  the 
placement  of  passive  conductors  is  shown  to  modify  the  non-rigid  components  of  the 
motion  in  a  way  that  reduces  the  stabilizing  effects  of  these  conductors.  The  eigen- 
•'nnci  inn  is  also  modified  under  the  effects  of  active  feedback.  This  deformation  is  seen 
to  depend  strongly  on  the  position  of  the  flux  loops.  These  non-rigid  components  of 
the  eigenfunction  always  serve  to  reduce  the  stabilizing  effect  of  the  active  feedback 
-ysiem  by  reducing  the  measurable  poloitlal  flux  at  the  flux-loop  locations. 

'C,  2.  Cheng  and  M.  S  Chance.  J  C-mp.  Phvs.  71  (1987)  124. 
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Chapter  1 
Introduction 


1.1  Elongated  tokamak  plasmas 

The  fusion  of  two  light  nuclei  into  a  heavier  nucleus  releases  large  quantities  of 
energy.  In  particular,  the  fusion  of  isotopes  of  hydrogen  or  He^  could  provide  an  in¬ 
comparable  energy  source  for  the  future.  Controlled  thermonuclear  fusion  in  magnetic 
confinement  devices,  particularly  tokamaks  ;1.2'.  gives  the  most  promise  of  producing 
economical  fusion  energy  in  the  near  future  despite  recent  unverified  claims  to  the 
contrary  3  . 

In  order  to  maintain  an  energy-producing  fusion  reaction  in  tokamaks  one  must 
make  the  Lawson  parameter  nr^  4  large  enough  ( 3  x  where  n  is  the 

densitv  and  is.ihe  energy  confinement  time,  at  the  appropriate  plasma  temperature 
r  =  15  —  '10ke\' .  When  these  conditions  are  met.  there  are  enough  fusion  reactions 
to  maintain  the  power  balance  in  a  seif  sustaining  fusion  reactor,  .\nother  critical 
parameter  is  J  =  2ponr  B^.  where  B  is  the  total  magnetic  field  strength.  Specifically, 
this  parameter  is  the  ratio  of  the  plasma  thermal  energy  to  the  magnetic  field  energy. 
It  is  a  figure  of  merit  that  is  desirable  to  maximize,  since  it  is  related  to  the  fusion 
power  gain  from  a  reactor  and  ultimately,  therefore,  to  its  economics.  It  has  been 
shown  that  by  increasing  the  total  plasma  current  one  can  increase  the  tokamak  3 
5  and  energy  confinement  time  rr  61.  One  way  to  increase  the  total  plasma  current 
without  degrading  the  .MHD  stability  is  to  modify  the  cross-sectional  shape  of  the 
plasma  by  adding  elongation  and  triangularity  [7.81.  Even  further  cross-sectional 
shaping  such  as  indentation  to  produce  a  bean-shaped  plasma  as  in  PBX-M  has  been 
shown  to  increase  attainable  3  9,10i.  The  increase  in  the  J-limits  that  comes  with 
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piasma  ^napme.  for  instance,  in  Doublet  III  has  been  snown  I  !  to  be  due  to  the 
increase  in  piasma  current  rather  than  to  any  intrinsic  properties  of  the  shape  itself. 

In  aiiniiiiin.  a  divertor  plasma  icommon  in  modern  tokamak  exoeriments)  by  its 
nature  "eauires  r"rne  cross-sectional  shapins.  \  maenetic  divertor  euides  a  narrow 
iaver  "f  magnetic  held  lines  near  the  piasma  surface  awav  from  the  piasma  and  into 
an  exiernai  chamoer.  In  this  way.  hot  particles  escaping  from  tne  plasma  can  be 
directed  into  a  separate  exhaust  chamber,  where  the  particles  are  neutralized  and 
pumped  away.  Therefore,  escaping  particles  are  prevented  from  hitting  the  vacuum 
vessel  wail  and  kept  from  re-entering  the  piasma  along  with  wail  impurities.  The 
use  of  a  divertor  r.as  been  demonstrated  to  improve  conrinement.  A.xisyrrunetric.  or 
poloidai-fieid.  divertors  are  most  effective,  but  necessariiv  perturn  the  geometry  of  the 
piasma  surface.  T  hey  are  easily  combined  with  D-shapeo  or  elliptical  cross  sections. 

Furthermore,  a  recent  study  12  has  demonstrated  that  plasma  equilibria  natu- 
rallv  oecome  elongated  and  triangular  with  decreasing  aspect  ratio  ithe  aspect  ratio  is 
defined  b\  R,)  r.  see  Fig.  l.l;  the  ratio  of  major  to  minor  radii).  Unfortunately,  plas¬ 
mas  with  cross-sectional  shaping  are  typically  unstable  to  modes  with  zero  toroidal 
mode  niimoer.  Lortz  13  has  explicitly  demonstrated  that  for  a  large-aspect- ratio 
equilibrium  an  arbitrary  deviation  of  the  cross  section  from  a  circular  cylinder  is  un- 
-taole.  While  toroidal  effects  are  stabilizing  for  these  modes,  it  remains  true  that  for 
asoect  ratios  of  interest.  2.5  <  .4  <  4.  plasmas  with  elongations  greater  that  about 
1.1  or  1.2  .\iil  be  unstable.  These  axisymmetric  mooes  have  been  studied  in  some 
detail  .4  -20-  \  basic  explanation  of  the  axjsymmetnc  instability  has  been  derived 
by  several  authors  21-23.:  a  summary  of  the  derivation  follows. 

In  a  tokamak  an  equilibrium  vertical  field  is  necessary  to  balance  the  hoop 
force  and  maintain  equilibrium  (see.  for  example.  Freidberg  24  .  p.  77).  Consider  a 
plasma  equilibnum  symmetric  about  the  midplane  with  a  current  distribution  Jir) 
isee  Fig.  1.1  i.  The  vertical  force  (per  unit  length)  on  the  piasma  column  due  to  the 
interaction  between  the  plasma  current  and  the  equilibrium  field  is  given  by 


where  the  integral  is  over  the  cross  section  of  the  equilibrium  and  where  By  and  By 
are  the  R-  and  Z-components  of  the  equilibrium  vertical  field,  respectively. 

The  direction  of  the  vertical  force  depends  on  the  direction  of  the  radial  component 
of  Bv  In  other  words,  it  depends  on  whether  the  vertical  field  is  shaped  such  that  it 
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Figure  l.i;  Plasma  in  a  vertical  equilibrium  magnetic  field  Br  required  to  balance  the 
koop  force  for  equilibrium.  The  plasma  current  flows  into  the  page,  in  this  figure  the 
vertical  field  has  no  radial  component:  therefore  the  plasma  is  marginally  stable.  The 
field  lines  can  curve  concave  inward  I  corresponding  to  positive  field  index  n  and  sta¬ 
bility  with  respect  to  the  vertical  displacment  (,)  or  outward  f corresponding  to  negative 
field  index  n  and  instability). 


curves  concave  inward  or  concave  outward.  One  can  see  from  the  force  iaw.  Eq.  (1-1). 
•-hat  a  plasma  displaced  vertically  from  the  midpiane  will  e.xperience  a  restoring  force 
hack  toward  the  rrudpiane  if  the  vertical  magnetic  field  lines  are  concave  inward. 
However,  if  the  field  lines  are  concave  outward  the  force  will  push  the  f^lasm^  further 
from  the  mjdplane  and -there  will  be  instability.  Straight  vertical' field  iihes-(as  shown 
;n  Fig.  i.l  1  lead  to  marginal  stability  since  the  restoring  force  is  then  zero. 

Consider  the  infinitesimal  displacement  of  a  symmetric  plasma  from  the  midplane. 
We  perturb  the  equilibrium  by  displacing  it  vertically  by  The  radial  component 
of  the  perturbed  vertical  magnetic  field  near  the  midplane  can  be  expanded  to  first 
order: 

^  ^  (1-2) 

Since  the  \erticai  field  is  produced  by  current-carrying  coiis  external  to  the  region  we 
are  considering,  we  have 


V  X  Bi'  =  0  =•  o  •  I V  X  3v)  =  0 


dB(^  _  dBf. 

dZ  ~  dR' 


(1.3) 
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If  we  use  tne  expanded  form  for  B\-  in  Eq.  ( 1-1  i  then  we  gei 

BriCi  "  -  /  -^Ir)  By(r)  d'r  ~  I  Jir)  i  d'r.  1 1.4i 

The  hrsi  integral  vanishes  because  the  equilibrium  piasma  current  density  Jfr)  is  sym¬ 
metric  aixui  the  midplane,  and  fi(r)  is  antisvmmetric  across  tne  midplane.  Therefore 

E'z(^)  =  -^  /  d-r  (1.5) 

/p  oR 


fz(a  =  4 


where 


=  1/ 
ijp 


Jir) I • • •  ■  d‘r 


IS  the  average  over  the  cross  section  weighted  by  the  current,  and  the  total  plasma 
current  is  given  ov 


=  [  Jin  d'r. 
Jp 


Theretore  we  can  define  the  vertical  force  as 


E’z(^)  =  n'  /. 


Bf(0)  , 

Ro 


’n)  —  - 


R^  dB^- 


.5^(0)  dR‘  '  ’ 

is  the  average  of  the  "field  index"  n  through  the  piasma  cross  section.  The  field  index 
is  a  dimensionless  parameter  that  measures  the  amount  of  curvature  of  the  vertical 
field  lines. 

If  there  are  no  conductors  near  the  piasma.  then  Eq.  (1.9)  represents  the  total 
vertical  force  per  unit  length  on  the  plasma  column.  If  we  assume  that  the  plasma 
moves  rigidly,  then  the  equation  of  motion  for  the  piasma  is 


OR  r  c 

where  B20  =  5v(0)  »  ^nd  m  is  the  plasma  mass. 


(1.11) 
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if  '.ve  further  assume  that  the  motion  is  described  by  ^  =  ^oexpo^)  the  growth 
rate  *■  is  given  by 


2*-ti  loBzo 


1/2 


(1.12) 


I'lnre  ail  the  quantities  in  the  square  brackets  of  Eq.  (1.12)  are  inherently  positive 
e.'ccept  for  ;n,.  then  the  perturbation  will  grow  and  there  will  be  instability  if  the 
average  held  inde.x  a.  is  negative. 


The  condition  for  stability  is  given  by  ,n;  >  0.  The  field  index  is  closeiy  related 
to  the  plasma  cross-section.  Zakharov  25  derived  an  approximate  expression  for  the 
field  decay  index  for  an  elliptical  plasma  of  finite  but  large  aispeci  ratio: 


n 


In 


-1-n- 


In  3^  _  §  _  J 


(1.13) 


■vnere  R.a  are  the  major  and  minor  radii.  J  =  2^oP/  is  the  plasma  beta,  and 
are  the  vertical  and  horizontal  radii  of  the  ellipse.  Thus,  for  any  aspect  ratio  Ro/cl. 
there  is  a  critical  elongation  above  which  the  field  index  n  will  be  negative.  When 
n  <  0  the  ellipse  is  unstable. 

Therefore  cross-sectional  shaping  leads  to  axisymmetric  instability  (at  least  in 
the  large- aspect -ratio  limit).  Furthermore,  it  is  clear  from  Eq.  (1.12)  that  there  is 
instability  for  any  value  of  /p  if  fni  is  unfavorable — unlike,  for  example  the  external 
kink  mode,  where  there  is  a  threshold  of  stability,  and  one  can  stabilize  the  mode  by 
decreasing. /p  or  by  modifying  the  current  profile.  •  v'  ►' 

The  axisymmetric  instability  results  in  the  gross  plasma  motion  up  or  down  away 
from  the  midplane  on  the  ideal  MHD  time  scale.  This  results  in  the  rapid  termination 
of  the  tokamak  discharge  as  the  plasma  comes  into  contact  with  the  surrounding 
vacuum  vessel  structure.  Such  a  disruption  of  the  plasma  causes  the  rapid  quenching 
of  the  plasma  current,  which  in  turn  can  induce  tremendous  forces  on  the  tokamak 
vacuum  vessel  and  support  structure,  which  can  be  very  damaging.  The  forces  on 
the  vacuum  vessel  resulting  from  a  disruption  following  the  loss  of  vertical  control  of 
a  tokamak  plasma  have  been  calculated  by  Jensen  and  Chu  26  . 

The  vertical  instability  was  first  considered  in  the  simple  infinite-aspect- ratio  limit. 
Rutherford  .15]  examined  the  axisymmetric  stability  of  incompressible  elliptical  plas¬ 
mas  with  constant  current- density  in  the  infinite-aspect- ratio  limit  using  the  energj' 
principle  for  perturbations  of  the  form  ^(r,9)  =  Em=i  s>n(mtf).  He  found  that 
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for  anv  elongation  greater  than  zero  there  is  instability  to  an  m  =  i  rigid  motion. 
For  piasma  elongations  below  approximately  4.5  the  instabilitv  is  composed  of  purely 
-igid  (  m  =  1  i  motion,  but  at  higher  elongations  an  additional  mode  with  m  =  1 
and  m  =  -j  components  arises.  Rosen  ib  examined  rectangular  oiasmas  in  a  similar 
'imit.  He  found  that  an  equilibrium  with  a  square  cross  section  was  stable  to  a  pure 
rieid-shift.  but  unstable  to  a  rigid-shift  combined  with  an  aaditionai  m  =  i  pertur- 
iiation.  I  We  will  review  this  model  in  some  detail  in  Sec.  2.2.!  Rebhan  IF  considers 
stabilitv  of  the  analytic  Solov'ev  equilibrium  27  with  various  cross-sectional  shapes 
to  a  pure  rigid  displacement.  Finite  aspect  ratio  (toroidal  effects)  and  strong  trian¬ 
gular  deformation  were  both  found  to  be  stabilizing  for  this  case.  At  infinite  aspect 
ratio  anv  elongation  leads  to  instability,  but  with  finite  aspect  ratio  stability  can  be 
achieved  if  the  elongation  is  kept  smail  enough. 

Okabayashi  and  Sheffield  IS  used  a  model  in  which  an  elongated  toroidal  plasma 
is  represented  as  a  collection  of  current  filaments.  They  calcuiaiea  the  energy  change 
due  to  a  uniform  rigid  displacement  of  the  filaments  using  a  circuit  equation  analysis. 
They  found  stability  for  elongations  <  1.3  for  an  elliptic  cross  section,  and  stability 
for  rectangular  cross  sections  with  elongations  <  3.0.  They  also  found  a  strone 
dependence  of  the  stability  on  the  form  of  the  current  profile  for  the  rectangular 
plasma,  but  not  for  the  elliptical  one. 

Rebhan  and  Salat  19  expanded  Rebhan's  model  for  more  general  "slip"  mo¬ 
tions  (So-called  because  the  oiasma  "sliDs"  vertically  throueh  the  stationary  toroidal 
ffeid  i  in.  ronsfant- pressure,  surface-current  equilibria.  Thev.  founa  that  in  all  cases 
the  stability  boundaries  for  the  minimized  general  displacement  are  more  pessimistic 
than  the  rigid  displacement.  The  stahiKty  boundaries  are  ciose  only  in  the  case  of 
nearly  eilipiicai  cross  sections.  They  also  e.xpiicitly  show  the  increase  of  stability  with 
decreasing  aspect  ratio,  as  well  as  the  stabilizing  effect  of  increasing  3^,. 

Bernard  et  al.  28  used  the  ER.\TO  ideal  MHD  stability  code  29  to  examine 
stability  of  axisymmetric  modes  with  and  without  a  perfectly  conducting  wall.  Plasma 
triangularity  was  found  to  be  destabilizing,  in  contrast  to  the  rigid  model  of  Rebhan 
17  .  Others  have  also  found  that  triangularity  destabilizes  19.30.  Bernard  et  al. 
also  found  that  for  little  or  no  triangular  deformation  the  critical  elongation  is  nearly 
the  same  for  the  ER.ATO  results  and  the  pure  rigid-shift  model.  For  a  case  with 
zero  triangularity  the  displacement  is  vertical  and  rigid.  For  a  0-shaped  plasma  the 
displacement  is  vertical  and  non-rigid.  For  high  triangularity  ER.ATO  predicts  lower 
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cniicai  eiongation  (more  unstable)  than  the  rigid  moael. 


1.2  Wall  stabilization  of  the  axisymmetric  mode 

The  axisymmetric  vertical  instability  can  be  stabilized  by  placing  a  supercon¬ 
ducting  wall  close  enough  to  the  plasma  surface  1-4.31.32  .  .\ny  displacement  of  the 
plasma  will  induce  image  currents  in  the  conducting  wall  that  oppose  the  motion 
of  the  plasma.  The  stabilizing  effect  of  ideal  conducting  walls  has  been  studied  by 
several  authors  28.30. 33-35i. 

For  plasmas  stabilized  by  ideal  walls  the  current  profile  effects  are  important 
34.35  .  while  pressure  profile  effects  are  small  32.34.361.  Both  of  these  results  are 
in  contrast  to  the  case  with  no  wall.  It  is  easy  to  see  why  current  profile  effects 
become  important  when  one  has  a  conducting  wall  near  the  plasma.  If  one  peaks  the 
current  distribution  (while  leaving  the  total  plasma  current  unchanged)  it  has  the 
effect  of  moving  the  plasma  current  (inward)  away  from  the  conducting  wall.  This 
.5  equivalent  to  moving  the  conducting  wall  away  from  the  plasma  current,  which 
is  destabilizing.  Therefore  the  critical  wall  distance  for  stability  is  smaller.  On  the 
other  hand,  a  broader  current  profile  puts  more  current  near  the  wall  and  therefore 
allows  a  larger  critical  vsall  distance.  Hoffman  et  al.  35 1  found  that  decreasing  the 
.vidth  of  the  radial  current  profile  of  highly  elongated  racetrack  equilibria  by  a  certain 
amount  has  the  same  effect  as  increasing  the  distance  between  the  ideakside-waUs  by 
approximately  twice  that  amount. 

Pressure  profile  effects  (the  effects  of  increasing  Jj,]  have  been  found  30.34i  to  be 
small  and  destabilizing.  This  is  in  contrast  to  the  study  by  Rebhan  and  Saiat-  20l 
for  skin-current  equilibria  with  no  surrounding  conductors  in  which  thev  find  that 
increasing  i3p  is  significantly  stabilizing.  Haas  32  found  for  elliptical  piasmas  given 
uniform  vertical  displacements  that  high- J/ toroidal  effects  are  important  only  when  a 
conducting  wail  is  present,  but  even  then  only  when  3  is  near  the  equilibrium  i3-limit. 

.\s  one  might  expect,  the  conducting  wall  needs  to  be  brought  closer  to  the  plasma 
to  obtain  stability  at  higher  elongations.  It  was  demonstrated  [28',  however,  that  for 
the  Solov'ev  equilibrium  with  a  small,  fixed  triangular  deformation  the  critical  wall 
distance  decreases  with  increasing  eiongation  to  a  minimum  (at  elongation  of  about 
2.6)  and  then  increases  again.  For  high  elongations  the  relevant  critical  parameter  was 
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fnund  lu  be  the  ratio  between  wail  and  plasma  heights,  which  is  a  strictly  decreasing 
function  i>f  elongation. 

It  has  been  shown  3-3. 3.5  that  for  extremely  eli>ngaied  plasma  equilibria  the  side 
wails  are  much  more  effective  m  stabilizing  the  mode  than  the  too  and  bottom  walls. 
The  reason  given  was  that  the  stabilizing  eddy  currents  in  the  side  wails  are  much 
closer  to  the  plasma  current  channel  than  the  top  and  bottom  wails.  Hofmann  et  al. 
35  also  demonstrated  that  the  outboard  side  wall  is  more  effective  in  stabilizing 
than  the  inboard  side  wall  owing  to  the  larger  radial  magnetic  field  per  unit  current 
induced  by  the  outboard  wall. 

Passive  stabilization  with  discrete  conductors  near  the  plasma,  such  as  poloidal 
field  coils,  have  also  been  considered  37.38  .  The  wav  in  which  these  coils  arc  con¬ 
nected  to  form  a  circuit  was  found  to  be  critical  when  these  coils  provide  the  primary 
stabilizing  influence. 

It  IS  well  known,  therefore,  that  when  an  ideally  conducting  wall  is  placed  close 
enough  to  any  plasma  the  axisymmetric  modes  will  be  stabilized.  Unfortunately, 
ideally  conducting  walls  do  not  exist  in  reality,  and  any  conductors  near  the  plasma 
almost  certainly  will  have  some  resistivity.  Since  the  walls  have  resistivity,  the  eddy 
currents  induced  in  the  conductors  by  the  unstable  plasma  motion  will  decay  on  the 
characteristic  L,  R  time  of  the  conductors,  and  therefore  the  plasma  cannot  be  sta¬ 
bilized  indefinitely.  While  early  lokamak  experiments  may  have  had  plasma  lifetim« 
that  were  short  enough  that  the  resistive  wail  acted  'ike  an 'id^ar'condiSctor  on  that 
time  scale,  modern  experiments  yield  plasmas  with  aurations  many  times  the  Li R 
time  of  the  surrounding  conductors. 

It  has  been  shown  39!  that  an  unstable  plasma  tr.ai  hzis  been  stabilized  by  being 
placed  inside  a  perfectly  conducting  wall  will  again  become  unstable  when  resistivity 
is  present  in  the  wall.  This  instability  will  be  much  slower  now.  such  that  it  is  stable 
on  the  ideal  time  scale  of  the  original  motion,  but  it  is  now  unstable  on  the  resistive 
time  of  the  wall.  This  is  much  shorter  than  the  desired  duration  of  modem  tokamak 
plasmas;  therefore,  active  feedback  is  required  to  stabilize  the  plasma  over  longer  time 
scales.  Fortunately,  the  growth  times  are  long  enough  to  be  amenable  to  feedback 
stabilization  by  practical  power  supplies. 

Passive  stabilization  of  the  axisymmetric  instability  by  resistive  conductors  has 
also  been  considered  38-41  .  .absolute  stability  is  no  longer  a  question  in  this  case. 


1.3.  .Active  feedbacx  stabilization  of  the  axisvmmetnc  moae 
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because  the  plasma  is  aetinitely  unstable  on  the  resistive  time  scale  of  the  conductors. 
Rather,  it  is  of  interest  to  calculate  the  actual  growth  rate  of  the  instability  of  a 
given  plasma  equilibrium  with  regard  to  the  form  i>f  the  passive  conductors.  This  is 
particularly  important  so  that  one  can  see  if  the  instability  nas  been  slowed  enough 
111  allow  an  active  feeaback  system  to  further  stabilize  the  piasma. 

.Most  of  the  considerations  for  stability  with  the  ideal  wail  apply  to  the  resistive 
wail  case  as  well.  For  instance,  it  was  demonstrated  41  that  peaking  of  the  current 
density  profile  dramatically  increases  the  resistive  wail  growth  rate  of  the  instability. 


1.3  Active  feedback  stabilization  of  the  axisymmetric 
mode 

We  now  consider  a  vertically  unstable  plasma  surrounded  by  passive  conductors, 
which  slow  the  instability  from  the  ideal  MHD  time  scale  i  •.ypically  10-100  /xs)  to 
the  resistive  time  scale  of  the  surrounding  conductors  (lypicauv  10-100  msi.  On  this 
much  slower  time  scale  an  active  feedback  system  38.42  can  stabilize  and  control 
the  plasma  motion  over  the  duration  of  the  discharge.  .An  active  feedback  system 
consists  of  some  means  of  measuring  the  vertical  displacement  of  the  plasma,  and 
then  a  set  of  power  supplies  'controlled  by  this  measurement'  that  drives  appropriate 
currents  in  the  active  feedback  coils  that  oppose  the  unstable  oiasma  motion.  .Active 
feedback  sy  stems  in  ti;kamaks  typicallv  use  measurements  of  the  asynrBhetrk  poloidal 
flux  I  taken  by  pairs  of  flux  loops  symmetric  about  the  midplane  i  to  specify  the  plasma 
displacement  and  thereby  control  the  power  supplies.  Other  measurements  such  as  the 
time  rate  of  change  of  the  asymmetric  flux  or  perturbed  maenetic  field  measurements 
can  also  be  used  to  improve  the  feedback  system  performance. 

Jardin  and  Larrabee  -38  used  a  circuit  model  to  examine  active  feedback  with 
the  active  coils  far  awav  from  the  plasma.  It  was  found  that  the  piasma  can  be 
stabilized  if  the  mutual  inductance  between  the  active  coils  and  the  vacuum  vessel 
is  not  too  great.  This  mutual  inductance  is  destabilizing  since  it  causes  the  passive 
conductors  to  effectively  shield  the  plasma  from  the  active  elements.  Furthermore, 
lowering  the  cutoff  frequency  (the  frequency  limit  at  which  the  active  feedback  system 
can  respond)  was  founa  to  be  destabilizing. 

Rebhan  and  Salat  42:  use  a  SW  treatment  to  examine  skin-current  equilibria  with 
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an  active  feedback  systena.  The  fast  time  scaie  motion  is  assumed  to  be  siowed  by  a 
conducting  wall  so  that  the  feedback  system  has  time  to  respond,  but  the  interaction 
with  the  passive  conductors  is  not  explicitly  considered.  They  address  the  problem  of 
active-feedbacK-coii  location  with  respect  to  the  piasma.  for  different  cross-sectionai 
'napes,  and  the  f'otimum  coil  currents  and  locations. 

Small  areas  >  >1  ineffective  feedback  coil  locations  were  found  near  the  midplane.  For 
large-aspect-ratio  equilibria  (.4  =  10)  these  ineffective  regions  are  more  symmetric, 
whereas  for  the  iower-aspect-ratio  equilibria  f.-l  =  31  the  ineffective  regions  on  the 
outboard  side  are  much  smaller,  and  the  ineffective  regions  on  the  inboard  side  are 
significantiv  larger — therefore  the  toroidal  e.Tects  are  apparent.  It  was  also  shown 
that  the  pressure  ■  Jp)  effects  on  the  optimum  coil  position  and  currents  are  very 
smail.  The  optimum  feedback  currents  are.  however,  affected  by  the  distance  from 
the  piasma  and  strongly  by  the  poloidal  position  of  the  coils. 

The  a.xisymmetric  stability  of  the  PB.\  tokamak  has  been  examined  43  with  the 
free- boundary,  a.xisymmetric  tokamak  sim.ulation  code  TSC  44  .  The  accuracy  of 
the  code  was  demonstrated  through  comparison  with  controlled  experimental  shots 
on  PB.X.  It  was  demonstrated  that  PBX  operates  near  the  instability  boundary  (i.e.. 
the  stability  boundary  with  ideal  conductors  !.  Smail  inward  radial  movements  of  the 
piasma  i  to  regions  of  more  unstable  field  index)  can  cause  the  loss  of  axisymmetric 
stability  as  the  plasma  becomes  so  unstable  that  the  active  feedback  system  is  insuf¬ 
ficient  to  control  it.  The  rapid  increase  in  the  resistive  wail  growth  rate  as  the  ideal 
staointy-iimu-  is  nearea  with  these  successive  inward  radial  displacements  was  also 
demonstrated.  The  loss  of  stability  is  still  within  the  limit  of  ideal  MHD  stability. 
It  was  therefore  concluded  that  demonstration  of  ideeu  stability  is  necessary  but  far 
from  sufficient  to  guarantee  stability  with  an  active  feedback  system. 

The  stabilization  of  the  vertical  motion  is  often  considered  in  the  greater  context 
of  position  control  45-471.  .4  detailed  analysis  of  the  vertical  stability  control  system 
in  DIII-D  has  been  given  by  Lazarus  et  al.  47  .  simple  massless-plasma,  single¬ 
filament  model  is  used  to  study  the  control  problem.  The  model  is  shown  to  be  a 
second-order  dynamical  system.  .An  eigenmode  analysis  of  the  vacuum  vessel  is  used, 
and  a  critical  index  for  the  active  feedback  coils  is  defined  above  which  the  system  is 
unstable  in  the  absence  of  derix'ative  gain.  The  inboard  coils  were  shown  to  be  much 
more  effective  in  stabilization  than  the  outboard  coils  owing  to  the  interference  of  the 
latter  with  the  passive  stabilizing  effects  of  the  vaicuum  vessel  wall. 
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.An  experimentai  study  45  of  vertical  stability  on  DIIl-D  vended  the  model  in 
Ref.  47!  at  elongations  up  to  about  /c  =  2.  but  at  higher  elongation  with  high  trian- 
iuiaricv  it  was  found  that  the  plasma  is  destabilized  by  the  coupling  of  an  m,  n  =  3/0 
moae  to  the  m  n  —  i  0  moae.  This  non-rigid  contribution  ied  to  loss  of  stabil- 
tv  where  the  rieid  bodv  singie-filament  47  and  muiti-filament  49  models  predict 
stability. 

It  has  been  shown  50i  that  the  non-rigid  aspects  of  the  unstable  axisymmetric 
mode  in  highly  shaped  tokamak  plasmas  can  be  of  critical  importance  in  the  ability 
of  an  active  feedback  system  to  stabilize  the  motion.  Specifically,  it  was  found  that 
for  certain  locations  of  the  flux-loop  detectors  (which  would  properly  detect  rigid 
motion  I  the  plasma  remains  unstable  regardless  of  the  feedback  gain.  This  is  due  to 
•he  plasma  s  ability  to  deform  in  such  a  way  that  the  detected  signal  is  insufficient 
•.o  control  the  piasma.  This  article  will  be  reviewed  In  detail  in  Chapter  2  because  of 
Its  relevance  to  this  dissertation. 


1.4  A  linear  MHD  stability  code  with  active  and 
passive  feedback 

The  methods  used  in  the  various  studies  in  the  preceding  sections  ail  have  some 
drawback.  The  current-filament,  rigid-body  models  do  not  properly  rep^ent  th^true 
piasma  rnoiion  when  -the  motion  has  significant  non-rigid  components.  Such  a  non- 
."ieid  contribution  is  typically  present  when  there  is  strong  cross-sectionai  shaping — 
particularly  triangularity,  \ariationai  approaches  suffer  the  same  limitation  when  the 
triai  function  does  not  closely  approximate  the  true  eigenfunction.  This  limitation 
can  be  made  worse  if  the  feedback  system  actually  modifies  the  eigenfunction  in  some 
wav.  This  would  be  very  difficult  to  represent  with  some  standard  trial  function. 
Ideal  MHD  stability  codes  such  as  PEST  and  ERATO  can  accurately  resolve  the  true 
eigenfunction  of  the  instability,  but  are  limited  to  using  ideal  walls  with  no  active 
feedback.  Transport  time-scale  simulation  codes  such  as  TSC  can  accurately  compute 
the  full  nonlinear  axisymmetric  motion  with  adl  the  realistic  control  aspects  such  as  an 
active  feedback  system,  resistive  conductors,  circuit  and  power  supply  dynamics.  It 
is.  however,  very  expensive  computationally  to  obtain  converged  quantitative  results 
with  TSC.  especially  when  tokamak  parameter  scans  are  needed. 
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It  is  evident,  theretore.  that  there  is  a  need  for  a  linear  MHD  staoiiity  code  that 
ran  calculate  the  eigenfunctions  and  growth  rates  for  the  axisymmetric  mode  of  de¬ 
formable  tokamak  plasmas  with  passive  stabilization  from  arbitrary  resistive  conduc¬ 
tors  and  an  active  feedback  system.  For  this  reason,  we  nave  deveioped  the  NOV.\-\V 
code.  This  is  a  modification  of  the  ideal,  linear  .\1HD  stability  code  .\0\  .\  51  .  which 
.nciudes  ail  the  nonideai  aspects  just  mentioned.  We  are  therefore  particularly  well 
suited  to  e.\amine  the  effect  of  active  and  passive  feedback  on  the  vertical  instability 
in  tokamaks  with  a  particular  interest  in  the  influence  of  the  non-rigid  components 
of  the  motion. 

An  outline  of  this  dissertation  is  as  follows.  In  the  next  chapter  we  review  an 
article  50  that  demonstrates  the  importance  of  the  non-rigid  motion  of  highly  shaped 
tokamak  plasmas  and  how  these  affect  the  performance  of  an  active  feedback  system. 
The  following  chapter  presents  the  basic  formulation  of  the  calculation  involved  in 
the  .\’0\.\-W  code.  In  Chapter  4  some  results  of  passive  stabilization  are  presented. 
First  the  code  is  benchmarked  against  a  simplified  analytic  model  and  then  against 
the  results  from  the  Tokamak  Simulation  Code.  The  capabilities  of  the  new  code  are 
demonstrated  with  results  for  two  different  tokamak  design  equilibria.  In  Chapter  5 
we  present  some  initial  results  for  the  active  feedback  stabilization.  The  TSC  is  again 
used  to  compare  to  the  results  from  .\0\  A-W  in  a  qualitative  and  semi-quantitative 
sense.  Finally,  in  Chapter  6  we  examine  a  highly  triangular  piasma  equilibrium  and 
study  the  interaction  of  the  active  and  passive  feedback  with  the  non-rigid  components 
of  the  motion.  Chapter  7  will  contain  a  brief  summary  and  discussion  4s  well  as  plans 
for  future  work. 


Chapter  2 

Feedback  Stabilization  of  a 
Deformable  Tokamak  Plasma 


A  deformabie  plasma  and  its  active  feedback  control  system  together  form  a  cou¬ 
pled  system.  In  this  chapter  we  show  that  the  stability  of  this  coupled  system  can 
be  substantially  different  than  the  stability  of  a  similar  system  which  allows  only 
rigid  plasma  motion.  In  particular,  for  certain  locations  of  the  feedback  sensors  the 
deformable  plasma  motion  can  render  the  feedback  system  ineffective.  This  demon¬ 
strates  the  need  to  examine  axisymmetric  plasma  stability  of  the  plasma  and  its 
feedback  svstem  together.  Of  particular  interest  is  the  interaction  of  the  feedback 
svstem  with  the  non-rigid  components  of  the  plasma  motion  in  highly  shaped  toka¬ 
mak  plasmas.  . 

This  chapter  is  primarily  a  reshcw  of  the  results  presented  in  the  article  appearing 
in  .Nuclear  Fusion  entitled  "Feedback  Stabilization  of  the  .Axisymmetric  Instability  of 
a  Deformable  Tokamak  Plasma"  by  Pomphrey.  .fardin.  and  Ward  50  .  The  numerical 
results  of  this  paper  are  reviewed  in  the  following  section,  and  the  analytic  model  is 
presented  in  Section  2.2  in  a  somewhat  expanded  form  with  additional  analysis  and 
discussion  of  its  relevance  to  this  dissertation. 


2.1  Numerical  Model  using  TSC 

Figure  2.1  shows  a  schematic  of  a  bean-shaped  plasma  for  which  vertical  position 
control  is  a  necessary  element  of  the  design.  The  pltisma  carries  0.75  .M.A  current,  and 
has  a  cross  section  that  is  elongated  and  indented  on  the  inboard  side.  Conducting 
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plates  surround  the  plasma,  which  effect  passive  staDiiization  on  tne  ideal  MHD  time 
scale.  The  L  R  time  for  the  passive  conductors  is  i  00  msec.  The  poloidal  field  c^.l 
system  used  for  equilibrium,  shaping,  and  feedback  coiitroi  is  shov.-n.  as  are  two  pairs 
of  observation  points.  The  flux  difference  between  tne  too  and  bottom  members  of  any 
one  of  these  pairs  is  a  measure  of  the  displacement  of  the  piasma  from  its  equilibrium 
position  on  a  rrudplane.  The  top  and  bottom  points  in  each  pair  are  symmetric  about 
the  rrudplane.  and  therefore  this  flux  difference  would  provide  an  accurate  measure  of 
vertical  displacement  in  the  case  of  truly  rigid  plasma  motion,  .part  from  the  location 
of  the  pickup  ioops.  the  system  shown  in  Fig.  2.1  is  an  accurate  representation  of  the 
modified  Princeton  Beta  Experiment  (PBX-M]  52  . 

The  Princeton  Tokamak  Simulation  Code  iTSCj  44  was  used  to  analyze  v  rticaJ 
position  control  issues  for  the  configuration  described  above.  The  TSC  accurately 
models  the  transport  time-scale  evolution  of  axisymmetric  plasmas,  including  the 
piasma  interaction  with  passive  and  active  feedback  systems.  For  tne  simulations 
described  below,  a  simple  feedback  control  law  is  employed  in  which  an  incremental 
current  is  requested  from  the  vertical  feedback  coiis  in  proportion  to  the  measured 
flux  imbalance  between  one  or  the  other  of  the  observation  oairs.  l.e.. 

hv(t)  =  5  X  (2.11 

where  i  =  1  refers  to  the  inboard  observation  pair,  and  i  =  2  refers  to  the  outboard 
observation  pair,  and  where  top  refers  to  the  top  loop  of  the  pair  ana  bgt  refers  to  the 
bottom -loop.- 

In  the  passive  sense,  both  the  inboard  and  the  outboard  observation  pairs  are 

> 

equally  good  at  detecting  the  vertical  .’motion  of  the  plasma.  To  see  this.  Fig.  2.2. 
Case  .A.  shows  the  results  of  a  simulation  in  which  the  active  feedback  system  is  turned 
off  by  setting  the  gain  3  equal  to  zero.  The  flux  differences  Aw,(t)  =  -  vf"*!!) 

are  plotted  as  a  function  of  time  for  each  observation  pair.  Note  that  the  same 
growth  rate  for  the  instability  is  calculated  by  TSC  using  either  observation  pair, 
and  that  the  amplitude  of  the  flux  detected  by  each  pair  of  loops  is  essentially  the 
same,  which  implies  that  the  vertical  displacement  is  nearly  rigid.  It  will  now  be  seen 
that  although  both  observation  pairs  detect  the  unstabilized  motion  equally  well,  only 
the  outboard  pair  can  be  successfully  incorporated  into  the  active  feedback  scheme 
defined  by  Eq.  (2.1). 

In  Figure  2.2  two  initial-value,  time-dependent  simulations  with  TSC  are  shown 


2.1.  Sumerical  Mode]  usini^  TSC  _  _ _ _  15 


#87TCI24 


X  (m) 


Figure  2.1:  Schematic  of  the  Princeton  Beta  Rxperiment  (PB.X-M).  The 

inboard  and  outboard  observation  pairs  used  for  feedback  control  in  the  numerical 
-iiiiuiai ions  are  denoted  bv  crosses. 
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Figure  '2.2:  The  flux  differences  Av.(0  c-,'(0  -  cffF)  for  the  inner  and  outer  ob 

servalinn  pairs  are  plotted  as  a  function  of  time.  Case  A:  Simulation  results  whei 
the  feedback  gain.  J,  equals  zero.  The  same  growth  '■-te  is  obtained  using  eithe 
■  >b.servation  |)nir. 

Case  B:  \ctive  feedback  with  the  feedback  coils  connected  to  the  outside  flux  loops 
The  plasma  is  slaljle. 

Case  C:  Active  feedback  with  the  feedback  coils  connected  to  the  inside  flux  Iwps 
The  pla.sma  is  unstable. 

The  same  feedback  gain  values  were  used  in  Cases  B  and  C. 


2.1.  Numericai  Model  tisins  I  SC 
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Proportional  Feedback 


I'ii'nre  2.3:  Block  liiagrain  for  the  frequency-response  analysis  of  the  cor.iroi  system. 

ibing  the  same  initial  conditions  for  the  plasma  as  in  the  passive  calculation.  Case  A, 
but  with  the  feedback  s\slem  activated  and  connected  first  to  the  outside  Hux  loops 
'Case  B)  and  second  the  inside  flux  loops  (Case  C).  I•'f>r  each  simniaiion  the  feedback 
stain  has  the  'aine  salue  as  m  the  frequenc yoioinaiti  analysis  of  Fig-  2.-1,.,  ,, 

For  (  ase  B.  m  ahich  the  fee<iback  system  is  connected  to  the  outer  observation 
..'air.  the  plasma  tnotion  is  -t  en  to  be  stal)ili/ed.  The  flux  differences  meaisured  by  the 
.nin T  and  the  out i  r . .bser\at  Ion  pairs  both  decrease  v\  it h  time,  with  the  flux  difference 
';n-iu»-<-n  the  outer  loops  almost  an  order  of  magnitude  less  than  the  flux  difference 
betueen  the  inner  loops.  This  indicates  some  plasma  distortion.  For  Case  C.  in  which 
the  feedback  system  is  connected  to  the  inboard  observation  pair,  the  plasma  remains 
unstable,  albeit  with  a  much  reduced  growth  rate.  The  flux  difference  between  the 
inner  observation  loops  is  now  an  order  of  magnitude  less  than  the  flux  difference 
between  the  outer  :o<ips.  also  indicating  a  plasma  distortion,  but  one  whose  detailed 
form  is  different  from  that  of  with  Case  B. 

In  order  to  Investigate  the  stability  of  the  feedback  system  in  more  detail,  some 
techniques  of  control  engineering  '53,54  are  adopted.  Figure  2.3  is  a  block  diagram 
for  the  system:  it  shows  the  relationship  between  components,  and  the  flow  of  signals 
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from  input  to  output.  A  reference  voltage  signal  is  input  to  the  vertical  feedback 
coils,  the  plasma/ conductor/ vacuum  .\IHD  equations  are  advanced  by  TSC.  and  the 
measured  flux  difference  between  a  pajr  of  observation  points  is  output.  The  feedback 
loop  is  ciosed  by  amplifying  the  output,  and  returning  it  :>>  the  feedback  coils  as  a 
voltage  correction  to  the  reference  signal.  For  stability,  ail  poles  of  the  ciosed-loop 
transfer  function.  Ti'si  =  0’(s)/  1  —  3G(s)i.  must  have  negative  real  parts  (i.e.,  must 
lie  in  the  left  half  s-piane).  Here  s  =  -lui.  therefore  sucn  an  s  implies  stability 
for  motion  described  by  exp(— lu/f).  The  location  of  the  poles  is  determined  by  the 
Encirclement  Theorem,  which  leads  to  the  N’yquist  criterion  for  stability: 

.;j-  AargO  -3Gfs));  =  .V,.  (2.21 

—  TT  -too 

The  .N’yquist  criterion  for  stability  formally  stated  54  reads:  For  a  ciosed-loop 
system  to  oe  stable,  the  Nyquist  plot  of  3G{s]  must  encircle  the  i-1.0)  point  in  the 
complex  plane  as  many  times  as  the  number  of  poles  of  3G\s)  that  are  in  the  right 
half  of  the  s-plane.  and  the  encirclement,  if  any.  must  be  made  in  the  counterclockwise 
direction  for  a  clockwise  trajectory  of  s  around  the  r.ght  half-plane. 

The  phase  change  of  the  transfer  function  on  the  left-hand  side  of  Eq.  (2.2)  can 
be  interpreted  as  the  number  of  counterclockwise  encirclements  of  the  point  (-1.0)  by 
the  JGisi  locus  as  s  is  increased  from  -zoc  to  — loc.  and  .Vp  is  the  number  of  poles  of 
3Gls)  having  positive  real  parts.  For  a  vertically  unstable  plasma  partially  stabilized 
l^-  resistive  ’.vails  there  is  generally  one  unstable  root  ;n  the.MHD  equations  for  th. 
axisymmetric  mode:  therefore  it  is  possible  to  show  that  .Vp  =  1. 

The  open-loop  transfer  function  Q{s)  is  not  expressed  in  closed  form  for  this 
problem,  and  must  be  evaluated  numerically.  To  do  this,  a  test  signal  is  input  to  the 
feedback  coils  in  the  form  of  a  sinusoid  with  frequencv  «.  The  steady-state  response 
characteristics  of  a  stable  system  are  such  that  3G(Lj\  is  equal  to  the  amplitude  ratio 
of  the  output  and  input  sinusoids,  and  a.ri^[3G(iu/)  is  the  phase  shift  of  the  output 
sinusoid  with  respect  to  the  input  sinusoid.  The  data  are  collected  on  opposite  sides 
of  the  summing  point  (see  Fig.  2.3). 

In  Fig.  2.4.  the  results  obtained  from  running  TSC  are  presented  using  first  the 
inboard,  and  then  the  outboard  observation  pair  for  monitoring  the  flux.  The  sign 
and  magnitude  of  the  gain  are  the  same  for  both  cases.  Results  are  shown  as  a  Bode 
diagram,  which  consists  of  two  graphs.  One  is  a  plot  of  log  >3G(iu/)i  versus  w:  €he 
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other,  a  piot  or  i.  versus  u..  Once  the  Bode  diagram  is  constructed,  the 

Nvquist  plots  follow  readily.  Figure  2.4  shows  that  use  of  the  outboard  observation 
pair  I  Pair  ~2)  gives  rise  to  a  closed  curve  that  meets  the  conditions  required  bv  the 
Nvquist  iiability  criterion.  Un  the  other  hand,  the  Nvquist  curve  obtained  using 
the  inboard  observation  pair  i  Pair  =1)  not  only  fails  to  enclose  the  ooint  1-1.0).  but 
It  is  also  described  in  the  vvrong  sense  (clockwise).  Since  J  is  a  constant,  changing 
It  simply  scales  the  distance  of  each  point  on  a  curve  to  the  origin,  but  leaves  the 
sense  of  traversal  unchanged.  Therefore  the  feedback  system  which  uses  the  outboard 
observation  pair  will  be  stable  for  a  finite  rtmge  of  3.  corresponding  to  the  enclosure 
of  (-1.0).  whereas  the  feedback  system  which  uses  the  inboard  observation  pair  will 
be  unstable  for  all  values  of  3. 

The  essential  difference  in  behavior  of  the  two  feedback  systems  is  the  response 
to  low  frequencies.  .\t  very  high  frequency  the  signal  from  the  feedback  coils  is 
unable  to  affect  the  plasma  motion  because  it  cannot  penetrate  the  intervening  passive 
conductors.  The  feedback  system  is  completely  passive  in  this  limit.  If  the  frequency 
is  lowered  to  become  comparable  to  the  inverse  Li  R  time  of  the  conductors,  the  signal 
has  time  to  influence  the  plasma  motion.  The  influence  is  seen  in  the  Bode  plots  as  a 
dramatic  change  in  slope  in  the  curves  of  amplitude  and  phase.  When  the  frequencv 
is  lowered  toward  the  zero- frequency  limit,  the  contrast  between  using  the  different 
observation  points  is  most  clear.  In  this  limit,  the  passive  stabilizers  are  completelv 
transparent  to  the  feedback  signal  and  therefore  cannot  affect  the  feedback  response 
i)f  the  plasma.  It  is  in  this  low-frequency  limit  that  the  placement,  of  th^'flux''deti^tion 
loops  can  determine  the  overall  stability  of  the  system. 

In  sumraarv'.  the  unstable  eigenfunction  depepds  on  the  position  of  the  flux  loops 
used  to  detect  the  motion,  even  though  the  fe^back  coils,  in  which  the  feedback 
currents  appear,  are  exactly  the  same  in  the  two  cases.  The  stability  is  now  examined 
in  the  low-frequency  limit  with  an  analytic  model. 

2.2  Analytic  Model 

It  was  demonstrated  by  Rosen  :  16j  that  a  constant  current-densitv.  square  cross- 
section.  straight  plasma  column  is  unstable  to  a  non-rigid  axisymmetric  instability. 
In  this  section  the  analysis  of  Rosen  will  be  modified  to  include  an  active  feedback 
system,  whose  response  is  based  on  perturbed  flux  measurements,  and  it  will  be 
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Figure  2.4:  Top;  Frequency  dependence  uf  the  amplitude  and  phase  transfer  funclior 
G  when  observation  pairs  1  and  2  are  used  to  monitor  the  flux. 

Bottom:  Nvqiiist  curves  resulting  from  the  mapping  to  the  complex  G  plane. 
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ihown  that  there  are  forbidden  regions  for  the  placement  of  the  flux-ioop  aetectors  if 
stability  is  to  be  ensured. 

First  we  review  the  results  of  Rosen  16  for  a  square  cross-section  plasma.  ( Rosen 
'■nsiaers  the  more  general  case  of  a  rectangular  cross-section,  but  we  wiil  restrict  the 
oroblem  to  that  of  a  square  plasma  for  simplicity.)  We  then  consider  an  aopropriate 
reedback  system  for  this  model.  We  will  be  using  dVl’  techniques  .55  so  we  must 
adapt  the  model  to  satisfy  the  self-adjointness  property  of  the  force  operator  if  the 
-IV  method  is  to  be  valid.  The  necessary  constraints  on  the  model  feedback  system 
to  ensure  this  validity  will  be  derived.  Then  the  stability  of  the  complete  system, 
oiasma  -  feedback,  will  be  analyzed. 


2.2.1  Review  of  the  model  with  no  feedback 


\\'e  consider  an  infinitely  long  cylindrical  plasma  of  constant  current  density 
surrounded  by  a  vacuum  region.  The  longitudinal  field  B.  is  uniform,  and  B;  »  B_i, 
■vnere  B_  =  z  x  Vv.  .Ampere's  Law  then  gives 

=  J.-  (2.3) 


Given  a  constant  current-density  piasma.  the  equilibrium  poloidal  flux  is  given  by 


V  =  —  ar^  cos  (2.4) 

•  .f.,  -  -  • .  . 

vnere  a  isGhe  "squaren.ess  parameter,  '  which  is  assumed  to  be  smaii.  ana  will  be  used 
as  an  expansion  parameter  in  the  calculation  to  follow.  If  a  =  0.  then  the  plasma- 
vacuum  interface  [v  =  1)  is  a  circle.  Even  modest  values  of  a.  such  as  q  =  0.2.  make 
he  V  =  1  surface  nearly  square.  Figure  2.5  shows  a  schematic  of  the  piasma.  the 
poioidai  field  coils,  and  typical  pairs  of  obser\’ation  coils. 

The  most  general  form  for  dW  of  the  energy  principle  can  be  written  isee.  for 
example,  Freidberg)i24 

SH'  =  Sll'r  -  fU's  -  5H'i'  (2.5) 


where 

J  j  Q;^  -  C  •  U  X  Q)  -  ^p,V  .  .  Vp)V  ■  C ' 


= 


(2.6) 

(2.7) 
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Figure  2.5;  Contours  of  constant  flux  for  the  square  plasma  analytic  model.  The 
equilibrium  magnetic  field  ts  produced  by  coils  which  push  on  the  sides  and  pull  at 
the  comers.  The  direction  of  the  current  flow  in  the  field-shaping  coils  is  denoted 
by  —  or  —  for  current  parallel  or  antiparallel,  respectively,  to  the  equilibrium  plasma 
•'urrent.  Typical  observation  points  for  perturbed  flux  measurements  to  determine 
plasma  position  are  denoted  by  x  symbols. 
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Here 


>HV  =  -  /  dSih  -8  )(B  ■  b). 

2  Js 

(2.8) 

Q  =  r  X  X  B) 

i2.9) 

.3  tne  perturoed  magnetic  held  in  the  piasma.  ^  is  the  dispiacement.  b  is  the  perturbed 
magnetic  held  in  the  vacuum,  and  ...  denotes  the  jump  from  the  piasma  to  the 
vacuum.  L'U'f  is  the  contribution  from  the  piasma.  fiW's  is  the  contribution  from  the 
plasma- vacuum  interface,  and  8Wv  is  the  contribution  from  the  vacuum.  In  this  case 
'•U'5  =  0  because  there  are  no  surface  currents  in  the  problem.  The  magnetic  field 
perturbation  in  the  plasma  is  defined  by 


Q  =  z  X  V(j>p  (2.10) 

'.vhere  Op  is  the  perturbed  flux  in  the  plasma.  Likewise  the  perturbed  magnetic  field 
n  the  '.acuum  b  is  defined  in  terms  of  o^.'. 


b  =  z  X 


(2.11) 


W'e  consider  an  incompressible  plasma; 

V  ■  <  =  V.  ■  =  0. 

The  aisplacement  i  is  related  to  the  perturbed  flux  as 

Op  ^  -i-  Vv. 


(2.12) 


(2.13) 


Therefore  the  form  of  <fir  can  be  expressed,  as  separate  contributions  from  the 
piasma  and  from  the  vacuum: 

28W  =  /;( .  Vd>p]dA  ^  -  oS^o,]dA.  (2.14) 

Jp  Jv 

where  the  subscripts  p  and  v  refer  to  plasma  and  vacuum,  respectively.  To  evaluate 
this  expression  for  the  given  model,  it  is  convenient  to  express  8\V  in  terms  of  the 
flux  coordinates  i  v.  d.  z  i.  Thus  we  write 

8W  =  8Wp  -  5H',  ^  (2.15) 


or 


28W  =  11  dvjddJ(V0^)^  d9J<i>l  -  j  dfiJd)„(  Vtc  ■  V<6„), 


(2.16) 
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Vo^r  = 


ov  'iv  '9  '  -iB 


(2.17) 


and 

J  =  ^Vu  .V9  xVz,--  =  (2.18) 

_  d-L- 

is  the  Jacobian .  The  integral  denoted  /  is  e'.-aiuaiea  around  the  f  =  1  contour,  ar-" 
j.  =  -1  in  the  units  of  Eq.  (2.4).  Since  a  is  small.  Eq.  (2.4)  can  be  inverted  to  obtain 
r(  V.  fi).  from  which  the  metric  elements  and  the  Jacobian  can  be  evaluated.  To  order 
o*  we  e.xpand  the  Jacooian  and  r(iy,  (?): 


^7  =  1  —  2aw  cos  -id  —  Jq'v'i  1  -  cos  8w)  (2.19) 

r  =  v''^!l  -  -au.- cos  4(9 — q“u‘ cos' 4-9 ! .  (2.20) 

2  8 

The  incompressibility  constraint  can  be  expressea  as 

f  ^  ndl  =  =  -  to,  Jd6  =  i-).  (2.21) 


This  ei\es  us  the  form  of  the  solution  to  o,  given  here  to  oraer  q*: 


o,(u.9)  =  ^  Dm(  f)  cosi  m9)  =  D'(c')cost9  (2.22) 

-  ^  I  c>£?^(ti;)  —  t.’)]  cosi  mti  ■  -  a'vD^(v), 

m 

where  the  a  orderings  are  shown  explicitly,  so  is  the  first-order  piece  of  D,n,  etc. 

U'e  have  not  yet  included  the  feedback  currents  in  the  vacuum  region;  therefore 
the  \'acuum  perturbed  flux  is  described  by  =  0.  and  the  solution  for  o,  is 

30 

(p„(v,<9)  =  ^  cos{md)  =  Bir~‘  cosd  ~  ^[qB^  -  cos(m5). 

mss  1  m 

(2.23) 

The  boundary  condition  imposed  at  the  plasma- vacuum  interface  is  the  continu¬ 
ity  of  the  perturbed  flux  <s.  This  gives  a  relation  between  the  plasma  and  vacuum 
coefficients  and  Bm-  where  Dm  =  Dmiv  =  1).  The  boundary  conditions  given 
order  by  order  are 

5,  =  D,  (2.24) 
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fiS  -  (2.25) 

-*  -t 

•vhere  m'  is  the  Kronecker  delta,  and 

_  2b^  --B?  -  —  S,  ^  (2.26) 

'  It  turns  out  that  we  need  only  the  m  =  1  term  for  the  boundary-  condition  at  order 

a^) 

The  expressions  for  <pp  and  <!)„  are  substituted  into  Eq.  ^2.16).  and  the  appropriate 
boundary  conditions  are  applied.  Furthermore.  Slip  is  minimized  with  respect  to  the 
D^iu]  by  applying  Euler's  equation  at  every  order.  The  integrations  over  0  (and  also 
V  in  the  case  of  (fli  p)  are  performed  leaving, 


->ir.  =  -D'  -  a4D.D^  -  a- 


'■S\l',  =  0?  -  q2£),DP  -  a- 


and  the  minimized  (fll-p; 


-6D?  -  4D,  09^^  -  40,  Of  -  40,  Of  -  2  V  (O^)^ 

m=I 

(2.27) 

^0?  -  20,0f“  -  30,  Of  -  V  m(0f  (2.28) 

°  m=l 


~-SlVp  =  -a2D,Df  -a'  ^O,"  -  20.  Of  30,  Of  -  V  ,n(  Of  )^  | .  (2.29) 


Therefore  the  total  (fll'  is  given  by 


-dir  =  q' 

T 


nz 


40, Of  -  40, Of  -  2  im  -  1 )( Of 


(2.30) 


This  is  the  result  of  Rosen  16  expressed  in  our  notation.  Note  that  cfU'  is  nonzero 
only  at  order  q". 

Through  minimizing  SWp  with  respect  to  the  various  Dm  the  solution  is  found  for 
the  plasma  eigenmodes; 

D^{xp)  =  0,v2  (2.31) 

Of(t£;)  =  (Of  -  ^0,)vz  -  ^Oiwi  (2.32) 

of  (v)  =  of  W? 


m  ^  5 


(2.33) 


26 


Chapter  2.  Feedback  Stabilization  of  a  Deformable  Tokamak  Plasma 


This  gives  us  the  full  solution  for  0p{v^,9).  and  from  Eq.  (2.121  we  can  solve  for 
the  displacement  eigenfunction; 

-  2or^^'  ^  -- D\  cos  t)  ~  a  I D'^  r  cos  9  ~  \  - D])r'' cos  26  (2.34) 

I  -  * 

-{  -  -  Di  )r'‘ cos  5a  —  ^  cosi  . 

^*1 ,3.3 

~ '2ar^^  —  — -Di  sin  —  a  ^PPrsin  0  —  (Z??  -  -  Z?i  )r“  sin 35  (2.35) 

-(Df  -  -Z},)r^sin55-  f;  D^r^smme  . 


To  zero  order  the  eigenfunction  is  a  rigid,  horizontal  shift.  It  is  therefore  appropri¬ 
ate  to  require  the  first-order  rigid  component  to  vanish  =  0)  in  the  displacement 
eigenfunction,  since  it  contributes  nothing  to  the  problem.  (.Vote  that  it  does  not 
add  anything  to  the  <fH'  energy  in  Eq.  2.30  .  i  Therefore  the  first-order  contributions 
to  the  eigenfunction  are  non-rigid.  To  test  the  stability  of  the  square  plasma  with 
respect  to  the  pure  rigid  shift,  the  first-order  contribution  must  vanish.  The  compo¬ 
nents  are  therefore  Z)^  =  7  4,  Z?f  =  -1,M.  =  0  for  m  =  3,  5.  When  this  solution 

is  substituted  into  the  e.xpression  for  ifU'  we  get 


>U'  =  a'-  —  Dl 
2  2^ 

The  square  plasma  is  stable  to  a  pure  rigid  shift. 


(2.36) 


We  minimize  (Ml  .  Eq.  (2.30).  with  respect  to  the  Z?^  in  order  to  find  the  true 
.‘'U'  and  corresponding  eigenfunction.  The  minimization  yields  D?  =  -|Z)i.  Df  = 
-'-Di-  ana  =0  for  m  3.5.  The  first-order  minimizing  eigenfunction  is 


4.""  =  3r=Z?,cob35  .  sin35.  (2.37) 

O  O 

which  corresponds  to  an  m  =  3  “wrinkle’’  superimposed  on  the  rigid  shift  161.  With 
this  minimizing  eigenmode  the  <fH'  becomes 

6W  =  -a^~Z?f.  (2.38) 

The  minimizing  perturbation  of  a  rigid  shift  plus  a  lower-order  m  =  3  piece  super¬ 
imposed  is  clearly  unstable.  The  additional  non-rigid  component  makes  the  plasma' 
unstable  to  the  horizontal  shift. 
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2.2.2  Feedback  stabilization  of  the  square  plasma  model 

U’e  will  now  consider  the  addition  of  a  feedback  system  by  modifying  the  Rosen 
analysis  lo  include  extra  terms  in  the  definition  of  the  vacuum  flux  corresponding  to 
feedback  coils  that  respond  to  perturbed  flux  measurements,  in  principle,  however, 
an  active  feedback  system  is  a  very  non-ideal  addition  to  this  otherwise  ideal  plasma- 
acuurn  system.  It  is  not  obvious  that  a  feedback  system  would  satisfy  the  necessary 
condition  of  seif-adjointness  55  required  to  make  the  (5H'  approach  valid.  In  fact. 
an\-  realistic  active  feedback  system  will  not  satisfv'  this  condition,  but  a  model  feed- 
nack  5\stem  under  certain  symmetry  constraints  will  be  self-adjoint.  The  necessary 
■instraints  are  derived  in  Appendi.x  .\  along  with  the  boundary  conditions  required 

define  the  feedback  model. 

It  is  interesting  to  note  that  Rebhan  and  Salat  42  used  a  c‘!r  analysis  to  analyze 
active  r'eedback  stabilization  of  tokamak  plasmas.  In  particular,  they  studied  the 
erfect  of  coii  position  on  the  ability  to  stabilize  the  axjsymmeiric  mode.  They  use 
a  6\V  analysis  that  corresponds  to  Eq.  i.A.61  and  satisfies  the  symmetry  constraints 
of  Eq.  However,  thev  did  not  demonstrate  that  their  formuiation  satisfied  the 

necessary  self-adjoinlness  requirements.  The  choice  of  the  formuiation  used,  while 
being  the  most  straightforward  for  their  analysis,  is  not  a  realistic  choice  for  an 
actual  device,  since  it  requires  that  the  corresponding  flux  loop  oe  located  at  the  same 
position  as  the  active  feedback  coil.  This  is  an  unrealistic  configuration.  It  would 
•  nerefore  be-difficuit  to  use  this  dlT  method  to  examine  active  feedbaclc  stabiiiidtion 
for  anvthing  more  complex  than  this  kind  of  simplified  model  feedback  system. 

The  procedure  for  evaluating  dU'  follows  the  description  given  above  for  the  square 
piasma  model  but  with  the  perturbed  vacuum  flux  modifled  by  the  presence  of  current- 
carrving  feedback  coils.  Figure  2.6  shows  a  schematic  of  the  plasma  and  vacuum 
regions  for  the  ansdylic  calculation.  The  perturbed  vacuum  flux  is  defined  in  a  fashion 
similar  to  that  in  the  previous  section; 

In  region  I 

rB  oo 

^  cos  mff ^  L^r’”  cosmd.  (2.39) 

m=l  ni=l 

and  in  region  II 


(2.40) 
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Vacuum  Region  II 


Figure  2.6:  Plasma  and  vac-ium  legions  for  analytic  calculation.  The  feedback  system 
onsisls  of  an  “equivalent  feedback  system  "  made  up  of  a  multipolar  decomposition 
f‘  presenting  m  identical  coils  equally  spaced  on  the  circular  contour  of  radius  R.  The 
I  wo  separate  vacuum  regions  are  shown.  The  appropriate  boundary  conditions  must 
he  applied  at  the  interface  between  Region  I  and  Region  II  as  well  as  on  the  plasma 
'iirface. 
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In  this  case,  however,  we  have  an  extra  sum  representing  the  e.nect  of  the  feedback 
coiis  in  the  region  within  the  feedback  coils.  The  two  vacuum  regions  are  separated 
hv  a  circuiar  contour,  of  raaius  R.  upon  which  the  feedback  coiis  lie.  The  second  term 
;n  Eq.  ''J.39)  is  the  muitipoiar  aecomposiiion  of  the  flux  from  these  coiis.  Each  of 
the  terms  in  the  sum  is  interpreted  as  the  flux  from  an  "equivaieni  feeaback  system' 
made  up  of  m  identicai  coiis.  equally  spaced  on  the  circular  contour.  The  m  =  0  terms 
in  Eqs.  i2.39)  and  (2.40|  are  aosent.  since  tney  have  zero  gradient.  In  the  plasma, 
the  perturbed  flux  is  again  given  the  form 

Op(u'.  tfi  =  ^  cos  md.  (2.41) 

*n=0 


We  now  repeat  the  d'U'  analvsis  done  in  Sec.  2.2.1  including  active  feedback  terms 
in  the  perturbed  vacuum  flux  o.,.  The  5VT  terms  for  the  plasma  and  plasma-current 
contributions  remain  unchanged  and  are  still  defined  by  Eqs.  i2.29'  ana  ^2.27).  re¬ 
spectively.  The  calculation  for  must  be  repeated,  however,  using  the  new  form 
for  the  vacuum  flux.  Eq.  i2.39''.  with  the  feedback  terms  included.  The  new  (5W'u  is 
iiiven  bv 


=  D}  -  a  2D,D9  -  2D,L?]  -  -  2D,D9^  -  2Z),Lf°  (2.42) 


L8 


-  V  m(D^y  -  2  ^  mD^L 


»n=:  I 


a  I 

*n  I 

j 


Therefore  the  new  total  TH’  with  the  feedback  terms  included  become*  >  •  ,  . 

^8\V  r  21 

^  =  o -2D,  L?'  -q"  \-  —  D}  -AD,D?  -4E>:Df  (2.43) 
^  w  *4 


-2  -  \){D^]^  -  2D.L9<=‘  ~  Id,L9  -  -  2  • 

1  —  *n= . 


So  far  we  have  not  specified  any  details  of  the  feedback  system.  By  analogy 
with  the  numerical  experiment  described  in  Section  2.1  and  also  corresponding  to 
the  generic  form  of  the  feedbacx  systems  defined  in  Chapter  3.  we  iet  each  feedback 
system  respond  to  the  plasma  motion  by  generating  coil  currents  in  proportion  to 
some  linear  combination  of  perturbed  flux.  Schematically. 

U  =  (2.44) 


The  Grnn  element  of  this  gain  matrix  relates  the  term  of  the  multipolar  de¬ 
composition  of  the  feedback-system  response  to  the  harmonic  of  the  perturbed 
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plasma  flux.  If  the  gain  matrix  G  has  the  correct  symmetry  properties  (derived  in 
Appendix  .A1  this  form  of  feedback  law  can  be  shown  to  leave  the  stability  operator 
^eif-adjoint.  sc  the  energy  principle  will  still  apply.  The  gain  elements  should  be 
at  least  of  order  q  so  that  the  feedback  system  has  no  effect  when  a  is  zero  (.A  circular 
plasma  is  motionailv  stable.)  Hence.  Equation  (2.39'  t.,r  shows 

that  is  proportional  to  D,.  with  a  constant  of  proportionality  that  depends  on 

the  location  of  the  obser\'ation  points.  If  we  absorb  the  constant  of  proportionality 
into  the  C-symbol  for  the  gain,  we  have 

L?=G?,D,.  (2.45) 


This  feedback  gam  term  reiates  the  m  =  i  component  response  of  the  feedback  system 
to  the  rigid,  lowest-order  component  of  the  displacement  eigenfunction.  The  first- 
order  contribution  to  the  energy  becomes 


26\V^ 


-2G?.[Dcr- 


(2.46) 


Recall  that  in  the  case  with  no  feedback  the  was  zero.  The  plasma  was  neutrally 
stable  to  order  i.  By  adding  active  feedback,  the  stability  to  order  q  is  now  dependent 
only  on  the  factor  Gy .  It  can  be  made  very  stable,  or  very  unstable,  depending  on 
the  sign  and  magnitude  of 

Suppose  now  that  L9  =  0.  Then  \'anishes.  and  stability  is  determined  by  the 

serond-order  terms  in  dll  .  To  simplify  the  analysis  of  dU  '^'^r'we-choo'se  a  simplified 
feedbacK  model  motivated  by  the  form  of  the  eigenfunction  without  feedback.  Recall 
the  minimized  energy  eigenfunction  for  the  model  without  feedback:  Df  = 

D?  =  and  =  0  for  m  «  3.5.  This  gives  a  displacement-  eigenfunction 

corresponding  to  a  first-order  (in  q)  m  =  3  wrinkle  superimposed  on  a  zero-order 
rigid  shift. 


\Ve  are  therefore  interested  in  a  feedback  system  that  can  respond  to  m  =  1  and 
m  =  3  perturbations  with  m  =  1.  3  reaction  from  the  multipolar  feedback  system. 
Thus  the  feedback  currents  defined  by  Eq.  I.\.5'i  are  given  by 


Jo  r  ?ii  9i3  r 

Jo  .  .  93\  933  .  .  ol{R) 


(2.47) 


We  found  in  the  previous  section  that  we  must  have  513  =  §21  in  order  to  satisfy  The 
constraints  on  the _5H''  formalism. 
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From  Eqs.  i  A. 16)  and  ( A.17)  we  can  aenne  me  feedback  coeriicients  in  terms  of 
t  ne  Region  I  perturbed  flux  coefficients  These,  in  turn,  are  related  to  the  plasma 
perturoation  coefficients  through  the  boundarv  condition  at  the  plasma- vacuum 
mterface.  Therefore  we  find 

L  1 

^3  j 

We  keep  the  terms  through  order  a*  and  find  that  the  feedback  coefficients  are  defined 

as 

=  G?^D-  -  G%Df.  -2.49) 

Lf  = 

O 

=0  m  >  3. 

This  corresponds  to  coils  with  an  ability  to  respond  (on  account  of  the  flux  measure¬ 
ments  to  both  the  rigid  shift  and  the  m  =  3  perturbations. 

We  suostitute  these  feedback  terms  into  the  expression  for  FU'.  Eq.  v2.44  i.  For  a 
•rial  dispiacement  we  use  the  eigenfunction  found  for  the  system  without  feedback, 
given  in  Eq.  i2.37'i.  The  calculated  with  the  feedback  terms  included  is 


1 

r  D,  1 
1 

1 

.  J 

ocn-  -  -1- 

T  .4 


t2.oOJ' 


Without  feedback  =  G?2  =  0),  the  plasma  is  seen  to  be  unstable.  With  feedback, 

dir  can  be  made  positive  for  a  range  of  values  of  th’e  gain  coefficients.  Specifically, 
f.jr  any  choice  of  a  Gi^*^  can  be  found  that  is  stabilizing.  The  converse  is  also 
true.  This  can  be  seen  in  Fig.  2.7.  which  gives  the  stability  boundary  (long-dashed 
iir.ei  for  this  trial  displacement  in  (G?,°.G^)  parameter  space. 

Now  let  us  consider  the  effect  of  the  feedback  system  on  the  eigenfunction.  We  take 
our  expression  for  dU’.  Eq.  (2.44).  with  the  feedback  terms  included,  and  minimize 
with  respect  to  the  D^.  This  yields  and  -  0 

for  m  3.  5. 

The  minimized  6W  is 
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Kigure  2.7.  Stable  and  unstable  regions  for  a  range  of  values  of  the  gains  and 
The  long- dashed  line  represents  the  stability  boundary  for  the  trial  displacement 
given  in  Eq.  (2.37).  The  short-dashed  line  represents  the  stability  boundary  for  the 
rigid  displacement.  The  solid  curve  denotes  the  stability  boundary  for  the  minimized 
eigenfunction  that  is  deformed  by  the  feedback  system.  The  regions  in  the  (7®) 

parameter  space  where  the  plasma  is  stable  or  unstable  are  marked  on  either  side  of 
the  stability  boundary  by  5  and  V.  respectively. 
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with  the  corresponding  (first-order I  eigenfunction 


_ 


{7^  N 

— p  j  cos  3ff  . 


sin  36*. 


-2.52) 


The  feeaback  system  ciearly  modifies  the  form  of  the  mmimized-energy  eigenfunction. 
In  particuiar.  it  :s  the  feedback  component  G',3  that  couples  the  rigid  motion/ response 
to  the  non-rigid  response  motion,  and  that  modifies  the  eigenfunction. 

The  form  of  (fll  is  no  longer  a  simple  linear  relationship  between  and  Gf^. 
The  last  two  terms  in  8\V  are  seen  to  be  stabilizing  for  0  <  <  5/2.  and  op- 

timailv  stabilizing  for  =  5/4.  For  this  optimal  value,  the  mode  is  stabilized  if 
<  '53,32.  This  is  summarized  in  Fig.  2.7.  which  shows  the  stable  and  unstable 
boundaries  for  this  minimized  <5H’  in  the  (G^^.  G^)  parameter  space.  It  is  seen  that 
for  any  cnoice  of  G^,  a  can  be  found  that  stabilizes  the  mode.  However,  the 

converse  is  not  true,  and  the  choice  of  is  critical.  Since  the  actual  \'aiues  of 

tne  G-gains  depend  on  the  location  of  the  observation  points,  we  see  that  this  result 
translates  into  a  criticality  for  the  placement  of  the  flux  pickup  loops. 


It  is  also  interesting  to  consider  the  conclusions  that  result  from  restricting  the 
instability  to  take  the  form  of  a  rigid  displacement.  These  indicate  that  the  above 
behavior  is  due  to  the  ability  of  the  feedback  systems  to  distort  the  eigenfunction. 
For  a  rigid  displacement,  we  must  choose  see  Eq.  (2,34)  =  \D\.  Df  = 

ana  =  0  for  m  =  3.  5.  Then  the  expression  for  dH'  becomes  ,  v  '  -  '  .  • 


=  a^D]  I  -  -  2G?“  -  -Gf3  j , 
T  '12  ••  2 


-  2.53) 


The  stable  and  unstable  regions  for  this  rigid  instability  are  also  shown  in  Fig.  2.7. 
Because  of  the  linearity  of  6H'  on  the  Gs.  it  follows  that  a  G^*^  can  be  found  to 
stabilize  the  mode  for  any  value  of  G^.  The  converse  is  also  true.  Therefore,  for  a  rigid 
instability,  the  detailed  placement  of  flux  pickup  loops  for  monitoring  the  motion  is  not 
critical.  Note  that  the  stable/unstable  boundary  for  the  rigid  instability  encloses  the 
stable  region  for  the  deformable  instability  except  for  a  common  point  at  G“  =9/2. 
Equation  (2.52)  shows  that  for  this  vaiue  of  the  gain,  G^,  the  eigenfunction  no  longer 
supports  an  m  =  3  deformation,  so  the  eigenfunctions  for  the  rigid  and  deformable 
instability  coincide. 


The  stable/ unstable  boundary  for  the  trial  displacement,  given  by  Eq.  (2.37).  also 
encloses  the  stable  region  for  the  deformable  instability.  There  is  a  single  point,  at 
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=  0.  at  which  these  two  stability  boundaries  coincide.  At  this  point  the  feed¬ 
back  svstem  is  not  affecting  the  instability  eigenfunction  and  therefore  the  form  of 
the  eigenfunction  and  the  energy  is  the  same  as  in  the  case  of  the  triai  displace¬ 
ment  with  no  feedback.  It  snould  be  noted  from  Fig.  2.7  that  '..ie  stability  region 
enclosed  b%'  the  minimizing  eigenfunction  encloses  a  smaller  area  in  gain  space  them 
the  common  stability  regions  for  the  triai  and  rigid  displacements.  Particularly  at 
large  magnitudes  of  the  feedback  gain  coefficients,  the  stability  boundaries  for  the 
trial  and  rigid  displacement  eigenfunctions  lie  far  within  the  unstable  region  for  the 
minimizing  eigenfunction.  It  is  clear  that  the  minimizing  eigenfunction.  Eq.  12.'''*' 
is  affected  bv  the  feedback,  and  this  results  in  a  plasma  that  can  ot  abilizea  on._ 
bv  feedback  in  which  the  gain  lies  within  a  restricted  region.  Thus  we  see  that 
the  feedback  system  with  certain  placements  of  the  observation  points  can  allow  the 
unstable  eigenfunction  to  deform  so  that  the  plasma  will  remain  unstable. 

2.3  Conclusions 

It  is  cleau"  from  the  analysis  of  both  the  numerical  simulations  and  the  analytic 
model  that  there  is  a  significant  interaction  between  the  feedback  system  and  the 
plasma  instability.  From  the  numerical  simulations  it  is  seen  :hat  in  the  PBX-M 
tokamak.  certain  placements  of  the  magnetic  pickup  coils,  on  the  inboard  side,  lead  to 
an-unstable  system,  regardless  of  the  gain,  whereas  other  placerher.fs.  on*  the  outboard 
side,  will  give  a  stable  system  for  sufficiently  large  values  of  the  gain.  .A  simplified 
analytical  model  suggests  that  this  behavior  results  from  the  nonrigid  deformable 
nature  of  the  piasma  cross  section  and  the  plasma's  ability  to  modify  its  unstable 
eigenfunction  according  to  the  particular  feedback  system.  We  therefore  see  that 
the  feedback  system  can  change  and  enhance  the  non-rigid  character  of  the  unstable 
eigenfunction.  Furthermore,  it  is  seen  that  the  feedback  system  can.  in  certain  cases, 
modify  the  non-rigid  components  of  the  instability  in  such  a  way  that  the  plasma 
remains  unstable  regardless  of  the  gain.  This  is  not  the  case  if  the  instability  takes  a 
rigid  form,  or  even  if  it  takes  its  original  form  in  the  absence  of  feedback. 

We  can  interpret  this  phenomenon  qualitatively  in  terms  of  a  simple  physical 
picture.  .As  part  of  the  piasma  instability,  a  perturbed  magnetic  field  is  produced  in 
the  vacuum  region,  and  this  is  sensed  by  the  magnetic  pickup  coils.  If  the  plasma 
is  unstable  enough,  it  can  modify  its  eigenfunction  to  deform  its  cross  section  so 
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that  a  null  in  the  perturoed  vacuum  magnetic  Held  will  appear  at  the  position  of 
the  obser'’ation  loops.  Since  these  ioops  will  then  be  unable  to  detect  the  plasma 
■nstaoility.  the  feedback  s>stem  will  be  rendered  inoperative. 

It  IS  therefore  clear  that  stability  methods  that  rely  on  rigid  piasma  models,  current 
riiament  models,  or  simplified  trial  function  analysis  are  insurficient  to  examine  the 
problem  of  feedback  stabilization  of  highly  shaped  tokamak  plasmas  with  complicated 
active  feedback  systems.  What  is  called  for  is  a  way  to  calculate  the  true  eigenfunction 
of  the  unstable  mode  in  the  presence  of  an  arbitrary  active  feedback  system  and 
additional  passive  resistive  conductors.  The  analysis  must  allow  one  to  see  how  the 
feedback  svstem  interacts  with  the  piasma  instability — in  particular,  the  enhancement 
of  the  non-rigid  components  of  the  eigenfunction. 

We  have,  therefore,  developed  the  NOV.A-W  code.  This  is  a  linear  .\1HD  stability 
code  that  includes  realistic  active  feedback  and  arbitrary  configurations  of  resistive 
ronauctors  in  the  region  surrounding  the  plasma.  NO\.\-W  solves  for  the  true  un¬ 
stable  eigenfunction  of  the  linear  .\IHD  equations.  In  the  next  chapter  we  present  the 
formulation  of  the  vacuum  calculation,  which  includes  the  feedback,  and  the  connec¬ 
tion  of  the  vacuum  to  the  niasma  stability  calculation. 
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Chapter  3 
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In  this  chapter  we  present  the  basic  formulation  for  the  .\'0\A-VV  code.  .N'OV.A 
is  an  ideal  .MHD  stability  code  that  is  nonvariational.  i.e..  it  does  not  use  the  (5Vl 
formulation.  F<jr  this  reason,  it  can  be  e.xtended  to  include  nomdeal  effects  such  as 
resistive  conductors  and  active  feedback  systems.  N'0\’.\-\V  is  the  modification  of  the 
original  NO\’.^  code  .51  of  Cheng  and  Chance  that  includes  these  new  effects. 

The  vacuum  calculation  of  N0\  .A  has  been  modified  to  include  resistive  conduc¬ 
tors  and  an  active  feedback  svstem  in  the  vacuum  region  outside  the  plasma.  In  order 
to  accommodate  these  changes,  the  vacuum  calculation  was  modified  by  basing  it  on 
a  perturbed  poioidal  flux  representation  instead  of  a  scalar  potential  representation 
forthe  perturbed  maenetic  field  in  the  vacuum.  .A  perturbed- poioidal. fiux  represen¬ 
tation  is  the  natural  method  to  choose,  since  it  allows  perturbed  toroidal  currents  to 
exist  in  the  vacuum  region,  and  also  perjnits  a  simple  ■thin-wail"  approximation  to 
model  the  effects  of  a  resistive  wall.  Furthermore,  perturbed  flux  measurements  are 
used  as  input  to  the  feedback  control,  as  in  the  numerical  mode!  of  Section  21. 

We  begin  by  introducing  the  ideal  MHD  stability  equations  for  the  plasma  and  the 
formulation  and  techniques  used  by  the  NOVA  code  to  solve  them,  thereby  describing 
the  plasma  calculation.  Next  we  consider  the  details  of  the  \'acuum  calculation.  It 
is  the  goal  of  the  vacuum  calculation  to  provide  the  necessary  boundary  condition 
at  the  plasma-vacuum  interface  so  that  the  plasma  stability  eigenvalue  equations 
can  be  solved  with  the  feedback  effects  included.  We  describe  the  perturbed  flux 
formulation,  the  boundary  conditions  that  connect  the  Nxicuum  calculation  to  the 
plasma  eigenvalue  calculation,  and  the  method  used  to  evaluate  the  surface  integrals. 
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Then  we  present  the  method  usea  to  deal  with  the  resistive  walls  in  tne  \-acuum  region. 
This  'thin- wall  approximation"  leads  to  a  jump  condition  in  the  normal  derivative 
ot’  the  oerturhed  flux  between  the  vacuum  region  outside  the  resistive  wail  and  the 
"eeion  net  ween  the  wall  and  the  plasma.  \n  active  feedback  system  with  feedback 
'urrents  controlleo  by  flux-loop  measurements  in  the  vacuum  region  is  then  included 
:n  tne  calculation,  and  the  necessary  feedback  matrices  are  derived.  Finally,  we  add 
the  necessary  circuit  equations  needed  to  describe  a  realistic  feedback  system  and 
additional  discrete  conductors  that  may  be  present  in  the  VTicuum  region. 


3.1  The  NOVA  Code 

The  N0\  A  stability  code  solves  the  linear  ideal  MHD  stability  eigenvalue  equa¬ 
tions 

pu.‘s  =  Vp-  -  b  X  i  A"  .  B )  -  B  X  i  V  X  b )  1 3.1 ) 

p,  _  f  .  VP  -  -vPV  •  ^  =  0.  i3.21 

where 

b  =  V  X  X  B)  3.31 

;s  the  perturbed  magnetic  field  in  the  plasma.  B  is  the  equilibrium  magnetic  field. 
r-  ana  P  are  the  perturbed  and  equilibrium  particle  pressures,  respective!^’.'  p-is  the> 
plasma  mass  density.  *'  =  5  is  the  ratio  of  specific  heats.  4  is  the  displacement  vector, 
and  .s  the  eigenvalue  (normalized  growth  ratel.  The  equilibrium  magnetic  field  is 
represented  by 

B  =  VT  x  Vv  -  g(t:-  )Vu’  x  V0  l3.4.) 

'  ir 

B  =  Vo  X  Vo  -  g(ii;)Vo.  (3.5) 

’.vhere  2tu  is  the  poloidal  flux  contained  within  a  surface.  ©  is  the  generalized  poioidal 
angle.  1,'  is  the  generalized  toroidal  angle,  o  is  the  standard  toroidal  angle  from 
{X.0.Z]  cylindrical  coordinates.  q{w)  is  the  safety  factor,  and  g(«/)  is  the  toroidal 
field  function.  The  second  definition  for  B.  Eq.  (3.5),  follows  for  an  axisymmetric 
equilibrium.  The  generalized  angle  coordinates  (@.C)  chosen  to  make  the  mag¬ 
netic  field  lines  appear  straight  in  this  coordinate  system.  This  representation  greatly 
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simplifies  the  form  of  the  operator: 

ivhere  the  Jacobian  J  is  defined  by 

J-‘  =  Vti;  X  ^0  ■  VC-  (3.7) 

There  are  several  straight- field-line  coordinate  systems  that  can  be  used.  This 
category  includes  the  PEST  coordinates,  equal-arc-iength  coordinates.  Hamada  co¬ 
ordinates.  and  Boozer  magnetic  coordinates.  All  use  the  poloidal  flux  function  x;  as 
the  radial  v-ariable.  since  it  is  natural  to  separate  the  motion  across  flux  surfaces  from 
that  along  the  surfaces,  given  the  large  difference  in  the  time  scales  of  the  motion. 
They  differ  in  their  definitions  for  poloidal  angle  0  and  toroidal  angle 

The  PEST  coordinates  56  have  the  advantage  that  the  generalized  toroidal  \-ari- 
able  ^  is  equal  to  the  standard  toroidal  variable  o.  Therefore  Vo-Vv  =  V<p-V0  =  0 
and  Vo  *  =  i  .V*.  which  simplifies  the  metric.  The  Jacobian  of  this  coordinate  sys¬ 
tem  is  proportional  to  A'^.  The  0  points  are  defined  such  that  equal-area  increments 
of  the  cross  section  on  a  given  flux  surface.  JdvdQ.  enclose  equal  amounts  of  toroidal 
flux.  This  does  not  lead  to  a  very  evenly  distributed  0-grid.  however.  In  fact,  the 
points  in  the  0-grid  are  heavily  weighted  toward  the  inboard  side  of  the  cross  section, 
especially  in  iow-aspect-ratio  equilibria.  '  * 

The  equal-arc-iength  coordinates,  as  the  name  suggests,  divide  up  equally  incre¬ 
mented  points  in  0  on  a  flux  surface  so  that  they  are  equally  separated  in  arc  length. 
This  has  the  advantage  of  evenly  distributing  points  in  the  0-grid  over  each  flux  sur¬ 
face.  W  ith  this  definition  of  the  poloidal  angle  0.  the  toroidal  coordinate  (,'  can  no 
longer  be  equal  to  o  if  the  field  lines  are  to  appear  straight. 

Several  other  slraight-field-line  coordinate  systems  have  other  useful  properties. 
In  the  Hamada  57  coordinates,  the  Jacobian  is  equal  to  unity.  The  straight- field- 
line  coordinate  system  581  with  the  Jacobian  proportional  to  is  useful  for  its 
Hamiltonian  representation  of  a  three-dimensional  equilibrium  magnetic  field.  It  was 
introduced  by  Boozer  as  a  convenient  coordinate  system  with  which  to  evaluate  guid¬ 
ing  center  drift  equations. 

complete  description  of  the  deri\'ation  of  magnetic  coordinates  can  be  found-  in 
the  book  on  tokamak  physics  by  White  59^  .Also,  a  discussion  of  the  importance  of 


usine  a  straieht-field-line  coordinate  system  in  the  MHD  stability  problem  as  well  as 
a  description  of  the  caiculaiion  used  here  that  maps  an  arbitrary  equilibrium  into  the 
chosen  coordinate  system  is  presented  in  the  Ph.D.  thesis  of  Harley  60  . 

The  straieht-field-line  coordinate  system  that  best  represents  our  problem  is  the 
-"Quai-arc  coordinate  system.  The  points  describing  the  conducting  wall  in  the  vacuum 
reeton  are  also  defined  in  equal-arc-length  fashion.  In  the  equal-arc  coordinate  system 
the  Jacobian  is  defined  by 

J(.V.Z)=  '3.8) 

a(tii);  Vttu 

where  aici  is  a  flux  surface  function  given  by  the  necessity  that  0  increase  by  2rr 
dunne  one  poloidal  circumference.. 31  Thus 


a[vj  =  2-;  j  — ~ 


The  'SOW  formulation  decomooses  the  disolacement  vector  as 


X  Vn-)  - 

Vtt'2  "" 


(3.10) 


ana  the  perturbed  magnetic  field  is  decomposed  as 


b=  ^Vu-^(BxVc-)-^B.  :3.11) 

Vu.M‘  \n:-i 

The  momeotum  equation  1 3.1)  can  be  divided  into  three  componenUeauations . 
I  see  .Appendix  B)  by  taking  projections  along  the  basis  vector  directions  of  f  and  b. 
The  b  components,  Q,,  and  Q^,  can  be  eliminated  from  these  three  equations 
in  terms  of  the  4  components.  and  by  using  the  definition  of  b.  Eq.  i3.3). 

.Also,  the  third  component  momentum  equation  (in  can  be  eliminated  owing  to  the. 
relation  of  to  pi  and  This  reduces  the  linear  ideal  MHD  eigenvalue  equations 
'3.1i-(3.2)  to  four  component  equations  which  can  be  written  in  matrix  form: 


Vw  -  V 


(v-J-'lf:)- 


where  is  the  total  perturbed  pressure  Pj  =  pi  -  b-B  and  C.  D.  E,  and  F  are  2x2 
matrix  operators  involving  surface  derivatives  B  ■  V  and  (B  x  Vti;)  •  These  matrices 
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are  fullv  defined  in  Appendix  B.  A  more  detailed  descnption  of  the  derivation  of  the 
above  matrix  equations  can  be  found  in  the  original  XO\'A  paper  51'. 

The  Gaierkin  nnethod  is  used  to  soive  the  eigenvalue  equa  ons.  The  perturbed 
quantities  are  represented  in  terms  of  a  finite  Fourier  series 

mi 

V  ^^tL'iexp  t(m0  -  (3.14i 

fn  =  ^  I 

where  we  have  a  truncated  series  over  the  M  =  mj  -  m,  —  1  poloidal  harmonics  and 
n  is  the  toroidal  mode  number,  which  in  the  case  of  axisymmetric  modes  is  equal  to 
zero. 

The  components  and  V  •  ^  are  eliminated  in  favor  of  Pi  and  by  inverting 
the  matrix  E  in  Eq.  (3.13).  The  matrices  have  at  this  point  been  decomposed  into 
a  truncated  algebraic  Fourier  matrix  representation.  The  equations  are  now  over 
the  Fourier  components  of  the  remaining  perturbed  quantities.  This  leaves  a  pair  of 
equations  written  in  the  form  of  a  single  matrix  differential  equation  in  the  Founer 
components  and  Pi„. 

Finally,  the  P  terms  are  found  in  terms  of  provided  there  is  a  proper  bound¬ 
ary  condition  relating  P\m  to  ^t  the  plasma-vacuum  boundary — and  only  a  matrix 
differential  equation  in  remains.  The  radial  dependence  of  the  Fourier  modes  of  the 
perturbation  '  's  in  turn  represented  in  terms  of  cubic  B-sphne  finite  elements. 

-For  details  on  the  reduction  of  the  ideal  MHD  stability  eqtlatidns  (5.1)-(3.2)  into 
a  single  equation  in  on  the  use  of  the  cubic  B-spiine  finite  elements  and  their 
convergence  properties,  and  on  the  eigenvalue  determination  methods  of  the  NO\,A 
code,  the  reader  is  referred  to  the  original  .\0\’A  paper  by  Cheng  and  Chance  51  . 

The  necessary  boundary  condition  at  the  picisma  surface  for  the  filial  eigenvalue 
equation  is  given  in  the  form  of  the  value  of  the  perturbed  total  pressure  at  the  plasma 
edge.  Pi  =  b-B.  in  terms  of  the  radial  displacement  at  the  plasma  edge.  This  goes 
into  Eq.  (3.12)  and  gives  the  proper  boundary  condition  when  Pi^  is  eliminated  in 
favor  of  (fm-  This  boundary  condition  contains  ail  the  information  about  the  vacuum 
region  and  its  effects  on  the  plasma  stability.  This  condition  includes  the  influence  of 
the  geometry  and  the  presence  of  resistive  conductors  and  active  feedback  currents  in 
the  vacuum  region  surrounding  the  plasma.  The  details  of  this  \'acuum  calculation 
are  provided  in  the  next  section. 
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3.2  The  Vacuum  Calculation 


3.2.1  The  perturbed  poloidal  flux  formulation 

W'e  are  cealine  '>vith  axjsymmetric  modes:  thus  we  can  use  the  axisymmetric  riux 
:ormuiaiion  tu  represent  the  perturbed  magnetic  held  in  the  vacuum 

b  =  —K'd)  X  '3.15) 

where  is  the  nerturbed  poloidal  flux  in  the  \-acuum  and  a.  is  related  to  the  perturtjed 
•oroidal  held. 

The  perturbed  currents  in  the  vacuum  region  will  be  the  currents  induced  in  the 
axisvmmetnc  coils  or  generated  by  the  active  feedback  system  in  the  active  coils. 
Ampere  s  law  therefore  gives  us 

V  X  b  =  /xo  J®  C*-  ■  3.16) 


wnere  o  =  "o.  Vo  =  .Wo.  From  this,  and  given  that  V  b  =  0.  we  hnd  that 


da,  _  da, 
dv  d© 


13.17) 


Therefore  a.  =  constant  in  space. 

The  oerturoed  poioidai  flux  ^  related  to  the  perturbed  toroidal  currants  in  the* 
.acuum  region; 

W-  (c^VX)  =2tpo_J..  (3.18) 

■where  ve  use  the  standard  {X.O.Z)  cylindrical  coordinates  and  represents  the 
perturbed  toroidal  currents  from  active  feedback  coils  in  the  N’acuum  region  and  the 
eddv  currents  present  in  resistive  passive  conductors  (although  we  will  deal  with  the 
latter  by  using  a  jump  condition  for  the  normal  derivative  in  the  flux  for  the  limit  of 
a  thin  resistive  wail).  The  current  density  in  the  active  feedback  coils  is  represented 
by 

=  V/^^(r- r,).  (3.19) 

1=1 

Here,  the  are  the  perturbed  currents  in  axisvmmetric  coils  that  are  part  of  an 
active  feedback  system  in  the  vacuum  region  located  at  r,  =  (.Y,,Z,).  The  sum  is 
over  all  the  feedback  coils. 
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We  solve  Eq.  ,3.1Sl  using  Green  s  function  techniques.  The  corresponding  Green's 
'unction  G’i'r;  is  defined  bv 

—  rc;:  \.  Z:  .V5.  Zs- 1  =  4-di  .V  -  A's  )  'I  Z  -  Zc ).  i3.20) 

Since  it  can  be  shown  that 

.Vr  •  =  o-V-(GVo). 

we  can  rewrite  Eq.  (3.20'l  as 

r;  r5  iVo  =  4rr  S(r  -  re  j  o.  (3.21) 

This  is  of  the  same  form  as  the  vector  Poisson’s  equation  for  the  magnetic  vector 
potential  where  the  current  density  is  given  by  a  single  axisvmmetric  current  loop  at 
r,  =  .Vj.Z,)  hi  .  The  solution  is  61 

G(r:rs)  =  -  i3.22) 

j  r  -  r" 

This  integral  can  be  cast  into  a  form  that  defines  the  Legendre  function.  Therefore 
the  Green's  function  is  given  56  by 

Gi'rT-ir.c)  =  GI.Vt-.  Zr;  A'i.  Zs j  =  4x  ■  Pi.  jjU';.  13.23) 

r* 

where  .0  ' 

_  -  [Zs  -  Zrf 


=  I -VJ  -  ,Vf'Z  -  .  Z5  -  Zr'/  -  2f.V|  -  .V^)(Zs  -  Zt? 


and  where  P‘.),2  is  the  associated  Legendre  function  of  order  (also  known  as  a 
toroidal  function  or  ring  function  1  62). 

By  using  identities  for  Legendre  functions  and  for  the  complete  elliptic  integrals, 
we  can  also  write  the  Green  s  function  as 


.  -4.VT-V5 _ 

{Xt  ~  Xs)^ -{Zt  - 


{2-  k^)Kik'C  -2Elk^) 
k^ 


(3.24) 


where 


_ 4.Yt.Vc _ 

[.Yt  -  .Ys)^-iZt-Zs)^ 
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and  where  A  and  £  are  ifie  compiete  elliptic  inteerais  of  the  first  and  second  kind. 
\\  hen  we  evaluate  Gir:  r' '  the  eiiiptic  integrals  are  used  56  and  are  calculated  using 
Hastings's  formula  63  . 

Bv  inteeratine  Eos.  and  (3.201  over  the  volume  of  the  vacuum  region  and 

:n'  aDpi>  ing  Green  s  theorem,  we  o'otain  a  Green  s  equation  that  relates  the  perturbed 
■  acuum  fiu.’c  on  the  boundary  surtace  to  the  currents  in  the  vacuum  region  and  to  the 
sum  of  the  integrals  over  all  the  boundary  surfaces; 


.V  p  dl 

=  /,  Gi'r:  r,,i  - -^'XV^Glr:  rs\  -  G! r:rs)'^-X_.  '3.25) 


The  three  boundary  surfaces  consist  of  the  plasma- vacuum  interface,  the  inside  surface 
Ilf  the  resistive  wall,  and  the  outside  surface  of  the  resistive  wall.  Here  =  h-T.  and 
the  feedback  currents  are  defined  as  linear  combinations  of  the  perturbed  flux  and 
me  corresponaing  time-cierivative  terms  at  prescribed  observation  points.  Perturbed 
magnetic  field  measurements  (magnetic  probe  measurements)  can  also  be  included 
m  the  feedback  law.  .\s  an  example  we  can  consider  a  simple  feedback  law  in  which 
the  desired  current  for  a  given  feedback  coil  is  proportional  to  the  difference  in  the 
perturbed  flux  i  and  its  time  derivative)  at  two  obserN'ation  points  symmetric  about 
the  midplane  (equivalent  to  the  form  used  in  Sec,  2.11.  This  flux  difference  serves  as 
a  meaisure  of  the  vertical  displacement  of  the  plasma,  and  is  verv  accurate  in  the  case 
■  A  rigid  plasma  motion.  In  this  case  the  feedback  currents  are  defined  as 

-  \(.\%2.Z„2);.  (3.26) 


The  integrals  in  Eq.  '  3.251  are  over  the  surfaces  that  are  the  boundaries  to  the  vacuum 
region,  i.e..  the  plasma- vacuum  surface  and  the  surface  of  the  resistive  wail  surround-- 
:ng  the  plasma.  We  take  the  principal  part  of  the  integral  over  the  contour  that  is  the 
interface  or  wall  for  a  poloidal  cross  section  of  the  torus.  The  incremental  arc  length 
dl  on  the  contour  is  given  by 

dl='^^^dQ.  3.27) 

Separate  Green's  equations  are  obtained  for  the  vacuum  region  between  the  plasma 
and  the  resistive  wall,  and  for  the  region  outside  the  resistive  wall.  By  discretizing 
the  quantities  on  the  contour  into  a  finite  grid,  the  contour  integrals  in  Eq.  (3.25)  are 
expressed  as  sums  over  the  grid-points  on  the  contour.  The  collocation  method  64i  is 
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feedback  coil 


feedback  coil 

(j.  A-, 

Figure  3.1:  Plasma  and  Resistive  IValL  showing  definitions  of  Regions  1  and  11.  The 
active  feedback  coils  are  outside  the  resistive  wall  in  Region  II.  The  flux-loop  detectors 
are  within  the  resistive  wall  in  Region  1  (Case  .A  for  the  feedback  matrices  derivation 
in  Sec.  J.4j.  They  can  also  be  placed  in  Region  11  (Case  B). 
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used  to  solve  the  integral  equations.  Therefore  Eq.  (3.25)  is  written  .l/e  times,  where 
.\/e  is  the  number  of  theta  grid  points,  with  every  grid  point  on  the  contour  serving 
as  the  observation  point  (.V5.Z5).  This  series  of  equations  can  be  combined  into  a 
single  mainx  equation  in  which  the  integrals  are  expressed  as  matrices  multipiying 
column  vectors  labeled  as  Xu,,  ^nXw<  "’'fitch  contain  the  vaiues  of  the 

perturbed  flux  and  its  normal  derivative  at  every  grid  point  on  the  piasma  surface 
and  wail  surface,  respectively.  A  total  of  3  matrix  equations  result,  corresponding 
to  the  number  of  surfaces  that  serve  as  boundaries  to  the  two  regions.  (Region  I  is 
the  space  between  the  plasma  surface  and  the  inner  wall  surface,  and  Region  II  is 
the  space  outside  the  resistive  wall  extending  to  infinity — see  Fig.  3.1.)  The  Green's 
eauations  in  matrix  form  for  a  configuration  with  feedback  coiis  present  in  the  region 
..'utside  the  resistive  wall  are  as  follows: 


.  L  -  .M,pi  ■  -  G^,  .  r,x:  ■■3.28) 

Mu,p  •  -  (i  -  .Mu,u,)  •  =  Gu.p  •  VnXp  -  Gu,u,  •  (3.29) 

■  I  -  m:.;  ■  =  G.iu,  •  -  Pu,  •  -  Nu,  ■  -  n, 

13.30) 

where  the  matrices  M  and  G  are  defined  such  that  the  components  of  the  matrix- 
vector  proaucts  are  given  by 


M' 


•.TT  Jp  .  v  f* 


=  f  ^G(r^;r;){h-VX{ 

wT  J  w  .  \  .X’ 


}  } 


(3.32) 


=  "2^  i  '3.33) 

GL,  V.X,.  =  -.f  /  f^G.'ru,;r:„)(h.VX(ru,))  (3.34) 

and  so  on.  with  the  definitions  for  the  other  matrices  following  the  subscripts.  The 
identity  matrix  is  expressed  by  and  the  normal  vector  is  defined  by  h  =  Vv/  'Tif/'. 
Also.  Fp  is  the  point  on  the  grid  of  the  plasma  surface,  and  r!^  is  the  t'*  point  of 
the  wall  gnd.  The  — '  superscripts  denote  quantities  on  the  outer  surface  of  the  thin 
resistive  wall  (Region  II).  The  w  subscript  without  the  superscript  denotes  the 
inner  surface  of  the  wall  (Region  I),  and  the  p  subscript  denotes  the  plasma  surface. 
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The  integrals  are  over  the  plasma  or  wall  contours.  The  matrix  Green  s  equations 
I  3.28)-(3.29)  are  the  Green  s  equations  for  Region  I.  The  final  equation.  Eq.  (3.30). 
is  that  for  Region  II. 

Special  care  must  be  exercised  when  e\’aluating  the  singular  regions  (the  regions 
in  which  the  observation  points  and  the  integration  contour  coincide/  of  the  integrals 
Gpp  G.x.u,  and  In  particular,  the  integrals  Mpp  \p, 

and  Mu,u..  are  highly  singular  due  to  the  derivative  of  the  Green's  function.  A 
method  similar  to  that  used  by  ER.ATO  651  is  used  to  deal  with  this  logarithmic 
singularity.  The  singular  contribution  is  removed  before  the  numerical  integration 
and  then  added  back  in  analytic  form.  This  leaves  the  integrals  weil  behaved. 

The  matrices  P  and  N  in  Eq.  (3.30)  contain  the  terms  representing  the  active 
feedback  system.  The  forms  of  the  feedback  matrices  P  and  N  are  quite  different 
depending  on  whether  the  obserc'ation  flux  loops  controlling  the  feedback  system  are 
inside  the  resistive  wall  (Region  1)  or  exterior  to  the  wall  (Region  II:  see  Fig.  3.1). 
Since  the  active  feedback  currents  defined  in  Eq.  (3.26)i  are  a  linear  function  of  the 
perturbed  flux  at  the  observation  points,  they  can.  after  some  algebra,  be  expressed 
in  terms  of  matrix  relations  involving  \  and  on  the  wail  and  plasma  surfaces. 
The  deri^•ations  of  the  active  feedback  matrices  will  be  given  in  the  next  section. 


3.^.2  Matching  conditions  at  the  resistive  »va]l  .  > 

We  need  to  relate  the  terms  in  the  region  outside  the  wall  to  the  region  inside  the 
wall.  For  this  we  make  use  of  a  "thin-waH  approximation. '  In  this  approximation  the 
perturbed  flux  does  not  change  across  the  resistive  wail  boundary;  =  X~. 

However,  the  normal  derivative  of  the  flux  changes  at  the  boundary.  We  need  to 
calculate  this  jump  condition.  The  jump  in  the  tangential  magnetic  field  across  a 
boundary-  is  given  by  ifill 

n  X  (bj  -  b, )  =  |ioK.  -  (3.35) 

where  K  is  the  current  flowing  on  the  boundary  surface,  and  in  our  case  b  is  the 
perturbed  poloidal  magnetic  field 
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Ihereiore  . 

li  X  (  -  bi )  =  ^  Voifh  •  V\'U  -  (h  •  V\)i  =  — Vo'  (h  rY)  \  ^3.36) 

ana  we  get 

(ti  •  V'y^)  =  2rrA^/ioK  •  Vo.  '3.37) 

wnere  . . .  denotes  the  jump  across  the  resistive  wall.  We  need  to  find  a  relation 
for  the  surface-current  term.  By  definition.  K  •  Vg)  =  (5u,J  ■  Vo.  where  is  the 
thickness  of  the  resistive  wall.  By  taking  the  poloidal  component  of  Faraday's  law 
and  substituting  Ohm's  law.  we  can  find  an  expression  relating  J  V©  and  the  time 
rate  of  change  of  the  perturbed  poloidal  flux  at  the  resistive  wail.  This  gives 

^  =  2x.V^E  Vo  =  2t.V^pJ  •  Vo.  (3.38) 

Therefore  the  thin-wall  approximation  gives  an  expression  that  relates  the  jump 
in  the  normal  derivative  across  the  thin  resistive  wall  boundary  to  the  time  Derivative 
of  the  flux  on  the  boundary; 

An  •  V\);;  =  -tu/Mo-  =  A'\^.  (3.39) 

rj  at  Tj 

where  is  the  thickness  of  the  resistive  wall  and  p  is  the  resistivity  of  the  wall. 
This  relation  is  valid  for  a  wall  whose  thickness  is  less  than  the  classical  skin  depth, 
61.40  as  this  is  the  limitation  of  the  '■•alidity  of  Eq.  (3.35).  This  is  normally  a  good 
approximation  cis  we  will  see.  If  it  were  not  a  good  approximation,  then  fliix  from, 
equilibrium  field  coils,  control  coils,  and  even  from  the  ohmic  field  coils  would  have 
great  difficulty  penetrating  the  resistive  vacuum  vessel  wall  fast  enough  to  be  effective. 

Bv  using  a  variable  jump  coefficient  KfQ)  at  the  various  theta  points,  we  can 
iimuiate  a  wail  with  \-ariable  thickness  and  material  resistivity,  and  even  a  wail  with 
toroidally  axisymmeiric  gaps  by  using  the  limit  K  —  0. 

Consider  the  case  with  a  resistive  wall  and  no  active  feedback  system  li.e..  the 
active  feedback  matrices  P  and  N  are  identically  zero).  Equations  (3.28)-' 3.30)  may 
he  solved  to  obtain  Vn;:(^p  in  terms  of  \^.  First  is  eliminated  in  favor  of  V^A*  in 
Eq.  1 3.30).  The  jump  condition.  Eq.  (3.39),  is  provides  the  necessary  relation  between 
V,,A~  and  V^  A”.  Then  from  Eq.  (3.29)  is  calculated  in  terms  of  and  V„Xp. 
Finally  Eq.  (3.28)  gives  VnXp  in  terms  of  Xp-  Therefore  we  find  that 

r„Xp-D-‘  c-x^, 


(3.40) 
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where 


D  =  Gpp  -  A  B- 

G,i,p 

-  B- 

(3.41) 

G  -  '  1  -  Nlppi  —  '  Gpuj 

-  -Mm.. 

A  B' 

M...P 

B  —  Gii-u,  ~  ( I  —  /  •■4- 

A  =  ~^1  ~  ~  AG.^u,)  ‘  -  Gu;u,-- 

For  the  case  -.vith  active  feedback  the  procedure  for  reducing  the  equations  is  similar, 
but  the  active  feedback  matrices  are  included  and  the  definitions  of  the  matrices 
through  D  are  different.  We  give  the  derivations  lur _ ».  •  iv-.-s  f '  ~ —  - -  ■ 

In  the  limit  of  an  ideally  conducting  wail  we  have  the  boundary  condition  that 
=  ’Constant  on  the  ideal  wall.  Since  this  constant  is  arbitrary  we  choose 
=  0-  There  are  only  the  two  Green's  equations  for  Region  I.  Eqs.  (3.28) 
and  (3.29)  The  equation  for  Region  11.  Eq.  (3.30).  does  not  exist  in  this  case  be¬ 
cause  anything  outside  the  ideal  wall  has  no  effect  in  the  region  within  the  wall  and 
therefore  contributes  nothing  to  the  problem. 

3.2.3  Boundary  conditions  at  the  plasma-vacuum  interface 

The  boundary  condition  required  by  .\0\  A  to  soive  the  eigen\'alue  equations  is  the 
Fourier  components  of  the  total  perturbed  pressure  P  in  terms  of  the  components 
of  the  racial  displacement  at  the  plasma-vacuum  interface,  ft  is  the  goal  of 
the  vacuum-region  calculation  to  provide  this  boundary  condition.  The  perturbed 
pressure  Pi  at  the  P-\'  interface  is  found  in  terms  of  the  normal  deri%’alive  of  the  flux 
at  the  boundary; 

Pi  =  B  ■  b  =  ( V<p  X  Vv)  •  ( V©  X  -  glVedgel^© '  a,V©.  (3.42) 

Vtt"  ^  _ ^ 

where  t.’«d9e  's  the  value  of  v;  at  the  plasma-vacuum  boundary. 

We  have  calculated  the  normal  derivative  of  the  flux  in  terms  of  the  perturbed 
flux  at  the  interface  in  Eq.  (3.40).  Therefore  it  remains  to  find  how  the  perturbed 
flux  \  and  the  toroidal  perturbation  a,  are  related  to  the  modes  of  the  displacement 
4m  at  the  interface. 


Recall  Ea.  i3.15i; 


b=  —  V<2)xV\-a,Vo. 

Since  we  know  that  b  =  V  <  SA  we  can  find  SA: 

SA  = - VVo  -  a.  In  A'  -  ^'T©  -  VF.  3.43'i 

2t  ■  dn;  a© 

where  F  is  some  arbitrary  scalar  function.  From  Eq.  (3.3)  we  also  know  the  form  of 
6 A  on  the  piasma  surface; 

b  =  V  <  X  B)  fA^  =  ‘  V  B.  :3.44) 

If  we  equate  Eqs.  13.431  and  (3.44)  and  take  the  projection  along  ^ o  we  find 

V®  -  f  X  B  =  ^c)^  (3.45) 

where  the  other  terms  have  vanished  owing  to  axisymmetry.  Therefore  we  have 

Voj^x  (VoxVv)  -  g(v)V  o  }  =  -  ■—\  ^6'^  ■  3.46) 

27r 


This  r-uu-."^  to 


^  Vv  =  ^  f^exptim©)  =  -  — 


This  eives  us  the  required  reiation  between  the  perturbed  poioidal  flu.x  at.  the , 
interface  ana  the  modes  of-the  dispiacement  S,„. 

To  find  a,,  we  begin  by  taking  the  definition  for  b  in  the  vacuum.  Eq.  i  3.151.  and 
appiy  Faraday’s  law. 

—  =  -V  X  6E.  3.48) 

dt 

We  then  take  the  toroidal  projection  of  this  equation  and  integrate  over  the  surface 
defined  bv  a  plane  at  constant  <p  between  the  plasma  and  the  conducting  wail.  This 
gives 

^  =  1  [b-dS  =  -  f[V  X  SE)  ■  dS.  3.49) 

dt  dt  J  J 

where  'i»  is  the  perturbed  toroidal  flux  through  the  area  bounded  by  the  plasma- 
v'acuum  interface  and  the  conducting  wall: 


^  =  -iu>  I  =-j{Vx6E)  dS 


(3.50) 
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or 


'  ^  ^dS  =  -  SE  ■  dl  -  J  <fE  •  (fl. 


The  rjer'uroea  toroidal  flux  “t*  is  defined  by 

Mo/u 


=  /b. 


•  dS  =  / 


J  2rrX 


dS  =  UL 


(3.511 


(3.521 


where  is  the  poloidal  current  induced  in  the  surrounding  wail  owing  to  the  toroidal 
part  of  the  magnetic  field  perturbation  b.  and  is  the  rorresoonding  self-inductance 
term,  ^^'e  aiso  find  that 


i  6E  ■  d\  =  rj  j  y  d\  = 
J  W  ^  W 


(3.53) 


■vhere  ts  the  poii>idal  resistance  of  the  resistive  wail.  Therefore  we  get  a  "circuit'" 
equation  for  the  poloidal  currents  in  the  resistive  wail 


-  R^L  =  ( fi..  -  ^  ~  fSE-  d\. 

'7t  Jp 


(3.54) 


W'e  can  determine  from  this  circuit  equation,  and  from  that  we  can  calculate 
a.  ,  but  first  we  must  e^•aiuate  the  integral  on  the  right-hand  side  of  Eq.  (3.54). 


—  /  •  dl  =  lu./'  /  ■  dl. 


(3.55) 


■'p 


oecause  '^E  =  -o’lfA  dt  =  i^SA..  .Note  that  the  gradient  of  an  arbitrary  gauge- 
dependent  scalar  function  in  this  definition  will  t'anish  in  the  integration  of  Eq.  (3.55). 
We  recall  that  on  the  plasma  surface  (5'A  =  ;  x  B;  thus 


Uti 


^  SA  ■  dl  =  I-,  ^  (f  X  B)  ■  rdl. 


(3.56) 


where  r  is  the  surface  unit  tangent  vector  ~  =  ©  x  h. 

We  find 

r.^xB  =  T.5xB,  =  -g:Vd>,($  •  h)  = 

A I  \  V  ■ 

This  gives 


(3.57) 


tw 


(^  X  B)  •  dl  =  dl  =  -u*fg{ri>,dgp}  j  J (3.58) 


«vnere  this  last  pan  follows  from  £q.  (3.27i,  which  derines  the  arc  ienein  dl.  Using 
Eq.  1 3.47 1  we  rinally  get 


f.  c'E  dl  =  ^  e.xpi zm0 )(i0. 

-  D  '  ”  A  * 


!i  is  interesting  to  note  that  if  one  is  using  PEST  coordinates  \J  =  .V^),  then 
-niv  the  m  =  0  term  will  contribute  to  the  sum  (corresponding  to  a  pure  compression 
if  the  piasma  cross  section).  W’e  can  therefore  complete  the  circuit  equation  (3.54) 
and  solve  for  1.^,: 

/•X.  =  V  ^  exp(tm0)£i0.  (3.60) 


Then,  recalling  the  definition  for  the  perturbed  toroidai  flux  >!>  from  Eq.  i3.52). 


1>  =  =  a. 


ve  set  an  expression  for  a.. 


(3.61) 


1.-  =  r  -n  «t5(im0)d0.  (3.62) 


,  /•  I  ,  ,  /-z-  Z  dX 


i.iso.  we  know  from  Eq.  (3.52)  the  definition  for  L^, 

fio  f  dS  /io  a.Y 

Y  “  2; .4 


and  the  poioidal  resistance  R^.  is  given  by 


(3.63) 


(3.65) 


It  IS  aiso  interesting  to  note  that  the  resuit  we  get  for  a,  in  Eq.  (3.62)  (which  comes 
from  our  circuit  model)  in  the  limit  of  an  ideal  conducting  wall  (R^  =  0)  is  the  same 
result  obtained  using  the  method  of  Liist  and  Martenson  [661  (which  is  used  in  the 
ideal- vacuum  version  of  NOVA  ,51  ).  The  expression  that  we  derive  for  the  resistive 
wall  using  the  circuit  model  in  fact  differs  from  the  expression  of  the  ideal  wall  of 
Liist  and  Martenson  only  by  a  factor  of  -iuiL.j,,  {R^  - 
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Thereiore  using  Eq.  !3.62)  in  Eq.  (3.42)  for  the  toroidal  component  and  using 
Eqs.  (3.40)  and  (3.47)  in  Eq.  (3.42).  we  can  completelv  determine  the  total  perturbed 
pressure  P<  in  terms  of  the  components  of  the  radial  displacement  at  the  plasma- 
\acuum  interface.  W'e  t.nen  integrate  Eq.  3.42)  over  (-)  to  get  F  in  terms  of  the 
Fourier  modes: 

P  =  b  B  -  ^  e.xp(tm0)  =  ^  im  e.xp\im©).  (3.66) 

m.m' 

The  matrix  .)/  is  the  result  of  the  vacuum  calculation.  This  matrix  relates  Pi  at  the 
boundary  to  the  Fourier  components  of  and  includes  the  effects  of  the  resistive 
conductors,  the  active  feedback  currents,  and  the  geometry  of  the  %-acuum  region. 


3.3  The  Active  Feedback  Matrices 

3.3.1  Current-control  feedback  matrices 

Here  we  derive  the  form  of  the  feedback  matrices  P  ana  N.  .A.s  mentioned  above, 
the  form  of  the  feedback  matrices  depends  on  the  region  in  which  the  flux  observation 
detection  loops  are  located.  We  begin  with  the  basic  Green's  equation  defining  the 
perturbed  poioidal  flux  at  an  observation  point  =  i.V,,  Z^)  not  on  the  plasma 
surface  or  the  wall  surface: 

'  \  ‘  di 

\(ro)  =  ^  Po^rr,G(rrr,-,r„)  *  —  /  '  '^T  G(  Ff  1  F,, ) )  (3.67) 

-Xn=l  -'•T 

1  f  dlT 

The  magnitudes  of  the  feedback-coil  currents  are  proportional  to  the  difference 
between  the  perturbed  poioidal  fluxes  at  the  two  obser^•ation  points  as  given  in 
Eq.  (3  .26).  Therefore  we  must  calculate  the  value  of  the  perturbed  flux  \  at  these 
points  in  terms  of  surface  integrals  over  \  and  V.,\  from  Eq.  (3.67).  Here  we  see 
that  the  form  of  the  feedback  matrices  depends  upon  the  region  in  which  the  flux 
loop  detectors  are  located.  The  value  of  the  perturbed  flux  at  some  point  in  Region  I 
as  calculated  from  Eq.  (3.67)  will  clearly  depend  on  iniegrais  over  the  surface  of  the 
plasma  as  well  as  the  inner  surface  of  the  resistive  wall.  On  the  other  hand,  if  the 
detectors  are  in  Region  II,  the  value  of  \  at  the  observ-ation  points  will  depend  on  the 
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surface  iniegrais  only  over  the  outer  wall  (not  over  tne  plasma  surface).  In  addition, 
however,  there  will  be  a  direct  contribution  from  the  feedback  coils  themselves,  as 
opposed  to  the  former  case,  in  which  the  detectors  in  Region  1  "feel "  the  active  feed¬ 
back  coiis  only  through  tne  boundary  condition  that  connects  Region  1  and  Region 
II. 

In  this  section  we  are  considering  only  current-control  feedback,  in  which  the 
actual  feedback  currents  are  a  function  only  of  the  flux-loop  measurements.  The 
currents  are  axisymmetric  current  loops  with  none  of  the  characteristics  of  a  real 
active  feedback  circuit.  The  case  of  voltage  feedback  will  be  considered  in  the  next 
section,  in  which  the  circuit  equations  of  the  active  feedback  coils  are  included  in  the 
feedback  matrices. 


Case  A:  Detector  loops  in  Region  I 

We  consider  first  the  case  in  which  the  observation  points  are  located  in  Region 
I.  while  the  active  feedback  coils  are  in  Region  II.  We  use  Eq.  (3.671  to  ev-aiuate  the 
perturbed  flux  at  the  observation  points.  The  region  is  bounded  by  the  plasma  surface 
and  the  wail  surface:  therefore  the  flux  at  the  obser\’ation  point  r^j  =  i.Vd.Zoj)  is 
given  bv 

.  V  '  -  ►  ' .  ■ 

^G(rp;ra,  )(h  •  V\(rp)) 

(3.68) 

'7“/  ■  VG(r^;ro,))X(r^)  -  ^  /  ^G(r„; Foi )(h  ■  )) 

*t7r  Jw  -\y;  "iTT  Jw  .V.j; 

or.  equivalently. 

\(roi)  =  -Moi.p  \p  -  Mol  u,  \u,  -  Goi.p  -  Goi.w  ■  ^nXw>  (3.69) 

where 

Moi.u,  =  ^(n- VG(r..,roi))X(r„)  (3.70) 

•iTT  V  ur  -V 

=  --p  /  ^G(r„;roi)(h  •  rx(ru,)) 


X(-Voi.Zoi)  =  ^  /  T 


^ol  ,ur  * 
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and  similarly  for  Goi  p-  and  M<,i  p  •  \^.  Note  that  the  arrays  Gpi.p,  Mpi.p.  and 

so  on.  are  row  vectors  (zis  opposed  to  matrices  as  in  the  case  of  Mpp,  Gu,p,  and  so 
on.  from  the  previous  section)  because  we  are  evaluating  \  on  the  left-hand  side  of 
Eq.  (3.67i  at  only  one  observation  point  at  a  time,  instead  of  over  all  points  of  the 
piasma  surface  or  wall  surface  grid.  The  same  equation  gives  the  flux  \(ro2)  at  the 
observation  point  ro2  —  (  A’o2-'^o2i- 

U'e  combine  the  expressions  for  the  perturbed  fluxes  at  the  observation  flux-loop 
positions  in  Eq.  (3.26)  to  give  the  currents  in  the  active  feedback  coiis; 

f-n  ~  \_  1^*02  )  )  ~  ^o2  )  )  ( ~  )  i  (\,  (  ^ol  )  \  (^o2  )  t 

—  '  ~  l^3rn  i{  ~  Nlpl  p  \p  ~  N^ol.u;  '  Xui  ~  ^^o2.p  '  Xp  ~  ^Io2.nr  '  Xui  ~  ^ol.p’ 

-Gpiu,  V^Xw  ~  Go2.p'^nXp  “  u.' A’nXu,}-  '3.71) 

.Now  we  include  this  expression  in  the  sum  over  the  feedback  coils  in  Eq.  i3.67). 
Since  the  Green's  function  in  the  summation  is  evaluated  at  every  grid  point  on  the 
wall  surface  in  order  to  derive  the  matrix  equation  (3.30),  our  feedback  sum  becomes 
a  matrix  in  which  the  rows  span  the  grid  points  on  the  wall.  The  elements  (k.l)  of 
Pu,  are  defined  by 


Gfr:,;r; 


Ml 


j2.i 


(3.72) 


The_  summation  here  is  over  all  the  active  feedback  coiis.  ant^T^.  is  t^e  position  of 
tne  m'-^  feedback  coil.  Likewise  r*  is  the  position  of  the  Ai'^’grid  point  on  the  wail 
surface.  Each  may  have  a  different  set  of  gain  coefficients  and  there  may 

be  anv  number  of  coils.  This  will  not  affect  the  size  of  the  feedback  matrix,  as  its  row 
and  column  dimensions  are  defined  by  the  number  of  grid  points  on  the  wall  surface 
or  plasma  surface,  as  the  case  may  be.  The  elements  {k,l)  of  N^,  are  given  by 

Nt'  =  ^{c^rn  -  Girl;  r’PYGi,,^  -  G'p^^.  (3.73) 

m 

Likewise  the  elements  {kj)  of  Pp  are  defined  by 

Pp‘  =  -  -  1^3^)  Girt,;  rr):M‘ ,.p  -  M'j,p;.  (3.74) 

m 

and.  similarly,  the  elements  (k.l)  of  Np  are  given  by 

NJ-'  =  rr)'G'pi,p  -  G'p,.p,.  (3.75) 
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The  matrix  equations  to  be  solved  are  now  in  the  form  of  Eqs.  (3.28)-(3.30)  with 
the  active  feedback  matrices  nonzero.  We  can  now  rewrite  Eq.  (3.40)  to  include  the 
feedback  matrices.  .N'ow.  however,  the  equation  is  a  bit  more  complicated; 

=  D--  {(I  -  M^;  -  Pp}  ■  (3.76) 

•vhere 

D  =  Gpp  -  •  A  •  Np  -  Cz  •  -  C,  •  Np  (3.77) 

Cl  =  Cz  ti  ~  ^uiw)  ■  A. 

Cz  =  ^^pui  ■  A  ■  (Ny,  —  Gww)  —  ■  B 

B  —  G^^.  -  (1  —  Mu,u,j  •  A  ■  (Nu,  —  Gu,ui)T* 

A  =  1  —  M.^u;  —  A  G.j,^,  —  P^^  '  ’ . 

The  additional  complexity  compared  to  the  case  with  no  feedback  in  Eq.  (3.40) 
arises  because  of  the  additional  matrices  P  and  N.  and  also  because  we  have  new 
terms  that  multiply  and  ^n,\p.  which  appear  in  the  i/iird  matrix  equation  (3.30). 
Previously,  of  course,  these  terms  appeared  only  in  the  first  two  matrix  equations. 
Eqs.  (3.281-(3.29). 


Case  B:  detector  loops  in  Region  II  .  « i  .  -  ,  » 

In  this  case  the  observation  points  are  outside  the  resistive  wail.  This  region 
IS  bounded  by  only  one  surface  land  extends  to'  infinity).  However,  the  feedback- 
coil  currents  are  in  this  region,  so  they  make  a  direct  contribution  to  the  \alue,of 
the  perturbed  flux  at  the  obserxa-tion  points  as  well.  The  perturbed  flux  \  at  the 
obsert-ation  point  Toj  =  (A'oii^oi)  in  the  vacuum  region,  not  on  a  boundary  surface, 
is  given  by 

$^fn- VG(r^;r<„))X(r.J  (3.78) 

^C(r„;r„,)(h  •  VX(ru,))  -k  ^  ^  ^/„G(ro,;r^). 

**  m  —  I 

The  feedback  currents  are  defined  as  before: 


/m  =  (a„  -  iwi3„)(X(r„,)  -  X(‘‘o2))- 


(3.79) 
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We- therefore  get 

\(r„,)  2- ^  I  ~(h  ■  VG(r.y,r,,);X(r-J  (3.801 

f  W\(r^,))  -  \(r„2/  ^ 

4t  Ju,~  -V,^, 

Combining  this  with  the  equivalent  equation  for  X(*'o2)!  we  get  two  linear  equations 
defining  the  perturbed  fluxes  at  the  observation  points: 


Gol  ur  ■  ^T\\ui  “lX(*^°2i: 

(3.81) 

\lr02)  /2;  ^Io2.uj  '  Gqi  u;  ■  Xy,  , 

w'  ^  SO  on.  are  defined  as  before,  and  where 

(3.82) 

^  1  -  iu;3m )  Cl  Toi ;  rj' )  : 

m 

■-2  —  [  *^m  ^TTi  i  G  \  rfj2^  ) 

m 

(3.83) 

^'  =  12- 5.) 

^  ^‘  =  i2's,y 

(3.84) 

To  solve  for  \'(roj  we  substitute  Eq.  (3.81)  into  Eq.  (3.82)  to  find 

\(r<,2);i  -  S,s,fj,  =  x:  -  G,^.. 

■  r 

I  ’  \u,  ~  Go! 

and  likewise  for  \(ro,)  we  get 

X(rai)ll  -  5,S2/;/2i  =  A{-M„,w  '  *  G,,  .„  ■  V; X, 

~Slf2i~^‘^o2.w  •  Xy,  —  Go2.u;  ' 


(3.85) 


(3.86) 


These  expressions  are  now  substituted  into  Eq.  (3.79)  to  give  the  expression  defining 
the  active  feedback  currents 

fm  =  <^(X(*'<’>i  ~  .\(*’o2))  ‘3m(X(*’ol  )  ~  ~  ~  /tXC**®! )  ~  X(*’o2j) 

=  7^^'  "M-Zl  (1  -/25i)M„^.^  Xu, 

-/i(l-/252)G,i.„.V;x„-/2(l  -/.5i)G,j.„  V;xJ,  (3.87) 
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where 

1  ^5,  52/1/2.  (3.88) 

Aeain  we  substitute  this  expression  into  the  sum  over  the  feedback  coils  in  Eq.  (3.67) 
to  2et  our  feedback  equations.  This  defines  the  feedback  matrices,  and  thus  the 
elements  Ik.l)  of  P.^.  are  defined  by 


*  m 

and  the  elements  {k.l\  of  are  given  by 


/2^2)Mt,.^-/2(l-/;5,)Ml2.^.. 

(3.89) 


N-  =  Via. 


-  -  /252)G;,,„  -  /2(1  -  /..5..)G' 


o2.u;j  ^ 


(3.90) 


where  K  is  the  jump  coefficient  for  the  resistive  wall  as  defined  in  Eq.  |3.39).  In  this 
case  Pp  and  Np  are  identically  zero  because  the  plasma  surface  is  in  Region  I.  and 
therefore  the  plasma  affects  the  perturbed  flux  at  the  observation  points  in  Region  II 
oniv  through  the  boundary  condition  at  the  resistive  wall. 


The  matrix  equations  (3.28)-(3.30)  are  again  solved  for  in  terms  of 

This  case  is  a  little  more  straightforward  than  the  previous  case  because  Pp  and  Np 
are  both  zero  matrices. 


-  D’‘  {u  -  Mpp)  -  C2  •  \p,  '  tibi  i 

wnere 

D  =  Gpp  -  C2  G.,.p  (3.92) 

Cj  —  C2  •  (i  —  Muju,)  ■  A 
C2  =  .Mpu,  ■  A  •  (Nu,  —  Gy;^)  —  Gpu,,  B 
B  =  G^urui  “  (1  ~  •  A  •  (N^„  -  Gu,u,)j  ' 

.4=1  —  —  Pu, 

3.3.2  Active  and  passive  feedback  circuit  equations 


In  the  previous  section  we  considered  only  the  case  of  a  “perfect  "  feedback  system 
in  which  the  feedback  currents  are  a  function  only  of  the  flux-loop  measurements.  In 
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a  realistic  control  system,  of  course,  one  would  have  the  active  feedback  coils  driven 
by  a  power  supply,  which  is  in  turn  controlled  by  the  flux-ioop  measurements.  The 
true  dynamics  of  the  current  trajectories  in  the  active  feedback  coils  depend  on  the 
characteristics  of  the  active  feedback  circuits.  The  currents  are  driven  in  the  active 
feedback  coiis  on  the  characteristic  L,  R  time  of  the  circuit,  and  there  is  coupling 
between  the  active  feedback  coils,  between  the  coiis  and  the  vacuum  vessel  wall,  and 
Indeed  between  the  coils  and  the  plasma  itself. 

In  order  to  make  our  model  more  realistic,  we  include  the  proper  circuit  equations 
in  the  feedback  derivations  and  therefore  in  the  feedback  matrices.  This  will  give  us 
the  additional  benefit  of  accounting  for  the  additional  passive  stabilization  of  discrete 
conducting  elements  in  the  vacuum  region  that  are  not  part  of  the  resistive  wall. 
Therefore  we  will  be  able  to  include  the  passive  effects  of  the  active  coils  themselves 
or  whatever  other  conducting  elements  lie  outside  the  vacuum  vessel  wau.  In  addition, 
we  can  inciude  the  effect  of  a  simple  time  delay  in  the  power-supply  response.  We 
note  that  our  model  does  not  include  power-supply  characteristics  such  as  a  voltage 
limit,  however,  as  this  does  not  ht  within  the  framework  of  our  simple  linear  model. 

We  define  the  voltage  applied  to  a  feedback  coil  to  be  some  linear  combination  of 
the  perturbed  fluxes  at  prescribed  obser\’ation  points.  By  analogy  with  the  feedback 
system  of  Section  2.1  we  can  define  the  voltage  to  be  proportional  to  the  flux  difference 
(and  corresponding  time  derivative)  between  two  observation  points  symmetric  about 
th?  midplane.  This  is  also  analogous  to  the  definition  of  theMesifed  current  for  the 
ideal  feedbacK-current  model  of  the  previous  section.  The  feedback  coil  voltages  are 
thus  defined  as 


C,  =  d,(X(r„,)  -  X{r„2l)  -  XiX(roii  -  \(ro2))-  (3.931 

The  new  gain  coefficients  q  and  3  differ  from  the  q  and  3  of  Eq.  (3.26)  and 
must  satisfy  the  units  of  this  equation.  One  simple  definition  would  be  to  specify  q, 
and  3,  as  simply  the  corresponding  coil  resistance  r,  multiplied  by  the  current  gain 
coefficients  q,  and  3,. 

We  are.  of  course,  free  to  define  V’,  in  any  manner  we  choose.  A  more  efficient 
feedback  law  is  to  define 

V,  =  -  Ai,  (3.?4) 

where  is  the  feedback  current  we  "want”  in  the  coil,  defined  by  Eq.  (3.26). 
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/,  is  the  actual  coil  current  at  a  given  moment  in  time,  and  \'g  is  the  voltage  gain 
coefficient. 


We  therefore  have  a  circuit  equation  for  the  coil; 

dJ,  ^  ,  dl,  ^  ,dl._.  ci  . ,  , 

~  ^'li  ~  dt  ~  5  ^  It  ~  ~  ‘  '• 

This  accounts  for  the  resistance  of  the  coil  r,,  its  self-inductance  L,,  and  its  mutual 
inductance  due  to  coupling  with  the  other  coils  A/,,j,  the  resistive  wall  .V/,  and  the 
plasma  .1/,  p.  The  inductance  terms  can  all  be  expressed  in  terms  of  the  perturbed 
poioidal  flux  at  the  coii; 


Therefore  me  circuit  equation  (3.95)  becomes 


'’.A  =  i;  -  ^Xl^c)  =  'i  -  f^X(rc)- 


(3.96) 


(3.97) 


We  make  use  of  the  equation  specifying  the  flux  at  an  "observation  point”  in  the 
%’acuum  region  this  observation  point  is  simply  the  position  of  the  coii  in  Eq.  (3.96)’ 
and  we  use  the  definition  for  V(  from  Eq.  (3.931.  Then  the  circuit  equation  for  the 
coil  is 


m,  -  1-.Z,,)/.  -  ,^-:MoX!G(r;;rj)/,  =  id,  -  iwi3,)(X'(*‘oi J  -  \(r„2l)  (3.98) 

“  3^' 

^  .  VG(r^;r„,))X(ru,)  -  /  ^Gfr^;  r^i  j(h  •  V\(r„)), 

-iT  J\u-^  -Vy;  ^ 

where  the  mutual  inductance  between  two  coils,  is  just  given  by  A^G(r*;r;J), 

and  where  the  seif-inductance  of  a  square  coil  of  dimension  Ai  located  at  rj  =  i  .Y,,  Z,) 
is  given  by  '67’ 


I.  =  Mo-Y.:in(^)  -  ^  ln2):  - 


(3.99) 


When  we  sum  this  over  all  the  coils  we  can  rewrite  the  equations  in  matrix  form 
that  emulates  the  Ohm  s  circuit  law; 


R,.2  1,  =  Vi, 


(3.100) 


i 
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where  R  is  the  impedance  matrix.  L  is  the  array  of  feedback  coii  currents,  and  V 
is  the  arrav  of  '‘voltage"  expressions.  The  latter  contains  all  the  Green's  function 
surface  integrals  that  come  from  Eq.  (3.98).  The  elements  of  the  matrix  R  are  given 

bv 

R..  -  =  (>:  -  r^)(l  -  '3.101) 

where  .  is  the  Kronecker  delta.  The  elements  of  V  are  by  the  right-hand 

side  of  Eq.  (3.98).  The  expressions  derived  in  the  previous  section  for  the  flux-loop 
measurements  for  a  pair  of  detectors  either  inside  or  outside  the  resistive  wall  may  be 
substituted  into  the  expression  for  the  elements  V,.  In  order  to  determine  the  true 
feedback  currents  to  be  included  in  Eq.  (3.67)  so  that  we  can  derive  the  form  of  the 
feedback  matrices,  we  simply  invert  the  matrix  R  in  Eq.  (3.100) 

I,  =  (R-‘),,  •  V,.  (3.102) 

Using  the  results  for  the  flux-loop  detectors  located  in  Region  1.  we  derive  the 
active  feedback  matrices  with  the  circuit  equations  included,  so  that  the  elements 
•'  k.  1]  of  Pp  are  defined 

K‘  =  -  r  (R'M,.,  (d,  -  1^3,)  -  MU,,;.  (3.103) 

J  * 

The  elements  \k,l)  of  P.^  are  defined  by 

Pt;‘  - Z  G(r;;ri,)  V  (R-' (d,  -  wd,)  (3.104) 

*  i 

-iwmoE  G(r*;i^)  -  KG‘^\ 


(3.106) 


3.4.  Sununarv 
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EQui\'aleni  forms  for  the  feedback  matrices  with  the  flux-ioop  detectors  in  Region  II 
are  e^isiiy  derived.  The  elements  (k.l)  of  P^,  are  given  by 


P:‘  -  ^  ^  (R-‘),,  (d,  -  iW.)  ■  -/i(l  -  i3.107) 

-/2(1  -  E 

:  * 

and  the  eiemenis  {k.  1)  of  Nu,  are  given  by 

N*:'  =  E  'i)  E  )-o  1^.  -  ■  /:(1  -  f2S2)G[,,^-  (3.108) 

;  * 

-Ad  -  f:S,  E  G(rl:H  V.  G!  „ 

J  ' 

The  quantities  /;.  A.  5,.  52.  F.  and  the  jump  coefficient  A'  are  the  same  as  in 
Section  3.3.  The  matrices  M,  and  G,,^.  are  defined  in  the  same  fashion  as  .lAi.u,  and 
G,:  e.xcept  that  the  observation  point  is  now  the  f‘^  feedback  coii: 

HwXw  =  --T  /  ^ih-VG(r^,r-))XirJ  ''3.109) 

-JTT  *\xu 

=  -E  /  •  VY(r^.)).  .  .  .-.3,140) 

This  completes  the  formulation  of  the  vacuum  calculation  of  NO\’.\-W  including 
:he  effects  of  the  active  and  passive  feedback. 


3.4  Summary 

We  have  presented  the  basic  formuiation  for  the  vacuum  calculation  performed  in 
:he  -N'OV'A-W'  code.  We  have  a  set  of  feedback  matrices  for  the  cases  in  which  the  flux 
loops  are  either  inside  or  outside  the  resistive  wall.  In  both  of  these  cases  the  active 
feedback  coils  are  outside  the  resistive  wall  in  Region  II.  .A  slightly  different  set  of 
matrices  is  required  for  the  case  with  active  coils  inside  the  resistive  wall.  This  case  has 
not  been  considered  here  since  it  is  not  common,  but  is  only  a  slight  modification  of 
the  previous  cases.  In  addition,  we  have  included  circuit  equations  in  the  formulation 
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so  that  the  circuit  dynamics  of  the  active  feedback  coils  are  accounted  for.  as  well 
as  the  effects  due  to  any  additional  discrete  passive  conductors  in  Region  II.  In  the 
following  chapters  we  will  present  the  results  from  the  application  of  this  formulation 
to  realistic  problems  with  passive  and  active  feedback  stabilization. 

The  .N'0\  A-W’  code  as  formulated  above  allows  the  examination  of  axisymmeiric 
stability  in  two  ways.  First,  one  may  consider  an  equilibrium,  which  is  unstable  to 
the  axisymmetric  mode,  with  or  without  any  surrounding  passive  conductors.  The 
growth  rate  of  the  (partially  stabilized)  instability  may  be  calculated  with  all  the 
surrounding  wall  elements  and  additional  conductors  present  in  order  to  quantify  the 
strength  of  the  instability  in  the  absence  of  active  feedback. 

Secondlv.  one  may  consider  a  particular  model  for  an  active  feedback  system  and 
calculate  how  effective  it  is  in  stabilizing  the  vertical  instability.  Various  feedback 
control  laws  can  be  considered,  as  can  various  positions  of  the  active  feedback  coils 
and  flux  observation  loops.  In  addition,  the  role  of  the  circuit  dynamics  of  the  feedback 
system,  including  any  power-supply  delay  times,  can  be  included  in  the  calculation. 

The  natural  output  of  NOV.A-W  is  the  Fourier  components  of  the  term  of 
the  displacement.  This  output  can  be  used  to  determine  the  rigid  and  non-rigid 
contributions  to  the  instability.  In  particular,  it  allows  one  to  see  how  the  non-rigid 
contributions  vary  (with  respect  to  feedback  parameters i  by  measuring  the  changes 
in  the  m  >  1  components  with  respect  to  the  m  =  1  components.  One  can  also 
examine -the  form  of  the  perturbed  flux  in  the  N'acuurri  region  in  order  to  assist  in 
determining  effective  locations  for  the  flux-loop  detectors  that  control  the  feedback 
response. 


Chapter  4 


Passive  Stabilization  Results 


In  this  chapter  we  present  the  results  for  passive  stabilization  calculations  per¬ 
formed  with  the  .N'0\'A-W  code.  These  results  include  tests  of  the  code  against 
independent  models  for  calculating  growth  rates  of  the  axisymmetric  mode  with  pas¬ 
sive  stabilization.  The  first  test  we  perform  is  against  an  anaivtic  model  40’  for  the 
simplified  case  of  an  eilipticai-cross-section  plasma  with  constant  current  density  in 
the  large- aspect-ratio  cylindrical  limit.  In  addition,  we  compare  .\’0\.A-\V  results 
to  those  obtainea  from  a  sophisticated  MHD  transport  code  iTSCi  4.-4xfoc -realistic 
toKamak  design  configurations  such  as  CIT. 

VVe  will  then  demonstrate  the  utility  of  the  NO\’A-\V  code  for  determining  pas¬ 
sive  growth  rates  of  tokamak  designs  and  the  greatly  improvea  performance  of. the 
NOV’A-\V  code  over  TSC  in  calculating  these  growth  rates.  This  is  especially  true  for 
calculating  changes  in  the  growth  rate  due  to  modification  of  the  surrounding  passive 
conductor  configuration  for  a  given  equilibrium. 

In  this  chapter  we  will  also  describe  in  detail  the  numerical  procedure  involved  in 
calculating  the  growth  rates  from  the  NOVA-W  code.  This  includes  generating  an 
accurate  equilibrium,  mapping  the  equilibrium  into  the  stability  coordinates,  calcu¬ 
lating  the  normalization,  and  determining  the  proper  convergence  of  the  growth  rate 
with  respect  to  the  extrapolation  of  the  plasma  surface  to  the  separatrix  surface. 
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4.1  The  numerical  method 

In  this  section  we  describe  the  method  .>f  raiculatine  the  passive  -  jwth  rate  for  a 
realistic  tokamak  aesign  equilibrium.  Une  begins  with  a  2-D  equi  rium  code  (free- 
houndarv  or  fixed- boundary  i  that  generates  a  equilibrium  file  compatible  with  the 
PEST  format.  In  onnciple.  any  equilibrium  code  can  be  used  to  generate  the  equilib¬ 
ria.  but  for  the  calculations  done  in  this  dissertation  using  realistic  t''.amaK  aesigr.. 
the  Tokamak  Simulation  Code  is  chosen.  The  TSC  calculates  the  free-boundaiy  MHD 
equilibrium  and  transport  for  realistic  tokamak  configurations  and  can  itself  simulate 
the  axisymmetric  motion  of  a  vertically  unstable  plasma.  The  basic  equilibrium  in¬ 
formation  I  profiles  and  plasma  surface  definition)  provided  by  the  TSC  code  is  then 
used  as  input  to  a  2-D  equilibrium  fixed-boundary  code  that  calculates  the  .\1HD 
equilibrium  to  the  desired  accuracy. 

The  accurately  resolved  equilibrium  is  then  mapped  into  equal-arc  stability  co¬ 
ordinates.  Special  care  must  be  given  to  diverted  equilibria.  Since  the  gradient  of 
the  poloidal  flux  vanishes  at  the  x-point.  the  Jacobian  is  singular  and  the  coordinate 
transformation  becomes  ill-defined.  Therefore,  defining  the  plasma-vacuum  equilib¬ 
rium  boundary  too  close  to  the  separatrix  surface  can  adversely  affect  the  accuracy 
of  the  mapping  to  stability  coordinates  and  thereby  affect  the  entire  calculation.  It 
should  be  noted  here  that  the  vacuum  calculation  depends  on  the  metric  quantities  at 
’h^ plasma  surface:  therefore  these  quantities  must  be  weU  ros6lved  on/and  near  the 
surface.  The  metric  quantities  that  result  from  the  mapping  calculation  must  be  ex¬ 
amined  to  maxe  sure  that  there  are  no  discontinuities  or  errors  near  the  plasma  edge. 
If  so.  then  an  equilibrium  that  is  better  resolved  with  more  grid  points  is  calculated. 

In  these  cases  we  must  use  equilibria  limited  by  a  surface  interior  to  the  separatrix 
surface  for  the  calculation.  The  growth  rate  :s  calculated  for  several  surfaces  limited 
within  the  separatrix  surface  and  then  these  values  are  extrapolated  to  the  separatrix 
in  order  to  get  an  accurate  converged  result.  The  boundary  surface  is  labeled  by  the 
parameter  u-,,.  which  is  defined  as  the  ratio  of  the  poloidal  flux  contained  within  the 
given  surface  to  the  poloidal  flux  contained  within  the  separatrix  surface.  (Therefore 
Vrat  =  1-0  labels  the  separatrix  surface.!  For  equilibria  whose  boundary  surface 
is  close  to  the  separatrix  (w,ot  >  9")  one  must  find  the  correct  growth  rate  by 
performing  a  convergence  in  the  number  of  surfaces  used  in  the  equilibrium  calculation 
(as  we  shall  see  in  Fig.  4.7).  The  shape  of  the  boundary  surface  changes  rapidly  as 
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v,at  approaches  i .  and  more  equilibr;um  surfaces  are  needed  to  properiy  resolve  the 
equilibrium.  It  is  seen  that  the  growth  rates  as  a  function  of  vVat  (near  tVot  =  1)  fit  a 
itraight  line  which  gives  us  a  converged  growth  rate  by  extrapolating  to  =  1.  It 
iS  more  efficient  to  use  equilibria  in  the  range  .94  <  u-Vot  <  -96  to  calculate  the  growth 
rate  convergence  since  it  is  much  easier  to  gel  the  converged  growth  rate  of  these 
individual  equilibria.  This  is  slightly  less  accurate  than  carrying  out  the  convergence 
through  to  =  -99.  but  it  is  much  less  time  consuming,  and  the  resulting  growth 
rate  is  within  5%  of  the  properly  converged  growth  rate. 

The  .N'OV.A  input  code  takes  the  equilibrium  mapped  into  stability  coordinates 
and  generates  the  disk  files  needed  by  the  eigenvalue  solver.  Finally,  the  .\'0\’A-U’ 
code  itself  is  e.xecuted.  which  performs  the  vacuum  region  calculation  (including  the 
feedback  system  and  resistive  conductors)  and  solves  for  the  resulting  eigenvalues  of 
the  linear  MHD  stability  equations.  The  vacuum  calculation  must  be  performed  at 
every  iteration  when  searching  for  the  root  of  the  dispersion  relation,  since  the 
boundary  condition.  Eq.  (3.66).  is  a  function  of  u;  see.  for  example.  Eq.  (3.39)).  The 
calculation  for  the  case  of  an  ideal  vacuum  region  (no  wall  or  an  ideally  conducting 
wall — with  no  active  feedback  system)  differs  in  that  the  vacuum  boundary  condi¬ 
tion  does  not  depend  on  and  therefore  need  be  calculated  only  once  prior  to  the 
“’.genvalue  search. 

The  NO\.A  code  calculates  a  eigenvalue  (growth  rate)  that  is  normalized  to  the 
poitiidai  .Mfven  time.  Therefore  to  find  the  actual  growth  rate  we  must  include  the 
normal izafion  factor,  given  by 


Bt(0} 
V  MoPo  9(1)  - 


(■i.l) 


■'.here  Bt  is  the  toroidal  magnetic  field  strength  at  the  magnetic  axis,  po  is  the  mass 
density  at  the  axis,  <7(1)  is  the  safety  factor  at  the  plasma  edge,  and  .Vt,,*  is  the  major 
.-adius  of  the  magnetic  axis.  This  normalization  enters  into  Eq.  ^  3.391  where  the 
correct  frequency,  ^  in  sec"’,  is  needed  for  the  jump  condition.  It  also  enters  into  the 
feedback  current  definition  when  there  is  a  derivative  gain  term  as  in  Eq.  (3.26).  For 
a  platsma  well  stabilized  by  the  wall,  the  growth  time  is  determined  by  the  resistivity 
and  geometry  of  the  wall.  Therefore  the  surface  integrals  over  the  jump  condition, 
Eq.  (3.39),  ultimately  determine  the  growth  rate  of  the  instability.  In  this  case,  then, 
the  accuracy  of  the  normalization  is  not  important,  since  the  normalization  factor  is 
effectively  canceled  out  of  the  calculation.  However,  when  the  wall  is  distant  from 
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the  plasma  and  the  plasma  is  approaching  ideal  instability  (instability  with  an  ideally 
conducting  walll  the  normalization  is  important,  since  the  growth  rate  is  now  affected 
hv  plasma  inertia,  and  the  mziss  density  factor  po  '■^ould  then  be  an  important  part 
of  the  calculation. 

The  resistive  wail  can  be  defined  in  terms  of  some  geometric  function  of  the  plasma 
surface  for  simplified  cases  (as  in  the  case  to  be  e.xamined  in  Section  4.2).  For  realistic 
wall  definitions  (as  we  shall  use  in.  for  example.  Section  4.3)  the  coordinates  defining 
the  wall  surface  are  entered  through  an  input  file.  The  wall  resistivity  and  thickness 
are  defined  at  every  point.  The  input  format  is  similar  to  the  format  for  the  “wires" 
used  in  the  TSC  calculations.  This  makes  it  straightforward  to  take  the  wall  conductor 
definitions  for  TSC  and  enter  the  equivalent  input  for  NO\  .A-\V.  The  code  takes  this 
set  of  points  defining  the  wall  and  selects  a  subset  corresponding  to  the  number  of 
points  Me  in  the  0-grid  defining  the  wall  (and  plasma)  surface.  This  subset  is  then 
smoothed  to  generate  a  continuous  wall  contour.  Then  this  set  of  points  is  redefined 
so  that  adjacent  points  are  equidistant  on  the  wail  contour.  We  then  have  a  smooth 
wall  contour  defining  a  surface  in  the  equal-arc-length  stability  coordinates.  Equal- 
arc-iength  stability  coordinates  are  used  for  a  majority  of  the  calculations. 


4.2  Code  test:  analytic  model 

“In  this  section  we  introduce  an  analytic  model  derived  by  Cobrott  and  Chang 
40i  that  calculates  growth  rates  of  the  vertical  instability  for  a  simplified  plasma 
model  with  a  resistive  wall  and  discrete  resistive  conductors  surrounding  the  plasma. 
The  model  uses  a  straight  constant  current-density  piasma  equilibrium  with  a  sim¬ 
ple  elliptical  cross  section.  This  plasma  model  was  first  examined  with  regard  to 
axisymmelric  instability  without  any  wall  or  conductors  in  the  '-acuum  region  by 
Rutherford  )15’.  Dobroit  and  Chang  added  to  the  model  a  thin  resistive  wall  and 
discrete  conductors  that  satisfy  certain  geometric  constraints  and  derived  a  dispersion 
relation  for  the  growth  rate  of  the  instability  that  is  partially  stabilized  by  the  resistive 
wall.  We  begin  by  briefly  reviewing  the  analytic  model  from  the  paper  by  Dobrott 
and  Chang  ;40!.  We  will  use  the  model  with  a  thin  resistive  wall,  but  without  any 
additional  conductors  in  the  %’acuum  region:  this  simplifies  their  results  somewhat. 
We  then  compare  results  from  a  numerical  approximation  of  this  simplified  model'tb 
the  results  predicted  by  the  dispersion  relation. 


4.2.1  Introduction  of  the  analytic  model 


We  begin  with  the  straight  plasma  model  of  Rutherford  [15  in  which  the  plasma 
cross  section  is  elliptical  with  width  a  and  height  b.  with  b  >  a.  The  plasma  has  a 
uniform  equilibrium  current  density  j.  so  that  the  equilibrium  poloidal  flux  2xu;  is 


defined  as 


where  vo  the  defines  the  poloidal  flux  \’alue  at  the  plasma  surface  with 


(4.2) 


- 

~  2(a2  -  62)’ 


(4.3) 


The  dll'  for  this  simplified  plasma  model  is  given  by 


i  Vc  •  Tui ). 


(4.4) 


where  the  perturbed  poloidal  flux  function  is  given  by 


V]  =  •  Vw. 


(4.5) 


and  ^  is  the  incompressible  plasma  displacement.  The  first  integral  in  Eq.  (4.4)  is  the 
contribution  of  the  perturbed  plasma  flux.  The  second  integral  in  this  dW  e.xpression 
s  the  so-called  "current  drive"  term.  The  final  term  gives  the  contribution  from  the 
•  acuum  region.  '' 

In  the  plasma  the  natural  flux  coordinates  (u’, 5)  are  used,  but  in  the  \-acuum 
region  the  confocal-ellipsoidal  coordinate  system, (//.  6)  is  used,  where 

X  =  (6^  —  a’  sinh  cos  d  (-4.6) 


y  =  (b^  -  cosh  fi  sin  d. 


The  solution  to  the  perturbed  flux  in  the  plasma  is  given  by 


Vj 


=  H  t^m(-Y) 


m=l 


cos(mfi) 

sin(mtf) 


(4.7) 


where  .V  =  v/Wq.  Rutherford  13;  found  that  only  the  sine  (antisymmetric)  perturba¬ 
tions  ( corresponding  to  the  vertical  instability)  are  unstable,  and  only  the  m  =  1  per¬ 
turbations  are  unstable  below  an  elongation  of  approximately  4.5.  This  corresponds 
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to  a  uniform,  rigid  vertical  motion.  Furthermore,  only  the  odd-m  perturbations  con¬ 
tribute  to  the  problem  at  any  elongation. 

The  solution  lu  the  perturbed  flux  in  the  vacuum  is  given  by 


3C 

Vi  =  V  e.xp.ml^xo  -  p)] 

•n=l 


cost  md) 
sin(m(r) 


(4.8) 


The  plasma  surface  is  defined  by  p  =po  a-nd  the  wall  surface  is  d»*^-  ;  -  ^ 

The  wall  is  constrained  to  fit  the  shape  of  the  confocai-eiilpsoiua^  ^-oorainate  surface. 

A  thin-  wall  approximation  is  used  to  derive  the  jump  condition  across  the  resistive 
wall  for  the  perturbed  flux: 


L 


5vi 

dp 


-iu/cr.^Av\. 


(4.9) 


where  .4  is  a  geometric  factor  defining  the  thickness  of  the  wall,  cr.^  is  the  wafl  con¬ 
ductivity.  and  ...  is  the  jump  across  the  resistive  wall.  This  is  equix-alent  to  the 
jump  condition.  Eq.  (3.39).  For  a  solid  conductor  27r.A  is  the  annular  area  of  the  wall 
between  two  elliptical  surfaces  given  by  /i*(0)  and  p~[9).  The  quantity  .A  is  defined 
as 

.4  =  /  d6  f  dp{cos‘ d  —  sinh' p  i,  (4.10) 

Jo  JuZ 

and  the  average  wall  thickness  is  defined  such  that  .  ,  ►  . 


A 


J  dd  j  dp(cos^  9  —  sinh*  p) 


27r* 


2*r 


d6(sinh*  p,^  -  cos*  9) 


2  /111  '21 


(4.11) 


The  solution  for  the  perturbed  flux  in  the  vacuum  is  used  in  the  vacuum  term 
of  SIV  the  final  integral  in  Eq.  (4.4)  along  with  the  effect  of  the  jump  condition. 
Eq.  (4.9).  at  the  resistive  wall  to  give  the  total  \-acuum  contribution.  This  is  combined 
with  the  plasma  current  term  of  541’  to  give 


sw,  =  ■  Vt-, 

2Jp  ,Vvi  2Jp  Vvj\ 


(4.12) 


m 


.V^(cr„,n) 


m  =  I 


D„(<Ty,,Cl)  ab 
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where  the  resistive  wall  dispersion  terms  and  D„  are  defined  by 


-  1  - - exp(mAo„j  coshlmA^o) 

m 


(4.13) 


D„(<7u...Q)  =  1 


exp(mA<„„  j  sinh(mA,^„). 


The  normalized  growth  rate  is  Q  =  and 


^ui  ^U»“4tii/j 


(4.14) 


A(^  —  Ma  t^3‘ 

The  normalized  .Alfven  frequency  is  given  by 

where  '  . . is  the  spatial  average  over  the  plasma  volume,  and  p  is  the  mass  density. 

The  variation  of  the  plasma-perturbation  part  of  (5U'  is  taken  with  respect  to 
Lv„(.V)  in  order  to  minimize  (5Up  =  ^Jj,d.Av\  The  equation  A' -'5U’i  -  min  (5fVp  =  0 
provides  the  desired  dispersion  relation  from  Dobrott  and  Chang's  model  for  the 
unstable  m  =  1  mode: 

,  6.Vi(<Tu,,n) 

-0.  (4.16) 


-  A  _  r  ••Ii-.y’'-.'  ^  0. 

a£),(<7u„n) 


wnere 


.  v'-  ■  -  '  .  ' 


K  =  -p^' (4.17) 

is  the  plasma  kinetic  energy  of  the  displacement,. 

When  there  is  no  wall  in  the  region  surrounding  the  plasma.  Eq.  (4.16)  reduces  to 

n*  -  -  -  -  =  0. 

a 

This  gives  the  normalized  growth  rates  for  this  elliptical  plasma  with  no  wall  as 


(4.18) 


When  the  resistive  wall  is  present  one  must  solve  Eq.  (4.16)  to  obtain  the  resistive 
growth  rates.  The  resulting  cubic  equation  is  a  function  of  the  wall  conductivity  <r„ 
and  the  wail  separation  from  the  plasma  Aum>  ^  'well  as  the  elongation  ratio  6/ a.  The 
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three  roots  correspond  to  the  resistive  wall  roots  discussed  on  page  314  in  Freidberg 
24  .  The  first  two  roots  correspond  to  the  two  stable  roots  when  the  wa'l  is  ideal. 
These  roots  are  on  the  Re  a.xis  when  the  wail  is  ideal,  and  then  move  into  the  lower 
half  of  the  complex  plane  when  the  wail  resistivity  is  increased  from  zero.  These  roots 
are  therefore  stable  and  oscillatory.  The  third  root  moves  up  the  /m  uj  axis  from  the 
origin  when  the  resistivity  becomes  nonzero.  This  root  does  not  e.-dst  in  the  case  of 
the  ideal  wall,  and  it  is  the  root  we  are  interested  in.  It  corresponds  to  the  vertical 
instability  that  grows  on  the  resistive  time  scale  of  the  wall. 


4.2.2  Comparison  of  numerical  results  to  analytic  model 

We  approximate  the  constant  current-density  straight  elliptical  plasma  equilib¬ 
rium  of  the  analytic  model  by  generating  a  numerical  equilibrium  of  elliptical  cross 
section  with  a  very  large  aspect  ratio  (.4  =  100)  and  with  a  nearly  constant  current 
density.  The  <?-pron)e  for  this  numerical  equilibrium  increases  from  q  =  i.OOl  at  the 
magnetic  a.xis  to  only  ij  =  l.Oll  at  the  plasma  edge.  The  resistive  wall  is  constructed 
to  follow  the  constant-p  contour  of  the  (p,S)  conidcal-ellipsoidaJ  coordinate  system 
defined  in  Eq.  '  4.6).  For  simplicity  a  wall  of  constant  thickness  is  used  in  the  nu¬ 
merical  calculation,  and  the  resulting  growth  rate  is  normalized  by  the  average  wall 
thickness  defined  in  Eq.  (4.11).  The  analytically  calculated  normalized  growth  rate 
must  be  multiplied  by  the  .\lfven  frequency.  Eq.  1 4.1,5).  to.pom.pare,,to  the  actuai 
growth  rate  calculated  numerically. 

We  calculate  the  growth  rate  analytically  and  numerically  for  several  equilibria 
with  elongations  ranging  from  k  =  1.2  To  k  =  2.0.  The  numerical  growth  rates  are 
calculated  as  described  in  the  previous  section.  We  do  not  need  to  do  the  convergence 
in  the  v^rat  parameter  discussed  in  Section  4.1  because  we  are  using  a  fixed-boundary, 
non-separatrix  equilibrium.  The  numerical  calculation  uses  50  raaial  finite  elements. 
128  ©-points  around  the  circumference,  a  total  of  31  poloidal  harmonics  (-15  — «  -15. 
although  it  can  be  seen  in  Fig.  4.4  that  fewer  harmonics  can  be  used),  and  50  radial 
surfaces  in  the  equilibrium  csdculation.  The  analstic  growth  rates  are  calculated  from 
the  dispersion  relation,  Eq.  (4.16),  and  renormalized  ais  discussed  above.  The  results 
of  this  comparison  are  shown  in  Fig.  4.1a.  The  comparison  is  excellent  for  the  range 
of  elongations  tested  here. 

We  also  compare  the  growth  rates  calculated  by  both  methods  with  no  surrounding 
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Figure  4.1;  (a;  Comparison  of  resistive  wall  growth  rates  ')  from  the  .VOr.4-lV’  code 
to  those  of  the  analytic  model  ivith  respect  to  ellip'ticity  n  of  the  plasma.  The  growth 
rates  ■»  are  normalized  here  to  the  factor  given  in  Eq.  (f.l).  For  these  model  equilibria 
we  have  Bt  =  1.  =  l-Oll.  =  lO. 

(b)  Comparison  of  growth  rates  ^  from  the  .VOrA-M’  code  to  those  of  the  analytic 
model  with  respect  to  ellipticity  k  of  the  plasma.  This  is  for  the  case  of  a  plasma  with 
no  wall. 


Fieure  -t.2;  Fauntr  components  of  the  radial  displacement  vs.  \  v  tor  the  k.  =  l.f 
isf  ioT  the  true  tigenfunciion  lai  and  for  a  uniform  vertical  rigid  displacement  tb). 
The  eigenfun  'lion  has  primarily  m  =  ~\  components  with  much  emaller  m  =  ~3 
omponents.  .\ote  that  the  q-protile  is  plotted  as  well.  In  this  case,  lowever.  because 
ct  the  constraints  of  the  analytic  model  the  q-protile  is  very  nearly  fiat  and  is  plotted 
at  the  top  of  the  graph,  since  the  magnitude  of  the  m=  -1  components  at  the  edge 
art  always  normalized  to  the  value  of  q  at  the  edge. 

reststi'-e  wall.  The  anaivtic  erowth  rales  are  given  by  Eq.  (4.181.  U'e  must  still  make 
'Urc-?o  use  the  .same  normalization.  Eq.  >4. 15).  but  in  ihis  case' there  is'.no  need  to 
normalize  with  respect  to  average  thickness  and  wail  conductivity.  The  results  for  the 
raise  with  no  resistive  wall  are  presented  in  Fig.  4.1b  for  the  same  range  of  elongations. 
In  this  case  as  well,  we  see  an  excellent  comparison  between  the  numerical  results  and 
•hose  predicted  by  the  analytic  model. 

Figure  4.2  shows  the  Founer  components  of  the  radial  displacement  as  a  func¬ 
tion  of  minor  radius  for  the  «  =  1.4  plasma  for  the  true  eigenfunction  (a)  and  for  the 
uniform  vertical  rigid  shift  (bi.  The  eigenfunction  is  composed  primarily  of  m  =  —  1 
components  with  a  small  contribution  from  the  m  =  —3  components.  The  true  eigen¬ 
function  appears  to  be  identical  to  the  displacement  for  the  rigid  motion.  In  Fig.  4.3 
we  see  for  the  true  eigenfunction  and  for  the  rigid  shift  for  the  n  =  2.0  plasma.  In 
this  case  we  see  a  larger  contribution  from  the  mi  =  3. 5  components.  It  also  appears 
that  the  true  eigenfunction  is  slightly  different  from  the  rigid  vertical  shift.  This 
suggests  that  the  simplified  analytic  model  may  be  breaking  down  for  these  higher 
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Figure  4.3;  Fountr  components  of  the  radial  displacement  vs.  /or  the  k  =  2.0 
case  for  the  true  eigenfunction  fa/  and  for  a  uniform  vertical  rigid  shift  (h).  This 
time  eigenfunction  differs  slightly  from  the  rigid  displacement  unlike  the  =  1.4  case. 
This  suggest  a  possible  breakdown  of  the  simplified  model  for  higher  elongations  at 
this  aspect  ratio  i.4  =  100). 

elongations  for  the  finite  aspect  ratio  (.4  =  100)  equilibria  used  in  this  calculation. 


Numericat  convergence  properties  .  . 

It  is  important  to  demonstrate  the  convergence  properties  of  the  code  with  respect 
to  the  numerical  parameters  used  in  the  caJcuJatjoh.  We  consider  first  the  convergence 
properties  with  respect  to  the  total  number  of  poloidal  harmonics  .1/  defining  in 
Eq.  (3.14). 

fhe  theory  of  spectral  methods  68.691  tells  us  that  with  a  Fourier  series  expansion 
one  can  expect  the  coefficient  of  the  expansion  to  decay  faster  than  any  inverse 
power  of  k  (exponential  convergence,  when  the  function  and  all  its  derivatives  are 
infinitely  smooth  and  periodic.  There  must  be  enough  terms  in  the  expansion  to  rep¬ 
resent  all  the  structure  of  the  function,  but  beyond  that  one  should  see  an  exponential 
convergence,  also  termed  “spectral  accuracy." 

In  a  problem  where  such  infinite  smoothness  is  not  present,  but  some  sort  of 
discontinuity  exists,  one  no  longer  sees  exponential  convergence,  but  rather  obtains 
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Figure  4.4:  Growth  rate  convergence  in  Founer  harmonics  for  the  elliptical  plasma 
K  =  1.5  equilibrium.  .\'ote  the  exponential  convergence  in  the  poloidal  harmonics  for 
this  simple  equilibrium. 


a  global  convergence  of  order  We  shall  see  this  behavior  in  the  next  section 

when  we  consider  equilibria  with  separatrices. 

.-In  the  case  of  the  simpie  large-aspect-raiio  elliptical  equilibrium  tihte  smoothness 
and  perioaicity  constraints  are  satisfied,  ana  in  fact  we  see  a  definite  exponential 
convergence  in  the  poloidal  harmonics  in  Fig.  4.4.  Furthermore,  the  analytic  theory 
of  Rutherford  15’  tells  us  that  only  the  odd-m  harmonics  contribute  to  the  unstable 
eigenfunction,  and  in  fact  we  see  only  odd-m  contributions  to  the  eigenfunction  (see 
Figs.  4.2  and  4.3),  and  there  is  absolutely  no  change  in  the  eigenvalue  when  the 
calculation  is  performed  with  harmonics  or  with  mr,M  ~  1  harmonics. 

It  is  also  necessary  to  demonstrate  that  the  equilibrium  used  in  the  stability 
calculation  is  well  resolved  in  the  number  of  surfaces  -V„  used  in  the  equilibrium 
calculation.  This  is  especially  important  with  regard  to  .he  discussion  in  Section  4.1 
about  calculating  the  growth  rates  of  diverted  equilibria.  We  defer  a  demonstration 
of  the  convergence  properties  with  respect  to  .V^  until  we  consider  diverted  plasmas 
in  Section  4.3.1.  The  convergence  of  7  with  respect  to  .V^  for  two  CIT  equilibria' are 
shown  in  Fig.  4.7b. 


4.3  Code  test:  realistic  numerical  model 


In  this  section  we  perform  a  vertical  stability  calculation  for  a  CIT  equilibrium 
with  a  surrounding  resistive  vacuum  vessel  wall.  We  will  compare  our  results  with 
those  obtained  using  the  Tokamak  Simulation  Code.  \’ertical  instability  growth  rates 
are  calculated  using  TSC  by  perturbing  an  up-down  symmetric  equilibrium  and  then 
tracking  the  vertical  motion  of  the  plasma  by  observing  the  time  development  of  the 
flux  difference  between  pairs  of  up-down  symmetric  flux  obser\-ation  points.  Several 
pairs  are  typically  used.  These  flux  differences  are  fit  to  an  exponential  to  obtain  a 
growth  rate. 

In  order  to  get  an  accurate  growth  rate  by  this  method,  one  must  do  a  convergence 
in  the  mass-enhancement  factor  (FFAC)  that  is  used  by  TSC  44'  to  deal  with  the 
difference  between  the  resistive  and  ideal  .\IHD  time  scales.  Several  runs  must  be 
performed  at  different  values  of  FF.^C.  and  an  extrapolation  to  FF.-\C=  1  is  made 
to  get  a  converged  growth  rate.  The  run  time  of  each  TSC  simulation  is  propor¬ 
tional  to  1/FF.AC,  and  although  accurate  growth  rates  are  obtained,  the  method  is 
computationally  expensive.  In  addition,  TSC  adNTinces  the  nonlinear  .\1HD  trans¬ 
port  equations  in  time,  so  calculating  the  Imtar  growth  rates  can  be  difficult  if  the 
arbitrary  initial  perturbation  (which  is  clearly  not  the  true  eigenfunction)  produces 
transients  that  are  slow  to  decay.  One  ran  calculate  the  linear  growth  rate  only  after 
these  transients  have  died  away.  However,  if  these  transients  decay  slSwlV.' thdri  the 
displacement  may  get  large  and  introduce  new  nonlinearities. 

4.3.1  CIT  plasma  with  vacuum  vessel  wail 

The  CIT  equilibrium  used  here  is  a  «  =  2  (at  the  95%  flux  surface i  diverted 
plasma  with  relatively  low  triangularity  (5  =  0.26)  that  is  in  the  current-ramp  stage 
(just  prior  to  flat-top)  of  the  CIT  evolution.  The  parameters  describing  the  CIT 
equilibrium  are  given  in  Table  4.1.  Figure  4.5a  shows  the  CIT  equilibrium  with  the 
surrounding  vacuum  vessel  structure  as  used  in  the  TSC  model.  The  CIT  \’acuum 
vessel  structure  consists  of  Inconel  625  (resistivity  rj  =  1 .35x  10~®  O-m)  on  the  inboard 
region  and  Inconel  600  (rj  =  l.OSx  10  ®  fl-m)  on  the  outboard  region.  The  thickness 
\-aries  from  4  cm  on  the  inboard  region  to  8.75  cm  on  the  thickest  outboard  section. 

The  resistive  wall  used  in  the  .\OVA-W  calculation  is  shown  in  Fig.  4.5b.  The 
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Plasma  Current  Ip 

12.30  -M.A 

.Major  Radius  Rn 

2.182  m 

.Minor  Radius  a 

0.660  m 

Elongation  k|95/1) 

1.996 

Triangularity  (5(95/r) 

0.25S 

Toroidal  Field  Bt(0i 

11.0  T 

q[95%) 

4.5 

3 

0.0092 

n,(0) 

0 

X 

00 

0 

Tabl^  4.1;  Equilibrium  parameters  of  CIT  plasma  used  m  the  passive  stabiiization 
study. 


wall  denniiion  was  entered  using  the  same  points  defining  the  vacuum  vessel  wail  as 
in  the  TSC  caicuiation.  Fig.  4.5a.  It  is  specified  to  have  the  same  total  resistance  as 
the  sum  of  ail  the  conductors  that  make  up  the  wail  in  the  TSC  caicuiation. 

The  wall  contour  has  been  smoothed  in  '.he  .VO\’.A-\V  caicuiation  to  obtain  a  con¬ 
tinuous  curve  appropriate  for  the  surface  integrations.  Note  that  the  port  extension 
on  the  far  outboard  side  has  been  reduced  ana  smoothed  over  in  the  N0\  .A-W  version. 
iTwiil  be  seen  m  Fig.  4.11  that  the  eddy  currents  are  I'efy  small  in  this  section  of  the 
wail  (where  the  conductors  are  very  thin)  and  contribute  very  little  to  the  problem. 
Therefore  we  can  modify  this  section  of-the  wail  with  little  effect  on  our  growth  rates. 
This  wail  section  was  modified  in  order  to  .make  a  smooth,  continuous  wall  contour 
appropriate  to  the  equal-arc  coordinates  used  in  the  caicuiation.  The  0-grid  is  shown 
connecting  the  wall  to  the  plasma  surface.  .Vote  also  that  the  direction  of  increasing 
9  is  clockwise  in  this  coordinate  system. 

The  NOV'A-W  growth  rate  is  calculated  following  the  numerical  procedure  outlined 
in  Section  4.1.  The  original  equilibrium  information  is  obtained  from  the  TSC  code. 
.\  well-resolved  equilibrium  is  calculated  from  this  information  and  then  mapped  into 
equal-arc  stability  coordinates. 

The  CIT  equilibrium  has  a  separatrix  surface,  and  we  must  therefore  perform  a 
convergence  study  as  discussed  in  Section  4.1.  The  convergence  of  the  growth  rate  7 
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Figure  4.5:  la)  Equilibrium  poloidai  flux  contours  (from  TSC)  of  the  k  =  3  equilibrium 
used  in  this  calculation.  The  TSC  representation  of  the  vacuum  vessel  wall  is  shown 
us  u  til  as  the  two  active  feedback  coils  outside  the  vacuum  vessel.  The  poloidai  flux 
through  the  plasma  along  the  midplane  is  shown  at  the  bottom.  The  arrows  indicate 
the  point  of  radial  extension  for  the  study  presented  in  Section  4-4-1- 

(b)  CIT  wall  contour  used  by  .V0r,4-U’.  The  points  of  the  Q-gnd  are  shown  on 
the  wail  and  plasma  surfaces,  and  the  corresponding  points  are  connected  wnth  line 
segments  to  show  the  relation  between  the  wall  points  and  the  points  on  the  plasma 
surface.  The  points  designated  by  Q  =  0.  r/2.  t.  3ir/2  are  indicated  on  the  figure. 
.\'ote  the  comparison  to  the  TSC  representation  of  the  wall  shown  in  (a). 
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Figure  4.6:  Convergence  of  .VOr.4-  IT  growth  rate  with  respect  to  Also  shown  is 
the  converged  value  of  the  TSC  calculated  growth  rate.  The  growth  rate  is  in  inverse 
seconds.  The  comparison  is  seen  to  be  quite  good. 

as  a  function  of  w-at  is  shown  in  Fig.  4.6.  U'e  obtain  the  converged  growth  time  of 
-■  =  80.31  sec'"  (r  =  12.45  msl.  This  compares  well  with  the  result  obtained  from 
TSC  of"  =  80.65  sec"*  tr  -  12.4  ms). 

.Now  consider  the  convergence  of  the  growth  rate  in  poioidal  harmonics  for  the 
CIT  1  cvot  =  0.95)  equilibrium.  Following  the  discussion  in  Section  4.2.2  regarding 
the  convergence  properties  of  the  spectral  method,  we  do  not  e.xpect  an  e.xponeniial 
convergence  in  this  case  because  of  discontinuities  in  higher-order  derivatives  of  some 
of  the  equilibrium  metric  quantities  at  the  plasma  boundary  due  to  the  existence  of 
a  sepau'atrix.  In  fact,  the  results  shown  in  Fig.  4.7a  indicate  a  I  convergence  for 
this  equilibrium. 

In  Fig.  4.7b  we  see  the  convergence  with  respect  to  the  number  of  radial  surfaces 
needed  to  resolve  the  equilibrium.  Whereas  for  the  -  -9®  equilibrium  we  see 
that  there  are  sufficient  surfaces  ( .V^  >  100)  to  obtain  a  converged  growth  rate,  the 
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growth  rate  lor  the  Cr»i  -  !)9  equiiibrium  keeps  increasing  with  larger  :V^.  Therefore 
one  must  obtain  a  convergence  in  .V„  for  the  high  vvat  equilibrium. 

It  is  less  expensive  to  obtain  a  converged  growth  rate  by  extrapolating  from  lower 
values  of  t,Vg,.  For  instance,  one  could  use  the  results  from  equilibria  in  the  range 
94  <  T  -96  to  obtain  a  converged  value.  The  result  may  not  be  as  precise  as  if 
■  me  used  equilibria  right  up  to  =  -SS-  but  the  difference  will  within  about  5%. 

Figure  4.8a  shows  the  Fourier  modes  of  the  displacement  eigenfunction  for 
the  CTT  equilibrium  used  in  this  study.  Figure  4.8b  shows  for  a  uniform  vertical 
rigid  shift  of  the  CIT  equilibrium.  It  is  clear  that  these  two  forms  of  are  quite 
different,  and  therefore  the  eigenfunction  differs  significantly  from  a  rigid  vertical  shift, 
[n  particular,  the  m  =  2.3  components  are  nearly  zero  for  the  true  eigenfunction, 
whereas  there  are  significant  rn  =  2. 3  components  needed  to  represent  the  rigid 
shift  for  this  equilibrium.  Figure  4.9  shows  the  projection  of  the  displacement  ^ 
■jnto  the  poloidal  plane  and  indicates  the  motion  of  the  unstable  plasma.  We  can 
see  how  it  differs  from  a  vertical  shift.  The  plasma  displacement  has  a  significant 
radial  component  superimposed  on  the  vertical  motion.  The  consequence  is  that  the 
unstable  plasma  motion  is  toward  the  x-point  in  the  lower  half-plane.  It  is  clear 
from  Fig.  4.8  and  4.9.  therefore,  that  the  unstable  motion  of  the  CTT  equilibrium  is 
nut  particularly  well  reoresented  by  a  uniform  rigid  shift.  vVe  shall  examine  these 
non- rigid  components  of  the  eigenfunction  and  how  they  interact  with  the  passive 
conductors  and  active  feedback  in  more  detail  in  Chapter  6. 

.  v'  -  •  ►  >  , 

4.4  Additional  studies  in  passive  stabilization 

4.4.1  Radial  and  vertical  extension  of  CIT  vacuum  vessel 
wall 

In  this  section  we  present  results  of  a  study  of  the  vertical  stability  of  CIT  with 
respect  to  variations  in  the  surrounding  vacuum  vessel.  In  particular,  it  is  of  interest 
:o  see  how  the  growth  rate  changes  with  respect  to  moving  the  outboard  section  of 
the  vacuum  vessel  outward,  away  from  the  plasma,  and  also  how  it  changes  with 
respect  to  an  extension  of  the  vacuum  vessel  vertically.  This  will  give  an  indication  of 
how  well  the  given  vacuum  vessel  design  stabilizes  the  plasma,  and  how  detrimental 
it  would  be  to  put  the  wall  any  farther  from  the  plasma. 
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Figure  4.7:  ;a)  Growth  rate  convergence  m  Fourier  harmomes  for  the  Cl 

(Vf^t  =  0.95j  equilibrium. 

(b)  Growth  rate  convergence  in  the  number  of  equtlibnum  surfaces  .V^  for  tf 
Wr»t  =  0.99  (circles)  and  iL’m  =  0.96  (triangles i  equilibria.  Sote  that  for  this  numA< 
of  surfaces  (.V„  >  150)  the  xbn.i  =  -96  is  well  converged,  while  the  =  -99  equilv 
rtum  requires  a  far  greater  number  of  surfaces  in  the  equilibrium  calculation  to  obta 
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^ieure  -i.S'iar  FQuner- components  of  the  radial  displacement  vj  the  eigen fucntion 
IS.  /or  the  CIT  (lOm  =  0.95i  equilibrium.  The  eigenfunction  is  dominated 
by  the  m  =  r  1  components.  There  is  also  a  smpll  contribution  from  the  m  =  —3 
components,  which  have  considerable  variation  in  structure  as  a  function  ofr. 

\h)  Fourier  components  of  a  uniform  rigid  shift.  The  form  of  the  m  =  2.3  components 
is  clearly  much  different  from  that  of  the  true  eigenfunction. 
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Kigure  4.9:  This  plot  shows  the  motion  of  the  instability  for  the  C’lT  equilibrium. 
.Vote  how  this  motion  varies  from  a  rigid  vertical  shift.  The  true  motion  appears  to 
be  primarily  vertical,  but  with  some  inward  motion  superimptised.  The  overall  effwt 
is  that  the  motion  is  in  the  direction  of  the  x-point,  or  the  “corner"  of  the  D-shaped 
plasma.  This  variation  from  the  rigid  vertical  shift  is  shown  in  terms  of  the  Fourier 
components  in  Fig.  4.8. 
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Figure  4.10:  (at  Growth  time  r  of  the  vertical  instability  for  the  CIT  equuibmim  with 
respect  to  the  radial  extension  AA'  of  the  vacuum  vessel  structure  at  the  points  indi¬ 
cated  by  the  arrows  in  Fig.  4.5.  In  addition,  the  limiting  value  for  ‘uU  extension  is 
mown,  whereby  the  top  and  bottom  sections  are  extended  and  the  outboard  section  is 
-fjectively  removed. 


v  v' 


bl  Growth  time  of.  the  vertical  instability  for  the  CIT  equilibrium  with  respect 
to  the  vertical  extension  AZ  of  the  vacuum  vessel  structure  at  the  midplane.  The 
growth  time  r  is  in  milliseconds  and  the  distance  of  extension  A  A'.  AZ  is  m  cm. 


In  the  first  case  we  take  the  CIT  v-acuum  vessel  and  move  the  outboard  region 
away  from  the  plasma  by  adding  wall  elements  in  5  cm  increments  at  the  points 
indicated  by  the  arrows  in  Fig.  4.5a.  The  inboard  section  (everything  to  the  right  of 
the  arrows)  remains  in  its  original  position  while  the  outboard  section  i  to  the  left  of 
the  arrows)  is  extended  outward  by  5  cm  increments. 

The  variation  of  the  growth  times  r  with  respect  to  the  distance  of  radial  extension 
A  A'  is  shown  in  Fig.  4.10a.  The  growth  time  decreaises  rapidly  in  the  first  10  cm  of 
extension,  but  beyond  that,  the  relative  decrease  in  r  is  less.  It  appears  that  r 
will  approach  a  limit  as  the  outboard  section  is  extended  horizontally.  In  order  to 
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estimate  this  limiting  value,  we  performed  a  calculation  in  which  we  extended  the 
vacuum  vessel  horizontally  outward  from  the  indicated  points  in  Fig.  4.5  by  a  very 
large  distance  I  1  mi  and  remove  the  completelv.  This  yielded  the  indicated  limiting 
value  of  '2  ms. 

Next  we  consider  a  similar  extension  of  the  vacuum  vessel,  except  this  time  in 
the  vertical  direction.  We  "break''  the  original  vacuum  vessel  at  the  midplane  and 
move  both  the  upper  and  lower  halves  away  from  the  midplane  in  increments  of  3.5 
cm.  This  extends  both  the  inboard  and  outboard  sections  verticallv.  but  the  relative 
position  of  the  inboard  wall  to  the  left  of  the  plasma  will  change  verv  little.  How*^  '  - 
the  lop.  bottom,  and  outboard  sections  wiU  move  away  from  tne  plasma. 

The  results  are  shown  by  plotting  the  variation  of  the  growth  time  r  versus  the 
distance  of  vertical  extension  AZ  in  Fig.  4.10b.  .\gain  the  growth  time  drops  off 
rapidly  for  the  first  5-10  cm  of  extension,  but  the  relative  change  in  r  vs.  AZ 
decreases  at  larger  values  of  AZ. 

It  appears  that  in  both  cases  the  plasma  is  stabilized  well  enough  by  the  modified 
wall  to  keep  from  going  ideally  unstable.  In  Figure  4.11  we  plot  the  current  density 
in  the  wall  Jo  and  the  wail  surt'ace  current  A'®  (which  is  equal  to  the  current  density 
Jo  multiplied  by  the  wall  thickness  versus  the  poloidal  angle  0  around  the  wall 
circumference.  The  latter  quantity  is  directly  related  to  the  jump  in  the  normal 
derivative  "!  the  perturbed  flux  as  in  Eq.  i 3.37b  and  is  therefore  a  measure  of  the 
rtabiuzine  exfect  jif  the  wail  eddy  currents.  This  calculation  was 'done  for'the  standard 
CIT  vacuum  vessel  i  AA'  =  AZ  =  0).  The  wall  contour  and  the  definition  of  the 
0-grid  are  shown  in  Fig.  4.5b.  It  is  easy,  to  see  that  there  are  iarge  eddy  currents 
in  tne  outboard  diagonal  regions  of  the  wall  and  that  this  will  be  destabilizing  when 
A  A’  or  AZ  is  increased.  But  there  are  also  large  stabilizing  currents  (with  nearly 
the  same  magnitude  of  A'*)  in  the  inboard  regions  of  the  wail  at  0  ~  3t'4.  5tr'4. 
These  currents  will  be  somewhat  less  effective  in  stapilizing  the  plasma,  because 
the  radial  field  induced  by  currents  on  the  inboard  wall  are  smaller  than  those  on 
the  outboard  wall,  but  the  eddy  currents  are  large  enough  to  provide  significant 
stabilization.  This  section  of  the  wall  remains  close  to  the  plasma  in  both  of  the  wall 
extension  scenarios  described  above.  The  eddy  currents  at  the  top  and  bottom  of  the 
wall  are  relatively  small.  a.s  can  be  seen  by  the  relative  minimum  in  AT^  between  the 
inboard  and  outboard  regio.ns.  Therefore  the  effect  of  extending  the  wall  radially  and 
vertically  as  outlined  above  will  increase  the  growth  rate  of  the  vertical  instability, 
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Figure  4.11;  Curr^Tit  density  and  Surface  current  density  AS,,  xhere  Aj,  — 

.n  the  CIT  vacuum  vessel  wall.  The  wall  contour  and  Q-gnd  are  shown  in  Fig.  4.5b. 
The  relatively  sharp  vanations  in  A’.^  are  due  to  sudden  changes  in  the  wall  thickness 
at  those  points.  The  current  derisity  J,  itself  vanes  more  smoothly.  The  diagonal 
outboard  and  the  upper  and  lower  inboard  regions  carry  most  of  the  eddy  currents. 
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Plasma  Current  /„ 

11.30  .M  A 

Major  Radius  Ro 

7.245  m 

Minor  Radius  a 

1 .602  m 

Elongation  m  95‘w  ) 

1.613 

Triangularity  c'(95''c) 

0.430 

Toroidal  Field  BriO) 

11.6  T 

<7(95%) 

4.5 

3 

0.02 

tle(O) 

3.51  X  10 

m 


-3 


Table  4.2;  Equilibrium  parameters  of  ARIES-l  plasma  used  in  the  passive  stabiliza¬ 
tion  study. 


but  not  rapiGi\'  '•nough  to  reach  the  ideal  time  scale  because  there  are  still  large 
stabilizing  '•'•ail  eadv  currents  near  the  plasma.  Howe'  er,  the  growth  rales  are  fast 
enough  for  these  .arger  separations  that  active  feedbacjt  control  may  be  difficult. 

It  is  interesting  to  note  in  Fig.  4.11  that  the  surface  eddy  currents  in  the  far 

■  jutboard  region  of  the  wall  contour  f©  tt:  0.  2rrl  are  very  small  compared  with  the 
maenitudes  in  the  other  wall  regions.  Therefore,  we  ’.vere  justified  in  modifying  this 
extended  oijt  hoard  region  as  described  earlier,  because  tnis  region  has  very  little  effect 

■  irr the  plasma. 

4.4.2  Passive  stabilization  of  the  ARIES-I  reactor  design 

The  .NO\'.A-\V  code  has  been  used  in  an  analysis  of  the  passive  vertical  stability 
characteristics  of  the  .\RIES-I  reactor  70i  design.  The  .ARIES-I  tokamak  reactor  is  a 
low-J.  low-current,  high-field,  moderate-aspect-raiio.  steady-state  design  intended  to 
minimize  the  cost  of  electricity  by  minimizing  plasma  current  and  associated  current- 
drive  cost.  Because  of  the  relatively  high  shaping  of  the  cross  section  and  the  large 
amount  of  separation  between  the  plasma  and  the  conducting  wall  required  to  include 
the  blanket  and  first  wall  in  such  a  reactor  design,  the  vertical  stability  is  an  important 
consideration.  The  parameters  of  the  .ARIES-I  equilibrium  used  in  this  calculation 
are  listed  in  Table  4.2,  and  the  poloidal  flux  contours  are  shown  in  Fig.  4.12a. 

A  comparison  between  the  calculated  vertical  instability  growth  rate  from  NO\'A- W 
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Figure  4.12:  (a)  Equilibrium  poloidal  flux  contours  ^from  TSC)  of  the  .ARIES-!  equi¬ 
librium  used  m  this  calculation.  The  poloidal  flux  through  the  midplane  is  shoum  at 
the  bottom. 

lb)  The  .ARIES- 1  plasma  surjace  and  the  two  basis  wall  contours  used  for  the  in¬ 
terpolations  described  in  Sec.  4 -4 -3.  The  “close”  wall  lies  between  the  blanket  and  the 
neutron  shield,  while  the  ‘far"  vacuum  vessel  wall  would  be  outside  both  the  blanket 
and  the  shield. 
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and  the  converged  growth  rate  from  TSC  has  been  performed  for  a  preiiminary  version 
of  the  ARIES-I  equilibrium  and  vacuum  vessel  71  .  and  the  results  asree  to  within 
'J'f'r.  \Ve  consider  here  the  final  version  of  the  equilibrium  and  the  tw^  vacuum  vessel 
designs  that  were  under  consideration.  The  first  vacuum  vessel  (ciuse)  wall  design 
provides  better  stabilization  since  it  is  relatively  close  to  the  plasma.  This  vessel  wall 
would  lie  between  the  blanket  and  the  neutron  shield.  The  second  wall  version  (far) 
would  lie  outside  both  the  blanket  and  the  shield.  The  second  is  mucn  farther  awav 
and  allows  room  for  the  blanket.  The  growth  time  for  the  inner  wall  version  is  found 
to  be  330  -  5  ms.  whereas  for  the  outer  wall  version  the  growth  time  is  0.67  -  0.05 
ms.  The  outer  wail  \ersion  is  distant  enough  from  the  plasma  that  the  plasma  has  a 
very  fast  growth  rate  and.  in  fact,  is  near  ideal  instability  (instability  with  an  idcallv 
conducting  wail).  In  the  next  section  we  will  consider  the  stability  of  the 
plasma  as  the  wall  is  moved  progressively  farther  away  from  the  plasma. 

Figure  4.13  shows  the  form  of  the  displacement  eigenfunction  compared  to 
the  form  of  a  uniform  rigid  vertical  shift  for  the  .ARIES-l  equilibrium  (Vrat  =  0.95) 
used  in  this  study.  The  differences  between  Figures  4.13a  and  4.13b  show  that  this 
highly  shapea  plasma  equilibrium  has  an  unstable  eigenfunction  with  considerable 
non-rigid  structure.  .As  in  the  case  of  the  CIT  equilibrium  in  Section  4.3.1.  the  true 
eigenfunction  of  the  .ARIES  equilibrium  has  m  =  2.3  components  that  are  much 
different  from  those  required  to  represent  a  rigid  vertical  shift.  As  in  that  case,  the 
true  piasma  motion  is  in  the  direction  of  the  x-point.  Clearly,  then.  «the  vertically 
unstable  motion  of  the  ARlES-I  piasma  is  not  well  represented  by  a  rigid  shift. 


4.4.3  Extension  of  the  vacuum  vessel  wall  for  the  ARIES-I 
plasma 

.As  an  additional  study  we  consider  the  variation  of  the  vertical  instability  growth 
rate  of  the  .ARIES-I  plasma  with  respect  to  the  uniform  radial  extension  of  the  vacuum 
vessel  wall.  We  select  modifications  of  the  close  and  far  wall  versions  of  the  previous 
section  and  interpolate  linearly  between  these  contours.  The  wail  contours  have 
been  simplified  by  removing  the  extensions  for  the  divertor  structure  (as  shown  in 
Fig.  4.12b).  thereby  making  the  contours  much  more  continuous.  The  two  basis 
contours,  between  which  we  will  interpolate,  are  shown  in  Fig.  4.12b. 
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Figure  4.13':  Founer- components  oj  the  radial  displacement  is.  \  'k.-  for  the 
.ARIES-I  equilibrium  =  0.95;  used  in  Sections  4-4-2  and  4-4-3-  There  are  con¬ 
siderable  non-ngid  contributions  to  the  eigenfunction  for  this  highly  shaped  plasma. 
The  magnitudes  of  the  m  =  —2  components  at  the  plasma  edge  are  almost  I  >  3  of  the 
magnitude  of  the  m  =  —  1  components. 
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If  the  radial  position  of  the  wail  coordinates  is  described  by 


=  1 
V  ' 


V  ^ 

-  '■piasma  / 


-  I 

W&li 


-  z. 


(4.191 


.ind 

^•'ar  ~  V  *  ~  -^piasma^'  ~  '  Z.^.^j  —  Z^iajma/'  (4.20) 

for  the  modified  close  and  far  wall  versions,  respectively,  the  newly  interpolated  wall 
contour  can  be  described  by 


t*new  ^cios^  f  ^ciosei  (4.21) 

where  /  is  the  interpolation  parameter,  which  varies  between  0  and  1. 

The  variation  in  the  resistive  wall  growth  rate  with  respect  to  the  interpolation 
parameter  /  is  shown  in  Fig.  4.14.  The  growth  rate  is  seen  to  increase  rapidly  as  the 
..all  approaches  the  ideal  stability  limit  i  limit  of  stability  with  an  ideally  conducting 
wall).  The  plasma  surrounded  by  the  wall  calculated  with  /  =  i).7  is  found  to  be  ide¬ 
ally  unstable.  This  is  a  good  demonstration  of  the  unique  ability  of  the  .N'OV.A-W  code 
to  calculate  accurately  the  vertical  instability  growth  rate  of  a  deformable  lokamak 
plasma  right  up  to  the  ideal  stability  limit. 

4.5  Summary 

^  -  .  X*-  - 

In  this' chapter  we  nave  seen  that  the  .\0\'A-\V  code  can  provide  accurate  growth 
rates  for  vertically  unstable  equilibria  partially  stabilized  by  passive  conductors.  Com¬ 
parisons  against  a  simple  analytic  model  anr  numerical  results  for  a  realistic  config¬ 
uration  prove  that  .N'OVA-W  produces  reiiajle  results.  The  eigenfunctions  for  the 
CIT  and  .ARIES- 1  equilibria  der  uistrate  that  for  these  highly  shaped  plasmas,  the 
unstable  motion  is  not  well  represented  by  a  rigid  vertical  shift.  .Analysis  of  such 
non-rigid  motion  is  ideally  suited  to  the  .NO\'.A-\V  code. 

The  performance  of  NOV.A-W  for  producing  these  results  far  exceeds  that  of  TSC. 
To  obtain  an  accurate  converged  result  from  TSC  one  must  perform  several  (typically 
three)  runs  at  progressively  smaller  time  steps.  Each  successive  run,  therefore,  takes 
longer  to  complete  by  a  factor  equal  to  the  time  step  reduction.  The  longest  runs 
require  150-200  CRAY-2  minutes.  The  NOVA-W  code,  on  the  o.her  hand,  requires 
at  most  20-25  minutes  of  CRAA’-2  time  for  the  first  point  in  the  convergence  in  thr»i. 
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Figure  4.14:  Growth  rates  for  ARIES-I  equilibrium  vs.  the  wail  interpolation  (radial 
separation)  parameter  t.  .he  growth  rates  increase  rapidly  as  '  approaches  the  ideal 
stability  limit. 
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Each  additional  point  in  the  convergence  (typically  three  points  are  needed)  requires 
a  shorter  run  1 10-15  minutes)  because  one  has  a  good  initial  guess  for  the  eigenvalue 
from  the  previous  run. 

The  performance  of  N’0\’A-\\  truly  excels  for  a  parameter  scan  such  as  the  taria- 
tions  in  the  vacuum  vessel  wail  in  Sections  4.4.1  and  4.4.3.  In  such  a  scan,  the  results 
from  the  previous  point  allow  one  to  make  a  good  initial  guess  for  the  ne.xt  point, 
which  speeds  up  the  process  considerably.  If  one  is  using  TSC.  on  the  other  hand,  the 
same  time  consuming  convergence  procedure  must  be  followed  for  each  point  in  the 
scan,  because  the  calculation  procedure  does  not  change  based  on  prevdous  results. 
This  leads  to  an  imorovement  in  performance  of  .\'0\  .A-V\'  over  TSC  of  as  much  as  a 
factor  of  10  or  more  m  such  calculations. 


Chapter  5 

Active  feedback  calculations 


In  this  chapter  we  present  results  of  active  feedback  calculations  using  the  NOV’A-VV 
code.  Following  a  description  of  the  numerical  procedure  involved  in  the  calculation, 
we  apply  the  formulation  to  the  active  feedback  of  the  vertically  unstable 

CIT  plasma. 

We  consider  the  stability  of  the  feedback  stabilized  CIT  plasma,  with  regard  to 
various  placements  of  the  flux  loops  around  the  plasma  within  the  vacuum  vessel.  A 
similar  study  72  has  been  performed  using  TSC.  allowing  us  to  compare  our  results, 
at  least  qualitatively,  with  those  obtained  by  TSC.  In  this  chapter  we  focus  on  the 
basics  of  calculating  stability  with  an  active  feedback  svstem.  We  aiso  point  out  the 
improved  performance  of  the  .NO\.\-W  method  over  other  numerical '^met hods.  .In. 
the  following  chapter  we  examine  how  the  feedback  system  can  affect  the  non-rigid 
components  of  the  eigenfunction  and  thereby  degrade  the  effectiveness  of  the  feedback 
in  certain  situations. 

5.1  The  numerical  procedure 

The  addition  of  active  feedback  to  the  stability  calculation  is  a  non-ideal  effect, 
destroying  the  seif-adjoininess  of  the  system  of  equations.  With  feedback  inciuded.  we 
no  longer  expect  an  eigenvalue  that  is  purely  real,  corresponding  to  purely  oscillatory 
motion,  or  purely  imaginary,  corresponding  to  purely  growing  or  decaying  exponential 
motion. 

For  the  case  of  a  wall  stabilized  plasma  in  the  presence  of  passive  resistive  coh- 
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ductors.  we  found  that  the  solution  of  interest  has  a  purely  imaginary  eigeni.'alue  that 
corresponds  to  exponential  growth  of  the  instability  on  the  resistive  time  scale  of  the 
surrounding  conductors.  This  root  does  not  exist  in  the  absence  of  resistivity.  With 
a  perfectly  conducting  wall  that  stabilizes  the  ideal  instability,  there  are  two  stable 
roots  which  are  purely  real  (oscillatory).  With  the  addition  of  resistivity  these  roots 
remain  oscillatory  but  become  damped.  However,  a  third  root,  the  unstable  root  of 
Interest,  arises  from  the  origin  and  moves  along  the  imaginary  a.xis.  With  the  addition 
of  feedback,  however,  we  cannot  expect  this  root  to  remain  purely  imaginary. 

The  contribution  of  the  active  feedback  is  calculated  through  constructing  the 
feedback  matrices  derived  in  Sec.  3.3.  The  form  of  these  matrices  depends  on  the 
location  of  the  flux  loops — inside  the  resistive  wall  (Case  .A  of  Sec.  3.3.1)  or  outside 
the  wall  (Case  B  of  Sec.  3.3.1).  The  effect  of  the  dynamics  of  the  active  feedback 
circuit  can  be  included  as  derived  in  Sec.  3.3.2. 

T)ie  procedure  for  the  calculation  of  stability  with  active  feedback  begins  by  deter¬ 
mining  the  eigenvalues  of  the  system  with  the  feedback  gain  set  to  zero,  as  described 
in  Sec.  -1.1  •  One  then  increases  the  feedback  gain  from  zero  and  tracks  the  motion 
of  the  eigenvalue  in  the  complex  plane.  The  eigenvalue  is  calculated  using  Muller's 
method  (see.  for  example.  Ref.  731).  for  determining  complex  zeros  of  analytic  func¬ 
tions  m  the  complex  plane.  Since  .Muller  s  method  assumes  the  function  is  a  smoothly 
varving  function  of  ^  and  that  one  begins  with  a  good  initial  guess,  it  works  most 
ceiiabiy  when  we  increment  the  gain  in  relatively  small  stepsnso  thaiithe  initial  guess 
IS  always  dose  to  the  actual  solution.  In  practice,  however,  the  dispersion  function 
D(u/i  t  resulting  from  Eqs.  3.12  and  3.13  after  being  decomposed  into  poloidal  har¬ 
monics  and  finite  elements),  is  often  a  well  behaved  and  smoothly  t'arying  function 
for  this  problem,  and  therefore  one  can  often  make  reasonably  large  increments  of 
gain  and  successfully  find  the  root,  even  with  a  poor  initial  guess.  However,  this  is 
not  always  the  case. 

It  is  difficult  to  track  the  root  after  it  moves  into  the  lower  half  of  the  complex 
plane  ^region  of  stability).  Whereas  there  is  usuaUy  only  one  eigenvalue  of  interest 
on  the  unstable  side  of  the  axis,  there  are  always  many  stable  roots  that  exist  which 
have  no  significance  for  the  vertical  stability  problem.  Therefore,  one  must  follow 
the  procedure  of  making  small  increments  in  gain  and  carefully  tracking  the  root 
in  this  region  of  the  complex  plane.  Furthermore,  one  must  check  the  form  of  the 
eigenfunction  to  be  sure  that  it  corresponds  to  the  correct  root. 
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While  we  must,  in  general,  look  for  a  complex  root,  in  practice  the  root  is  often 
purely  imaginary,  as  in  the  rase  with  no  active  feedback.  In  particular,  when  the 
gam  is  relatively  low  and  the  root  is  far  from  the  stability  boundary  (on  the  unstable 
side)  the  root  is  most  often  purely  imaginary,  corresponding  to  a  i  partiallv  stabilized) 
exponential]!'  growing  instability. 

In  many  cases,  however,  a  real  part  to  the  eigenvalue  does  develop.  This  corre¬ 
sponds  to  some  oscillation  in  the  vertical  motion  which  cam  be  detrimental  to  the 
effectiveness  of  the  feedback  system.  Even  if  the  imaginary  part  of  the  eigenvalue  is 
negative  (stable),  a  large  real  (oscillatory)  piece  indicates  poor  control.  This  oscilla¬ 
tion  can  usually  be  reduced  by  introducing  or  increasing  the  derivative  gain  Jg  in  the 
gain  law  for  the  feedback  currents: 

f/b  =  ‘^slXol  ~  Xoz)  '^S^Xol  ”  Xo2^'  (5-1) 


The  oscillation  is  due  to  an  "overshoot"  in  the  plasma  motion.  In  a  linear  system, 
if  the  slope  of  the  response  curve  to  a  step  input  is  large,  a  large  overshoot  will  be  the 
result  54  .  The  feedback  system  pulls  strongly,  trying  to  bring  the  vertical  position 
to  the  desired  value.  The  motion  goes  beyond  the  desired  point,  and  the  feedback 
reverses  to  try  to  bring  it  back.  .An  oscillatory  motion  about  the  desired  position  is  the 
result,  which  may  be  damped  (stable)  or  growing.  The  derivative  term  measures  the 
instantaneous  slope,  and  predicts  and  corrects  for  the  overshoot  before  it  happens.  In 
the  foilowinR.section  we  shall  see  an  example  of  a  configuration  with  large^oscdlations 
in  the  feedback  response  and  how  increasing  the  deriv-ative  gain  improves  the  feedback 
control. 

Consider  a  simple  e.xample  of  a  model  feedback  system  to  illustrate  the  effect 
of  derivative  gain  on  the  feedback  response.  We  will  use  the  straightforward  circuit 
analysis  considered  by  Jardin  and  Larrabee  38;.  The  equation  of  motion  for  a  plasma 
under  the  force  from  an  external  field  gradient  (which  drives  the  instability)  and  the 
active  feedback  coils  is  given  by 


■V  QD 


(5.2) 


where  m  is  the  plasma  mass.  Ip  is  the  plasma  current,  Mip{z)  is  the  inductive  coupling 
between  the  plasma  and  the  feedback  coil,  /,  is  the  feedback  current  in  the  coil, 
is  the  radial  component  of  the  equilibrium  poloidal  field,  the  prime  denotes  the 
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derivative  with  respect  to  z.  and  i  represents  the  first  lime  derivative  of  z,  and  so  on. 
The  sum  is  over  the  .V  coils.  The  circuit  equations  for  the  active  feedback  coils  are 
given  by 

-  r,/,  -  V  Vf  ^  -  .U;  7pi  -  a.,z  -  J.,i  =  0.  (5.3) 

where  L,  is  the  seif-inductance  of  the  coil,  r,  is  its  resistance,  and  .\/,w  is  the  mutual 
inductance  between  coils  i  and  j.  The  last  two  terms  in  Eq.  5.3  correspond  to  the 
feedback  voltage  applied  for  a  displacement  in  z  from  the  desired  value:  a„  is  the 
proportional  derivative  term  (voltage  applied  to  the  active  feedback  coils  per  unit 
length  displacement  of  the  plasma  from  the  midplanei.  and  is  the  derivative  gain 
term.  .Note  that  this  is  a  circuit  equation,  so  the  feedback  terms  are  now'  voltages. 

For  simplicity  we  consider  one  active  feedback  coil,  and  a  single  passive  conductor. 
The  latter  represents  the  effects  of  the  vacuum  vessel,  etc.  We  assume  a  lime  response 
that  goes  as  zU)  =  zoe,xp('?t).  This  gives 


-  r^fa  ~  'r-Vfou./w  -  =  0 


(5.4) 

(5.5) 


Here  the  'a'  subscript  denotes  the  active  coil,  the  ’u-'  subscript  denotes  the  passive 
(wall)  conductor,  and  the  p’  denotes  the  pltisma.  We  substitute  these  equations  into 
the  equation  >■1  .motion.  Eq.  (5.2).  and  ignore  the  inertia  term  mz  because  we  are 
interested  in  t.ne  roots  that  correspond  to  a  plasma  stabilized-  (or  nearly  stabilized) 
with  active  feedback.  This  eliminates  the  roots  that  correspond  to  the  ideal  lime 
scale.  These  roots  are  stable  (damped  .and  oscillatory  i  as  we  discussed  before.  We 
also  rewrite  our  equation  in  terms  of  the  following  parameters: 


r„ 


w  - 


= 


iM’aprJp 

kU 


V  ^  a 


kL 


Gi  = 


alLo 

-llpk' 


Gl  = 


3?.L^ 


k  = 


dB, 


(5.6a) 

(5.6b) 

(5.6c) 


rf/pi'  dz 

Upon  substituting  the  exponential  time  behavior,  we  obtain  a  quadratic  equation 
for  y-. 

.4  7^  -  57 -(7  =  0.  (5.7) 
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B  =  ~,Ql  -  \  )  -  (Ql  -  L  ]  -  GaiO.a  ~  n^^au,y  - 

*  'M 

c=  1). 


(5.8) 

(5.9) 
(5.10) 


The  solution  is7  =  (  —  B  —  vS^—  4.AC)/2.A.  To  have  a  stable  solution  we  require 
.4  >  0.  B  >  0.  and  C  >  0.  The  latter  gives  us  the  constraint 


(5.11) 


or. 


(5.12) 


This  just  translates  to  the  necessity  that  the  proportional  feedback  gain  must  be 
large  enough  to  exceed  a  certain  critical  quantity  in  order  for  the  active  feedback 
to  successfully  stabilize  the  motion.  This  critical  quantity  consists  of  three  terms. 
The  necessary  gain  q„  is  proportional  to  k  which  is  the  destabilizing  force  on  the 
plasma  normalized  to  the  plasma  current  see  Eq.  5.21.  It  is  inversely  proportional 
to  A/op,  which  is  a  measure  of  the  force  i  normalized  to  the  piasma  current)  exerted 
on  the  plasma  by  a  unit  current  in  the  active  feedback  coil  see  Eq.  5.2  .  Finally,  the 
proportionaUgain  for  the  coil  voltage  must  multiply  the  required  current iDy  ^3.*  '■ 

The  requirement  that  B  >  0  for  a  stable  solution  gives  a  constraint  on  the  \'alue 
of  the  derivative  gain  ,  , 


GlJ  >  ^(1  -  -  ^(1  -  ni)  -  -  1). 


(5.13) 


We  ctin  make  some  sense  of  this  requirement  if  we  consider  the  meaning  of  the  various 
terms.  The  term  defined  in  Eq.  (5.6b)j  is  essentially  the  ratio  of  the  stabilizing 
force  of  the  passive  conductor  (wail)  to  the  driving  force  of  the  instability  k.  If  the 
ptissive  conductor  is  at  ail  effective  in  stabilizing  the  plasma  then  >  1.  Therefore 
the  term  1  -  fl*  will  be  negative.  The  term  flp  is  the  same  ratio  for  the  active  feedback 
coil.  Since  the  active  coil  may  or  may  not  have  any  significant  passive  stabilization 
effect,  the  value  of  flp  could  be  greater  or  less  than  1.0,  respectively.  The  terms  t„ 
and  Tp  are  the  L/r  times  for  the  passive  and  active  feedback  conductors,  respectively, 
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as  defined  in  Eq.  i5.6ai.  The  term  is  the  proportional  gain  term  defined  in 
Eq.  (5.6c)  ,  Sauj  is  the  mutual  interaction  between  the  active  and  passive  conductors. 
It  represents  the  shielding  of  the  active  feedback  by  the  passive  conductor  (wall). 

The  first  term  on  the  rignt  hand  side  of  the  inequality  in  Fq.  1.5.13)  will  be  small 
and  negative  if  the  active  coil  has  any  significant  passive  stabiiization  effect,  or  else 
small  and  positive  if  it  d  'es  not.  The  second  term  will  be  negative.  Its  magnitude 
represents  how  effective  *he  wall  is  in  passively  stabilizing  the  plasma.  The 
term,  which  is  normally  positive  since  we  can  expect  1.  is  the  tern, 

represents  the  effects  that  may  require  a  nonzero  derivative  gain.  If  there  is  significant 
shielding  of  the  active  feedback  by  the  passive  conductor,  then  ill  be  la*ge  and 

that  will  increase  the  need  for  derivative  gain.  If  the  passive  effect  of  the  conductors  is 
smail.  then  the  first  two  terms  will  have  a  smaller  negative  magrituae.  and  that  will 
also  increase  the  need  for  a  derivative  gain.  .Also  the  third  term  is  multiplied  by  the 
proportional  gain  term,  so  that  the  higher  the  proportional  gain  used,  the  higher  the 
derivative  gain  needed.  In  fact,  we  usually  quantify  the  derivative  gain  by  the  ratio 
of  the  derivative  gain  to  the  proportional  gain  (this  ratio  has  units  of  s~').  These 
terms  combine  to  show  how  much  derivative  gciin  is  required.  If  the  right  hand  side 
of  Eq.  (5.13)  is  less  than  zero,  then  the  system  is  stable  with  no  derivative  gain,  given 
sufficient  proportional  gam. 

The  final  constraint  is  that  A  >  0.  We  can  divide  this  constraint  into  two  parts. 
F-trst.  for  there. to  be  sufficient  passive  stabilization  so  that  the  m'cde  fs  stable  on  the 
ideal  time  scale,  we  have  the  constraint 

ifL  -  i  i  '  >  u.  (5.14) 

The  derivative  gain  must  also  satisfy  an  additional  constraint  in  order  to  satisfy  .4  >  0: 

>  (,5;^  -  1)  -  (nl  -  Ql)  -  (5.15) 


When  discussing  the  minimum  allowable  derivative  gain  Gg.  we  assumed  that  ^awf^ur/Ha 
1.  If  it  turns  out  that  Sau,Cl^/ria  <  1.  then  Eq.  5.15  sets  a  limit  on  the  maximum 
derivative  gain  allowable  for  stability.  In  that  case  there  would  be  no  minimum  (pos¬ 
itive)  derivative  gain  required  for  stability  according  to  Eq.  5.13. 
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5.2  Feedback  Stabilization  of  the  CIT  plasma 

We  use  the  CIT  equilibrium,  vacuum  vessel,  and  feedback  coils  introduced  in 
Sec.  4.3.  We  compare  the  stability  of  this  system  when  different  locations  of  the  flux 
pickup  loops  are  used..  Figure  5.i  shows  the  CIT  plasma,  resistive  waH.. active  coils 
and  the  four  locations  for  the  flux-loop  observation  pairs  used  in  this  study. 

Figure  5.2  shows  the  results  of  the  active  feedback  system  using  flux  measurements 
from  the  four  flux-loop  pair  positions  showrn  in  Fig.  5.1.  The  growth  rate  is  plotted 
against  proportional  gain  for  the  positions  and  v-alues  of  derivative  gain  as  labeled. 
The  curve  labeled  fa)  shows  the  -*  vs.  for  flux-loop  pair  7^1  located  at  (.Vo, Zo)  = 
(1.295,-0.65).  The  derivative  gain  is  /Sj/a,  =  0.01s"'.  This  is  clearly  the  most 
effective  flux-loop  pair  conside’-ed  here.  Indeed,  it  corresponds  to  the  most  effective 
region  for  flux  measurements  in  the  TSC  calculations  performed  for  the  same  problem 
72;. 

The  perturbed  poloidal  flux  is  the  difference  between  the  total  poloidai  flux  of  the 
displaced  equilibrium  and  the  equilibrium  poloidal  flux  (which  is  symmetric  about 
the  midplane  for  symmetric  plasmas  and  conductor  configurations).  The  perturbed 
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Figure  5.2;  Growth  rates  vs.  gam 
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(aj  squares,  flux-loop  position  ^1. 
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fd)  crosses,  flux-loop  position  #5. 
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flux  then  is  essentially  the  asymmetric  flux  with  respect  to  the  midpiane.  This  is 
composed  of  three  parts:  the  part  due  to  the  displaced  plasma,  the  component  from 
the  currents  in  the  feedback  coils,  and  that  from  the  eddv  currents  in  the  passive 
conductors. 

We  use  the  difference  of  the  perturbed  flux  between  two  observation  points  (flux 
observation  loops)  symmetric  about  the  midplane.  This  is  equal  to  the  difference 
in  the  total  poloidal  flux  between  those  two  points,  and  it  is  used  as  measure  of 
the  vertical  position  of  the  plasma.  This  is  a  standard  way  of  determining  position 
from  magnetics  measurements  in  experiments.  An  effective  location  is  one  that  is 
sensitive  to  the  perturbed  flux  contribution  from  the  plasma  with  respect  to  a  vertical 
displacement.  Therefore  a  plot  of  perturbed  flux  contours  in  the  vacuum  region  is 
a  useful  device  with  which  to  see  how  effective  is  a  particular  pair  of  flux  loops  in 
determining  plasma  vertical  position.  From  that  we  see  how  effective  a  pair  a  flux 
loops  would  be  as  part  of  the  overall  feedback  system. 

Figure  5.3  shows  the  perturbed  flux  contours  in  the  vacuum  region  for  the  eigen¬ 
function  of  the  active  feedback  stabilization  of  the  CIT  equilibrium  with  a,  =  0.5 
using  flux  measurements  at  flux- loop  position  al.  One  can  see  that  these  flux  loops 
lie  adjacent  to  perturbed  plasma  flux  contours  of  relatively  high  flux.  In  terms  of  the 
ability  of  the  flux  loops  to  provide  vertical  displacement  good  measurements  for  the 
feedback  system.  Fig.  5.3  shows  that  the  region  including  flux-loop  position  =1  and 
extending  slightly  higher  along  the  inboard  wall  has  the  highest  perturbedAu.x.\'alues, 
and  is  therefore  probably  the  best  region  to  place  the  flux  loops.  The  perturbed  flux 
along  the  wall  then  decreases  in  magnitude  as  one  moves  the  flux  loops  further  from 
the  midplane  and  toward  the  outboard  side  on  the  wall.  One  would  expect,  therefore, 
that  by  placing  the  flux  loops  at  position  j=2  (see  Fig.  5.1)  the  periormance  would 
be  degraded  somewhat,  the  reason  being  that  the  flux  loops  are  now  in  a  region  with 
much  smaller  perturbed  flux  for  a  given  vertical  displacement.  Therefore,  the  flux 
loops  are  less  sensitive  to  the  vertical  motion  of  the  plasma.  These  loops  lie  just  out¬ 
side  the  outermost  (lowest  magnitude)  plasma  flux  contour,  although  they  are  still 
far  from  the  zero-contour. 

The  curves  marked  (b)  and  (c)  in  Fig.  5.2  show  the  results  for  active  feedback  at 
flux-loop  position  #2,  {Xg,Z„)  =  (1.51. ±1.50).  Figure  5.4  shows  these  two  curves 
separately.  Figure  5.4a  shows  7  vs.  a^,  and  Fig.  5.4b  shows  7  vs.  the  frequency'  of 
oscillation  iw,..  It  is  seen  that  the  case  with  lower  derivative  gain  (dg/ag  =  O.Ols'M 
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is  aiwavs  unstable.  The  growth  rate  decreases  with  increasing  gain  until  a  turning 
point  is  reached  at  Qg  ~  l.O.  at  which  point  an  increase  in  the  gain  no  longer  reduces 
the  growth  rate,  but  actually  incTtases  the  growth  rate  at  still  higher  gain.  It  is 
seen  from  Fig.  5.4  that  at  this  turning  point  the  value  of  iu,-,  increases  rapidly  from 
zero  with  increasing  feedback  gam.  There  is.  therefore,  an  overshoot  mat  begins 
approximately  at  the  gain  value  where  there  is  a  turning  point  in  In  this  case,  once 
the  gam  value  reaches  a  certain  threshold,  the  feedback  system  drives  this  overshoot 
instead  of  reducing  the  growth  rate.  further  increase  in  gain  increases  the  oscillation 
frequency  caused  by  the  overshoot  and  actually  has  the  effect  of  increasing  the  growth 
rate  as  well.  The  second  curve — (c)  from  Fig.  5.2 — shows  the  results  of  doubling  the 
derivative  gain  to  dg/ag  =  0.02s"*.  In  this  case  we  see  that  the  growth  rate  continues 
to  decrease  smoothly  and  becomes  stable.  This  case  with,  larger  deri\’ative  gain,  shows 
virtually  no  oscillation  until  well  after  the  mode  has  been  completely  stabilized.  The 
last  point  shows  a  small  oscillation  frequency  with  a  large  damping  rate  (negative 
growth  rate)  for  the  displacement.  This  is  a  good  example  of  how  increasing  the 
derivative  gain  will  reduce  the  oscillations  and  improve  the  overall  performsmce  of 
the  feedback  system.  The  reduction  in  the  efficacy  of  the  feedback  system  as  the  flux 
loops  are  moved  to  a  less  sensitive  position  higher  on  the  inboard  wall  from  position 
=  i  to  position  =2  agrees  well  with  TSC  results  72  . 

Figure  5.2.  curve  (d).  shows  the  results  for  active  feedback  with  measurements 
taken  at  flu.x -ioop  position  =3.  iX„.Zo)  =  (2.0.  =1.7).  It  can  be  seen  that^he.pl^yia 
,s  far  from  being  stabilized  regardless  of  the  %-aiue  of  the  gain.  There  is  only  a  small 
decrease  in  the  growth  rate  with  increasing  gain.  The  curve  shown  is  for  dgjag  = 
0.02s"*  deri\-ative  gain,  but  the  curve  is  nearly  idfehiical  for  'Sg/ag  =  0.05s"*.  In  fact, 
the  oscillation  frequency  for  both  cases  is  nearly  zero.  Therefore  the  problem  in 
stabilizing  the  mode  is  not  due  to  overshoot  and  oscillation,  and  increased  derivative 
gain  will  not  help.  This  agrees  with  results  from  TSC  simulations  72.  in  which  there 
were  no  gain  combinations  Og,Zg  found  that  could  come  anywhere  close  to  stabilizing 
the  mode.  Using  this  flux-loop  location  is  apparently  completely  ineffective. 

Figure  5.5  gives  an  explanation  of  why  this  position  for  the  flux  loops  is  unable 
to  provide  adequate  feedback  stabilization.  This  figure  shows  the  perturbed  flux 
contours  for  the  active  feedback  with  the  flux  loops  at  this  position.  It  shows  the 
contours  of  zero  flux  lying  ver>’  close  to  the  flux  loops  used  for  position  measurement. 
The  value  of  perturbed  poloidal  flux  at  these  flux  loops  is  ver>'  nearly  zero.  These 
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Figure  5.4:  (a)  Growth  rate  7  vs.  proportional  gam  a,  for  the  two  cases  using  flux  loop 
position  The  circles  correspond  to  the  case  with  derivative  gain  3gjag  =  0.01j~‘  . 
The  triangles  correspond  to  dgjag  =  0.02j“'. 

(b)  Growth  rate  7  vs.  oscillation  frequency  uir  for  the  two  cases  with  flux  loop  pos- 
tion  ^2.  Doubling  the  derivative  gain  to  3g/ag  =  0.02a"*  virtually  eliminates  the 
oscillation  and  stabilizes  the  plasma. 
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flux-loop  locations  are  extremely  insensitive  to  changes  in  the  vertical  position  during 
active  feedback. 

It  is  the  interaction  of  the  perturbed  plasma  flux  with  the  flux  from  the  active 
feedback  coils  and  the  eddv  currents  in  the  passive  conductors  that  creates  this  region 
of  nearly  zero  flux.  This  effect  demonstrates  the  importance  of  careful  placement  of 
the  flux  loops  with  consideration  toward  the  interaction  of  the  feedback  system  with 
the  plasma  flux.  In  this  case,  it  is  a  result  of  the  plasma-feedback  system  geometry, 
and  not  the  result  of  any  significant  deformation  of  the  eigenfunction.  In  Chapter  6 
we  examine  the  effect  of  plasma  deformability  on  this  interaction. 

If  one  could  subtract  the  active  coil  and  passive  conductor  contributions  to  so 
that  only  the  plasma  contribution  is  measured,  then  any  pair  of  up/down  symmetric 
flux  loops  could  effectively  measure  the  vertical  displacement  and  therefore  control 
the  plasma.  The  effects  of  the  active  feedback  coils  could  be  easily  subtracted  from 
the  signal  by  redefining  the  perturbed  flux  measurement  to  be 

=  Xo  -  E  .  (5.16) 

t 

where  the  sum  is  over  the  active  feedback  coils.  The  effects  of  the  eddy  currents  in  the 
vacuum  vessel  wail  could,  in  principle,  also  be  subtracted  out.  However,  this  would 
require  a  detailed  knowledge  of  the  eddy  current  distribution  in  the  wall  for  the  given 
plasma  displacement  and  active  feedback  response.  This  could  easily, he  done  in  our 
calculation,  but  it  might"  prove  difficult  in  an  experiment.  Subtracting  out  only  the 
active  feedback  coil  contribution  would  probably  improve  the  sensitivity  of  the  flux 
loops,  but  it  is  not  clear  how  much  this  would  be' improved  without  accounting  for 
the  eddy  current  effects.  This  will  be  considered  in  future  work. 

Finally,  curve  (e)  of  Fig.  5.2  shows  the  results  of  using  the  flux  loops  at  position 
^4  of  Fig.  5.1.  (A'o,  Zo)  =  (2.9.  :r0.6).  This  places  the  flux  loops  on  the  outboard  side 
of  the  plasma  at  a  relative  position  with  respect  to  the  plasma  similar  to  that  of  the 
flux  loops  at  position  but,  on  the  opposite  side  of  the  plasma.  It  is  seen  that  the 
plasma  can  be  stabilized  using  flux  measurements  at  these  points,  although  it  takes 
a  higher  gain  a,  than  when  using  flux  loops  at  position  #1.  Therefore,  this  flux-loop 
pair  position  is  less  sensitive  than  pair  #1,  but  is  still  sensitive  enough  to  successfully 
control  the  plasma.  There  is  no  need  to  increase  the  derivative  gain  beyond  the  1% 
used  in  the  first  case. 
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Figure  5.5:  Perturbed  flux  contours  in  the  vacuum  region  for  active  feedback  in  which 
the  active  feedback  systems  uses  flux  measurements  from  flux-loop  pair  #3.  The  flux 
loops  of  pair  atj  are  shown  by  ‘  x  ’  symbols.  The  zero- flux  contour  is  shown  as  a 
dashed  line.  The  flux  loops  in  this  case  lie  very  close  to  the  zero-flux  contour. 
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Figure  5.6:  Perturbed  flux  contours  in  the  vacuum  region  for  active  feedback  in  which 
which  the  active  feedback  systems  uses  flux  measurements  from  flux-loop  pair 
The  flux  loops  of  pair  are  represented  by  ’  x  ’  symbols  which  are  indicated  by  the 
arrows.  The  zero-flux  contour  is  shown  as  a  dashed  line. 
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The  perturbed  flux  contours  for  the  active  feedback  using  the  flux  loops  at  position 
=4  is  shown  in  Fig.  5.6.  Even  though  the  flux  loops  at  position  ^=4  are  almost  as  close 
to  the  active  feedback  coils  as  the  flux  loops  at  position  =3.  the  geometry  is  such 
that  the  zero-flux  contour  does  not  closely  approach  the  flux  loops  at  position  =4. 
These  loops  lie  within  a  region  where  the  perturbed  flux  is  large  enough  to  provide  a 
flux  difference  measurement  that  can  stabilize  the  plasma.  The  ability  of  the  active 
feedback  to  stabilize  the  plasma  using  these  flux  loops  also  agrees  with  TSC  results 


5.3  Discussion 

We  have  used  the  NO\’A-W  code  to  examine  the  active  feedback  of  the  CIT 
design  plasma.  The  study  focused  on  the  effectiveness  of  the  active  feedback  system 
using  measurements  from  various  flux-loop  pair  locations.  Qualitatively,  the  results 
compared  weU  with  those  from  TSC  for  the  same  locations  for  the  flux  loops. 

The  direct  comparison  of  quantitative  results  and  performance  between  the  NOV.A-V 
and  TSC  codes  is.  at  best,  very  difficult,  owing  to  the  great  difference  in  the  calcu¬ 
lations  performed.  TSC  performs  a  full  nonlinear  time  evolution  of  the  plasma  and 
feedback  systems,  and  shows  the  behavior  in  time  for  a  particular  feedback  gain  law. 
The  .VO\.A-U’  code  on  the  other  hand  calculates  the  eigenvalue  (growth  rate)  for 
the  linear  stability  problem.  The  method  of  using  .VOV.A-VV- dictates  that  one  must 
perform  a  scan  in  feedback  gain  in  order  to  And  the  stabilization  due  to  a  particular 
feedback  gain.  In  practice,  one  can  usually  use  widely  spaced  increments  in  gain  in 
the  scan  while  the  mode  is  still  unstable.  Once  the  gain  becomes  high  enough  to 
stabilize  the  mode,  however,  one  must  carefully  follow  the  root  in  the  complex  plane 
to  ensure  that  the  solution  is  not  some  unrelated  stable  mode.  This  procedure  allows 
one  to  see  the  performance  of  the  feedback  system  with  respect  to  gain.  It  is  also 
ideally  suited  for  calculating  the  effect  of  feedback  due  to  small  changes  in  N-arious 
parameters:  gain  law  {ag,/3g),  plasma  equilibrium,  \-acuum  vessel,  feedback  coil  posi¬ 
tions.  and  so  on.  This  is  because  it  is  much  faster  to  find  the  solution  for  a  particular 
system  if  one  has  a  good  initial  guess — such  as  the  solution  for  a  slightly  different 
case.  If  one  is  using  TSC.  on  the  other  hand,  a  full  simulation  must  be  performed  in 
each  case  and  the  time  spent  will  be  the  same. 

.A  full  TSC  calculation  used  to  obtain  these  results  [72’  uses  approximately  220-250 
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Crav-2  minutes.  The  time  .-equired  by  .N'OV’A-\V  to  caicuiate  each  growth  rate  for  a 
particular  gain  value  with  the  parameters  used  in  the  calculations  of  this  chapter  (200 
radial  finite  elements.  -13  poioidal  Fourier  harmonics.  128  ©-grid  points)  is  about 
10-15  C'ra\'-2  minutes.  The  improved  performance  of  .\OVA-\\’  is  apparent,  especially 
in  the  case  of  a  parameter  scan.  Moreover,  the  .\’0\’.A-\V  lime  can  be  significantly 
improved  by  a  reformulation  of  the  routines  that  calculate  the  eigenvalue,  as  we  shall 
discuss  in  a  later  section. 

We  have  examined  the  basic  effect  of  a  feedback  system  on  the  CIT  plasma  in 
this  chapter.  We  have  not  considered  the  effect  of  non-rigid  vs.  rigid  motion  although 
the  .\’OV‘.A-W  code  is  ideally  suited  for  such  an  analysis.  In  the  following  chapter 
•ve  consider  the  effects  of  both  passive  and  active  feedback  systems  on  the  non-rigid 
components  on  the  plasma  eigenfunctions. 


Chapter  6 

The  effects  of  plasma 
deformability 

Istf  bombus:  aiiquid  sigmficat! 


6.1  Non-rigid  effects  on  the  passive  stabilization 

6.1.1  The  ARIES-I  equilibrium 

The  ARIES-I  plasma  (introduced  in  Sec.  -1.4.2)  has  high  triangularity  =  0.43: 
■■ee -Table  4.2  for  the  equilibrium  parameters  i  and  moderate  el&ngation*.(K  =  1.611. 
As  mentioned  in  Chapter  1.  theoretical  2S.3l'  and  experimental  48  studies  have 
suggested  that  triangularity  is  destabilizing  and  can  cause  a  significant  non-rigid 
contribution  to  the  vertical  instability. 

.\n  analysis  equivalent  to  that  done  by  Rosen  for  the  square  piasma  rl6i  (reviewed 
.n  detail  in  Chapter  2)  demonstrates  that  the  minimized  eigenfunction  for  the  axi- 
symmetnc  mode  in  a  triangular  plasma  consists  of  a  m  =  2  non-rigid  perturbation 
superimposed  on  a  rigid  shift  (compare  to  the  m  =  3  “wrinkle”  of  the  square  plasma). 
.\s  in  the  case  of  the  square  plasma,  the  plasma  is  stable  to  a  pure  rigid  shift,  but 
becomes  unstable  to  a  non-rigid  component  superimposed  on  the  rigid  shift.  There¬ 
fore  w'e  would  expect  significant  non-rigid  components  in  the  unstable  eigenfunction 
for  the  dee-shaped  ARIES-I  plasma. 

Figure  6.1a  shows  the  unstable  eigenfunctions  for  the  .ARIES-I  equilibrium' in 
the  absence  of  any  conducting'  wail.  The  overall  normalization  of  the  eigenfunction 
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F:zi;re  *'.ir  'tii  FouTitr  'cmponents  of  the  radial  displacement  .eigenfunction 
V  /-^  ^he  .^.RIES-I  equilibnum  (u'rat  —  0-951  loith  no  surroundino  wall.  The  q-profUe 
IS  shown  by  the  dotted  curve  with  the  "Q”  labels.  Note  that  the  value  of  the  rni  =  1 
component  at  the  edge  is  normalized  to 

•  b)  Fourier  components  of  the  displacement  for  a  uniform  vertical  rigid  shift. 
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is  chosen  to  ailow  display  of  the  (7-pronle  on  the  same  plot.  The  —m  components 
ijf  the  eigenfunction  plots  are  antisymmetric  since  the  unperturbed  plasma-vacuum 
conrieuration  is  symmetric  about  the  midplane.  Therefore,  we  will  refer  to  the  ~m 
I'lmponent  pairs  simpiy  as  the  m  =  i . 2. 3  etc.  components.  These  are.  in  effect,  the 
cuerficients  of  sini  m0). 

For  an  infinite-aspect- ratio  piasma  with  a  circular  cross-section,  a  rigid  shift  would 
be  represented  by  a  pure  m  =  1  component  in  the  eigenfunction.  For  the  more  com¬ 
plicated  cross-sectional  shapes  at  finite  aspect  ratio  that  we  consider  here,  a  rigid  shift 
:s  still  primarily  composed  of  an  m  =  1  contribution  to  the  eigenfunction,  but  there 
are  aiso  contributions  from  the  higher  m  components.  Figure  6.1b  shows  the  purely 
.ngid  form  of  for  the  .ARJES-I  equilibrium.  For  this  equilibrium,  the  Fourier  decom¬ 
position  of  the  uniform  rigid  shift  in  the  equai-arc- length  magnetic  coordinate  system 
:s  quite  different  from  a  pure  m  =  I  component:  there  is  a  large  m  =  2  contribution 
as  well  as  a  significant  m  -  3  piece  at  the  edge.  The  actual  eigenfunction  (Fie  6.1a) 
IS  somewhat  different,  in  particular  the  m  =  2  contribution  is  decreased  by  approx- 
maieiy  20'''c.  Therefore  there  is  a  non-rigid  contribution  to  the  true  eigenfunction 
that  IS  effectively  a  negative  m  =  2  component  added  to  to  the  rigid  shift. 

Figure  6.2a  shows  the  corresponding  eigenfunction  for  the  .ARIES-I  equilibrium 
■•vith  a  completely  surrounding  resistive  wail.  It  is  clear  that  there  is  an  additional 
non-rigid  contribution  that  further  reduces  the  m  =  2  component,  as  well  as  reducing 
:he  rn  =  -i  component  with  respect  to  the  rigid  shift.  This  non- rigid, motion  amounts 
to  reducing^  the  "upward  shift  on  the  outboard  side  of  the  plasma  and  turning  the 
upward  motion  inward  so  that  the  piasma  is  drawn  into  the  x-point  region.  The 
conducting  wail  serves  to  modify  the  eigenfunction  in  such  a  way  as  to  enhance  this 
non-rigid  motion.  We  will  return  to  this  point  later. 


6.1.2  ARIES-I  stability  with  respect  to  conducting  plates 

It  was  discovered  that  when  only  small  segments  of  the  wail  (conducting  plates) 
were  present,  there  is  a  strong  dependence  of  the  relative  magnitude  of  the  m  =  2, 3 
components  on  the  poioidal  position  of  these  conducting  plates.  Figure  6.2  shows 
'he  eigenfunction  for  the  case  with  a  pair  of  conducting  plates  on  the  outboard  side. 
It  can  be  seen  that  this  eigenfunction  differs  from  a  rigid  shift  even  more  than  the 
eigenfunction  with  a  complete  wall.  This  is  evident  in  that  the  m  =  2  component 
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Figure  0.2;  (a)  Fourier  components  of  the  radial  displacement  vs^.  .for  ^he 
ARIES-1  tquiiibnum  i^Vat  =  0.95/  with  a  surrounding  resistive  watl.  -This  is  the 
same  as  Fig.  4-13.  and  the  wail  contour  is  shown  in  Fig.  4.12b. 

'b)  Fourier  components  of  the  displacement  for  the  case  with  a  pair  of  symmetric 
conducting  plates  on  the  outboard  side  at  about  80“  off  the  midplane.  .Vote  a  small  re¬ 
duction  of  the  m  =  2  component  in  relation  to  the  eigenfunction  with  the  full  resisitive 
wall,  (a/. 
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for  the  partial  wall  case  is  somewhat  smaller  than  for  the  complete  wall  case.  It  is 
of  interest  to  understand  where  is  the  most  effective  location  for  discrete  conductors 
for  passive  stabilization.  In  a  reactor  design,  for  example,  the  space  near  the  plasma 
IS  ver^■  valuable,  and  it  would  be  desirable  therefore  to  reduce  the  amount  of  passive 
conductors  that  must  lie  very  close  to  the  plasma. 

In  order  to  study  this  question  in  detail,  we  pe-'ormed  :c:?es  oi  calculations 
in  which  there  is  a  single  pair  of  up-dowt.  symmetric  plates.  The  length  of  each 
plate  is  approximately  1/8  of  the  circumference  of  the  wall  used  above,  and  has  a 
resistance  equal  to  1  cm  of  aluminum.  In  each  calculation  the  plates  are  centered  at  a 
different  poloidal  location.  ©.  The  value  of  ©  is  changed,  between  calculations,  in  14° 
increments  from  ©  =  0  at  the  outboard  midplane  to  ©  =  t  at  the  inboard  midplane. 
We  are  particularly  interested  in  how  the  non-rigid  components  of  the  motion  change 
with  regard  to  the  variation  of  the  passive  conductor  position.  To  characterize  these 
changes  we  calculate  the  changes  in  the  the  ratios  of  the  m  =  1  components  to  the 
m  =  I  component,  sum  swi-  measured  at  the  plasma  edge. 

The  results  are  shown  in  Fig.  6.3.  The  figure  shows  the  computed  values  of  ^u,2, 
and  ^  function  of  ©.  .Also  shown  is  the  growth  rate  *v  as  a  function  of  ©. 

The  values  of  and  for  a  continuous  wall  and  with  no  wall  are  also 

snown.  as  are  the  and  ratios  for  the  Fourier  representation  of  the 

uniform  vertical  rigid  shift. 

-The  results  show  that  the  most  effective  stabilizing  positiOif  for  thw'plates  is  on 
the  outboard  side  between  ©  =  t/4  and  ©  =  t/2.  Specifically,  the  smallest  growth 
rate  is  when  the  plates  are  centered  at  ©  ^  Str/ 12  and  ©  19tr '  12.  The  growth  rate 
varies  by  a  factor  of  about  120  as  the  poloidal  plates  traverse  the  half-circle.  There  is  a 
variation  of  nearly  a  factor  of  30  just  as  the  plates  move  through  the  outboard  region. 
It  is  interesting  to  note  that  the  highest  growth  rate  f corresponding  to  the  case  in 
which  the  piates  are  adjacent  at  the  inboard  midplanej  is  over  600  times  faster  than 
the  growth  rate  with  the  complete  continuous  resistive  wall,  but  only  about  70  times 
slower  than  the  growth  rate  with  no  passive  conductors  at  all.  The  plasma  is  in  fact 
ideally  unstable  with  the  conductors  at  this  location.  It  is  clear  that  conductors  in 
this  region  provide  very  little  stabilization.  The  minimum  growth  rate  for  the  plates, 
on  the  other  hand,  is  only  about  5  times  the  growth  rate  for  a  completely  enclosing 
wall.  Therefore,  optimally  placed  conductors  can  provide  much  stabilization.  .  - 

The  relative  contribution  of  the  m  =  2. 3  components  to  the  eigenfunction  is  seen 
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Figure  6.3;  Effect  of  poloidal  position  of  conducting  plates  on  eigenfunction  and  growth 
rate  of  the  .ARIES-I  equilibrium.  The  ratios  of  the  m  =  2. 3  components  of  the  eigen¬ 
function  to  the  m  =  1  component  at  the  plasma  edge  are  graphed  as  a  function  of 
the  poloidal  position  of  the  conducting  plates.  In  particular,  the  m  =  2  (circles)  and 
the  m  =  3  (triangles)  contributions  are  shown  here.  Also  shown  is  the  growth  rate  7 
squares)  as  a  function  of  the  plate  position.  The  corresponding  values  for  a  contin¬ 
uous  complete  wall  are  shown  in  solid  on  the  left,  and  the  values  for  the  case  with  no 
wall  whatsoever  are  shown  in  solid  on  the  right.  The  values  of  the  ratio  /<"■ 

the  Fourier  representation  of  the  rigid  shift  are  shown  on  the  left  axis,  however,  the 
ratio  «  off  Ihe  scale  at  about  0.613.  This  study  was  done  for  the  =  0.95 

equilibrium. 
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Figure  b.4:  Magnitude  of  the  perturbed  radial  magnetic  Held  at  the  magnetic  axis. 
6,(0).  due  to  a  unit  (positive)  current  at  every  point  along  the  wall  contour  used  in 
the  A.RIES-!  calculation. 


to  vary  significantly  as  the  plate  position  is  v-aried.  with  the  m  =  2  contribution 
dominating  the  m  =  3  contribution  by  a  factor  of  3-4.  The  ratio  shows  a 

minimum  at  0  just  above  t/4.  This  region  corresponds  to  a  rapid  decrease  in  7  as 
0  jn creases  to  the  minimum  in  near  ©  =  ot.  12.  .\s  0  increases  further,  a  steep 
rise  in  ifw2,  a  very  steep  rise  in  7  until  ©  =:  ott/S,  where  both  and 

7  begin  to  level  off.  The  variation  of  (^3/Evt  with  respect  to  0  is  characterized  by 
a  slow  increase  from  its  minimum  (at  the  smallest  ©  value  used)  to  a  maximum  at 
about  0  =  9ir  '16.  followed  by  a  gentle  decrease  with  increasing  0. 

Clearly  the  eigenfunction  is  non-rigid,  with  the  details  changing  with  respect  to 
the  position  of  the  plates.  The  deformations  in  the  eigenfunction  affect  the  growth 
rate,  but  there  is  another  important  effect  here  which  must  be  considered  first.  Fig¬ 
ure  6.4  shows  the  magnitude  of  the  perturbed  radial  field  at  the  magnetic  axis.  6^.(0). 
due  to  a  unit  (positive)  current  that  is  placed  at  different  positions  along  the  wall 
contour.  During  a  vertical  instability  the  plasma  motion  induces  eddy  currents  in  the 
surrounding  conductors  which  in  turn  produce  a  stabilizing  radial  field  at  the  plasma. 
The  magnitude  of  6,(0)  is  the  true  measure  of  the  stabilizing  effect  (at  the  magnetic 
axis)  of  the  eddy  currents.  The  toroidal  effects  are  apparent  in  Fig.  6.4.  The  currents 
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on  the  outboard  section  :or  t'4^0~~.  2  are  seen  to  be  much  more  stabilizing  than 
the  corresponding  currents  on  the  inboard  side.  Furthermore,  an  axisymmetric  cur¬ 
rent  liKip  which  is  displaced  vertically  from  the  magnetic  a.xis  will  induce  a  current 
pattern  with  the  same  shape  as  in  Fig.  6.4  thereby,  compoundine  the  effect.  This 
will  likelv  make  the  outboard  conductors  more  effective  for  passive  stabilization  bv 
about  a  factor  of  5.  Figure  6.3.  however,  shows  a  factor  of  over  iOO  difference  be¬ 
tween  the  most  effective  plate  position  and  the  least  effective  plate  position.  This 
large  difference  cannot  therefore  be  explained  by  the  toroidal  effects  on  6.. 

Much  insight  into  the  role  of  non-rigid  components  of  the  eigenfunction  in  so  far 
as  they  arfect  the  growth  rate  can  be  gained  by  considering  plots  of  the  perturbed 
poloidal  flux.  Recall  from  Eq.  3.38  that  the  eddy  currents  induced  at  a  eiven  point 
on  the  wail  are  proportional  to  the  (time  derivative  of  the)  perturbed  poloidal  flux  at 
that  point  on  the  wail.  Therefore  the  region  with  the  highest  induced  eudy  currents 
should  correspond  to  the  region  of  the  'vall  that  intersects  the  contour  of  highest  flux 
\- 

Figure  6.5  shows  the  contours  of  perturbed  poloidal  flux  \  for  the  .ARIES-I  equi¬ 
librium  for  the  case  of  a  completely  enclosing  resistive  wall.  It  is  seen  that  the  per¬ 
turbed  flux  contours  are  weighted  toward  the  outboard  region.  This  is  a  consequence 
of  the  triangular  shape  of  the  plasma.  The  wall  region  on  the  outboard  side  between 
about  .V  =  S.2  m  and  .V  =  9.2  m  intersects  the  flux  contour  of  hiehesi  Y  at  the  wall. 
'  )ne  would  expect,  therefore,  that  this  would  be  the  best  place  to  locate  a  conducting 
plate.  This  is  confirmed  in  Fig.  6.3  which  shows  that  this  is  roughly  the  location  with 
the  smallest  growth  rate.  '  • 

Figure  6.6a  shows  the  perturbed  flux  contours  when  only  the  m  =  1  component 
of  the  eigenfunction  is  used  in  the  calculation  of  the  flux  contours.  Figure  6.6b  shows 
the  perturbed  flux  contours  due  to  the  m  >  1  components  of  the  motion  only.  i.e..  the 
difference  in  the  flux  between  Fig.  6.5  and  Fig.  6.6a.  The  signs  of  the  perturbed  flux 
are  indicated  (corresponding  to  positive  perturbed  flux  in  the  upper  half-plane  for 
the  m  =  1  component:  see  Fig.  6.6a).  .Also  calculated  are  the  perturbed  wall  currents 
due  to  the  components  of  the  perturbed  flux  all  along  the  wall  contour.  Figure  6.7 
shows  the  induced  current  J^{Q)  distribution  in  the  resistive  wall.  The  total  current, 
the  current  due  to  the  m  =  1  component  of  the  motion,  and  the  current  due  to  the 
m  >  1  components  of  the  motion  are  shown  together.  By  examining  this  figure  we 
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Figure  6.5:  Perturbed  flux  contour  plots  for  ARIES-l — full  motion  (rigid  and 
non-ngid).  Notice  how  the  perturbed  flux  \  is  weighted  toward  the  outboard  region. 
The  outermost  flux  contour  (contour  of  lowest  \  magnitude  shown  in  this  plot)  lies 
entirely  within  the  wall  on  the  inboard  side.  Only  on  the  outboard  side  does  it  extend 
beyond  the  wail.  The  sign  of  the  perturbed  flux  changes  across  the  midplane  as  this 
IS  a  pure  antisymmetric  mode.  The  sign  of  the  flux  is  shown  in  the  circles.  The 
midplane  is  itself  a  zero- flux  (null)  contour. 
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Figure  6.6:  (a)  Perturbed  flux  contour  plots  for  .-IRIES^I  corresponding  to  the  m  ■=  I 
omvonent  of  the  motion  only.  The  outermost  flux  contour  extends  beyond  the  wail 
Over  most  of  the  inboard  side.  The  sign  of  the  flux  is  shoum  and  changes  through  the 
midplane.  The  midplane  itself  is  therefore  a  zero-flux  contour. 

bi  Perturbed  flux  contour  plots  for  .ARIES- 1  corresponding  to  the  non-ngtd  com¬ 
ponents  of  the  motion  only.  There  are  two  additional  zero-flux  contours  im  addition 
to  the  midplane  contour,  which  is  always  present  for  antisymmetric  modest.  The  aid- 
iitional  zero- flux  contours  are  shown  along  with  the  signs  (the  signs  art  shown  in  the 
circles)  of  the  flux  contours. 


can  see  why  there  is  so  much  variation  in  the  reiative  non-rigid  contributions  to  the 
eigenfunction. 

On  the  outboard  side  of  the  zero  contour  in  Fig.  6.6b  the  perturbed  flux  of  the 
m  >  I  components  is  of  the  same  sign  as  the  perturbed  flux  due  to  the  m  =  1  motion. 
Therefore  the  induced  current  in  this  region  of  the  wall  will  combine  to  stabilize  all 
of  these  components.  Since  the  perturbation  due  to  the  m  >  1  components  is  more 
localized  than  for  the  m  =  I  component,  a  conducting  plate  in  this  region  will  stabilize 
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Figure  6.7:  la)  Perturbed  eddy  currents  in  the  uall  induced  by  the  unstable  displace¬ 
ment  as  a  function  of  poloidai  position  on  the  wail  contour.  Shown  are  the  total  cur¬ 
rent  from  the  complete  eigenfunction,  the  current  induced  by  the  m  =  I  component  of 
the  eigenfunction,  and  the  current  from  the  m  >  1  components  of  the  eigenfunction. 
(b)  Perturbed  radial  field  at  the  magnetic  axis  due  to  the  perturbed  eddy  currents  in 
the  resistive  wall  as  a  function  of  the  poloidai  position  of  the  eddy  currents  m  the 
wall.  The  value  of  6,(0)  due  to  the  complete  eigenfunction  is  shown,  as  well  as  the 
contributions  from  the  m  =  1  and  m  >  1  components  of  the  eigenfunction. 
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these  components  more  effectively  compared  with  the  m  =  1  component.  If  there  is  a 
conducting  plate  in  this  region,  we  would  expect  the  eigenfunction  to  be  modified  so 
that  tne  m  >  1  components  are  reduced,  since  this  would  be  energeticaiiv  favorable 
and  thus  would  lower  the  stabilizing  influence  of  the  plates  and  enhance  tne  insiabilitv. 
This  IS  seen  in  Fig.  6.3  to  be  the  case. 

(jn  the  inboard  side  of  the  zero-flux  contour,  however,  the  perturbation  from  the 
m  >  1  components  changes  sign  with  respect  to  the  m  =  1  component  perturbation. 
The  value  of  the  perturbed  flux  (and  therefore  induced  current)  is  less  on  the  inboard 
section  of  the  wall  than  on  the  outboard  section  (and  less  than  the  induced  current 
due  to  the  m  =  1  motion),  but  the  sign  is  now  opposite  to  that  due  to  the  m  =  1 
component.  Therefore  the  m  =  1  and  m  >  1  components  are  working  against  each 
other  on  this  inboard  wall  region,  significantly  reducing  the  overall  stabilizing  effect. 
Figure  6.7  shows  how  the  eddy  currents  induced  by  the  m  >  1  motion  are  opposite  in 
Sign  :o  the  stabilizing  total  current.  If  there  is  a  conducting  plate  in  this  region,  we 
expect  a  deformable  plasma  to  be  able  to  modify  its  eigenfunction  so  that  the  m  >  I 
components  are  increased  in  magnitude  compared  with  the  m  =  i  component  in  order 
to  minimize  the  energy,  thereby  maximizing  the  growth  rate.  This  is  demonstrated 
in  Fig.  6.3  by  the  increase  in  the  m  >  1  components  (particularly  m  =  2)  and  by 
tne  rapid  increase  in  the  growth  rate  *'  as  the  plates  move  from  the  outooard  region 
toward  the  inboard  region. 

Now  that  we  understand  how  the  different  parts  of  the  wall  affect  the,(;Qroponpnt,s 
of  the  eigenfunctiori.  we  'can  see  how  the  eigenfunction  is  modified  in  order  to  minimize 
its  energy  for  a  particular  configuration  of  the  stabilizing  plates.  The  piasma  motion 
is  modified  in  such  a  way  that  it  can  “slip"  around  tfie  passive  conductors  in  order  to 
reduce  the  resistance  to  its  motion.  .An  equivalent  way  to  express  this  is  to  say  that 
the  piasma  eigenfunction  is  modified  in  such  a  way  that  the  stabilizing  eddy  currents 
in  the  surrounding  conductors  are  reduced  as  much  as  possible. 

This  analysis  is  not  only  important  for  the  case  of  individual  discrete  conducting 
plates,  but  also  for  the  case  of  a  complete  conducting  shell.  The  analysis  provides 
insight  on  where  one  might  increase  the  wall  thickness  to  significantly  increase  the 
passive  stabilization  without  everywhere  increasing  the  thickness  which  might  have 
otherwise  detrimental  effects.  The  eigenfunction  for  a  completely  surrounding  wall 
(Fig.  6.2a)  reflects  the  sum  of  the  effects  described  above.  In  particular,  the  stabiliz¬ 
ing  influence  of  the  outboard  wall  section  is  reflected  by  the  fact  that  the  m  =  2.3 
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components  are  reduced  from  the  eigenfunction  wnh  no  wail  (making  the  eigenfunc¬ 
tion  further  from  a  rigid  shift!.  This  works  to  enhance  the  non-rigid  effect  of  drawing 
the  plasma  into  the  separatnx  region.  .Notice,  however,  that  the  m  =  2.3  compo¬ 
nents  are  larger  than  for  the  case  of  individual  plates  on  the  tiutboard  region.  This  is 
because  the  complete  wall  includes  conductors  in  the  separatrix  region  which  oppose 
this  non-rigid  motion. 

6.1.3  The  CIT  equilibrium 

VV’e  now  perform  the  same  study  using  the  CIT  equilibrium  of  Section  4.3.  This 
equilibrium  has  a  smaller  triangularity  (S  =  0.26:  see  Table  4.1  for  the  equilibrium 
parameters),  but  higher  elongation  (k  =  2.0).  The  eigenfunction  for  this  equili^-’um 
is  shown  in  Fig.  4.3.  With  a  completely  surrounding  conducting  wall  the  m  >  1 
components  are  small  compared  with  to  the  m  =  1  component. 

We  study  the  variations  in  the  growth  rate  and  the  relative  non-rigid  compo¬ 
nent  contributions  to  the  eigenfunction  with  respect  to  the  position  of  the  symmetric 
poloidal  plates.  The  results  are  shown  in  Fig.  6.8.  in  the  same  fashion  as  the  .ARIES 
results  of  Fig.  6.3. 

Qualitatively  the  curves  look  somewhat  similar  to  the  .ARIES  results:  however, 
there  are  significant  quantitative  differences.  First  consider  the  similarities.  The 
grc^th  rate  -•  decreases  to  a  minimum  between  0  =  and'^O- =  -/►2,.  and  then 
increases  rapidly  as  the  plates  are  moved  to  the  inboard  side  (0’>  t/2).  This  gives 
a  minimum  in  at  about  the  same  position  in  0  of  the  plates  as  in  the  .ARIES  case. 
The  relative  m  =  2  contribution  ^^2/ ^1*°  decreases  slightly  to  a  minimum  in 
this  same  region  and  then  increases  rapidly  as  the  plates  move  inboard.  The  relative 
m  =  3  contribution  increases  as  ©  increases  to  a  maximum  at  0  slightly 

above  tr,  2  and  then  decreases.  Clearly  the  outboard  region  with  n-.'4$0~7r/2  is  the 
best  place  to  put  a  conducting  plate  in  this  case  as  well. 

There  are  some  noticeable  differences,  however,  when  compared  to  Fig.  6.3.  While 
the  curve  retains  the  same  general  shape,  it  is  shifted  toward  the  negative, 

with  <  0  for  all  ©~tr/2  (corresponding  to  the  plates  being  in  the  outboard 

region).  Furthermore,  the  m  =  3  component  is  generally  larger  in  this  case  (domi¬ 
nating  the  m  =  2  component  for  some  parts),  with  a  very  large  drop  in  for 

0  >  ir/2.  (There  is  a  similar,  but  much  smaller,  drop  in  Fig.  6.3.)  Also  there  is  a 
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Figure  6.8:  Effect  of  poloidal  position  of  conducting  plates  on  eigenfunction  and  growth 
rate  for  CIT  equilibrium.  The  ratios  of  the  m  -  2.2  components  of  the  eigenfunction 
to  the  m  =  1  component  at  the  plasma  edge  are  graphed  as  a  function  of  the  poloidal 
position  of  the  conducting  plates.  In  particular,  the  m  =  2  (circles)  and  the  m  =  3 
'triangles)  contributions  are  shown  here.  .Also  shown  is  the  growth  rate  7  (squares)  as 
a  function  of  the  plate  position.  The  corresponding  values  for  a  continuous  complete 
wall  are  shown  in  solid  on  the  left,  and  the  values  for  the  case  with  no  wall  whatsoever 
are  shown  in  solid  on  the  right.  The  values  of  Fourier  representation 

of  the  uniform  vertical  rigid  shift  are  shown  on  the  left  axis.  This  study  was  done  for 
the  Wni  =  0-95  equilibrium. 
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(a) 


Figure  6.9;  (a)  Perturbed  flux  contour  plots  for  the  Cl  P  equilibrium— full  motion  fall 
components  I  ■  The  signs  are  shown  in  the  circles.  The  midplane  is  itself  a  zero- flux 
null)  contour.  This  is  a  tVet  =  0.99  equilibrium. 

{hj  Perturbed  flux  contours  for  CIT  due  to  the  m  >  1  components  of  the  eigenfunc¬ 
tion  only.  Sote  the  3-part  structure  of  the  contours  in  each  half-plane.  The  zero-flux 
contours  are  denot  d  with  an  arrow  (except  for  the  midplane  null  contour). 


small  decrease  in  7  between  ©  =  :r.'2  and  0  =  37r/2  (this  is  difficult  to  detect  in  the 
logarithmic  plot  since  the  drop  is  small,  about  6.5%).  There  is  no  such  drop  in  the 
.\RIES  case. 

We  can.  again,  gain  some  insight  by  considering  the  perturbed  flux  plots.  Fig¬ 
ure  6.9a  shows  the  perturbed  flux  contours  for  the  complete  eigenfunction.  Figure  6.9b 
shows  the  contours  calculated  using  only  m  >  1  components.  Since  the  m  =  3  con¬ 
tribution  is  larger  in  this  case,  w-e  see  more  of  a  3- fold  symmetry  in  Fig.  6.9b.  There 
is  one  extra  pair  of  null  contours,  so  the  upper  and  lower  half-planes  are  each  divided 
into  three  regions  with  ^•arying  sign  in  the  perturbed  flux. 
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With  this  equilibrium  we  see  a  strong  \-ariation  in  both  the  m  —  2  and  m  =  3 
components  plate  position  is  \-aried.  A  positive  m  =  2  component  to  the  eigenfunction 
.viil  result  in  a  stabilizing  effect  from  the  conductors  in  the  outboard  region  as  we 
saw  in  the  previous  section.  positive  m  =  2  component  will,  however,  result 
in  eddy  currents  in  the  inboard  wall  conductors  that  are  of  opposite  sign  to  the 
stabilizing  currents  induced  by  the  dominant  m  =  1  component.  We  see  in  Fig.  6.8 
that  for  conducting  plates  on  the  outboard  region  (0~7r/2)  the  eigenfunction  has 
been  modified  from  the  form  it  takes  with  a  completely  surrounding  waU.  so  that 
the  m  =  2  component  is  negative.  The  eddy  currents  due  to  this  component  of  the 
motion  oppose  those  stabilizing  the  primary  m  =  1  component  and  therefore  weaken 
the  stabilizing  influence  of  the  conducting  plates.  If  the  plates  are  moved  to  the 
inboard  region  (0~tr/2),  on  the  other  hand,  the  m  =  2  component  again  becomes 
positive,  which  is  destabilizing  for  plates  in  this  region.  Therefore  we  see  that  no 
matter  where  the  conducting  plates  are  located,  the  eigenfunction  will  be  modified  so 
;hat  the  m  =  2  component  weakens  the  stabilizing  influence  of  the  plates. 

The  m  =  3  component  is  somewhat  larger  for  this  equilibrium  than  for  the  .ARIES 
equilibrium  examined  in  the  last  section,  and  therefore  plays  a  larger  role  m  the  overall 
stability.  Although  the  m  =  3  component  never  changes  sign  in  order  to  minimize 
the  stabilizing  influence  of  the  conducting  plates,  it  does  vary  greatly  in  magnitude 
in  order  to  do  so.  For  the  m  =  3  component  the  stabilizing  regions  for  the  plates 
'  w  here  the  induced  eddy  currents  add  to  the  currents  from  the  m  =  J,  piptioq) 

3  and  2x/3~©^tr,  w  hereas  the  m  =  3  induced  current  in  conductors  located 
within  the  region  7r/3~0~2x/3  will  be  destabilizing.  We  see  in  Fig.  6.8  that  when 
the  plates  are  located  in  the  two  stabilizing  reglohs.  the  m  =  3  component  become 
small  thereby,  minimizing  its  stabilizing  contribution.  On  the  other  hand,  when  the 
plates  are  in  the  m  =  3  destabilizing  region  (7r/3~0'$27r’3),  the  m  =  3  component 
]s  much  larger,  again  minimizing  the  stabilizing  influence  of  the  plates. 

Finally,  we  notice  a  small  drop  in  the  growth  rate  7  for  7r/2~0~3ir/4.  In  this 
region  a  positive  contribution  from  the  m  >  1  components  (see  Fig.  6.9b^  produces 
stabilizing  eddy  currents  in  the  conductors  on  the  inboard  region.  The  effect  is  stabi¬ 
lizing,  but  this  is  limited  by  the  modification  of  the  eigenfunction  to  reduce  the  m  =  3 
component  as  much  as  possible.  We  see  a  rapid  decrease  in  ^,1,3/ in  the  same  region 
in  0  where  there  is  a  slight  drop  in  7.  Once  again,  a  modified  eigenfunaion  will  keep 
the  plasma  as  unstable  as  .possible. 
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6.1.4  A  purely  elliptical  equilibrium 

\\‘e  perform  this  study  once  again  but  with  a  purely  elliptical  plasma.  The  equi¬ 
librium  parameters  such  as  physical  dimension,  elongation,  and  toroidal  field  are  the 
same  as  the  for  .ARIES  plasma  Isee  Table  4.‘21  but  the  trianguiantv  is  zero.  Shown  in 
Fig.  6.11  are  the  Fourier  components  for  the  true  eigenfunciior  -  d  for  the 
vertical  rigid  shift.  The  eigenfunction  is  for  the  case  of  an  enclosing  shell.  The  wall 
contour  is  a  concentric  ellipse  of  the  same  elongation  with  the  distance  between  the 
wall  and  the  plasma  on  the  midplane  equal  to  12  of  the  plasma  minor  radius.  The 
form  of  the  components  for  the  actual  eigenfunction  and  the  rigid  shift  are  very  sim¬ 
ilar.  indicating  that  the  most  unstable  displacement  is.  in  fact,  very  nearly  a  uniform 
rigid  shift.  .Nevertheless,  the  form  of  the  eigenfunction  changes  quite  significantly  with 
respect  to  the  position  of  the  plates,  and  thus  shows  a  great  degree  of  deformability 
and  difference  from  the  rigid  shift.  Figure  6.10  shows  how  the  growth  rate  *'  and  the 
m  >  I  component  ratios  ^"^^ry  with  respect  to  poloidal  plate  position. 

The  curves  ail  are  much  more  symmetric  with  respect  to  (-)  s:  t  -2  than  we  saw  in 
the  other  cases  since  there  is  no  triangularity  here.  The  toroidal  effects  are  therefore 
apparent.  The  optimal  plate  position  for  passive  stability  is  still  on  the  outboard 
side  at  about  ©  5:  Tr  16  because  of  toroidal  effects  (see  Fig.  d.4b  but  this  is  not  as 
heavily  weighted  toward  the  outboard  side  as  in  the  cases  of  the  triangular  equilibria 
that  we  considered.  Also,  the  difference  between  the  inboard.^Q  outboard  position 
growth  rates  is’ not  as  large  as  in  the  other  cases. 

The  discussion  given  in  Section  6.1.3  for  the  CIT  plasma  regarding  the  changes 
•  n  ^w2,  ^wi  “ttid  can  he  applied  to  this  equilibrium.  When  the  poloidal  plates 

are  in  the  outboard  region  the  eigenfunction  is  such  that  the  m  =  2  component 
is  negative  and  therefore  destabilizing.  .As  the  plates  are  positioned  in  the  inboard 
region  the  m  =  2  component  becomes  positive,  which  is  destabilizing  for  the  plates  in 
this  region.  Also,  while  the  m  =  3  component  never  becomes  negative,  it  does  change 
in  magnitude  with  respect  to  the  plate  position  in  order  to  weaken  the  stabilizing 
influence  of  the  plates  as  much  as  possible. 

.An  explicit  demonstration  of  the  plasma  deformation  is  presented  in  Figs.  6.12 
and  6.13.  The  figtires  show  arc  the  Fourier  decomposition  of  the  eigenfunction 
and  the  projection  of  the  displacement  ^  onto  the  poloidal  plane  for  the  case  of  the 
plates  on  the  inboard  side  ©  tM.7t/4  (Fig.  6.12)  and  on  the  outboard  side  at 
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Figure  6.10:  Effect  of  poloidal  position  of  conducting  plates  on  eigenfunction  and 
growth  rate  of  the  elliptical  equilibrium.  The  ratios  of  the  non-ngid  components  of 
the  eigenfunction  to  the  rigid  component  at  the  plasma  edge  are  graphed  as  a  function 
of  the  poloidal  position  of  the  conducting  plates.  In  particular  the  m  =  2  (circles) 
and  the  m  =  3  (triangles)  contributions  are  shown  here.  .Also  shown  is  the  growth 
rate  7  (squares)  as  a  function  of  the  plate  position.  The  corresponding  values  for  a 
continuous  complete  wall  are  shown  in  solid  on  the  left,  and  the  roiues  for  the  case 
with  no  wall  whatsoever  are  shown  in  solid  on  the  right.  The  values  of  for  the 

Fourier  decomposition  of  the  uniform  vertical  rigid  shift  are  shown  on  the  left  axis. 
The  m  >  1  component  contributions  are  actually  fairly  small  (see  Figs.  6.11-6.13), 
but  appear  larger  here  because  the  ratio  w  taken  at  the  plasma  edge,  and  the 

m  =  1  component  is  much  less  at  the  edge  than  at  its  maximum  at  y/w  =  0.7. 


Fieure  6.11:  ai  Fourier  components  of  the  radial  displacement  cs.  vv  for  the 
dliptical  tquiiibnum  ivith  a  complete  continuous  resistive  wall. 

b)  Fourier  components  of  for  a  uniform  vertical  rigid  shift  displacement  of  the 


-Ihptical  plasma. 
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Figure  6.l2r  ja)  Founer  components  of  the  radial  displacement  vs.r  •v  if -fon  4/ie 
elliptical  equilibrium  ifith'  conducting  plates  at  about  45®  off  the  midplane  on  the  in¬ 
board  side. 

/b)  Displacement  vectors  showing  the  motion  of  the  unstable  plasma.  The  plasma 
IS  partially  stabilized  by  conducting  plates  on  the  inboard  side  of  the  plasma,  ."^ote  the 
deformation  of  the  plasma  motion  as  it  tries  to  move  around  the  plates. 
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Figure  6.13:  la|  Fourier  components  of  the  radial  displacement^  -  ls.^  yn;  for  the  the 
tllipticai  piasrfia  with  conducting  plates  at  about  45°  off  the  midplane  on  the  outboard 
side. 

lb)  Displacement  vectors  showing  the  motion  of  the  unstable  plasma.  The  plasma 
IS  partially  stabilized  by  conducting  plates  on  the  outboard  side  of  the  plasma,  .'^ote 
the  deformation  of  the  plasma  motion  as  it  tries  to  move  around  the  plates,  ."^ote  also 
the  difference  in  the  deformation  compared  with  that  of  Fig.  6.12. 


6.2.  .Non-rigid  effects  on  the  active  feedback  stabilization  of  PBX-M 
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0  3T/4.5Tr/4  (Fig.  6.13).  It  is  clear  that  the  plasma  is  moving  with  respect  to  the 

plates  in  such  a  way  as  to  reduce  the  stabilizing  effect  of  the  plates.  The  magnitude 
')f  the  displacement  seen  in  Fig.  6.12  is  small  on  the  inboard  side  near  the  plates  and 
can  oe  seen  to  be  moving  away  from  the  plates. 

Figure  6.13  shows  the  instability  with  the  passive  plates  on  the  outboard  side  at 
0  5:  r  4  (second  point  from  the  left  on  the  curves  in  Fig.  6.10).  The  deformation 
of  the  eigenfunction  is  clearly  different  from  that  of  Fig.  ??.  This  difference  can  be 
traced  to  a  change  in  magnitude  of  the  m  =  3  component  and  a  change  in  sign  and 
magnitude  of  the  m  =  2  component.  The  displacement  %’ector  plot  shows  the  plasma 
:5  again  displaced  in  such  a  way  that  the  stabilizing  effect  of  the  plate  is  reduced  the 
left].  The  magnitude  of  the  displacement  is  also  seen  to  be  very  small  on  the  outboard 
Side  near  the  plates  while  it  is  larger  elsewhere. 

In  summary,  we  see  that  different  m-components  of  the  eigenfunction  induce  dif¬ 
ferent  poloidal  current  distributions  in  a  surrounding  wall.  Conducting  elements 
at  different  locations  around  the  plaisma  will  induce  differing  modifications  of  the 
non-ngid  components  of  the  eigenfunction.  These  modifications  serve  to  reduce  the 
stabilizing  effect  of  that  section  of  passive  conductor.  This  is  done  by  reducing  the 
stabiiizing  components  and  enhancing  the  destabilizing  components,  for  the  given 
plate  position,  as  much  as  is  energetically  favorable.  Therefore,  the  placement  of  the 
discrete  conducting  plates  can  be  of  critical  importance  for  a  shaped  tokamak  plasma 
i\er  and  above  the  relative  effect  of  the  outboard  side  due  to  toroidal  effects.  ,  , 


6.2  Non-rigid  effects  on  the  active  feedback  sta¬ 
bilization  of  PBX-M 

In  this  section  we  consider  the  effects  of  an  active  feedback  system  on  the  form 
of  the  eigenfunction  and  how  this  affects  the  overall  stability.  For  this  we  consider  a 
PBX-M  equilibrium  similar  to  that  used  in  Chapter  2. 

In  Chapter  2  a  re\'iew  was  given  of  a  numerical  TSC  calculation  of  the  active 
feedback  stabilization  of  the  axisymmetric  instability  in  the  PBX-M  tokamak.  It 
was  demonstrated  that  different  flux-loop  locations — which  measure  equally  well  the 
plasma  displacement  in  the  passive  sense — would  not  work  equally  well  in  stabilizing 
the  axisymmetric  motion  given  the  same  active  feedback  coils  and  gain  law.  la  par- 


132 


Chapter  6. 

The  effects  of  plasma  deformability 

Plasma  Current 

.567.4  k.A 

Major  Radius  Rq 

1.635  m 

Minor  Radius  a 

0.308  m 

Elongation  k(959c) 

1.951 

Toroidal  Field  Bt(0) 

1.20  T 

^195^0) 

2.51 

3 

0.02 

n,(0) 

3.35  X  10'^  m-" 

Table  6.1 :  Equilibnum  parameters  of  P3.\-.\[  plasma  used  m  the  active  feedback  stabi¬ 
lization  study.  This  equilibrium  corresponds  to  a  slight  modification  of  the  equilibrium 
of  experimental  shot  ~i^-26879. 


licular.  !i  was  shfiwn  ’.hat  the  flux  loop  pair  on  the  inboarc  side  was  ineffective  in 
stabilizing  the  vertical  instability  regardless  of  the  %-alue  of  the  gain.  The  outboard 
pair,  however,  rciuid  he  used  successfully  to  stabilize  the  plasma. 

This  was  demonstrated  using  Nyquist  techniques,  and  the  proposed  explanation 
was-that  if  the  oiasma  were  unstable  enough,  it  would  he  abltho  defprfn  under  the 
influence  the  actne  feedback  (i.e..  modify  the  eigenfunction i  in  such  a  wav  that 
the  flux  difference  measurement  at  the  flux  loops  couid  be  made  so  close  to  zero 
that  the  active  feedback  system  would  be  rendered  ineffective.  The  feedback  system 
would  operate  normally,  but  the  flux-loop  measurements  would  be  useless  owing  to 
the  plasma  deformation.  It  wais  impossible,  however,  to  explicitly  demonstrate  this 
conjecture  using  TSC  ana  the  other  analysis  methods  used.  The  SO\'.\-W  code,  on 
the  other  hand,  is  ideally  suited  for  examining  this  problem,  and  we  will  show  how 
the  active  feedback  svstem  can  induce  a  modification  of  the  PB.\-M  eigenfunction 
in  such  a  way  as  to  make  the  active  feedback  system  ineffective  for  certain  flux- loop 
locations,  and  how  it  will  minimize  the  stabilizing  effect  of  the  feedback  system  for 
any  flux-loop  configuration. 
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Figure  6.14:  The  PB.V-.U  plasma  boundary,  resistive  wail  contour,  active  feedback 
coils,  and  three  sets  of  flux  observation  loops  (inboard  pair,  centered-outboard  pair, 
and  far-outboard  pair}  to  be  used  in  these  calculations. 

6.2.1  Active  feedback  stabilization  of  PBX>M  using  the  in¬ 
board  flux  loops 

W'e  use  a  PBX-M  equilibrium  with  parameters  that  correspond  to  experimept^l 
shot  =226879.  The  equilibnum  parameters  are  listed  in  Table  6.1.  The  equihbniim 
used  here  was  taken  from  a  time-dependent  TSC  simulation  in  which  the  actual 
experimental  coii  currents  from  this  shot  were  useld  Tor  the  simulation,  and  the  TSC 
results  were  compared  with  the  actual  magnetics  data  74;.  To  produce  the  modified 
equilibrium  used  in  these  calculations,  the  vertical  field  was  increased  in  order  to 
move  the  plasma  inward,  away  from  the  outboard  stabilizing  plates  and  toward  higher 
negative  field  index.  This  makes  the  equilibrium  much  more  vertically  unstable  than 
the  original  experimental  equilibrium.  Such  an  inward  radial  shift  could  be  caused  in 
an  experiment  by  a  loss  of  thermal  energy  or  redistribution  of  current  43'.  It  should 
be  noted  that  this  PBX-.M  equilibrium  is  different  from  the  one  used  in  the  TSC 
calculations  of  Ref.  50]  and  review'ed  in  Chap.  2. 

Figure  6.14  shows  the  equilibrium  plasma  boundary,  the  PBX-M  wail  contour  (the 
wall  is  composed  of  the  series  of  passive  stabilizing  plates  of  high  conductivity  used 
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in  the  PBX-M  device  with  connecting  regions  of  very  high  resistivity  which  represent 
the  axisymmetric  gaps  between  the  passive  stabilizers),  the  active  feedback  coils,  and 
the  three  sets  of  flux  loops  to  be  used.  We  consider  first  the  case  of  the  inboard 
riux  ioops.  which  were  found  to  be  ineffective  for  active  feedback  stabilization.  The 
inboard  set  oi  flu.x  ioops  will  be  used  in  the  first  calculation.  proportional  gain 
law  was  used  in  this  calculation.  Figure  6.15  shows  the  instability  growth  rate  vs. 
normalized  feedback  gain,  and  selected  component  ratios  (4w2/4wi  and  ^„4/^vi)  ^s. 
gain. 

As  the  feedback  gain  is  increased  from  zero,  the  growth  rate  drops  rapidly,  indicat¬ 
ing  that  the  feedback  system  is  operating  properly.  The  components  of  the  eigenfunc¬ 
tion  remain  fairly  constant  with  respect  to  the  gain.  At  higher  gam  (approximately 
a  >  1.5).  however,  we  see  that  the  m  =  2  component  of  the  eigenfunction  changes 
significantly.  It  becomes  less  negative,  then  positive,  and  then  rapidly  increases  in 
magnitude  with  increzising  gain.  In  the  same  region  of  gain  space  where  we  see  the 
sudden  a  rapid  increase  of  we  also  notice  that  the  growth  rate  7  starts  to 

level  off.  The  growth  rate  has  approached  marginal  stability  and  does  not  appear 
to  become  more  stable  at  high  values  of  feedback  gain.  .\t  Qj  =  6.0.  double  the 
maximum  gain  shown  in  Fig.  6.15.  the  growth  rate  is  still  at  marginal  stability.  It 
is  virtuallv  unchanged  (oniy  very  slightly  smaller)  from  the  gain  at  q,  =  3.0.  .At 
these  high  values  of  gain  the  active  feedback  is  no  longer  effective  in  providing  ad¬ 
ditional  stabilization  to  the  piasma.  Instead,  the  eigenfunction^  js  chang^g  in  form, 
thus  maintaining  the  instability.  The  ratio  aiso  changes  significantly  as  the 

feedback  gain  is  increased — it  roughly  quadruples  in  magnitude  in  this  range  of  the 
feedback  gain.  '  ' 

Figures  6.16-6.18  show  the  perturbed  flux  contour  plots  at  three  different  \'alues  of 
normalized  gain  (a,  =  l.0. 2.0.3.0)  spanning  the  range  of  Fig.  6.15.  Examining  these 
perturbed  flux  plots  gives  us  some  insight  into  how  the  eigenfunction  modification 
changes  the  effectiveness  of  the  feedback  system. 

Figure  6.16  shows  the  perturbed  flux  contours  when  the  normalized  gain  a,  =  1.0. 
Referring  to  Fig.  6.15  we  see  that  the  eigenfunction  is  nearly  identical  to  the  form  it 
takes  with  no  active  feedback — the  ratio  ^«,2/^,*i  is  \-irtually  unchanged,  and 
is  only  slightly  more  negative.  We  see  that  the  perturbed  flux  contours  from  the 
plasma  are  fairly  equally  weighted  on  both  sides  of  the  plasmieu  The  zero  contour -is 
distant  from  the  flux  loops,  and  the  value  of  the  perturbed  flux  at  the  flux  loops  is 
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Figure  6.15:  Growth  rate  and  variation  tn  m  >  I  components  vs.  feedback  gain 
for  flux  loops  on  the  inboard  side.  The  ratios  of  the  m  =  2.4  components  of  the 
eigenfunction  to  the  m  =  \  component  at  the  plasma  edge  are  graphed  as  a  function 
of  the  feedback  gain.  In  particular,  the  m  =  2  (circles j  and  the  m  =  4  (triangles) 
contributions  are  shown  here.  .Also  shown  is  the  growth  rate  ‘y  ( squares)  as  a  function 
of  the  gain. 
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Figure  6.16:  Perturbed  flux  contour  plots  for  PBX-M  mth  active  feedback  using  the 
nboard  flux  loops,  and  normalized  feedback  gain  Qj  =  1.0.  The  zero-flux  contours  are 
shown  as  dashed  lines.  The  flux  loops  are  shoum  by  ‘  x  '  symbols. 
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Figure  6.17;  Perturbed  flux  contour  plots  for  PBX-M  with  active  feedback  using  the 
inboard  flux  loops,  and  normalized  feedback  gain  ctg  —  2.0.  The  zero-flux  contours-are 
shown  as  dashed  lines.  The  flux  loops  are  shown  by  ‘  x  '  symbols. 

relatively  large. 

Figure  6.17  shows  the  perturbed  flux  contours  when  the  normalized  gain  Og  = 
-  2.0.  Referring  to  Fig.  6.15  we  see  that  the  eigenfunction  has  undergone  considerable 
modiflcation  at  this  value  of  gain.  In  particular,  the  m  =  2  component  is  quite 
different — and  has  even  changed  sign.  One  can  see  from  the  plot  of  the  perturbed  flux 
contours  that  the  contours  of  plasma  flux  have  become  shifted  toward  the  outboard 
side,  and  the  value  of  perturbed  flux  on  the  inboard  side  near  the  flux  loops  has 
been  greatly  reduced.  The  null  contour  has  moved  closer  to  the  flux  loops.  We  see 
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Figure  6.18;  Perturbed  flux  contour  plots  for  PBX-M  with  active  feedback  using  the 
inboard  flux  loops,  and  normalized  feedback  gam  a,  =  3.0.  The  zero-flux  contours  are 
shoum  as  dashed  lines.  The  flux  loops  are  shown  by  '  x  '  symbols. 
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from  Fig.  6.15  that  at  this  point  the  growth  rate  has  already  begun  to  level  off  with 
respect  to  increasing  feedback  gain.  The  change  in  the  form  of  the  perturbed  flux 
contours  from  the  plasma  indicates  a  change  in  the  unstable  plasma  motion  towiird 
the  outboard  side. 

Figure  6.18  shows  the  perturbed  flux  contours  when  the  normalized  gain  Oj  =  3.0. 
This  is  the  highest  gain  value  shown  in  Fig.  6.15.  The  plasma  deformation  is  quite 
large  at  this  point,  especially  with  regard  to  the  m  =  2  component.  The  perturbed 
flux  contours  also  reflect  the  considerable  deformation  of  the  plasma.  The  contours 
from  the  plasma  are  heavily  weighted  toward  the  outboard  side.  The  perturbed 
flu.x  indicates  that  the  unstable  motion  is  now  more  of  a  vertical  motion  instead 
of  the  motion  toward  the  separatrix  (in  the  direction  of  the  tip  of  the  bean)  that  is 
characteristic  of  the  instability  with  little  or  no  active  feedback — see  Fig.  6.16.  .Votice 
also  that  the  perturbed  flux  on  the  inboard  side,  near  the  flux  loops,  is  almost  zero. 
There  are  no  contours  of  plasma  flux  seen  on  the  inboard  side,  and  the  deformation  of 
the  eigenfunction  has  allowed  the  null  contour  to  move  closer  to  the  flux  loops.  The 
measured  flux  difference  at  the  flux  loops  is  now  very  small,  therefore  the  flux  loops 
are  insensitive  to  further  vertical  displacement.  The  feedback  system  is  rendered 
ineffective  because  it  can  no  longer  measure  and  feed-back  on  the  deformed  vertical 
motion. 

It  should  be  noted  that  although  the  case  we  examined  in  this  section  had  zero 
derivative  gam.  an  increase  in  the  derivative  gain  was  found  to  have,  ac^ sign ificMt 
effect  on  the  stabilization.  The  growth  rate  at  large  gain  q,  is  still  at  the  marginal 
stability  limit.  This  is  not  surprising,  since  the  results  show  the  osciUation  frequency 
u.,  to  be  zero.  Therefore  there  is  no  overshoot  and  no  oscillation.  The  ineffectiveness 
of  the  feedback  using  these  flux  loops  is  due  solely  to  the  eigenfunction  deformation- 


6.2.2  Active  feedback  stabilization  using  the  centered-outboard 
flux  loops 

We  next  consider  feedback  stabilization  using  the  centered-outboard  pair  of  flux 
loops  of  Fig.  6.14,  {Xo,Zo)  =  (1.64.  m. 56).  This  flux-loop  pair  location  corresponds 
most  closely  to  the  actual  flux  loops  used  for  vertical  control  in  the  PBX-M  experi¬ 
ment.  Figure  6.19a  shows  the  growth  rates  vs.  proportional  gain  a,  for  three  different 
values  of  deri\'ative  gain  3g.  Figure  6.19b  shows  the  growth  rate  7  vs.  oscillation  fre- 
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Figure  6.19:  (a;  Growth  rate  vs.  gam  Og  for  Jj/q,  =  0.  (squares!,  dgjocg  =  O.OS^"* 
(circles.,  Sgi'oig  =  O.IOj''  (triangles). 

(b)  Growth  rate  vs.  for  the  same  three  values  of  3g. 
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quency  w',  for  the  same  three  ^-alues  of  derivative  gain.  It  can  be  seen  that  with  zero 
deriv’ative  gain  the  axisymmetric  mode  cannot  be  stabilized.  The  growth  rate  can  be 
reduced  to  about  20  s“‘  at  =  L.5.  but  further  increases  in  gain  do  not  appreciably 
lower  the  growth  rate  while  they  do  however,  significantly  increase  the  oscillation 
frequency  Large  proportional  gam  is  driving  a  large  overshoot  that  leads  to  os¬ 
cillations.  Clearly  some  deri\-ative  gain  is  necessary.  By  incresising  the  deri\-ative 
gain  to  3g,Qg  =  0.05s^‘  the  plasma  can  be  stabilized  and  the  oscillations  signifi¬ 
cantly  reduced.  A  further  increase  in  derivative  gain  to  3g/ag  =  0.10s“‘  decreases 
the  oscillation  frequency  even  more  and  allows  stabilization  to  occur  at  a  lower  value 
of  proportional  feedback.  Unlike  the  inboard  flux-loop  pair,  this  pair  of  flux  loops 
does  allow  for  adequate  stabilization  of  the  plasma  provided  the  derivative  gain  is 
large  enough.  This  agrees  with  results  obtained  with  TSC  for  this  same  equilibrium 
74  .  Figures  6. 20  and  6.21  show  the  variation  of  the  m  =  2.4  components  of  the 
eigenfunction  with  respect  to  feedback  gain  Og  for  the  three  values  of  derivative  gain. 

Figure  6.20a  shows  these  results  for  the  case  with  no  derivative  gain.  We  sec  a 
strong  reduction  in  the  growth  rate  -i  with  increasing  gain  Og  until  the  gain  reaches 
Qj  5:  1.5.  .At  this  point  the  ■>  curve  levels  off  and  does  not  stabilize  much  with 
further  increase  in  gain.  Furthermore,  we  see  u/,  increase  rapidly  from  zero  beginning 
at  Og  ^  1.25.  The  oscillation  frequency  increases  steadily  with  increasing  gain, 
while  '  no  longer  decreases  by  any  significant  amount.  This  demonstrates  that  the 
restonne  force  from  the  feedback  system  is  driving  the  oscillation  instead  of  stabilizing 
the  piasmaT  Clearly- derivative  gain  is  required. 

We  also  see  some  modification  of  the  m  =  2.4  components  of  the  eigenfunction 
in  Fig.  6.20a.  The  m  =  2  component  ratio  begins  to  decrease  (increase  in 

negative  magnitude)  as  the  gam  is  increased  above  Og  =:  1.5.  .Note  that  this  change  is 
opposite  to  the  change  in  from  Fig.  6.15  for  the  inboard  flux  loops.  We  found 

that  when  with  the  inboard  flux  loops  were  used.  changed  sign  and  grew  to  a 

large  (positive)  value  with  increasing  feedback  gain.  This  caused  the  perturbed  flux 
contours  from  the  plasma  to  be  shifted  toward  the  outboard  side  away  from  the  flux 
loops.  This  left  a  relatively  small  value  of  perturbed  plasma  flux  at  the  inboard  flux 
loops.  In  the  present  case,  when  the  centered-outboard  flux  loops  are  used  to  control, 
the  feedback  system,  we  see  the  opposite  effect.  This  implies  that  the  perturbed  flux 
on  the  outboard  region  near  these  flux  loops  is  somewhat  reduced. 

Figure  6.22  shows  the  perturbed  flux  contours  for  the  active  feedback  at  gain  a,  = 
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Figure  6.20:  Growth  rate  "y,  oscillation  frequency  u;,.  and  variation  in  m  >  1  compo¬ 
nents  IS.  feedback  gain  for  centered  flux  loops.  The  ratios  of  the  m  =  2, 4  components 
of  the  eigenfunction  to  the  m  =  I  component  at  the  plasma  edge  are  graphed  as  a 
function  of  the  feedback  gam.  In  particular,  the  m  =  2  f circles)  and  the  m  =  4  (tri¬ 
angles)  contributions  are  shown  here.  .Also  shown  is  the  growth  rate  7  (squares)  and 
oscillation  frequency  u/r  as  a  function  of  the  proportional  gam  for:  . 

(a)  Bglag  =  0. 

(b)  3g/ag  =  0.05 
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Figure  6.21:  Growth  rate  oscillation  frequency\^.. .  and  variation  in  m  >  1  coznptr- 
nents  vs.  feedback  gam  for  centered  flux  loops.  The  ratios  of  the  m  =  2. 4  components 
of  the  eigenfunction  to  the  m  =  I  component  at  the  plasma  edge  are  graphed  as  a 
function  of  the  feedback  gam.  in  particular,  the  m  =  2.  (circles)  and  the  m  =  4  ( tri¬ 
angles  J  contributions  are  shown  here.  .Also  shown  is  the  growth  rate  (squares)  and 
oscillation  frequency  Wr  as  a  function  of  the  proportioned  gam  for  3g,'ag  —  0.103”‘ . 
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Figure  6.22:  Perturbed  flux  contour  plots  for  PBX-M  with  active  feedback  using  the 
centered  flux  loops,  and  normalized  feedback  gain  q,  =  2.25.  The  zero- flux  contours 
are  shown  as  dashed  lines.  The  flux  loops  are  shown  by  '  <  '  symbols. 
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2.25  using  the  centered-outboard  flux  loops.  Careful  examination  and  comparison 
with  Fig.  6.16  shows  that  the  perturbed  flux  near  the  flux  loops  is  reduced  from  the 
case  with  little  or  no  feedback  gain.  The  plasma  eigenfunction  is  again  deformed  in 
such  a  way  to  reduce  the  effectiveness  of  the  feedback  system  using  this  particular 
pair  of  flux  loops.  However,  the  deformation  is  clearly  very  different  from  the  inboard 
flux-loop  case — as  can  be  seen  by  comparing  Fig.  6.22  and  Figs.  6.16-6.18.  The  only 
difference  between  these  two  cases  is  the  location  of  the  flux  loops,  and  this  difference 
leads  to  vastly  different  plasma  deformations. 

Figure  6.20b  shows  the  results  for  the  czise  using  the  centered-outboard  flux  loops 
with  3g,CLg  =  0.05s"'  derivative  gain.  In  this  case  the  plasma  can  be  stabilized 
w'ith  large  enough  feedback  gains.  The  oscillation  frequency  is  less  than  in  the  zero 
derivative  gain  case,  although  it  is  still  a  significant  fraction  of  that  case  and  is 
increasing  with  increasing  gain. 

VVe  also  see  a  larger  change  in  ^^21  respect  to  increasing  gain  Og  than  in  the 

zero  derivative  gam  case.  .After  a  small  decrease  in  negative  magnitude  at  Og  s:  0.75. 
the  value  of  t»«gins  to  get  more  negative  with  increasing  gain.  This  change 

iti  corresponds  to  a  change  in  the  slope  of  the  vs.  Qj  curve.  As 

begins  to  change  rapidly,  the  decrease  in  7  with  respect  to  Og  lessens.  .Again,  there  is 
a  plasma  deformation  that  is  reducing  the  effectiveness  of  the  feedback  system  with 
lie  h'.x  iodpr  at  this  location.  This  modification  is  not  enough  to  keep'^tfid  feedback 
system  from  stabilizing  the  vertical  instability,  but  it  does  reduce  the  effectiveness  as 
shown  by  the  change  in  slope  of  the  7  vs.  Og  curve^ 

Finally,  Figure  6.21  shows  the  results  for  the  case  with  Jg/ccg  =  0.10s”‘  derivative 
gain.  In  this  case  the  oscillations  have  been  much  reduced,  and  the  plasma  is  stabilized 
at  a  lower  value  of  Oj.  W’e  again  see  a  large  change  in  (,v2iivi  with  respect  to  the 
gain.  There  is  a  rapid  decrease  in  with  respect  to  Og  starting  at  Qg  5:  0.75. 

This,  again,  is  strongly  correlated  with  the  sudden  change  in  the  slope  of  the  7  vs. 
Og  curve.  The  7  vs.  Og  curve  levels  off  in  the  region  where  the  eigenfunction  is 
significantly  deformed.  This  corresponds  to  about  the  point  where  the  mode  becomes 
stable,  so  the  deformation  is  not  enough  to  keep  the  plasma  unstable  when  these  flux 
loops  are  used,  but  it  does  keep  the  feedback  system  from  stabilizing  the  motion  any 
further,  as  witnessed  by  the  sudden  change  in  slope  of  the  7  vs.  a,  curve. 


146 


Chapter  d.  The  effects  of  plasma  deformability 


3.00-1  -  50. 0 


Figure  d.23;  Crouth  rate  7.  oscillation  frequency  u^r .  and  variation  m  m  >  1  compo¬ 
nents  vs.  feedback  gain  for  centered  flux  loops.  The  ratios  of  the  m  =  2. 4  components 
of  the  eigenfunction  to  the  m  =  2  component  at  the  plasma  edge  are  graphed  as  a 
function  of  the  feedback  gain.  In  particular,  the  m  =  2  , 'circles)  and  the  m  =  i  ;  tri¬ 
angles/  contributions  are  shown  here.  .Also  shown  is  the  growth  rate  7  (squares)  and 
oscillation  frequency  j,,  as  a  function  of  the  proportional  gam  for  =  O.lOs-T 

6.2.3  Active  feedback  stabilization  using  the  far>outboard 
flux  loops 

Next  've  consider  active  feedback  using  the  far-outboard  flux  loops  shown  in 
Fig.  6.14.  Figure  6.23  shows  the  results  using  this  pair  of  flux  loops  with  a  gain 
law  that  includes  dcriN’ative  gain  of  3gj ag  =  0.10s"*.  We  see  that  even  with  this 
derivative  gain  and  the  correspondingly  low  \'alues  of  —v  shown  in  f'g-  6.23,  the 
plasma  cannot  be  stabilized  beyond  a  certain  point  (7  =  4  s"*).  Figure  6.23  shows 
a  large  initial  drop  in  7  with  increasing  gain.  This  stabilization  begins  to  IcvtI  off, 
however,  at  Og  ^  1.75. 

The  component  ratios  »nd  show  a  significant  and  varied  deforma¬ 

tion  of  the  eigenfunction  with  respect  to  increasing  gain.  Initially  there  is  a  sharp  rise 
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^  toward  less  negative  %-alues.  This  mimics  the  rapid  rise  in  shown 

n  Fig.  6.15  for  the  case  using  the  inboard  flux  loops.  In  that  case.  (^21  moves 
i)  positive  values  and  continues  to  increase  in  magnitude.  In  Fig.  6.23  we  see  such 
an  initial  .--ise  in  <fu2/<Jwi-  but  then  a  sharp  reversal  occurs  at  q,  1,75.  followed  by 
a  rapid  decrease  of  (toward  more  negative  values)  at  higher  gain.  This  is 

oaraileled  by  a  similar,  but  much  less  dramatic,  change  in  ^^4/  at  about  the  same 
point.  The  7  vs.  ag  curve  levels  off  at  Og  ^  1.75.  near  the  point  where  we  see  the 
sudden  changes  in  the  eigenfunction. 

Figure  6.24  shows  the  perturbed  flux  contours  for  this  case  with  the  gzun  a,  =  2.0 
and  the  aerivative  gain  Jg/  otg  =  0.10s“‘.  We  see  from  this  figure  that  the  nuil  contour 
lies  almost  directly  on  the  flux  loops.  This  seems  to  be  a  natural  consequence  of 
the  geometry  of  the  feedback  system  and  this  particular  inward-shifted  equilibrium. 
Note  from  Fig.  6.16  (inboard  flux  loops,  gain  ctg  =  1.0)  that  the  null  conMur  on  the 
■utboard  side  is  in  about  the  same  place  even  though  the  flux  loops  are  on  the  inbo2U'd 
side  in  this  case.  However,  in  the  case  using  the  inboard  flux  loops,  we  see  that  at 
Higher  values  of  gain  the  eigenfunction  deformation  is  such  that  the  perturbed  flux 
contours  are  shifted  strongly  toward  the  outboard  side.  This,  in  turn,  pushes  the  null 
contour  away  from  the  plasma. 

If  this  same  deformation  of  the  eigenfunction  were  to  occur  when  the  flux  loops  are 
on  the  outboard  side  of  the  plasma,  then  the  feedback  system  would  be  very  effective 
iwing  to  the  large  measurable  perturbed  plasma  flux  at  the  flux-loop  Igc^tions  ( sge 
Figs.  6. 17-6. IS).  What'We  do  see  when  the  flux  loops  are  on  the  outboard  side  is  a 
deformation  initially  similar  to  the  previous  case,  but  then  there  is  a  sudden  reversal 
:n  the  plasma  deformation  at  the  point  where  continued  deformation  would  move  the 
nuil  contour  away  from  the  flux  loops,  instead,  the  eigenfunction  is  modified  so  as 
to  keep  the  null  contour  on  the  flux  loops  and  reduce  the  stabilizing  effect  of  the 
feedback  system. 

6.3  Summary 

We  have  seen  in  the  preceding  section  that  the  eigenfunction  of  the  axisymmetric 
mode  for  the  PBX-M  plasma  will  modify  itself  under  the  influence  of  an  active  feed- 
sack  system  to  provide  the  weakest  signal  possible  to  the  flux  loops  that  measure  the 
plasma  displacement.  This  compromises  the  stabilizing  effect  of  the  active  feedback 
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Figure  6.24:  Perturbed  flux  contour  plots  for  PB.\-M  with  active  feedback  using  the 
outboard  flux  loops,  and  normaiized  feedback  gam  Qj  =  2.  The  zero- flux  contours  are 
shown  as  dashed  lines.  The  flux  loops  are  shown  by  ‘  x  '  symbols. 
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system,  and  can  in  some  cases  leave  the  feedback  system  so  ineffective  that  stability 
cannot  be  achieved  regardless  of  the  strength  of  the  feedback  gain.  We  examined. 
;n  particular,  three  possible  locations  for  placement  of  the  flux  loops  that  control 
the  I'eeaback.  and  in  each  case  we  see  a  different  plasma  deformation  ttiat  leads  to  a 
reducea  flux  signal  at  the  flux  loops.  These  eigenfunction  deformations  do  not  leave 
the  piasma  unstable  in  every  case,  but  they  do  reduce  the  stabilizing  effect  of  the 
particular  feedback  configuration.  We  have  not  considered  feedback  on  a  flux  differ¬ 
ence  signal  with  the  active  coil  contributions  to  the  flux  subtracted  out.  This  might 
improve  the  performance  of  some  flux-loop  combinations,  but  given  the  strong  varia- 
iion  in  the  deformations  of  the  eigenfunctions  observed  in  the  three  cases  considered 
.^ere.  ;i  seems  very  likely  that  the  plasma  deformation  will  change  in  such  a  way  as 
to  minimize  the  sensitivity  of  this  new  measurement  of  vertical  displacement.  This 
wiii  be  an  interesting  case  to  consider  in  the  future. 

In  Sec.  6.1  we  examined  plasma  deformations  with  passive  feedback  only.  Here  we 
found  that  for  various  positions  of  discrete  passive  conducting  plates,  the  eigenfunc¬ 
tion  will  be  modified  in  such  a  way  as  to  minimize  the  stabilizing  eddy  currents  in 
those  plates.  Different  plate  orientations  lead  to  varying  modifications  of  the  eigen¬ 
function.  but  each  seems  tailored  to  reducing  the  stabilizing  effect  of  the  particular 
passive  conductors. 

The  piasma  equ  libria  with  significant  triangularity  (CIT  and  particularly  .ARIES-I 
equilibria j  show  the  strongest  deformation.  However,  even  the  finit^e -^pect-r^lio 
•'liiose  examined  in  Sec.  b;  1  .-1  showed  significant  deformation.  In  the  case  of-the  ellipse, 
the  deformations  reflected  a  certain  symmetry  with  respect  to  conductor  position 
relative  to  a  vertical  line  through  the  piasma  cehter  (e.xcept  for  toroidal  effects). 
The  triangular  (dee-shaped)  plasmas,  on  the  other  hand,  show  a  strong  asymmetry, 
which  favors  plate  position  in  the  outboard  region  above  and  beyond  what  would 
be  expected  based  on  toroidal  effects  alone.  .\n  inverse-dee  shaped  plasma  would 
undoubtedly  show  quite  different  behavior. 

The  effects  due  to  the  deformability  of  the  plasma  can  therefore  play  an  important 
role  in  determining  the  effects  of  passive  and  active  feedback  stabilization  of  highly 
shaped  tokamak  plasmas.  This  should  be  an  important  consideration  in  the  design 
and  operation  of  such  tokamaks  in  the  future. 


Chapter  7 

Summary  and  discussion 


7.1  Summary 

We  have  developed  a  linear  MHD  stability  code  to  examine  the  feedback  stabiliza¬ 
tion  of  deformable  tokamak  plasmas  by  passive  resistive  conductors  and  active  feed¬ 
back  currents  in  the  \-acuum  region  surrounding  the  plasma.  This  code.  .N*0\’A-\V,  is 
a  modification  of  the  linear,  ideal  .\IHD  stability  code  The  .N'OVA  code  uses 

a  non-variational  approach  to  solve  the  linear  .MHD  stability  equations.  Because  it 
does  not  use  the  energy  principle,  've  are  not  constrained  by  seif-adjointness  proper¬ 
ties.  Therefore  we  can  add  non-ideal  effects  such  as  resistive  conductors  and  an  active 
feedback  svstem.  .  ...  t  .  -  ,  »  . 

The  vacuum  calculation  has  been  modified  to  a  formulation  based  on  perturbed 
poioidal  flux.  This  allows  the  representation  of  active  feedback  currents  in  the  vacuum 
region,  and  the  effects  of  eddy  currents  in  the  resistive  wall  can  be  repr«ented  by  a 
jump  condition  in  the  normed  derivative  of  the  perturbed  flux  in  accordance  with  a 
thin  wall  approximation.  The  flux  formulation  also  makes  it  straightforward  to  use 
flux  difference  measurements  to  represent  the  vertical  displacement  in  agreement  vvith 
experimental  methods.  A  Green's  function  formulation  relates  the  perturbed  flux  and 
the  normal  derivative  of  the  flux  on  the  plasma  and  resistive  wail  surfaces  through  a 
series  of  surface  integral  equations.  The  boundary  condition  at  the  plasma-vacuum 
interface  relates  the  perturbed  pressure  at  the  surface  to  the  normal  derivative  of  the 
flux.  The  perturbed  flux,  in  turn,  is  related  to  the  radial  comoonent  of  the  instability 
displacement.  This  provides  the  necessary  boundary  condition  for  the  solution  of  ihe 
linear  MHD  stability  equations. 
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The  eifects  of  a.  resistive  wail  are  calculated  using  a  thin  wail  approximation.  Varia¬ 
tions  in  the  wall  thickness  and/or  resistivity  are  easily  accounted  for.  Even  toroidally 
symmetric  gaps  can  be  included  by  increasing  the  resistivity  in  the  calculation  by 
several  orders  of  magnitude. 

The  enects  of  active  feedback  currents  are  calculated  with  a  set  of  active  feedback 
matrices  which  represent  the  relation  of  the  currents  to  the  Green  s  function  integrals 
over  the  boundary  surfaces.  The  magnitude  of  the  feedback  currents  are  proportional 
to  the  difference  between  the  flux  measured  at  two  points  synunetrically  above  and 
below  the  midplane.  This  flux  difference  is  a  measure  of  the  vertical  displacement  of 
the  plasma.  .Additional  magnetics  measurements  such  as  the  poloidal  field  at  various 
points  can  be  added  to  the  feedback  law.  if  desired.  The  feedback  gain  relates  these 
measurements  to  the  desired  currents.  .An  additional  term  proportional  to  the  time 
derivative  of  the  flux  difference  is  usually  included.  The  form  of  the  feedback  matrices 
differs  depending  on  whether  the  flux  loops  are  inside  or  outside  the  resistive  wall. 
Equations  for  the  active  feedback  circuits  can  be  included  in  the  formulation  of  the 
feedback  matrices.  .A  time  delay  can  be  included  in  the  feedback  law  to  represent  the 
lime  response  of  power  supplies.  The  last  two  features  have  not  been  used  to  any 
extent  in  the  results  presented  here. 

The  code  has  been  tested  in  the  case  of  passive  stabilization  against  an  analytic 
model  in  the  limit  of  an  infinite  aspect  ratio  for  a  simple  elliptical  plasma.  The 
comparison.  IS  excellent.  .Another  comparison  is  performed  for  a  realistic,  tok^^ 
configuration  using  the'Tokamak  Simulation  Code  (TSC).  .A  convergence' in  the  xum 
parameter  of  TSC  must  be  performed  to  obtain  an  accurate  growth  rate  when  using 
TSC  generated,  diverted  equilibria.  .An  equilibriuni  with  too  close  to  1.0  yields 
numerical  problems  because  of  the  behavior  of  the  magnetic  coordinates  near  the 
x-point.  However,  ctdculating  an  equilibrium  with  the  plasma  surface  defined  with  a 
smaller  changes  the  equilibrium  metric  quantities  at  the  plasma  edge  in  such  a 
way  as  to  give  results  reflecting  a  less  unstable  equilibrium.  Therefore  a  convergence 
in  Vnt  is  needed. 

.A  convergence  using  Vrst  in  range  0.94  <  <  0.96  will  usually  give  suffi¬ 

ciently  accurate  results  at  reasonable  numerical  cost.  Equilibria  with  higher  can 
be  used,  but  the  equilibrium  calculation  must  include  m<uiy  surfaces  to  sufficiently 
resolve  the  metric  terms  near  the  plasma  edge,  making  it  computationally  more  ex¬ 
pensive.  It  is  therefore  preferable  to  perform  the  convergence  at  smaller  The 
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comparison  to  the  TSC  results  is  excellent.  The  improved  performance  of  NOVV.-W 
over  TSC  allows  one  to  obtain  convergence  results  using  up  to  as  10-20  times  less 
computational  time. 

The  performance  and  utiiilv  of  the  .NO\’.\-\V  code  is  demonstrated  in  two  studies 
:n  which  the  passive  growth  rate  is  calculated  with  respect  to  incremental  variations 
in  the  surrounding  vacuum  vessel  structure.  The  .\’OV'A-\V  code  is  well  suited  for 
such  parameter  scans  because  a  good  guess  of  the  growth  rate  (based  on  results  from 
a  neighboring  point  in  the  parameter  study)  reduces  the  computational  effort.  .A 
code  such  as  TSC.  on  the  other  hand,  must  perform  the  same  time  consuming  calcu¬ 
lation  at  each  point  in  the  parameter  scan  regardless  of  results  at  neighboring  points. 
Furthermore.  NO\  .A-\V  can  accommodate  calculations  for  plasma-conductor  configu¬ 
rations  in  which  the  plasma  is  very  poorlv  stabilized  and  the  instability  growth  rate  is 
approaching  the  ideal  timescale.  Obtaining  converged  results  for  such  a  configuration 
would  prove  very  expensive  using  TSC  because  of  the  necessitv  of  reducing  the  time 
step  to  the  ideal  time  scale. 

The  N'0\'.A-\V  code  has  been  applied  to  the  study  of  active  feedback  of  the  CIT 
tokamak  design.  The  study  focused  on  the  comparison  of  effectiveness  of  the  feedback 
system  with  regard  to  flux-loop  location  within  the  vacuum  vessel.  The  results  com¬ 
pare  favorably  to  a  similar  study  previously  undertaken  using  the  TSC  code.  It  was 
seen  that  the  sensitivity  of  the  flux  measurements  saried  with  respect  to  the  location 
.Tl. -'•arious  ooints  along  the  inside  wall  of  the  tacuum  yesseh ''  This  grbatly  changes 
the  efficacv  of  the  feedback  system.  .At  some  locations  with  apparently  reduced  sen¬ 
sitivity  of  the  flux  measurements  to  plasma  position,  an  increase  in  derivative  gain 
can  improve  performance.  .At  another  location  it  was  found  that  no  combination  of 
gains  couid  stabilize  the  plasma.  It  may  be  possible  to  improve  the  performance  of 
the  feedback  system  by  subtracting  the  calculated  effect  of  the  active  feedback  coils 
at  the  flux-loop  position,  but  this  analysis  was  not  done  here. 

We  have  used  the  .VO\'A-W  code  to  examine  the  deformable  aspects  of  the  plasma 
on  the  feedback  stabilization  (passive  and  active).  For  the  case  of  passive  feedback 
stabilization  using  discrete  conducting  plates  it  was  found  that  the  growth  rate  was 
sensitive  to  the  poloidal  position  of  the  plate.  It  was  also  seen  that  as  the  conducting 
plates  are  moved  to  different  positions  around  the  plasma,  the  unstable  eigenfunction 
is  modified.  This  modification  (or  deformation)  of  the  non-rigid  components  of-tiie 
motion  serves  to  reduce  the  stabilizing  effect  of  the  conductors  at  the  given  position. 
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The  higher  m  components  of  the  eigenfunction  are  modified  such  that  the  stabilizing 
eddy  currents  in  the  conductors  are  reduced.  For  a  given  poloidal  position  of  the 
conductor  it  was  found  that  if  an  m  >  1  component  induced  stabilizing  eddy  currents 
in  that  conductor,  then  the  eigenfunction  would  be  modified  so  that  the  magnitude 
of  this  component  is  reauced  with  respect  to  the  m  =  1  component.  Conversely, 
if  the  particular  m  >  1  component  induces  destabilizing  eddy  currents,  then  the 
eigenfunction  will  be  modified  to  enhance  the  magnitude  of  this  component  with 
respect  to  the  m  =  1  component. 

We  also  used  the  NO\'.A-W  code  to  study  the  active  feedback  stabilization  of 
the  PBX-.M  plasma.  Three  different  locations  for  the  flux-loop  pairs  were  considered 
while  keeping  all  other  aspects  of  the  feedback  system  the  same.  It  was  found  that 
under  the  influence  of  active  feedback  the  plasma  would  modify  its  eigenfunction  in 
such  a  way  as  to  reduce  the  sensitivity  of  the  flux-loop  pair  to  changes  in  the  vertical 
dispiacement.  For  some  flux-loop  positions  the  feedback  system  was  made  ineffective 
owing  to  the  deformation.  One  pair  of  flux  loops  was  sensitive  enough  that  the  plasma 
deformation  could  not  keep  the  feedback  system  from  stabilizing  the  plasma,  but  the 
deformation  did  reduce  the  stabilizing  effect. 
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\Ve  wiircbntinue  tg  use  the  .\0\".A-W  code  to  examine  axis vmmetcic. stability 
•jf  tokamaks  with  pariicuiar  interest  in  the  deformable  nature  of  the  eigenfunction. 
In  particular,  the  TC\'  tokamak  would  prove  to.  be  an  interesting  subject  owing  to 
Its  strong  cross-sectional  shaping.  The  variety  of  equilibrium  configurations  and  the 
variety  of  possible  deformations  that  might  therefore  arise  will  prove  to  make  an 
interesting  control  problem.  The  .NOV.A-W  code  is  ideafly  suited  for  such  analysis. 

.An  addition  to  the  formulation  of  the  active  feedback  matrices  will  allow  us  to  be 
able  to  subtract  the  effects  of  the  coupling  of  the  active  feedback  coils  to  the  flux  loops. 
This  should  improve  penormance  of  the  feedback  system  for  many  flux-loop  locations. 
Then  the  effect  of  the  wall  eddy  currents  alone  on  the  flux-loop  measurements  can  be 
studied. 

Finally,  we  have  seen  that  for  ail  the  equilibria  and  \'acuum  configurations  con¬ 
sidered  here  (fully  symmetric  about  the  midplane),  the  eigenfunction  is  purely  anti- 
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symmetric.  If  the  eigenvalue  solver  can  be  reformulated  so  that  the  poloidal  angular 
dependence  is  expanded  in  terms  of  sin(m©)  instead  of  exp(zm0).  then  the  overall 
number  of  poloidal  harmonics  M  can  be  reduced  by  a  factor  of  2.  Since  the  com¬ 
putation  required  in  the  calculation  of  the  eigenvalue  and  eigenfunction  goes  as  M^. 
this  section  of  the  code  can  be  speeded  up  by  a  factor  of  8.  .\nd  since  this  part  of 
ihe  calculation  typically  takes  50%  of  the  total  CPU  time  (depending  on  the  various 
parameters  of  the  calculation),  it  would  be  possible  to  improve  the  performance  of 
NO\  A-W  by  a  factor  of  4.  Optimization  and  improved  vectorization  will  improve  the 
performance  even  further. 


"A  very  sweet  little  problem,  and  1  wouid  not  have  missed  it  for  a  good 


deal.” 


Sherlock  Holmes.  The  Adventure  of  the  Beryl  Coro 


Appendix  A 

Self-adjointness  considerations  for 
an  active  feedback  system 

Since  the  first  two  terras  in  Eq.  (2.16)  for  fH'  are  manifestly  seif-adjoint.  our 
aiscussion  can  be  limited  to  the  vacuum  contribution. 

=  -  j  d6j0^.[Vii.’ ■  Vo^)  =  J  dA.  (A.l) 

The  first  term  on  the  right-hand  side  of  Eq.  (.■V.l)  is  again  clearly  seif-adjoint.  The 
second  term,  which  comes  from  the  active  feedback  currents  and  which  was  zero  in  the 
model  without  feedback,  must  be  made  explicitly  self-adjoint.  We  define  the  vacuum 
fiux  Ov(r.  6>)  in  a  manner  similar  to  that  in  the  previous  section.  Eq.  (2.23). 

.  -r'.  '  ■  -  ►  . 

—  —  3C 

^  o7(r)cosmd.  (A. 2) 

m=0 

As  we  see  in  Fig.  2.6.  the  feedback  coils  lie  evenly  spaced  along  a  circular  contour  of 
radius  r  =  /?;  therefore 

*  1 

=  J/  y  =  ^  cosmd.  (A.3) 

Using  Eqs.  (A.3)  and  (.A. 2).  the  second  term  of  (.A.l)  becomes 

^  Vo:'iR)J^.  (A.4) 

m=  1 

Consider  now  a  feedback  law  that  relates  the  coil  currents  to  the  perturbed  flux 
at  the  coils  according  to 

Jo=fL9mn<i>:{R).  (A.5) 

n=l 
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Thai  is.  the  current  in  the  term  of  the  multipolar  decomposition  is  proportional  to 
the  n'^  harmonic  of  the  perturbed  vacuum  flux  at  the  feedback-coil  contour  through 
the  constant  of  proportionality  p^n- 

Therefore  ue  see  that  becomes 

=  Z  (A.6] 

m=l  n=l 

We  also  see  that  if  the  gain  matrix  g^n  is  symmetric,  i.e.. 

3mn  —  9nm>  (^*‘) 

then  and  hence  <5U\..  is  self-adjoint. 

The  symmetry  restriction  on  gmn  constrains  the  relationship  between  the  feedback- 
current  coefficienls  Lm  and  the  Fourier  coefficients  £>„  of  the  perturbed  flux  on  the 
plasma- vacuum  boundary.  This  relationship  is  obtained  in  two  stages.  In  the  first 
stage,  the  matching  conditions  for  the  vacuum  flux  are  applied  at  the  boundary 
between  regions  I  and  II  in  the  vacuum  (see  Fig.  2.6).  In  the  second  stage  the 
matching  conditions  are  applied  at  the  plasma- vacuum  interface. 

Stage  i 

Continuity  of  at  r  =  from  Fqs.  (2.39)  and  (2.40)  gives 

Bl,- ^  Bii  .  (.A.8! 


There  is  a  jump  in  the  normal  derivative  of  the  flux  between  Region  I  and  Region  11 
due  to  the  feedback-coil  currents  that<are  on  the  interface  contour.  If  we  integrate 
Eq.  ^.^.18)  over  a  cylindrical  volume  with  radius  just  greater  than  that  of  the  feedback 
coil  contour  t  -  R~ ,  and  subtract  the  volume  integral  with  radius  just  inside  the 
contour  r  =  /?“.  we  can  calculate  the  jump  condition. 

j  =  f{h-  Vd>,)dl  =  y  d.4  Z  ^6(r  -  R)J^  cos(m9)  (A.9) 


I  -^de  =  f  dr  f-dey  -^6[r  -  R)J^cos{me) 
J  r  dr  J  J  r 

=  /  Z  ^^cos(md). 


(A.IO) 


This  gives  us  the  jump  condition 


or  II 

L  L  ^  j 


oounoarv  condition: 


definition  for  oj.: 

oiir.B)  =  f;  -  (L)"' 

'»i=  I  L  ■ 

Then  solving  for  ojj'l’'*  ^  ^  obtains 


1  1- 

II 

'  - 

1 

1 

i'A.ll) 

with  this  lump  condition,  give 

us  a  second 

fm  Dm 

_  gij  -'o  ^ 

(A. 12) 

‘2n‘m  ° 

(A.13) 

i  using  definition  Eq.  (.A .5)  gives  us  a  new 

1  * 

^  gmnO^{R)  cos\ma). 

;:r! 

(A. 14) 

'  BlR-\ 

.irrm 

,  A.15) 

i)  and  then  that  result  into  Eq. 

( .A.13)  gives 

1"’’ 

V  mn 

i.A.16) 

■  -  ►  t  ■ 

r  j  -  -1 

"”1(5  a 

'^mn  *  '  rt  i/mn  t 

1  2Tm 

(A.17) 

nere  the  matrix  is  defined  bv 


Therefore  Eq.  (A. 16)  relates  the  Region  I  vacuum  coefficients  to  the  feedback 
coefficients  via  the  matrix  Cmn- 

Stage  2 

The  other  boundary  condition  that  we  must  satisfy  is  the  continuity  of  perturbed 
flux  across  the  plasma-vacuum  interface.  This  implies  that 

3D  30  30 

^  Dncosmd-  ^  cos  md  ~  ^  cos  md,  (A. 18) 


where 


r”*  =  1  -  -;^a cos4^  —  0{a^)  at  w  =  1. 


(A.  19) 
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Appendix  A.  Self-adjointness  considerations  for  an  active  feedback  system 


Equating  Fourier  coefficients  on  each  side  of  Eq.  (A. 18)  at  each  order,  solving 
for  54  terms  of  D„  and  Lm,  and  substituting  into  Eq.  gives  the  matrix 

equation 

L^  =  Grr.nD^.  (A.20) 


A 


Appendix  B 

NOVA  Matrix  Operators 


In  this  appendix  we  present  the  explicit  form  for  the  matrix  operators  used  in 
Eqs.  ,3.121  and  (3.131  in  Section  3.1.  In  addition,  the  three  projections  of  the  mo- 
-nentum  equation  in  the  .\0\'.4  formulation  are  shown,  as  weil  as  the  definitions  for 
•he  three  components  of  the  perturbed  magnetic  field.  Q,.  and  Qi,. 

The  matrices  C.  D.  El  and  F  are  defined  by 
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Appendix  B.  SOYA  Ma.trix  Operators 


Here  we  have 

G  -  -‘p  -  2P'K^  -  Tv  *B  •  r 


B  r 


also 


where 


—  K  ■  and  K,  =  K 


-|-(l 


-  .  B  J  -  ^  Vv 

B  X  Vu 


:  5  VtvA 


is  the  magnetic  field  cur\’alure.  and 

(B  X  Vit’) 


c  - 


•  V  X 


B  X  Vzi’ 

Vu>:2 


(B.51 

(B.6) 

(B.7) 

(B.8) 


is  the  negative  local  magnetic  shear.  Furthermore,  p  is  the  mass  density,  7  is  the  ratio 
of  specific  heats.  P  is  the  equilibrium  pressure,  and  P'  =  dP'dv. 

The  three  components  of  t.he  momentum  equation  come  from  taking  projections 
of  the  momentum  equation.  Eq.  (3.1).  along  Vt-'.  B  x  ^v.  and  B: 

B  • 


Vu  •  VP:  =  •  V  ^  j 

T*"  •  * 


(B.9) 


-P^B  -  V 


B  X  Vv)  •  VPi  =  ,^‘p  Viy  -  I B  -  J  iB 


(B- V^,.-  SU 


and 

Here  we  have 


=  B  •  V(p,  -  P'5„; 


-  2K  •  (B  X  Vu- (?i. 


Q.= 


=  B-Ve,,, 


B 


.B  •  -  S^^]. 


and 


Q,  =  B*B  ■  -  B'V  •  f  -  2K  •  iB  X  VtpK.  -  2(K  •  -  P'C 


(B.iO) 


(B.n) 

(B.12) 

(B.13) 


(B.U) 


"I  have  some  few  references  to  make.' 


Sherlock  Holmes.  The  Sign  of  Foui 
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Mhere  is  the  uise  man^  IVTiere  ts  the  scholar? 

HTierr  is  the  philosopher  of  this  age  ? 

Has  not  God  made  foolish  the  wisdom  of  the  world? 

For  the  foolishness  of  Cod  is  wiser  than  man's  wisdom, 
and  the  weakness  of  God  is  stronger  than  man's  strength. 

1  Corinthians  1:  20.  25 
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